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Abstract

We say that a polynomial differential system & = P(x,y), y = Q(x,y) having the
origin as a singular point is Zs-symmetric if P(—z, —y) = —P(z,y) and Q(—=z, —y) =
—Q(.’L‘, y)

It is known that there are nilpotent centers having a local analytic first integral, and
others which only have a C'* first integral. But up to know there are no characterized
these two kinks of nilpotent centers.

Here we prove that the origin of any Zs-symmetric is a nilpotent center if, and
only if, there is a local analytic first integral of the form H(z,y) = 32+ - - -, where the
dots denote terms of degree higher than two.
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1 Introduction and statement of the main results
We consider a planar differential system of the form

j;:P(x’y)’ Z):Q(CL’,y), (1'1)

with P and @ defined and analytic in a neighborhood of the origin where the origin is
an isolated singular point. The local phase portrait near an isolated singular point can
be determined by the Hartman-Grobman theorem except for the case of a monodromic
singularity. We recall that a singular point is monodromic when nearby orbits rotate
around it. For analytic differential systems it is known that the unique monodromic
singularities are centers and foci. We recall that a center is a singular point for
which there exists a punctured neighborhood filled of periodic orbits, and a focus has
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a punctured neighborhood filled of spiraling orbits. The center problem consists in
distinguishing between a center or a focus at a monodromic singular point. If the
linear part has pure imaginary eigenvalues or has zero eigenvalues but the linear part
is not identically zero then there exist algorithms to find the necessary conditions to
have a center, see [10, 15, 25]. However, the characterization when the linear part is
totally zero is an open problem, see [17, 18, 19, 20, 22] for some partial results.

In this work we focus on nilpotent singularities, that is, the case when the linear
part has two zero eigenvalues but the linear part is nonzero. For such singularities,
unlike the case of pure imaginary eigenvalues, does not exist, in general, an analytic
first integral in a neighborhood of the origin when the singular point is a center,
see [11]. Nevertheless an interesting question is: What nilpotent centers still have an
analytic first integral like the linear type centers? Of course the nilpotent Hamiltonian
systems is a big family which have this property. But the question is if there exist
other big families with this characteristic. It is well known that all the centers, and
in particular the nilpotent centers always have a C*° first integral, see [24].

In [9] it is considered the following differential system

$:y+X2n+1(x7y)a y:Y2n+1(x7y)? (12)

where X5,1+1 and Y3, 41 are homogeneous polynomials of degree 2n + 1 and the origin
is a monodromic singular point. The change of variables © = x; — a(—8)"" 2y,
y = (=B)"?y, and dt = (—B)~*/?dr where a = X2,41(1,0) and 8 = Y5,,1(1,0)
transforms system (1.2) into the system

& =y+ Popii(z,y), ¥ = Qant1(z,9), (1.3)

where Ps,11 and Q2,11 are homogeneous polynomials of degree 2n+1 with Pa,11(1,0)
=0, and Q2,+1(1,0) = —1. From [8] it is known that for system (1.3) there exists a
formal series of the form

U=(n+1)y+ Z Py kn+1) (7, y), (1.4)
=1

where Py(1,+1) are homogeneous polynomials of degree 2(kn+1) and Pa(,11)(1,0) = 1,
such that its derivative along the trajectories of system (1.3) takes the form

WU S feailerime
dt ’
k=1

where fj are the focus quantities at the origin of system (1.3). In fact if Py(z,,41)(0,1) =
0, then the formal series (1.4) is uniquely determined. In [8] it is proved that the origin
of system (1.3) is a center if and only if fr = 0 for all k and if fy =0fork=1,...,m—1
but f,,, # 0 then the origin is a focus of order m.

This result for system (1.3) was generalized in [1] to the following analytic family
of planar vector fields

o0
X = Z Xy—pt2iss (1.5)
i=0
where X, denotes a (p, ¢)-quasi-homogeneous vector field of weighted degree k (see
definition in the next section) and satisfying the following three conditions:

(i) p and ¢ are positive odd integers without common factors and p < ¢;
(ii) s =np —q > 1 for some integer n > 2;
(111) qup = yax and Xq7p+25 = X(2n71)p7q = A(x7 y)8w+B(x>y)ay with B(L 0) <0.



Without loss of generality we can take B(1,0) = —1, which means that the mono-
mial —z?"~1 is always present in B(x,y). Family (1.5) contains the systems of the
form (1.3). For such a big family in [1] was obtained the same result that for system
(1.3). In [1] it was conjectured that all systems of family (1.5) have an analytic first in-
tegral defined in a neighborhood of the origin. This claim is, in fact, a straightforward
consequence of the results given in [23]. Hence our first result is the following:

Theorem 1.1 The origin of system (1.5) is a nilpotent center if, and only if, there
is a local analytic first integral which can be expanded as H(z,y) = y>+---, where the
dots denote terms of degree higher than two.

Moreover in [14] it is studied the cyclicity of system (1.5). Now we give the following
definition in order to establish the main result of this work.

Definition 1.2 System (1.1) is Zo-symmetric (with respect to the origin) if it is in-
variant under the involution (x,y) — (—z,—y), that is P(—z,—y) = —P(z,y) and

Note that system (1.5) and its particular case system (1.3) are Zo-symmetric.
The main result of this work is the following.

Theorem 1.3 The origin of any Zo-symmetric is a nilpotent center if, and only if,
there is a local analytic first integral of the form H(x,y) = y? + ---, where the dots
denote terms of degree higher than two.

Theorem 1.3 gives the first great family of systems, of course apart from the Hami-
tonians ones, having a nilpotent center with a local analytic first integral around the
singular point.

2 Preliminaries results and proof of the main result

As usual we define the set of natural numbers N = {1,2,...}. A scalar polynomial f is
quasi-homogeneous of type t = (t1,t2) € N? and degree k if f(ctx,et2y) = e f(x, y).
The vector space of quasi-homogeneous scalar polynomials of type t and degree k is
denoted by Pt. A polynomial vector field F = (P, Q)7 is quasi-homogeneous of type
t and degree k if P € P}, and Q € P}, . The vector space of quasi-homogeneous
polynomial vector fields of type t and degree k is denoted by Qf. Given an analytic
vector field F, we can write it as a quasi-homogeneous expansion corresponding to a
fixed type t:

F(x) = F,(x) + Fpa(x) + - = Y F,, (2.6)

jzr
where x € R?, r € Z" and F; € Q; i.e., each term F; is a quasi-homogeneous vector
field of type t and degree j. Any F; € Q; can be uniquely written as
F; = th + Do, (2.7)
where My = ﬁdlv (F]) S ?;, hj = %MDO A Fj S CP;-JFM, Dy = (tl.’ll’,tzy)T, and
Xy, = (—0h;/0y,0h;/ dz)" is the Hamiltonian vector field with Hamiltonian function
h;j, see [2, Prop.2.7] for more details of this decomposition.
As we have said, in this work we are interested in the center problem for Zs-

symmetric analytic nilpotent differential systems in the plane, i.e., differential systems
of the form



where P, (@ are analytic function in a neighborhood of the origin without constants
and linear terms with P(—z,—y) = —P(z,y) and Q(—z, —y) = —Q(z,y).

The following result provides the first quasi-homogeneous component of a mon-
odromic Zs-symmetric nilpotent vector field.

Proposition 2.4 (Monodromic normal preform) Consider system (2.8) that now
we write as x = F(x). If the origin of system (2.8) is monodromic then there exist a
Zs-symmetric polynomial change ® and a type t such that F = ®,F is a Zo-symmetric
vector field, F =F, +---, F, € Q! where the dots are quasi-homogeneous terms of
type t and degree greater than r, and the first quasi-homogeneous component respect

to the type t, F,. is of one of the following two forms:
(A) F, = (y,—2* 1T € Q12" e t=(1,2n) andr =2n—1, n € N.

(B) F, = (y + da®" 1, —z* ! 4 (2n 4 1)da?"y)T € ng"ﬂ), ie,t=(1,2n+1)
and r=2n,n €N.

Proof. System (2.8) can be written as

z

: y+afi(a?) +yw2ﬁ(x2,y2)42ry3§é(y2 7 (2.9)

291 (2?) + yg2(2?) + 23293 (2%, y?) + ¥ 94 (y?).

with f1(0) = ¢1(0) = f3(0) = g2(0) = g4(0) = 0 and f(0,0) = g3(0,0) = 0. Let
us denote by M the lowest-degree in the Taylor expansion of gi(x); and N is the
minimum of the lowest-degrees of the Taylor expansions for j?l(:c) and g2(x). Hence,
M = oo arises if §y(z) = 0 and N = 0o corresponds to fi(z) = go(x) = 0. Then, we
can write the nilpotent system (2.9) as

& y+ 22V (22) + 22y fo(a?,5?) + 57 f3(12), (2.10)
g = 2*Vyga(a®) + 2®MH g1 (2?) + 2y?03 (2, y?) + v 0 (y?),

where M € NU{oco}, M > 1, N € NU{oo}, and fi(z) = a+ O (z), 1 (z) = b+ O (z),

go(@) = c+ 0 (x), falz,y) = O (2,y), f3(y) = O (), F3(z,y) = O (z,1), Galy) = O (1)
with (a? + ¢?)b # 0.

o If M = oo, then the line y = 0 is filled up of singular points, the origin is not
monodromic and we must exclude this case.

e If M < 2N then the Newton diagram of (2.10) has two exterior vertices V; =
(0,2) associated to the vector field (y,0)” and Vo = (2(M + 1), 0) associated to
the vector field (0,cz?+1)T | with ¢ # 0, and a unique compact edge of type
(1, M + 1) whose vector field associated is Fp; = (y, cx?M™H)T where Fy; = X,
with h = —(cx®M+D — (M + 1)3?)/(2(M + 1)). We look at different cases in
function of the discriminant of h, A = 4(M + 1)c

— If ¢ > 0 applying statement (2) of [3, Theorem 3] we have that the origin of
system (2.8) is not monodromic.

— If ¢ < 0 then h has not any real factor. Then by [3, Proposition 6] the origin
of system(2.8) is monodromic. Applying the rescaling z = u(—1/¢)/ M),
y = v(=1/¢)"/CM) we obtain the case (A) when M is odd taking 2n =
M + 1, or the case (B) when M es even taking d = 0 and 2n = M.

e If 2N < M < oo then the Newton diagram of (2.10) has two exterior vertices
Vi = (0,2) associated to the vector field (y,0)” and V3 = (2(M +1),0) associated
to the vector field (0, cz?M*+1)T with ¢ # 0 and the inner vertex Vo = (2N +1,1)
associated to the vector field (az?N*1 b2?Ny)T, with a2 + b # 0, where this
last vertex has no even coordinates. Applying [3, Theorem 3, statement (1)],
the origin of system (2.10) is not monodromic.



e If 2N = M < oo then the Newton diagram of (2.10) has two exterior vertices
Vi = (0,2) associated to the vector field (y,0)” and Va = (2(2N+1), 0) associated
to the vector field (0, cx*N+1)T with ¢ # 0, and a unique compact edge of type
(1,2N +1) whose vector field associated is Fon = (y+az?N 1 catN+1 4 pa2Ny)T
with c(a? + b?) # 0.

It is a simple task to perform the splitting (2.7) for this case. We obtain F, =
Xy, + uDy, with 7 = 2N, r + |t| = 2(2N + 1), and

c 2(2N+1 b 1 2N+1 1,2
h(z,y) 2Nt T @NHD 4 (2(2N+1) - ia) a?N Ty — Y
2 A
_ 1 _(_b  _a 2N+1 = _2(2N+1)
- T2 (y (2<2N+1> 2) v ) 2N +1)" ’

b+(2N+1
M(xay) = waN,

where A = (b — (2N + 1)a)? + 4(2N + 1)c is the discriminant of h. We see the
different cases in function of the sign of A.

(i) If A > 0, then h is decomposed into a product of two simple factors. Ap-
plying [3, Theorem 3, statement (4)], the origin of system (2.8) is not mon-

odromic.
T
(11) ITA<0 taking \Ilo(ac,y) = (%,y - (Q(T% - %) x2N+1) we get (\IIO)* F,

= (y + da2N+1, 4(2]$+1)334N+1 + (2N + 1)da*Ny)T with d = %.
We must take into account that as the change W, is Zs-symmetric this
change transforms system (2.10) into another Zy-symmetric one.

(ii.1) If A < 0 the rescaling © = u(—4(2N + 1)/A)Y/EN) oy = (—4(2N +
1)/A)Y/(4N) transforms the system into another one whose first quasi-
homogeneous term is F, = (y + do?V 1 —z4V+L 4 (2N + 1)d2?Ny)T
with d = (—4(2N + 1)/A)Y/2d. This corresponds to the case (B) for
n=N.

(ii.2) If A = 0 we have a system (2.10) with new values of N and M, and we
repeat the previous arguments.

|

Next Lemma is a technical result that will be used later on.
Lemma 2.5 Let F be the vector field defined by F = —Xj, + Z?ik ago)x-ng +
Yoy Zfio a;l)xjtho, where k € N, h = 1y? + ﬁx%” € Pyt Do = (z,(k+

Dy)T € Q8 and t = (1, (k+1))T and consider the change of coordinates to generalized
polar coordinates and the scaling of time given by

(z,y) = (uCs(), u*T1Sn(h)), dt = dedr, (2.11)

where (Cs(0),Sn(0)) are the solutions to the initial value problem (dz/df, dy/df) = X
with (0) = 1, y(0) = 0. Then system (i,9)T = F(x,y), doing the change of variables
(2.11), is transformed into system

2k oo 2k
d , , , ,
% = u ZQEO)CSJ(Q)W*’“—Q—E E ag.l)(jsﬂ(g)uﬂkﬂ)lﬂfk
=k =1 j=0
do
— = 1
dr

Proof. 1t is a simple matter to show that the functions Cs(#), Sn(#) have the following
properties:



(i) They satisfy 2Sn°(0) + 525Cs”*"2(0) = 1 for all §. Therefore h(z,y) = u+?
and Vh - Dg = (2k 4 2)h(z,y) = (2k + 2)u*+2.

(ii) They are periodic functions with the same minimal period T, and satisfy Cs(T) =
1 and Sn(T) = 0.

Additional properties of these functions can be found in [13].
Differentiating z = uCs(0), y = u’”lSn(H) with respect to the time, and denoting
x = (z,y)7, we get x = 1Dgi + - X6. From this we obtain:

xAX, = 1DogAXpi=1Vh -Dou= L2k +2)h(z,y)u = (2k + 2)u**u,
DoAx = LHDoA(=Xp)0=—2%Vh Do = —22h(z,y)0 = —(2k + 2)uFT20.

On the other hand we have

oo 2k

xAX, = Za(o’xﬂ+zza(”x]h Do A X,
=1 5=0

2k oo 2k

= Z a;_o) cos? (B)u? + Z Z ag-l) cos? (9)u?FHVIHI | 7h . Dy
j=k 1=1 j=0

oo 2k
= (2k +2)u**? Za cos? ( 9)u7+ZZa cos? ()u2 kDI |

=1 j5=0

DoAx = DogA(=X)=—-Vh-Dy=—(2k+ 2)h(z,y) = —(2k + 2)u? 2.
Therefore we get

2k oo 2k
u = u Z aﬁo) cos? (B)u? + Z Z agl) cos’ (6)u2(k+1)l+j
j=Fk =1 j=0
0 = u”,
and applying the rescaling of time dt = v~ *dr we obtain the result. [ ]

Hence in order to study the centers at the origin of systems (2.8), it is enough to
study the systems whose first quasi-homogeneous component are of type (A) or (B)
according to Proposition 2.4.

The following result shows that in case (B) the first quasi-homogeneous component
can be simplified.

Theorem 2.6 If the vector field F = Fa, + - -, with Fa, = (y + da?+!, —gintl 4
(2n + 1)dz?"y)T € Q(l 2 has a center at the origin then d = 0.

Proof. 1If the origin of system (&, 9)7 = = F,,+ - is a center, by [5, Theorem 5] also is a
center the origin of system (z,9)7 = (y+dx?"+1, —24"+1 4 (2n+1)dz?y)T. Applying
the change of variables (2.11) for k = 2n we obtain system (v/,8")" = (dCs*"(0)u, 1)T

dCs®™ (60)T

whose solutions are given by 6(7) = 6y a constant and u(7) = uge Therefore,

we have d = 0, otherwise the origin of (z,9)7 = F,, is a focus. [ |

Consequently to study the center problem for system (2.8), without lost of gener-
ality, we can assume that the first quasi-homogeneous component of the vector field
respect to the type t = (1,n+ 1) is F,, = (y, —z?"t1)T ¢ o'l Notice that this
case includes cases (A) and (B) of Proposition 2.4.

The following result provides a normal form of these vector fields.



Proposition 2.7 Let F be the Zy-symmetric vector field, F := ijn F; where F; €
Q4 t = (I,n+1) and F,, = (y,—a®" )T Then the vector field F is orbitally
equivalent to

GoFot 3 ap¥De+ Y3 alabiiy,
J=lg]+1 I=175=0

where h = $y* + +2 and Do = (z, (n + 1)y) € QF.

1
2D T

Proof. By [4, Theorem 16] we have that the vector field F,,+- - - is orbitally equivalent
to Fp, + Z?inH ajz? Do+ Y2, Z?Zo ag.l)a:jtho. On the other hand the vector field
F is Zo-symmetric. If p is a scalar function sum of homogeneous monomial of degree
even then uF is a Zs-symmetric vector field, and if G is a Zs-symmetric vector field
then [F, G] is also a Zy-symmetric vector field. So applying changes of variables that
are Zg-symmetric and the rescaling of time p with pu(—z, —y) = u(x,y), we obtain a
Zo-symmetric normal form. Following the ideas [4, Section 2] it is possible to prove
that a normal form Zs-symmetric of F is the projection of the normal form shown
above over the Zs-symmetric vector fields, i.e.

n o0 n
F, + Z aijjDo + Z Z a;l)ijthO,
i=15]+1 I=134=0

Theorem 2.8 The origin of system (2.8) is a center if, and only if, there existsn € N
such that it is orbitally equivalent to (&,9)T = (y, —2*"THT.
Proof. The sufficient condition is trivial since the origin of (&, )7 ImtHT 4
a center.

Now we see the necessary condition. If the origin of system (2.8) is a center then
by Proposition 2.4 and Theorem 2.6, we can affirm that system (2.8) is conjugate to
system (i, )" = F,, +- - being F,, = =X, € QF with h = §y> + L0 2 € P§ L,
t = (1,n+1). Applying Proposition 2.7, we get that system (2.8) is orbitally equivalent
to the system x = G(x) where

= (ya —T S

G:=F, + Z ozg-o)ijDo + Z Za§l)$2jtho.
J=151+1 I=135=0

By Lemma 2.5, applying now the change (2.11) for k = n, we obtain the differential
equation

du n , . o n . ] . .
7 Z ago) Cs? ()u¥ " + Z Z a; )Cs2~7(0)u2( +1)i+2)
J=151+1 I=135=0

If all a§l) = 0 the result is proved. Otherwise we define
lp = min {l e NuU{0}: ag-l) # 0 for somej} ,jo = min {j : ay‘)) #* 0} ,
in this case the differential equation takes the form

du I¢ 1 n jo—n
o = 1) 020 ()2t D0t 200=n (1 4 O(u, 9)). (2.12)



We write the solution of (2.12) starting at u = ug when 8 =0 as

oo

u(@,u0) =Y ai(0)uf + f(6,uo), (2.13)

i=1

where a1(0) = 1, a;(0) = 0 for ¢ > 2 and f(0,up) = 0 with f flat at uop = 0. Hence
the Poincaré return map from the section {(u,8) = (ug,0),ug > 0} to itself is given
by the power series P(ug) = a1 (T)ug + ag(T)u3 + - - -.

By replacing (2.13) into the differential equation (2.12) we get a1 (8) = 1, a;(6) = 0,
fori=2,---,2(n+1)lp + 2jo —n — 1 and

T
aa(n11)lo+2jo—n(T) = a;f)o) /0 Cs*°(6)df # 0.

Hence the origin of system x = G(x) would be a focus, which is a contradiction. H

Next result relates the center problem with the integrability of the Zo-symmetric
nilpotent vector fields.

Theorem 2.9 If the origin of system (2.8) is monodromic, then the origin of system
(2.8) is a center if, and only if, system (2.8) is analytically integrable.

Proof. The sufficient condition is trivial because if system(2.8) is analytically inte-
grable and the origin is monodromic then the origin is a center.

On the other hand if the origin of system (2.8) is a center by Theorem 2.8 there
exists n € N such that system (2.8) is orbitally equivalent to (i, 9)T = (y, —2?"THT.
But this system is Hamiltonian, and therefore polynomially integrable. Undoing the
change of variables we have that system (2.8) is formally integrable and by applying
[23, Theorem A] we deduce that F is analytically integrable. ]

Remark. We know that all the linear type centers are analytically integrable, see
[21, 25]. This does not happen with nilpotent centers, in this case the characterization
of a center is determined by the orbital reversibility, see [10]. Theorem 2.9 provides
another large family of vector fields with this property, that is, the center problem is
equivalent to the analytic integrability problem for these systems.

The following result provides an efficient algorithm to characterize and compute
Zo-symmetric nilpotent centers.

Theorem 2.10 Let F be the vector field of system (2.8). The following statements
are satisfied.

(i) There exists a formal function I(z,y) = y* + > jso Daj(z,y) with Irj(z,y) ho-
mogeneous polynomial of degree 2j and certain constants a; € R, j > 3, such
that

VI-F=) az¥ (2.14)
j=3
Moreover, it is possible to choose I5;(0,y) =0 for all j > 3 and in this case I is
the unique formal function that satisfies (2.14).
(ii) If the origin of system (2.8) is monodromic, it is a center if, and only if, a; =0

for all j > 3.

Proof. We write F = (y,0)" + 37, 51 Fopy1 with Fop gy = (Pary1, Qaiyr)”



We prove that it is possible to choose I; with j > 3 satisfying statement (i). For
j =2, the expression VI - F of degree 4 is

ol
(VI-F), = Vf-Fy+VM-@ﬂf¥=%Q3+5fy
ol
= (84 + 2@3) y
X

ChOOSing 14(1'7:[/) = 523/4 + ng(‘T,y) with 52 € Ra and J3(xay) = 7% foz 2Q3(uvy)du
which is a homogeneous polynomial of degree 3, we get (VI -F), =0.
The expression VI - F of degree 2j with j > 2 is
j—1
(VI-F)y, = Vy? Foy1+ V- (3.0)7 + Y Vi Fagii

1=2

0L ==
= QyQijl + aTJ Y+ ; Vi, - FZ(j—i)—}—l‘

There exists an homogeneous polynomial Ry;_; of degree 2j — 1 and a constant
a; € R such that

j—1
Z Viy; - F2(j—i)+1 = Roj_1y+ Oéjl‘zj. (2.15)
=2
and therefore
(VIF)ZJ = <2Q2j1 + a;J-f—jol) y—f—ajl»QJ.

So we must to take Is;(z,y) = Bjy* + xJy;_1(z,y) where

Joj1(w,y) = —% /0” (Roj—1(u,y) +2Q25-1(u,y)) du,

is a homogeneous polynomial of degree 2j — 1 and 8; € R. If we choose 8; = 0 we
obtain a unique polynomial I5; with I5;(0,y) = 0.

Now we prove statement (ii). First, we see the sufficient condition. If a; = 0 for
all j > 3, then system (2.8) is formally integrable, by applying [23, Theorem A] we
deduce that it is analytically integrable. As the origin of the system is monodromic
then it is a center. Next we see the necessary condition. If the origin of system (2.8)
is a center, by Theorem 2.9 the system is analytically integrable and by [11, Theorem
1] we can affirm that there exists a first integral of the form I = y* + Y j>21j where
1I; is a homogeneous polynomial of degree j.

Taking into account that system (2.8) is Zy-symmetric, that is, invariant by the
involution (z,y) — (—z,—y) its first integral inherits this property. Consequently
12i+1 =0 for all 7 Z 1.

On the other hand, the level curves I = C' where C is a constant are ovals in a
neighborhood of the origin because I is a first integral of a center. We assume that not
all a; are zero, and we consider jo = min{j € N,j > 3: a; # 0}. Applying condition
(2.14) we have

VI-F = a;z%° (1+0(1)).

Hence VI -F > 0 if a;j, > 0, or VI - F < 0if o, < 0, i.e. the orbits of the system
(2.8) cross the ovals I = C always outward or inward. Therefore the origin of system
(2.8) is a focus, which is a contradiction. ]



The following results characterize the centers of some families of Zs-symmetric
nilpotent systems of the form

T = y+P2n+1(x7y)7

y = Q2m+1(x7y)7 (216)

where Ps,4+1 and Q2,41 are homogeneous polynomials of degree 2n + 1 and 2m +
1, respectively, and Q2,+1(1,0) < 0, otherwise the origin of system (2.16) is not
monodromic. Without loss of generality we can assume that Q2,,11(1,0) = —1, that
is, we can take Qap,y1(7,0) = —z?mHL,

Proposition 2.11 If the origin of (2.16) is a center, then it is satisfied one of the
following conditions:

(a) m < 2n.
(b) 2n <m and Ps,41(1,0) = 0.

Moreover, in this last case the first component of the vector field associated to system
(2.16), respect to the type t = (1,m + 1) is Fp, = (y, —x?m )T € gt .

Proof. If P(1,0) = agn+1 # 0 and 2n < m, then the Newton diagram of (2.16) has two
exterior vertices Vi = (0, 2) associated to the vector field (y,0) and V3 = (2(m+1),0)
associated to the vector field (0, —22™+1)T, and the inner vertex Vo = (2n + 1,1)
associated to the vector field (a2n+1m2n+1,0)T where this last vertex has no even
coordinates. Applying [3, Theorem 3, statement (1)], the origin of system (2.16) is
not monodromic, therefore it is not a center.

If P(1,0) = agpy1 # 0 and 2n = m, then the Newton diagram of (2.16) has two
exterior vertices Vi = (0,2) associated to the vector field (y,0)T and V3 = (2(m +
1),0) associated to the vector field (0, —z?™*+1)T and a unique compact edge of type
(1,m + 1) whose vector field associated is F,, = (y + ag, 2™, —z?m+H)T,

It is a simple task to perform the splitting (2.7) for this case. We obtain F,,, =
X}, + uDg, where Dg = (z, (m + 1)y)T, and

h = 7% ((m + 1)?/2 + agpi1(m + 1)1’m+1y + IZ(m—H))
= _% ((y+ %%Imﬂ)? + sz(mﬂ)) ’
4—(7n+1)a2n
A = 4(m7+1§+1’
o= agupx™ #0.

(i) If A < 0 then h has two simple factors. Applying [3, Theorem 3, item (4)] we
deduce that the origin of system (2.16) is not monodromic, which is a contradic-
tion.

(ii) If A = 0 the unique invariant curve of F,. is C =y + %agnﬂxmﬂ, and conse-

quently F,. is not polynomially integrable because VC - F,. = (m + 1)uC # 0.
Therefore F is not integrable and by Theorem 2.9 the origin of system (2.16) is
not a center.

(iii) If A > 0 the unique invariant curve of F,, is h and consequently F,, is not
polynomially integrable because Vh - F,, = 2(m + 1)uh # 0. Therefore F is not
integrable and by Theorem 2.9 the origin of system (2.16) is not a center.

Therefore m < 2n or m = 2n with Py, 11(1,0) = 0, and in this case the first component
of the vector field associated to system (2.16), respect to the type t = (1,m + 1) is
F,, = (y, —2?>mtHT, []
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Theorem 2.12 Consider system (2.16) with m < 2n or (m = 2n and Pan11(1,0) =
0), andn # km, 1 < k < m+1. Then the origin of (2.16) is a center if, and only if, the
system (2.16) is Ry-reversible, i.e. invariant by the symmetry (z,y,t) = (—z,y, —t).

Proof. By Proposition 2.11 if m < 2n or m = 2n and Pa,4+1(1,0) = 0 we have that
the first component of the vector field F associated to system (2.16), respect to the
typet = (1,m+1)is F,, = (y, —2*"*H)T ie. F = F,, +---. The origin of the system
% = F,,(x) is monodromic becaube F,, = X, with
1, 1

h=—=qy?—
2Y T om+2

2m—+2

b

which is a negative defined function. Applying [5, Theorem 2] the origin of system
(2.16) is monodromic.

The sufficient condition is trivial because if system (2.16) is R,-reversible, as the
origin of system (2.16) is monodromic, this implies that the origin of (2.16) is a center.

Now we are going to prove the necessary condition. If we assume that the origin of
system (2.16) is a center by Theorem 2.10 there exists a unique formal function I =
Y2+ Zj>2 I; where I; is a homogeneous polynomial of degree 2j with I5;(0,y) =0
such that VI-F =0. _ B

We consider F = F + F where F is sum of even monomials in z in the first
component and odd in the second one, i.e. F is R,-reversible, and F is a sum of odd
monomials in  in the first component and even in the second one. If F =0, F is R,-
reversible and the result is proved, otherwise let p be the lowest quasi-homogeneous
degree respect to the type t = (1,m + 1) of the vector field F such that F, # 0.

Working with respect of type t = (1, m + 1) we have that

ﬁsz'f‘"‘

where dots indicate R, -reversible quasi-homogeneous vector fields of degree greater
than m. Therefore F is Ry-reversible and applying [5, Theorem 2] the origin of system
% = F(x) is monodromic, that is, the origin of system X = F(x) is a center. Hence by
Theorem 2.10 there exists a unique formal function I= y? + Z]>2 1'2] where IQJ is a
homogeneous polynomial of degree 25 with Igj (0,y) = 0 such that VI-F=0.
As F,, is R,-reversible, we have m < p. Considering the type t = (1,m + 1),
then F and F coincide up to degree j with m < j < p —1, and F), # F; because
» Z 0. Considering also the type t = (1,m + 1) we will have I = Zj22(m+1) I,
I = Z]>2(m+1)l with I;,1; € P = = I; for 2(m +1) < j < m+1+p, being
I(mt1) = (m + 1)2/ + 12(m+1)_
Consider J = I —1I then the first quasi-homogeneous term of J is of order m+2+p
and satisfies:
0 = VI-F=V(I+J)-(F+F)=VJ-F+VI.F.
Therefore
0 = (VI-Flypiiysp = Vmiotp Fm+ Vi) - Fy. (2.17)

Since Fp is a sum of odd monomials in z in the first component and even in the
second, we have that VIy(,41) -Fp is sum of even monomials in & and VJp, 4o - F..
too. Therefore Jy,124p is sum of odd monomials in x. Moreover J,,124, is sum of
homogeneous monomials of degree even. Then it is sum of odd monomials in y. Let
s € Nsuch that (2s —1)(m+1) <m+2+p < (2s+ 1)(m + 1). Therefore

S
Imtotp = Zalelyzl_l, where Ay =m+2+4+p— (2l —1)(m+1).

=1

Then the following situations can happen:

11



(1) Fp = (0,b2mq1-4, 22T 170y )T with 4; = 20 — 1 odd, that is, p = 2im with
1<i<m+1.

(ii) Fp = (aznt1-j, 22 170ym)T with j; = 2j even, that is, p = 2n + 2jm with
0<j<n

(iii) Fp = (a2n+17j1 1‘2n+17j1yj1,b2m+1,i] $2m+17i1yi1)T with 47 = 2i — 1 odd and
j1 = 2j even, that is, p = 2tm = 2n +2jm with 0 <+ < m+1,0 < j < n,
which implies n = (i — j)m with 1 <i—j < m+ 1. This case is excluded by the
hypothesis n # km, 0 < k <m + 1.

(i) Case p = 2im with n # km, for 0 < k < m + 1. In this case F, = Fa;, =
(0, bo(mp1—ipyz2mH1=0y2=DT and m+2+4p = (2i—1)(m+1)+2(m+1—i)+1.
Therefore s = i and

i
Imyotp = Zale’y2Fl7 where
=1
A= 26—=0D(m+1)+2m+1-14)+1, and

Visimir) - Fp

2(m + 1)b2(m+1_i)x2(m+1—i)y2i'

From equation (2.17) we get

- = 0,
Alal —(2l+1)0¢l+1 == 07 1 Sl Sl_la
Aoy, = —2(m + 1)62(m+1—i) 7& 0.

Consequently equation (2.17) provides a contradiction.

(if) Case p = 2n+2jm with n # km, for 0 <k < m+1. In this case F,=Fopiojm =
(ag(n—jy 412D Hy2 0)T and m +2+p = (25 + 1)(m + 1) + 2(n — j) + L.
Therefore s = j + 1 and

j+l
Tnires = ety where
=1
A = 2+1-1)(m+1)+2(n—j)+1, and
Vigmit) - Fp = 2(m+ Daggjpr2” ™02
Again from equation (2.17) we obtain
- = O,
Ala17(21+1)a1+1 = 0,1<I<j5-1,
a;A; =2+ Daj = —2(m+agm—j+1 #0,
Aj+1aj+1 = 0.

Consequently equation (2.17) provides also a contradiction.

|
3 Applications
We consider the differential system
& = y+anz®y+ ary® + aosy’ + aze’y? + azsr’y’ + aary® + agsy’, (3.18)
g = —a®+bna’y+ biaxy® + bosy®. '

12



Theorem 3.13 The origin of system (3.18) is a center if, and only if, one of the
following conditions holds.

(a) ba1 = aszy = a1z = boz =0,

(b) bo1 = azz = a14 = a1z + 3bp3 = azy + b1z = 0, boz # 0,

(€) b21 = a1s = aps = ap3 = az3 = a1z + 3boz = azz + 6bozb12 = 0, bozb12 # 0.

Proof. The origin of system (3.18) is monodromic. Just see that the first quasi-
homogeneous component respect to the type t = (1,2) is F; = (y, —2%) and apply
Proposition 2.4. We will use the scalar algorithm of Theorem 2.10 and we will impose

that the constants ag, ag, - - -, must be null. When we apply the algorithm the value
of the first constants modulo the annulation of the previous ones are:

ag = ba,
ag = a2+ 3bos,
ag = 2a21boz + 2bo3bi2 + azz,
arp = 3a14 — 2boz(az1 + bi2)(az1 — 2b12),
a1s = bz [(a21 + bi2)(a21bi2 — 2b%5 + 3ags) — 3asgs] .

(i) If bp3 = 0 then we have a14 = azas = a2 = ba; = 0, and we obtain the case (a). In
this case the vector field F = (y+ao3y®+a21 22y +aosy® +a32y>, —23 +baay®) T
is R, reversible and therefore the origin is a center.

(ii) If bos # 0 then ass = (a1 + b12)(a21b12 — 2b35 + 3ag3)/3 and the next constant is
a1 = bos(azn + bi2)*(az1b12 — 2b3, + 3a3).

(il.]_) If az1 + b12 = 0, then 23 = Q14 = A3 = b21 = 0, with ajp = —3b03 7é 0
that is the case (b). The vector field in this case is F = (y — bjoa?y —
3bosxy? + aosy® + aosy®, —x® + biaxy® + b03y3)T which is Hamiltonian and
hence the origin is a center.

(ii.2) If bos(aa1 + b12) # 0 then the vanishing of a6 implies ags = *%blg(agl —
2b15), and the following constant is

a1 = bogaos(az + bi2).

Since bos(ag1 + b12) # 0, the unique possibility to vanish aig is to take
aps = 0, Imposing this condition the following constant value is

Qo0 = bgs(azl + 512)2(6121 — 2b12).

Imposing az1 = 2b12, we get aps = apz = a3 = a1a = b1 = 0, a2 =
—3bos # 0, aza = —6bosbia # 0, which determines the case c¢). In this case
the vector field associated is F = (y—3bgzzy? +2b120%y —6bozbroa®y?, —3 +
bosy® + biazy?)T. This vector field has the inverse integrating factor V =
(1 + 2b1222)3/2, V(0) # 0, consequently F is analytic integrable, and since
the origin is monodromic, it is center.

|
Now we consider the differential system
& = y+agr® + ag1 2%y + arxy? + agzxby® + asax®y?, (3.19)
g = —2°+buaty + bysx®y® 4 biaxy® + bosy®. '

Theorem 3.14 Then origin of system (3.19) is a center if, and only if, one of the
following conditions holds.

13



(a) ago = ara = asa = ba1 = baz = bos = 0.

(b) as1 = ar2 = a3 = asa = ba1 = b1 + bos = bag + 9Yagy = 0, agy # 0.

Proof. The origin of system (3.19) is monodromic. This can easily be seen taking into
account that the first quasi-homogeneous component respect to the type t = (1,3) is
F; = (y,—2%) and applying Proposition 2.4. Now, as before, we will use the scalar
algorithm of Theorem 2.10 imposing that the first constants ag, as, - - -, must be null.
The value of the first constants modulo the annulation of the previous ones is:

ajgg = ba,

a1y = bag + 9ago,

oy = 7a72 + 15b05,

aze = —6lagiagy — 2lagobia + 3asa,

a0 = —bbTagpass — a72(195as1 + 11b14),

azo = 1280a2,a7r2 + (3902, — 337ag1bia — 96b3,)agy — 37aroacs.

In fact, we have compute the constants agpi4; for 1 < ¢ < 4. In order to find the
irreducible decomposition of the ideal generated by these constants we have used the
routine minAssGTZ [12] of the computer algebra system SINGULAR [16]. As a result
we have obtained the necessary conditions (a) and (b) of the theorem.

Now we will see the sufficiency of these two conditions.

In the case (a) system (3.19) is R,-reversible and since the origin is monodromic
then it is a center.

In the case (b) system (3.19) is a sum of two quasi-homogeneous vector field of
type t = (1,3). More specifically x = F := Fy + Fg con Fo = X;, € QY with
h = —y%/2 — 2°/6 and Fg = ago(2?, —92%y>)T € Qf. Moreover F has the inverse
integrating factor V' = h(1 — 3agoxy). Hence by [7, Theorem 1.3] system (3.19) is
analytically integrable and as the origin is monodromic, see Proposition 2.4, then the
origin is a center. |

Remark. Statement (b) of Theorem 3.14 proves that the hypothesis n # km with
1 <k <m+1 of Theorem 2.12 is necessary. Actually in this casen =4, m =2,k =2
there exist centers which are not axis-reversible.

Finally, we consider the differential system

i = y+as0r® + anzty + azerdy? + assr?yd + arawy® + agsy®,

gy = —a%+ bora?y + biaxy® + boszy®. (3:20)

Theorem 3.15 The origin of system (3.20) is a center if, and only if, system (3.20)
is R, -reversible.

Proof. By applying Proposition 2.4, the origin of system (3.20) is monodromic. From
the algorithm of Theorem 2.10, the value of the first constants modulo the annulation
of the previous ones are:

ag = ba,
ag = basg + 3bos,
ap = 5azz + bozbia,
als = 15a14 + bos(45aq; + 8b35),
a4 = bog [345az3 — 288b35 + 20063, + 1005b12a41 ] -

i) If bgs = 0 then we have a4 = asza = asp = ba; = 0 and we obtain the vector field
F=w+ a413:4y + a23x2y3 + a05y5, —z3 + b12Iy2)T, that it is R, reversible and
therefore the origin is a center.
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ii) If bog # 0 then ass = 96b35/115 — 40b3,/69 — 67b12a41 /23 and the next constant is
a6 = Dboz(T7625a05 + 3931262515 + 5175a3, — 48000b35a4; — 11200b7,).

Then the vanishing of a6 implies

1456 1, 128, 448 ,
a5 = TogoE 03b12 — 1% + 507 12041 + 3105 12"
and the next constants are:
ars = b3 [154350b12a3; + T5(6140b7, + 4803333 )as1 + 4b7,(245006%, + 72981b35)] ,
ago = bos [—137473875a3; + 14694097950b7,a3, + 45b12(3830593000%,
+1129106061b53)aq; + 31842160006, — 9510349320b5,b3, + 7784075376b;] .
ap = boz [—3203784643500b12a3; + 1350(6574383245b7, — 44293983786b5;) a3,

+45b75(2610727145000%, + 2897135880333 ) a4 + 4b12(54761781550065,
—1232261979255b3,b3, + 2341088776656b75)] -

In this case, there are no values such that ayg = asg = age = 0 except that all
the remaining parameters be zero.
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