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SUMMARY

This work is based on the comparison of three techniques for analyzing the qualitative behaviour of
nonlinear dynamic systems, including the study of their finite and infinite equilibrium points. The qualitative
techniques used are: the direct method of Lyapunov, The theorems of Dickson and Perko for second
order quadratic differential systems and the linearization around finite equilibrium points. These techniques
provide information about the local or global stability of nonlinear systems. The state feedback controlled
Buck-Boost power converter will be used as a case of study.
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1. INTRODUCTION

It is known that some of the inherent qualitative characteristics of dynamic systems have been
specified through rigorous analytic techniques. However in the specific case of nonlinear systems,
there may be examples where there are not explicit solutions for the differential equations that
describe their dynamics, and further, there are systems that exhibit multiple equilibrium points, limit
cycles, bifurcations, among other features. Under these circumstances, the qualitative analysis of
differential equations is a viable alternative to learn about the dynamic behaviour of these systems.

In this sense, the converse theorems are key tools in the stability analysis of dynamic systems.
Some classical references on the subject are the work of [8] and [6]. More recent references are the
work of [7] and [5]. The references mentioned have been developed as a result of the work of [9];
where the local and global equilibrium points in linear systems and in some nonlinear systems are
studied. A concise reference to the concepts of the theory of Lyapunov is the text of [11].

In general, local results do not provide a comprehensive explanation of the behaviour of nonlinear
systems. Therefore it is necessary to use other tools for the study of systems of second order
quadratic differential equations, as the one considered in this paper. For this purpose, two references
that analyze the behaviour of these differential equations are used: the first is [1] aimed at sorting
through the use of inequalities the different behaviours of bounded quadratic systems, and the
second is the work of [2] which, through qualitative analysis of these dynamic systems, seeks to
classify them in terms of an atlas represented in phase portraits. Both references are summarized in
the textbook [3].
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An application to stability analysis through the qualitative techniques referenced above is
presented in the work of [12], where the behaviour of the Boost power converter is discussed. This
article presents a qualitative analysis of a nonlinear closed-loop system, specifically the Buck-Boost
power converter with a state vector feedback. It is a non-linear, quadratic, second order differential
system that has no explicit solution. It is intended to study the behaviour of the trajectories between
finite and infinite equilibrium points, with respect to changes in system and controller parameters.

2. BUCK-BOOST POWER CONVERTER

The main characteristic of the Buck-Boost circuit design is that it can operate as a step up or as a
step down voltage converter, that is, its output voltage may be lower or higher than the power supply.
Fig 1 illustrates its circuit diagram.

- L(CJ% C = Rﬁ\i/

Figure 1. Illustration of the Buck-Boost circuit design.

The paper by [10] shows how the average behaviour of the circuit of Fig. 1 may be represented
by a continuous time model, applying the laws of Kirchhoff and Ohm. This is:

di

L% =1—-u)v+ (u)E, 0
dv L
CE:—(l—’U,)’L—E,

where i is the inductor current, v the voltage on the capacitor, R the resistance of the load, L the
inductance of the coil, C the capacitance, E the power supply and u the DC control input, which is

VvLC
and Q = R4/ %, and let the linear transformation given in equation (2) be applied to system (1)

defined in the range [0, 1] . In order to facilitate the calculations, let 7 and () be defined as 7 =

1VC _
AR B!

The normalized system (1) may be represented as

dr

y 3
Py=—(l-wa- 2

dr Q’

where the normalized variable x(7) = x is the coil current, y(7) = y is the capacitor voltage, @ is
the charge and u € [0, 1] is the control input. The equilibrium points of the open loop system (3) are
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given as ( )
yy—1 - Y
o = Tiov “
wherein the desired value of the output voltage of the capacitor Vy is equilibrium value of the system,
thatis, g = V; < 0.
By moving system (3) to the origin, which is achieved through the change of coordinates defined
bye; =x —Z,es =y — Y, e, = u — 4, the following exact error dynamics is obtained

xr =

e1=1—-e,—wea+g(l—ey,—a)+ey+1a,
] (%)

é2=(eu+a—1)e1—eﬁ—f(l—eu—a)——.

Q Q
Before making the analysis of equilibrium points, the feedback control loop using the state vector

with a gain k = [« 3] will be considered. Thus, the equation of the control law is defined by

€1

eu :—k{
€2

] = —(aey + fBea). (6)

The dynamics of the closed loop system is obtained replacing the controller (6) in (5) and the
equilibrium values of Z and @ given in (4). That is

(8- -1)

#62 + aejes + 5%;

N ©

(Q*ay(yfl))e CBIG-1)+1
G-1Q Q

Equating to zero the right sides of (7), solving for e; in the first equation and substituting it into
the second equation, the equilibrium equation based on é is obtained

Q(BG-17-1) +alz—1* 25— 1)
a(G-1)

élza(gjfl)elJr

ez — Beres — ae?.

€y =

ey = 0. (8)

p(e2) = €§+<§Q+3y—2) e +

Since (8) is a polynomial of degree three, the Cardano method to characterize its roots will be
used. The discriminant of Cardano A is as follows

Ac= (Q(BG-17=1) +alm-1) 25— 1))2
(Q*(F—1) 8 +20Q ([~ 1) 7B +0® (7 - 1)5° + 4Qa) .

e If Ax > 0, there will be a real root and two complex non-real roots.

®

e If Ag = 0, there will be a double real root and a single real root.
e If Ax < 0, there will be three real roots.

This work will analyze only the case when there is one real equilibrium point; for which
Proposition 1 establishes the range of values for the parameters.

Proposition 1. The existence of a single real equilibrium point is defined by the conditions

Yy B o _ Yy _ «
a>0 and o 2,/ 7Q(§fl)<ﬁ< a—Q—i—ZM 7Q(37*1)'
Proof

Restrictions for the parameters are: Q > 0,7 < 0, , § € (—00, 00). The equation of Cardano states
that if A > 0 then there will be a single real equilibrium point. Thus, from (9) the following set of
inequality solutions is obtained

<
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o o> 0,

o 31 < B < B, where 12 = —a% F2 /—ﬁ.

This range is defined as Ra,, = {(c, ) € Rla > 0A 81 < 5 < fa}.

3. LYAPUNOV STABILITY ANALYSIS
In order to apply the concept of stability in the sense of Lyapunov, under the conditions provided in
Proposition 1, it is necessary to have a single real equilibrium point located at the origin (0, 0).
Theorem 1. System (7) is globally stable if there is a unique equilibrium point.

Proof
Let the positive definite Lyapunov function candidate V' (e) be defined as

va=g[a] [o V][]

According to the direct method of Lyapunov, if the derivative of the Lyapunov function candidate
evaluated in the trajectories of the dynamical system is negative definite, then the system will display
a globally stable behaviour. The derivative V' (e) is defined as

T
. o €1 1 0 él
vo=[a] o 5] w
Substituting equation (7) in (10) yields an error dependent equation, which has the form V(e) =

e’ Me + e Ke, where M is a symmetric matrix and K is an skew symmetric matrix defined as
follow

: Bly—1)° -1
M = a(yil) y—1 K= 0 aey + Beg
Q-ay@—1)* Bg-1)+1 |’ —aer — e 0
(y-1)Q Q

Since V(e) is the sum of two quadratic forms and e’ Ke = 0, by decomposing the matrix M
in a symmetric matrix plus an skew symmetric matrix, i.e. M = M, + M,, the derivative of the
Lyapunov function candidate turns into V (e) = e? Mge + e M,e, where

1@H=1) (@B —ay)

a(y—1) 3
_ Q
Mo = 1H-1)(@B—-ap) ygA-7§B-1 ’
2 Q Q

and M, is the skew symmetric matrix of Mj. Since the term eT M,e = 0, it suffices analyzing the
function V (e) = eT Me.

Rewriting V(e), the derivative of the Lyapunov function candidate takes the form V(e) =
—eT'(—My)e, namely

el r —a(y—1) —% -1 (gﬂ —ay) .
|| romn@-w Zsu-for |[0]
2 Q Q
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where the sign of V(e) depends on the sign of the matrix — M.

According to Sylvester criterion it suffices that —M, > 0, so that V(e) < 0. In order to satisfy
that — M, > 0, the minors of the matrix — M must have positive determinants. These determinants
are defined as:

o The determinant of the first minor is Ay = —a(g — 1).

e The determinant of the matrix — M is given as
Ny =P -1)Q°+2a (B — BT +2) Q+ 7 (T 1).

To ensure compliance of A; > 0, it is necessary that —a(y — 1) > 0, which is true if and only if
a > 0, because by definition § < 0. For Ay > 0, it is necessary to write it in terms of a quadratic
polynomial defined as

p(B) =B (Q*(H — 1)) + B (2aQy(7 — 1)) + (4aQ + o?F*(5 — 1)) > 0, (11)

since the term that accompanies 32 is negative definite (Q?( — 1) < 0), then the polynomial p(/3)
is positive definite within the interval of its solutions

I P BN S
R e T R s B Vs R &

Note that since of @ >0, a >0 and y < 0, then the determinant of (11) satisfies Ap(g) =
«

Q-1
p(B) > 0 and therefore, the interval where V' (e) < 0 is defined by the set Ry, given by

> 0; implying that 51 » € R and there will always exist an interval (51, 2) in which

R ={(a,8) eRla>0AB < B < Ba}. (12)
O

From the above analysis it is shown that V' (e) < 0 on Ry, defined by (12). Also, R, = Ra,. when
there is a unique point of equilibrium and therefore this equilibrium point is globally stable.

Corollary 1. In the boundary conditions for the system (7) stability in the sense of Lyapunov does
not apply.

Proof

If the discriminant of Cardano A¢ is analyzed using equation (9), it may be appreciated that if
B = p1 or f = B3 then Az = 0, which implies that there are two equilibrium points, and therefore
the concept of global stability in the sense of Lyapunov cannot be applied. O

4. ANALYSIS VIA THEOREMS OF DICKSON AND PERKO

Theorems of [2], see Appendix A, allow qualitative analysis of quadratic second order systems.
Theorem 5 is formulated to analyze Bounded Quadratic Systems (BQJS), while Theorem 6
facilitates studying the qualitative behaviour of systems with a unique real equilibrium point
(BQS).

4.1. Bounded Quadratic Systems (BQS)

According to Theorem 5 of Appendix A, after applying a linear transformation, system (7) must be
affine and equivalent to one of the following systems (23), (24) or (25).

Theorem 2. The quadratic system described by (7) is bounded.
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Proof
Consider system (7) and the linear matrix transformation defined by e = 6z

e 011 012 21
_ , 13
{62} {‘921 922]{22} (13)
where 611, 6012, 621 and 62 are constants. Substituting (13) into (7) the following system of
differential equations is obtained

Z = @12% + O9z129 + @32% + O4z1 + O529,

. 9 2 (14)
zo = @621 + @72122 + @82’2 + @92’1 + @102’2.

Where 04,...,01( are parameters which depend on 611, 812, 021, 022, @, §, o and 5. Equation (14)

may be rewritten in the form of the system of equations (25). This is

21 = ai121 + a12z2 + 22%, (15)

Z9 = Q9121 + Q2929 — 2129 + CZ22.

In order to accomplish this transformation, it is necessary to select ©; = 0,0, = 0,035 = 1,04 = 0,

©7 = —1 and to solve the system of algebraic equations which result in
—a -8
011 = m, 12 =021 = m7 b22 = m~ (16)
By replacing the coefficients (16) in (14), the parameters of system (15) are
2
«a
= 6 = =5 >
TP T g
2 2 = 1\2 _ 35— 1)%5 _ _ _
ws— 0y~ ) (G-1"-1)Q+*G-1% asg-na+pE-1o)
(@®+p)(1-9)Q (@+p)1-9)Q
91 = Of = (Q(a®+p%) +af(y—1))
21 = B9 = — - ;
@+ G-1)Q
3 _ Bw-1)y
= —_— - —e —_— 1 —_——————
aze = O19 <(a2 50 +a(y—1) 0 )
Cc = @8 =0.
(17)
Since @ > 0 then a;; < 0 and therefore, according to Theorem 5, systems (15) and (7) are
bounded. ]

It should be noted that Theorem 2 ensures that system (7) is bounded for any configuration of
finite and infinite equilibrium points. Fig. 2 shows the equilibrium points at infinity in a saddle—
node configuration, where the circle corresponds to the neighborhood of infinite.

Figure 2. Phase Portraits of a Bounded Quadratic Systems (BQS).
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4.2. Bounded quadratic systems with a unique real equilibrium point (BQSI)

Theorem 6 of the appendix allows analyzing the different qualitative behaviours when there is a
unique finite equilibrium point in a system of the type (25); and does so by means of phase diagrams,
including both the finite equilibrium point as those at infinity. According to Theorem 6 there are
four configurations, of which (a) and (b) cannot be used because system (7) is affine to a (25) type
system, and these are mutually exclusive. Thus, system (7) may be of type (c) or (d). It will be
shown that the only feasible configuration for (7) is (c).

Theorem 3. Given the following parameters restrictions: Q@ >0, § <0, a >0 and —a% —
« Yy « .
2, | ——— < B < —a=+2,|————, then system (7) has the configuration type (c) of
QG- 1 Q" o1 )
Fig. 3.

Proof
According to Theorem 6(c) of the appendix, system (25) will have a unique equilibrium point if the
following conditions are satisfied:

(1) a1 <0, (i1) (a12 — ag1 + cain)? < 4(ar1az2 — asiarz), (491) a11 + ag2 < 0. (18)

In Theorem 2 is proved that condition (18)(¢) is satisfied. For the second condition, substituting
parameters (17) in (18)(i7) results

2
32 0% Q- >
f=8 +2Qyﬁ+(Qy> +4Q@_1)<0. (19)

Equation (19) is valid in the interval (3;, 32) where 3, o = —a% F2 /—ﬁ, ie.,
Y Q Y o
—as -2, /——— —a= 42, [———. 20
N ar 0P e =

The discriminant of fis Ay = —ﬁ and ;2 € Rif and only if o > 0.
7 —
For the third condition, parameters (17) are substituted into (18)(¢i¢) which results in § >
QM —1a Qy—1la—-1

(g——l)gl’ This defines an interval [3,, co) where 8, = G=15

Note that (51, 32) N [Ba,00) = (B1, B2), so the range in which (18)(7i¢) is fulfilled is (20), with
a > 0, which shows that (7) is a type (c¢) system. According to Theorem 5, (7) will be a type (d)
system if it satisfies the following conditions:

() a1 <0, (i) (a12 — a2 + ca11)® < 4(ar1a22 — asarz), (144) a11 + az2 > 0. (21)

Analogously, Theorem 2 proves that (21)(¢) is valid; and the above analysis, in the interval

(81, B2), shows that (21)(i7) =(18)(i¢). For the third condition, parameters (17) are substituted
y—1)a—1
into (21)(iii) and g < L¥ D=1

(y—1)y
y—1l)a—1
By = %. The intervals are such that (81, 82) N (—o0,Bp) = @ and therefore, since

condition (21)(#i¢) is not satisfied, (7) cannot be a type (d) system.

is obtained, which defines an interval (—oo, ), where

In summary, the set Ry, given in (12) defines the range within which system (7) is BOSI. 0

Corollary 2. Since (7) is a BQSI type (c) system, it is globally stable.
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Proof
Since (7) is BOSI type (c), then there is a unique real equilibrium point to which all trajectories
converge; that is, the system is globally stable. O

Corollary 3. Since (7) is BOSI type (c) system, then it has no limit cycles.

Proof
Since (7) is BOSI type (c) and it cannot be represented as type (d), then there is no limit cycle or
periodic solution. O

5. QUALITATIVE ANALYSIS AROUND FINITE EQUILIBRIUM POINTS

System (7) will be analyzed locally with respect to its finite equilibrium points using the
linearization method that is described in [4], section 1.5.

The procedure consists of two steps; first the finite equilibrium point is obtained. Next, the
Jacobian matrix associated with (8) at this equilibrium point is evaluated. Thus the linearized version
of the original nonlinear system is obtained. (8) and (9) define the equilibrium equation and the
determinant of Cardano A, respectively. The Jacobian matrix A is given as

N
A = B(y(y i)) :
| Q-elz-1y BE-Vy+1
Qy-1) Q
On the other hand, the eigenvalues of A are defined as
Ao = _% +a(37; 1) _6(?/2221)2/
\/4Q (-1 @r-1Da+Q(@-1°8-1))+@- 1’1+ F-1)(F - Q)
* 2Q(y—1) '

(22)
The local behaviour at the origin of coordinates may be interpreted using the following theorem.

Theorem 4. The origin of coordinates is an attractor.

Proof
The origin of the linearized system is an attractor, if the system possesses a unique equilibrium point
and its eigenvalues are negative. This is accomplished with the following restrictions:

(i) Ac >0,
Q-F-1*25-1)a-Q@F—1)°8

(ZZ) Ao = Q(g — 1)2 > 0,
(i31) A1+ Ao = (y_l)@g_yﬁ)_l <.

The above restrictions are satisfied for the following conditions on the parameter

DA S _ Y [ >
a >0, on 2 Q(zj—l)<ﬁ< aQ+2 QG-1)

These conditions are the same that define the set Ry, given in (12).

In order to verify if the origin is a repeller, restriction (i) in addition to the following restrictions
are used
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Q-FH-1)°2y-1)a-QF—1)°s
Q7 —1)°

(F—1) (Qa—gB) —1
Q

It is easy to verify that there are not values of parameters that would make the origin to behave as
a repeller.

(Z’U) )\1)\2 =

>0,

() A+ A= > 0.

To check if the origin of coordinates is a saddle, the restriction (¢) and the following restriction
are taken into account

Q-F-125-1)a-Q@F-1)7°s
Q7 —1)°

There are not values of parameters that would make the origin to behave as a saddle.

< 0.

(Uii) )\1)\2 =

To verify if the origin of coordinates is a center, the restriction (i) and the following restrictions
are considered

(’UZZ’L) Re{)\l, )\2} = 0,

(iz) Im{Ai, A2} #0.
From (viii) and (22) results Re{\1, A2} =0= L + a(g -b_ B y=0.
’ 2Q 2 20Q
from (iz) and (22) results Im{\1, A2} # 0 = 4Q ((gj ~1)’@25-1)a+Q ((gj —1)°8— 1)) +
(= D*1+ (1) (58 —Qa))* <0.
There are not values of parameters that would make the origin to behave as a center. O

-1

Also,

Theorem 4 may be used to prove that the origin of coordinates, which is the unique real
equilibrium point, can only be an attractor; and it is in the R, set defined in (12). Also, the system
is locally stable.

6. ANALYSIS OF RESULTS

There have been used three techniques to study the qualitative behaviour of a second order nonlinear
dynamic system. These techniques have corresponded to the direct method of Lyapunov, theorems
of Dickson and Perko and the approximate linearization of nonlinear systems. In all three cases, the
analysis has led to the same set where the parameters of the system were defined.

The results of the analysis performed with each of the techniques have been summarized in Table
L

e The direct method of Lyapunov may be used to prove that when there is only one real
equilibrium point, system (7) is globally stable. But it does not provide any information
regarding the boundedness (BQS) of system (7) for any combination of parameter values.

e Theorems 5 and 6 of Dickson and Perko may be used to prove that system (7) is bounded
(BQS), regardless of the values of its parameters. In addition, to prove that when there is a
unique real equilibrium point (BQSI), system (7) is globally stable and there are no limit
cycles in its trajectories.

e Approximate Linearization allows local analysis and provides no information on the overall
behaviour of system (7) or its boundedness (BQS). When there is only one real equilibrium
point, it may be used to prove that the finite equilibrium point is an attractor, and therefore
system (7) is locally stable.

o [f the boundedness feature (BQS) of system (7) obtained thru Theorems of Dickson and Perko,
together with the attractor behaviour of the single real equilibrium point, which is derived
using the approximate linearization method is used, it can be concluded that system (7) is
BQOS1.
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Table 1. Qualitative analysis results of system (7) with different techniques.

Qualitative Analysis | Bounded for any value Bounded with a unique real
Technique of the parameters (BQS) equilibrium point (BQS1)
Lyapunov Not shown if bounded Globally Stable
Dickson—Perko Bounded Globally Stable
Linearization Not shown if bounded Locally Stable
Dickson—Perko and Bounded Globally Stable
Linearization

7. CONCLUSIONS

In this work an analysis of the behaviour of the trajectories around the equilibrium points of the
Buck—Boost power converter with state vector feedback, using qualitative techniques for dynamic
systems has been presented.

For this type of closed-loop systems, there is a bifurcation of equilibrium points; so there may
be one, two or three finite equilibrium points. Regardless of the value of the system parameters,
all trajectories converge to finite equilibrium points; that is, the system is bounded (BQS) for any
configuration of finite equilibrium points and there are no limit cycles.

The direct method of Lyapunov may be used to prove the existence of conditions on the control
parameters to ensure global stability of the system. Through theorems of Dickson and Perko a global
qualitative behaviour of the system with a single equilibrium point is obtained, as well as they
provide conditions on the control parameters that make all trajectories converge to the equilibrium
point. Also, the theorems allow verifying the existence, or not, of limit cycles.

Linearization around the origin of coordinates, where it is located the equilibrium point, facilitates
establishing conditions on the control parameters to ensure that it is a local attractor.

The direct method of Lyapunov and the theorems of Dickson and Perko permitted to obtain results
about the overall behaviour of the system; while the approximate linearization only allowed giving
local results. By using the results of boundedness, together with the absence of limit cycles for the
BQS1, the local analysis may be considered as global for the case study considered.
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A. THEOREM OF DICKSON AND PERKO
Theorem 5. Any (BQS) is affinely equivalent to
& =anw, Y =anc + axy + xy (23)
with a1 < 0 and ass <0, or
& =anz+any + vy Y = ay (24)
with a11 <0, ags < 0and ay1 + azs <0, or
&= anz + ay +y°, = anx + agny — vy + cy’ (25)

with |c| < 2 and either (i) a11 < 0; (i) a11 = 0y ag1 = 0; or (ii) a;1 = 0, a1 # 0, a12 + a1 =0
and cagq + ase < 0.

Theorem 6. The phase portrait of any (BQS1) is determined by one of the separatrix configurations
in Figure 3. Furthermore, the phase portrait of a quadratic system is given by Figure 3.

(a) iff the quadratic system is affinely equivalent to (23) with a11 < 0 and ass < 0;

(b) iff the quadratic system is affinely equivalent to (24) with a11 < 2a92 < 0;

(c) iff the quadratic system is affinely equivalent to (24) with 2a20 < a11 < 0 or (25) with |c| < 2
and either

(i) a11 = aso + a1 =0, asy 7& 0 and ass < m7,77,(0, 700,21) or ass = 0 < —caaq,
(ll) an < 0, (a12 — a21 + Ca11)2 < 4(@11@22 — 0,210,12), and a1 + ags < 0, or
(iii) a1 <0y (a12 — as1 + car1) = (ar1a22 — az1a12) = 0;
(d) iff the quadratic system is affinely equivalent to (25) with |c| < 2 and either

(l) a11 = a2 + as1 = 0and 0 < age < —casy, or
(ii) a1 < 0,a11 + ag2 > 0, and (a12 — az1 + car1)? < 4(ar1a22 — aza12).

(a) (b)
(c) (d)

Figure 3. All possible phase portraits for (BOSI).



