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CENTER PROBLEM FOR GENERALIZED A-Q DIFFERENTIAL
SYSTEMS

JAUME LLIBRE!, RAFAEL RAMIREZ2? AND VALENTIN RAMIREZ!

ABSTRACT. The A-Q differential systems are the real planar polynomial dif-
ferential equations of degree m of the form

t=—y(l+A)+2Q  g=2(l+A)+yQ,
where A = A(z,y) and Q = Q(z,y) are polynomials of degree at most m — 1
such that A(0,0) = 2(0,0) = 0. We study the center problem for these A-Q
systems. A planar vector field with linear type center can be written as an
A-Q system if and only if the Poincaré-Liapunov first integral is of the form
1
F= @ +4?)(1+0(,y)).
The main objective of this paper is to study the center problem for A-2
m—1
systems of degree m with A = p(agz — a1y), and Q = a1z + a2y + Z Q;,
Jj=2
where p, a1, a2 are constants and Q; = Q;(z,y) is a homogenous polynomial
of degree j, for j =2,...,m — 1.
We prove the following results. Assuming that m = 2,3,4,5 and

m—2
(u+ (m—2))(a? +a2)#0 and Z Q; #0
=2

then the A—Q) system has a weak center at the origin if and only if these

systems after a linear change of variables (z,y) — (X,Y) are invariant under

the transformations (X,Y,t) — (=X,Y,—t). If (u + (m —2))(a? +a3) =0
m—2

and Z Q; = 0 then the origin is a weak center. We observe that the main
=1

difficulty to prove this result for m > 6 is related with the huge computations.

1. INTRODUCTION

0 0
Let X = Pa— + Qa— be the real planar polynomial vector field associated to
i

the real planar polynomial differential system

(1) .CL‘:P(I,y), y:Q(xvy)a

where the dot denotes derivative with respect to an independent variables here
called the time ¢, and P and @ are real coprime polynomials in R[z,y]. We say
that the polynomial differential system (1) has degree m = max {deg P, deg Q}.
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In what follows we assume that the origin O := (0, 0) is a singular or equilibrium
point, i.e. P(0,0) = Q(0,0) = 0.

The equilibrium point O is a center if there exists an open neighborhood U of
O where all the orbits contained in U \ {O} are periodic.

We shall work with the polynomial differential systems of degree m such that

where X = X(z,y) and Y = Y (z,y) are polynomials starting at least with qua-
dratic terms in the neighborhood of the origin, so m = max {deg X, degY'} > 2.
The center-focus problem asks about conditions on the coefficients of X and Y
under which the origin of system (2) is a center.

If a system (2) has a local first integral at the origin of the form
1
F =5 +y")2(z,y),

where @ = ®(z,y) is an analytic function such that ®(0,0) = 1, then the origin of
system (2) is a center called a weak center. The weak center contain the uniform
isochronous centers and the holomorphic isochronous centers (for a prof of these
results see [12]), but they do not coincide with the all class of isochronous centers
(see Remark 19 of [12]).

In this paper we shall study the particular case of differential systems (2) of the
form

(3) & =—-y(1+A)+2Q, y=x(1+A)+yQ,

where A = A(z,y) and = Q(z, y) are polynomials such m = max {deg A, deg Q} +
1.

By applying the inverse approach in ordinary differential equations see [10] the
following theorem is proved and shows the importance of system (3) in the theory
of ordinary differential equations (see Theorem 15 in [12]).

Theorem 1. The polynomial differential system (2) has a weak center at the origin
if and only if it can be written as (3) with

m . .
+1 3
A= Z (J Tj,1+%ngj,2+...+fgj,2T1 +gj1) s

, 2 2
=2
1 m
Q=3 Z ({ijqu} +91{Yj2, Ha} +... + gj72{T17H2})>
=2

where g; and Y; are homogenous polynomials of degree j for j > 1 and has a first
integral of the form

H=Hy®=Ho(1+mY1+ ...+ pim-1Tm—1),

where Hy = (2% +y?)/2, and p; = pj(z,y) is a convenient analytic function in the
neighborhood of the origin for j =1,...,m — 1.
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2. STATEMENT OF THE MAIN RESULTS

In this section we give the statements of our main results which will be proved
in sections 4 and 5, also we state some conjectures.

Conjecture 2. The polynomial differential system of degree m

m—1
i= —y(l+plagz — ary)) +z(mz +azy + Y Qi(x,y)),
j=2
(4) m—1
g = z(l+ p(az — a1y)) + y(a1r + agy + Z Q;(z,v)),
j=2
m—2
under the assumptions (i + (m —2))(af +a3) #0 and Z Q; # 0 where Q; =
j=2
Qj(z,y) is a homogenous polynomial of degree j for j = 2,...,m — 1, has a weak

center at the origin if and only if system (4) after a linear change of variables
(z,y) — (X,Y) is invariant under the transformations (X,Y,t) — (=X,Y, —t).
Moreover differential system (4) in the variables X,Y becomes

X= —YA+uY)+X20(X%Y)=-Y(1+uY)+ X{Hy, &},
Y= XA+upY)+XYO(X2Y)=X1+pY)+Y{H,, ®},

where O(X2Y) is a polynomial of degree m — 2, and ® is a polynomial of degree
m — 1 such that {Ha, ®} = XO(X2,Y).

m—2
We observe that the case when (u + (m — 2))(a? +a3) =0 and Z Q=0
=2
was study in [13].

Theorem 3. Conjecture 2 holds for m = 2,3 and for m = 4 with p = 0.

The proof of Theorem 3 for 1 = 0 and m = 2 goes back to Loud [15]. The proof
of Theorem 3 for 4 = 0 and m = 3 was done by Collins [5]. Finally the proof of
Theorem 3 for = 0 and m = 4 goes back to [1, 2, 4]. But in the proof of this last
result there is some mistakes. The phase portraits of these systems are classified in
[3, 8, 9]. The proof that these centers are weak centers has been done in Theorem
1.

Conjecture 4. Assume that the polynomial differential system of degree m — 1

m—2
= —y(l+ plaezr —a1y)) + z(ar1z + agy + Z Q;(z,v)),
=2
m—2
= a(1+ plar —a1y)) + y(arz + a2y + Z Q;(z,y)),
j=2

where ajaz # 0, and Q; = Q;(x,y) is a homogenous polynomial of degree j for j =
2,...,m=2, after a linear change of variables (x,y) — (X,Y) it is invariant under
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the transformations (X,Y,t) — (=X,Y,—t). Then the polynomial differential
system of degree m

m—1
i= —y(l+ plagr — ary)) + w(mz +azy + Y Q(x,y)),
j=2
m—1
g= a1+ p(agz —ary)) + y(arz +azy + Y Q(x,y)),
j=2

has a weak center at the origin if and only if the system
= —y(l+ plazr —ary)) + z(a1x + agy + Qn—1(,y)),
y= a(l+plar — ary)) +y(arz + azy + Q1 (z,y)),

under the assumption (1 + (m — 2))(a? + a3) # 0 and after a linear change of
variables (x,y) — (X,Y) it is invariant under the transformations (X,Y,t) —
(-X,Y, —1).

(5)

We observe that the existence of the weak center of (5) was solve in [13].
Theorem 5. Conjecture 4 holds for m = 3,4, 5, 6.

We note that when system (4) with 4 = 0 has a center at the origin this center
is a uniform isochronous center, i.e. if we write these systems in polar coordinates
(r,0) we obtain that 6 is constant. Clearly if 4 = 0 then the weak centers are
uniform isochronous centers.

Note that Conjecture 4 is a particular case of Conjecture 2.

3. PRELIMINARY RESULTS

In the proofs of Theorems 3 and 5 it plays a very important role the following
results and notations which we can find in [12] .
As usual the Poisson bracket of the functions f(z,y) and g(z,y) is defined as
of og  Of g
{fa } = 8. 9.."
Oz 8y dy Ox
The following result is a simple consequence of the Liapunov result given in Theorem
1, page 276 of [14] .

Corollary 6. Let U = U(z,y) be a homogenous polynomial of degree m. The linear
partial differential equation {Ho,V} = U, has a unique homogenous polynomial
solution V' of degree m if m is odd; and if V is a homogenous polynomial solution
when m is even then any other homogenous polynomial solution is of the form
V + c(a? + y?)™/2 with ¢ € R. Moreover, for m even these solutions exist if and

OTlly Zf/ x y)'z:cos t,y=sint dt = 0.

Proposition 7 (see Proposition 6 of [12]). The next relation holds

2m
/0 {HZa \I]}|z:cos t,y=sint dt =0

for an arbitrary Ct function ¥ = U(x,y) defined in the interval [0,27] .
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Proposition 8 (see Proposition 24 of [12]). Consider the polynomial differential
system (1) of degree m which satisfies

™ 9P 0Q
/0 (81‘ + 8y> ‘a::cost7 y:sintdt =0.

Then there exist polynomials F = F(z,y) and G = G(z,y) of degree m + 1 and
m — 1 respectively such that system (1) can be written as

i=P={Fa}+(1+G){Hyna}, §=Q=1{Fy}+(1+C){Hsy}

with G(0,0) = 0.

We need the following definitions and notions.

A function V = V(x,y) is an inverse integrating factor of system (1) in an open

P
subset U C R?2if V € CY(U),V £ 0 in U and é% (V) + % <§> =0
Theorem 9. [Reeb ’s criterion] (see for instance [19]). The analytic differential
system & = —y + Z X, y=x+ Z Y; has a center at the origin if and only if
j=2 j=2

there is a local nonzero analytic inverse integrating factor of the form V. =1+ h.o.t.
in a neighborhood of the origin.

An analytic inverse integrating factor of the form V' = 14-h.o.t. in a neighborhood
of the origin is called a Reeb inverse integrating factor.

The analytic function

oo oo
1
H=Y Hjwy) =50+ +) Hixy).
j=2 j=3

where H; is homogenous polynomials of degree j > 1, is called the Poincaré-
Liapunov local first integral if H is constant on the solutions of (2).

Theorem 10 (see Theorem 13 and Remark 14 of [12]). Consider the polynomial

m

vector field X = (—y + Z Xj)% + (z + Z YJ)@% Then this vector field has a
j=2 j=2

Poincaré-Liapunov local first integral H if and only if it has a Reeb inverse inte-
grating factor V.. Moreover, the differential system associated to the vector field X
for which H = (2? + y?)/2 + h.o.t. is a local first integral can be written as

= V{H,x}
©) = {Hps1, 2} + Q4+ g){Hm,2}+...+1+g1+ ...+ gm-1){Ho, 2},
y= V{H,y}

= {Hpt,y} + Q4+ g ){Hnyt+ ...+ 1 +91+ ...+ gm—1){H2, y},
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and V' and H are such that

oo
V= 1+ g,
j=1

1 oo
(7) H = §<$2+y2)+ZHj:Tle+1+TQHm+...+TmH2
j=2

B dHpm+1 (14 g1)dHy, I+g1+...4+ gm-1)dHs
S (L O : )

where v is an oriented curve (see for instance [20]), T; = 7;(x,y) is a convenient
analytic function in the neighborhood of the origin such that 7;(0,0) = 1, and
g; = gi(x,y) is an arbitrary homogenous polynomial of degree j which we choose
in such a way that V is the inverse Reeb integrating factor which satisfies the first
order partial differential equation

1 1+ a1 I+g1 4.+ gm-1
(8) {Hm-‘rh V} + {Hmv % %

Remark 11. [see formula (44) and the proof of Theorem 13 of [11]] From (8),and
(7) the following infinite number of equations must hold

9)

b+ ...+ {Ho, }=0.

{Hm+1,91} + {Hm,92} + ... + {H3,gm-1} + {H2,gm} = 0,
{Hpi1,97 — g2} + {Hm, 9192 — 93} + - .. + {H3, 19m—-1 — gm} + {H2,919m + gm+1} = 0,

Consequently
(10)
2
/0 {Hmi1, 91} + {Hm, 92} + -+ {H3, 9m-1})|a—cos tymsin ¢ 4t = 0,
2
/0 ({Hms1,97 — 92} +{Hm, 9192 — g3} + -+ {H3,919m—1 — Im}) |, _ o ty=sin t 4= 0

Conditions (9) and (10) are equivalent to the following relations .
(11)
{Hptj+1, 01} + {Hmtj, 92 + .+ {Hs, gmyj—1} +{H2, gm+j} = 0,

2
/O ({Hm+j+l7gl} + {Hm+j,g2} +.o.+ {HB: gm+j*1})|z:cos t,y=sin t dt = 07

for 7 > 0. Theorem 10 can be applied to determine the Poincaré-Liapunov first
integral, Reeb inverse integrating factor and Liapunov constants for the case when
the polynomial differential system is given (see section 8 of [12]. Indeed, given
a polynomial vector field X of degree m with a linear type center at the origin
of coordinates, using (6) we determine its first integral H and its Reeb inverse

integrating factor. Thus, if in (2) X = ZXj and Y = ZY] with X; and Y;
j=2 j=2
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homogenous polynomials of degree j, from (6) and from the proof of Theorem 10
equating the terms of the same degree we get

{Hjsr. 2} + g {Hj at + ...+ gj—1{Ha, 2} = X
{Hjt1,y} + i {Hj,y} + ...+ gj—1{H2,y} = Y,
{Hgy1, 2} + g1 {Hg, 2} + ... + gr—1{H2,2} =0
{Hit1, v} + g {He, y} + ...+ gr—1{H2,y} =0,

for i =2,....m, and k > m. Then the compatibility condition of these equations
are
0X,;, 0Y;
Hj, g1} +...+{H2,9j-1} = L= for j=2,...,m,
) {Hj. 1) T
{Hp, 1 b+ ...+ gp—1{Ho, g1+ = 0 for k>m.

for k> 1.

If (12) holds then by considering that Hy,, for n > 1 are homogenous polynomials
of degree n. Then applying Euler’s Theorem for homogenous polynomials we obtain
the homogenous polynomial H,, as follows

1 .
HjJrl = - (yX7 71,‘X.7‘+]91Hj+...+29j,1H2),
j+1
(13) '
Hyyy = *m(k?ngk+...+29k—lH2);

forj=2,....,m, and k > m.

We need the following results.
Let
(14) = r1X — KoY, y=koX + K1Y,

be a non-degenerated linear transformation, i.e. k% + k3 # 0. Then the differential
system (3) becomes

X= -y (1 +A(X, Y)) +XQ(X,Y),
(15)
V= X (1+AXY)) +YQ(X,Y),

where A(X,Y) = A(k1 X — koY, ko X + £,Y) and Q(X,Y) = Q(k1 X — koY, ko X +
k1Y'). Here we say that system (2) is reversible with respect to a straight line 1
through the origin if it is invariant with respect to reversion about [ and a reversion
of time ¢ (see for instance [6]). In particular Poincaré’s Theorem is applied for the
case when (2) is invariant under the transformations (z,y,t) — (—x,y,—t), or
(z,y,t) — (z,—y, —t).

In the proof of the results which we give later on we need the Poincare’s Theorem
(see for instance [17], p.122.)

Theorem 12. The origin of system (2) is a center if the system is reversible.

Since a rotation with respect to the origin of coordinates is a particular trans-
formation of type (14), when a center of system (3) is invariant with respect to
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a straight line it is not restrictive to assume that such straight line is the x-axis.
So the center of system (3) will be invariant by the transformation (X,Y,t) —
(-X,Y,—t) or (X,Y,t) — (X,-Y,—t). Without loss of the generality we shall
study only the first case, i.e. we shall suppose that the A-{2 system is invariant
with respect to the transformation (X,Y,t) — (—=X,Y, —t).

The following proposition is easy to prove (see for instance [18]).

Proposition 13. Differential system (15) is invariant under the transformation
(X,Y,t) — (=X,Y, —t) if and only if it can be written as

X= -Y(1+0:(X2%Y))+X%0,(X2Y),

(16) .
Y= X(1+601(X%Y)) +XY0,(X2,Y).

The following result was proved Corollary 15 of [?].
Corollary 14. Polynomial differential system (16) can be written as
an X = Y (1+0:(X2Y)) + X{H,, 0},

Y= X(1+61(X2%Y))+Y{H,, @},

where ® = ®(x,y) is a polynomial of degree at most m—1 and such that {Hs, ®} =
X0,(X2Y).
Corollary 15. Any weak centers of the type
—y (L+A) + a{Hs, ¢} =p,
z(1+A) +y{Ha, ®} =g,

(18) !

Y
satisfies that the integral of the divergence on the unit circle is zero. Moreover
differential system (17) can be written as

= {®,2}+ (14 G){Hz,z} :=p,
y= {®,y}+ 1 +G){H2,y} =g

where G = G(z,y) is a polynomial of degree m — 1.

(19)

Proof. Indeed from the relations

op | Oq O0{H,, @} = O{H>, ®}
— 4+ —= 2{H,, ® Hy, A
oxr Oy {He, @)+ Ox ty Oy + {2, A}
= H2,2q>+xa—q)+ya—q)+z\ ;
ox oy

and Proposition 7 we obtain that
2
17) 0
[E
0 Jx Oy

Consequently from Proposition 8 we get that (18) becomes (19). Thus the proof of
corollary follows. O

I
e

x = cost
T =sint
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4. PROOF OF THEOREM 3

The proof of Theorem 3 for m = 2 and m = 3 follows from the proof of Theorem
7 of [13] . For m = 4 we prove Theorem 5 in Propositions 16.

Proposition 16. The fourth polynomial differential system
T= —y+ w(alx + agy + asz? + asy?

+aszy + agx® + ary® + agxry + agxyZ) =P,
y= x+ y(all“ + asy + azz? + asy?

+aszy + agx® + ary® + agxy + agzgf) =Q,

where a3 + a3 + a3 + a3 + a2 # 0 has a weak center at the origin if and only
if after a linear change of variables (z,y) — (X,Y) it is invariant under the
transformations (X,Y,t) — (=X,Y, —t) or (X,Y,t) — (X, =Y, —t). Moreover,

(i) if a? +a3 # 0, then system (20) has a weak center at the origin if and only

if
as +ay =0, asaias + (a3 —a?)ag = 0,
(21) ala; — a3azag + aja3ag — adag = 0,
3ayadar — 3atasag + (a3 — 2a1a3)as + (2a3az — aj3)ag = 0.
Consequently
(a)
2 _ 2
asz + a4 =0, CL5+MG = 0,
a1a9
1
(22) a4+ 53 (ar(a$ — 3adar) + ag(a3 — alaz)) = 0,
2
as + 55 (a7(3a? — 3ara3) + ag(a3 — 3alas)) = 0.
oW1

when ajas # 0,
(b) az = a3 = a4 = ay = ag = 0, when a1 # 0,
(¢) a1 = a3 = a4 = ag = ag = 0, when ay # 0.
(ii) If a1 = a2 = 0 and asas # 0 then system (20) has a weak center at the
origin if and only if
as + Ay = 0
Aas + (1 — )\2)a4 = 0,
Mar —XNag+Xag—ag= 0
3)\20,7 + 3)\@6 + ()\3 - 2)\2) ag + (2)\2 — 1)) ag = 0

as + \/4a?1 + ag
2a,

a linear change of variables (x,y) — (X,Y) it is invariant under the
transformations (X,Y,t) — (=X,Y, —t).

where \ = . Moreover the weak center in this case after
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(i) if a1 = ag = a3 = a4 = a5 = 0, then the origin is a weak center.

Proof. Sufficiency: First of all we observe that the polynomial differential system
(20) after the linear change of variables (14) would be invariant under the transfor-
mation (X,Y,t) — (—X,Y, —t) if and only if

k201 — K1G2 = )
K2a3 + K3a4 + Kikgas = 0,

K3a7 — K2 koag + K1K3ag — Kaag = 0,

0

0

(23) k3az + K3ay — Kikoas = 0,
0

3k1Kk3a7 — 3K2Koags + (K3 — 2Kk1K3)as + (2k3 ke — K1 K3)ag = 0.

We suppose that (23) holds, and consequently the origin of the new system is a
center. When a? + a3 # 0, after the change * = a1 X — ayY, y = asX + a1y,
we get that the system has the form of system (16) with m = 4, here k1 = a1 and
k2 = az and consequently this system is invariant under the change (X,Y,t) —
(=X,Y,—t) i.e. it is reversible. Thus in view of the Poincaré Theorem we get that
the origin is a center. Hence system (20) under conditions (37) has a weak center
at the origin. Thus the sufficiency under assumption (i) is proved.

When x1k2 # 0 then by solving (23) with respect to k1 and ko, and if we denote
by k1 = a1 and k2 = ag we obtain (22). For the case when k2 = 0 and ky # 0, then
from (23) it follows that

(24) a2:a3:a4:a7:a8:0.
If (24) holds then system (20) becomes
i =—y+a? (al + asy + agz® + a9y2),

y =x+ yx(al +asy + agx® + ang),

which is invariant under the change (z,y,t) — (—z,y, —t). If K1 = 0 and k2 # 0
then from (23) it follows that

(25) a1=a3=a4:a6:ag=0.
If (25) holds then (20) becomes
T =-y+zy (ag + asx + a7y2 + ang),

y =x+y’ (az + asr + ary® + astQ),
which is invariant under the change (z,y,t) — (x, —y, —t).
When a; = as = 0 and agas # 0, then by taking
A 1
where A is a solution of the equation A2 — 95\ 1 = 0. After the rotation =

Gy
cosf X —sinfY, y = sinf X + cosfY, then in view of (23) we get that (20)

K1 = cosf := and ko =sinf :=
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becomes
. 1 2 _ 3 _)\2 _ 2
X= -Y+ + A X2 <—2a4Y + ((19 3\ a7) Y2 + A ay A ag )\a7 X2> ’
2A 1+ A2 V14 22
: 14 A2 -3\ Mar — XN ag — 2\
V- x4+ + Xy <—2a4Y i (ag — 3 a7)Y2 " ay ag a7X2> .
14+ 22 V14 A2

Thus this system is invariant under the change (X,Y,t) — (—=X,Y, —t), i.e. it is
reversible. thus in view of the Poincaré Theorem we get that the origin is a center.
Therefore the sufficiency is proved and (ii) holds.

If a1 = a2 = a3 = a4 = a5 = 0, then system (20) becomes
T =-y+ x(a6x3 + agxy2 + a7y3 + aga:Qy) = —y + xQ3,

y =x+ y(a6x3 + agry® + ary® + agxzy) =z + yQ3,

2m
By considering that / Q3(cost,sin t)dt = 0, then in view of Corollary 4 of [13]

we get that the origin is a weak center which in general is not reversible. Thus the
sufficiency of the proposition follows.

Necessity in case (i) We shall study only the case (a). The case (b) and (c)
can be studied in analogous form. Therefore we assume that ajas # 0. Now we
suppose that the origin is a center of (20) and we prove that (22) holds. Indeed,
from Theorem 10 it follows that differential system (20) can be written as
(26)

P= {Hs, 2} + (L 4+ g){Ho,x} + (1 + g1+ g2){Hs, a} + (1 + g1+ g2 + g3) { Ho, 7}

= —y+ x(a1:v + agy + aay® + a3’ + aszy + agr® + ary® + asx’y + agacyQ)7
Q= {Hs,y} + (A +g){Hsy}t+ 1+ g1 +9g2){Hs,y} + (14 g1+ g2 + g3){ Ha, y},
= x-+ y(alz + asy + a4y2 + a3m2 + asry + a6333 + a7y3 + a8x2y -+ agmyQ)

In view of Corollary 6 and assisted by an algebraic computer we can obtain the
solutions of (26), i.e. the homogenous polynomials Hs, H3, g1, g3 of degree odd are
unique and the homogenous polynomials Hy, go of degree even are obtained modulo
an arbitrary polynomial of the form e(z? + yz)k where k = 1,2. Indeed taking the
homogenous part of these equations of degree two we obtain

{Hs,x} + gi{Hz v} = (a1 + azy),
{Hs,y} + 91{Hz,y} = y(arz + azy).
The solutions of these equations are
g1 = 3(a1y — azx), Hjz = 2Hs(asx — ary).
The homogenous part of (26) of degree 3 is
{Hy, o} + gi{Hs, o} + go{Hz, v} = 2(aay® + azz® + asry) = 2,
{Hy, o} + gi{Hs, 2} + go{Hz, v} = y(aay® + aza® + aszy) = yQo.
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The compatibility condition of these two last equations becomes of {Hsz,¢1} +
{H3, g2} = 495, and by considering that {H3, g1} = {Ha, —3(azx — a1y)?} since

{H3, 92 — 3(asz — a1y)*} = 4.

Hence, in view of proposition 7 we get that
27
/ Qs (cost,sin t)dt = 2m(az + aq) = 0.
0

So az + a4 = 0. Therefore go = 3(asr — a1y)? — ayxy — 2a52% + ¢y Ho, where ¢;
is a constant. Then from system (27) by considering that Hy is a homogenous
polynomial of degree four we obtain the solution

1
Hy = ~1 (3g1Hs + 2g2Ho) + c1 H3

= H, (3 ((a% —a?)z? — alagxy) +asx® + 2a4xy) +c1H2

Inserting these previous solutions ¢, Hs, go and H, into the partial differential
equations

{Hs, 2} + g1{Ha, 2} + g2{H3, 2} + g3{Ha, 7}
= z(agz® + ary® + agz’y + agry?®) = Q3 := Xy,

{Hs, y} + g1{Ha,y} + g2{H3,y} + g3{H2, y}
= ylaer® + a7y’ + asz®y + agay®) = yQs ==Y,

(28)

we get that these differential equations have a unique solution. Indeed, in this case
the compatibility condition is

(29) {Hy, g1} +{H3, g2} + {Ha, 93} = 5Q3,
00Xy Yy

+ o 5Q3, and Q3 is a homogenous polynomial of degree 3.
x x

Consequently there exists a unique solution gz of (29) such that

11 ) 10 5
g3 = ( —6aza? — a3 + —azas — —ajay — —ay — fag)x:;

3 3 3 3

because

+((2a§’ —a1a3)p? + (8a} — 2a1a3 — 2a1a5 — azaq — dajer)p

+6a:f + 3a1a§ — 2aq1a5 + 9agay4 + Hag — 4alcl)x2y

+( — aa2p? + (a1aq + dascy + ajag)p — 9asa? + 4cras — 9aray — 5a7>xy2

5 1
<§a?,u2 + 5(22(1‘;’ —bajas — bagas — 4arcr)p

1 .
+§(21a‘f + 5a1as + basay + Hag + 10ag — 12a101))y3,

Thus the homogenous polynomial Hs can be compute as follows

H5 = (491H4+392H3+293H2),

1
)
using (28).
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Hence partial differential system (28) has a solution if and only if a3 + a4 = 0.
Oun the other hand from (9) for m = 4 and assuming that ajas # 0 and denoting
by

_ (af —ad)as

A= as
ai1az
1

A= a6 = 5 (ar(a} — 3a5a1) + ag(a3 — afaz)),

2

1
A3 = ag— Sl (a7(3a? — 3ara3) + ag(a3 — 3aiaz)) .

2

From Remak 11 with m = 4 we get that

I = /027r ({Hs, g1} + {Ha, g2} + {Hs, 93})—cos ty—sint At
= 3/27 (2a1a2\1 + 2a2A2 — 2a1A3) = 0.
Under this condition the first differential equation of (9) with m = 4 becomes
{Hs, g1} + {Ha, g2} + {Hs, g3} + {H2,94} = 0.
It has a solution g4 which in view of Corollary 6 can be obtained as follows
91 = Ga(z,y) + 8c12(2a4y + 2a50) Hy + 4y H3,

where G4 = G4(z,y) is a convenient homogenous polynomial of degree four, ¢y is a
constant. Using formula (13) with k£ = 1 X5 = Y5 = 0 we obtain the homogenous

polynomial Hg as follows
5 4 3 2
Hs=——g1Hs — —goHy — —g3sH3 — = g4 Ho.
6 691 5 692 4 693 3 694 2

By considering that the integral of the homogenous polynomial of degree 5

27
| o o1+ (0, g2 + {0, 5} + U 901y =0
0

then we obtain that there is a unique solution for the homogenous polynomial g5
of degree 5 of the equation

{He, g1} +{Hs, g2} + {Ha, g3} + {H3, 94} + {H2,95} = 0,
which cOmes from the first equation of (11) with m =4 and j = 1.
Using formula (13) with £ = 2 Xg = Ys = 0 we obtain the homogenous polyno-
mial H7 as follows
6 5 4 3 2
H;=——g1Hs — —goHs — —gsH4s — —gsHs — —gs H.
7 791 5 792 5 793 4 794 3 795 2

and inserting it into the next integral of the homogenous polynomials of degree 6
we get that

125

27
/ (e, g1} + {Hs, 92} + {Fa, g5} + {Fsy 051 sconsyosms
0

™ (VQ)\l)\z + V4)\1 + 1/5)\2 + VG)\g) .

(30)
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where
2(4(a1a2)3 +16a1a3 + 2a3aq + (5ara2 — ad)ar + (a2as — ag)a9>
Vg = —
4 a% ’
—24a3 — 88a1a3 — 8a?
Vg = —4(12, Vs = a“ a1z a2a4’ Vg = —8&2((1% + 3(1%)

ai

By solving I; = 0 and I = 0 and assuming that a;(4a3 + A1) + 2aga4 # 0. we get
that

(31)
Ny — ai\; (—4a1ag —2a5a4 + (a3 — 5aia3)ar + (a3 — a%ag)ag)
2a3 (a1 (4a2 + A1) + 2aza4) ’
N — A1 (—4a1a3 + 2a1a3\ — 23a4 + (3a3 — 15a1a3)ay + (3a3 — 3a%a2)a9).

2a3 (a1 (4a2 + A1) + 2aza4)

By continuing this process we get that the following relations must hold

(32)
2T
I = / ({Ho, g1} + {Hs, g2} + {H7, g3} + ... + {H3, 97})|1—costy—sint At
0
= p()\17>\27)\3) :Oa

where p is a convenient polynomial of degree five in the variables A1, A2, A3. Inserting
into I3 the values of A2 and A3 from (31) we get that the following relations must
hold

%) P = p(A1, A2, A3)] = A1 (ead] + e3Ad + e2A3 + erhi +eo) =0,
where

es = 6550majaf,

e3 = 41280majaic; + r(()?’),
(34) ey = (99840m adain) 3 + i,

e1 = (10aza, (798724343 + 3993a2akas)) 2 + Y,
eo = 7 (20a1as + 10a4) (798720303 + 39936a2aSas) ¢ + i,

where ’I“J(k) is a convenient polynomial of degree j in the variable ¢; for k = 0,1, 2, 3,.
Now we show that the polynomial p has only one real root. Indeed from the results
given in [16] we get that a quartic polynomial with real coefficients eja* + eza® +
eax?® + e12 + eg with eq # 0 has four complex roots if
(35)

Dy = 3e3 —8eseq <0,

Dy = 256ejel — 2Tede} — 192eiereles — 2Teded — Gegelepel + edelel
3,2 3 2.2 2 3
—4egesey + 18exezereg + 144ese0e5e5 — 80eqesepeser + 18eqezeies

—4e3epel — deded + 16esedeq — 128e3e3ed + 144edesepe? > 0.
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After some computations we can prove that for the e;’s given in (34) for j =
0,1,2,3,4 we get that

Dy — ( - 1195008007r2a§a§)c2{ +q?,

Dy = (358428672568945904939289600000%6afla§7(2a1a2 + a4)3)c-‘{ + ¢,

where qj(-k)is a convenient polynomial of degree j in the variable ¢, for k = 2,4.
Taking the arbitrary constant ¢; big enough and such that ajas(2a1a2 + ag)c; > 0
we obtain that the polynomial p has the unique real root A\; = 0, and consequently

Ay =3 =0.

Finally we study the case when 2ajas + a4. By repeating the process of the
previous case we finally obtain that from the equations I; = 0 for j = 1,2, 3 we get
that

)\3 = 7)\23
ai

0= M\ (174a§)\2 + az(87a? — 29a3)ag + a2 (261a3 — 87a)ay

+a3a;(605a3 — 995a3) + 704a,a3cy) .
By choosing the arbitrary constant properly, we can obtain that the unique solution
of I; =0for j =1,2,3is Ay = Ay = A3 = 0. Thus the origin is a weak center in
this particular case. Thus the necessity of the proposition is proved.

We observe that Proposition 16 provides the necessary and sufficient conditions
for the existence of quartic uniform isochronous centers. We observe that this
problem was study in [4, 1, 2], but in these papers there are some mistakes. For
more details see the appendix.

Proposition 16 can be generalized as follows and the proof is similar

Proposition 17. The fourth polynomial differential system

2= —y(1+4 plazz —ary)) + x(alx + azx? + azy + asy?

+aszy + agx® + ary® + asz’y + agny),
(36)
= a1+ plaer —ary)) + y(all“ + agy + azz? + asy?

taszy + agr® + ary® + agz’y + agwy2)7

where (u+m —2)(a} + a3) + a3 + a3 + a2 # 0 has a weak center at the origin if and
only if after a linear change of variables (x,y) — (X,Y) it is invariant under the
transformations (X,Y,t) — (=X,Y, —t) or (X,Y,t) — (X, =Y, —t). Moreover,

(i) if a3 + a3 # 0, then system (36) has a weak center at the origin if and only

if
az+ag =0, asaras + (a3 — a?)ay = 0,
(37) ala; — a3azag + a1a3ag — adag = 0,
3a1a3ar; — 3atazas + (a3 — 2a1a3)as + (2a%az — a3)ag = 0.

Consequently
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(a)
2 _ 2
a3+a/4:0’ a5+Ma — 07
a1a9
1
as + 5 3 (ar(a$ — 3ada1) + ag(a3 — alaz)) = 0,
2
as + =—5— (a7(3a3 — 3a1a3) + ag(a3 — 3ataz)) = 0.
2a3aq

when ajas # 0,
(b) az = a3 = aq = ay = ag = 0, when a1 # 0,
(¢) a1 = a3 = ag = ag = ag = 0, when ay # 0.
(ii) If a1 = a2 = 0 and aqas # 0 then system (36) has a weak center at the
origin if and only if
ag+as= 0
Aas+ (1= Xag= 0
)\3a7 - )\2(19 + )\(lg — ag = O,
3X%a7 +3Xag + (A3 —2)%) ag + (2A* = 1)) ag = 0

as + \/4aj + a?
2a

a linear change of ;am'ables (z,y) — (X,Y) it is invariant under the
transformations (X,Y,t) — (—=X,Y, —t).

(iil) if a1 = az = a3 = a4 = a5 = 0, then the origin is a weak center.

(iv) u+2=as = a4 = as =0, then the origin is a weak center.

where A = . Moreover the weak center in this case after

5. PROOF OF THEOREM 5

The proof of Theorem 5 follows from the next propositions.
Proposition 18. A cubic polynomial differential system
(38) i = —y(1+ pulagr — a1y)) + x(ar1x + agy + azx® + asy® + asry),
g= a1+ plazw — a1y)) + y(ar2 + a2y + a32® + agy® + aszy),
has a weak center at the origin if and only if

(39) as+as =0, arazas + (a3 — at)ay = 0,

Moreover system (38) under condition (39) and (1+ 1)(a? +a3) # 0, after a linear
change of variables (x,y) — (X,Y) it is invariant under the transformations

Proposition 38 is proved in Proposition 23 of [13].

We give the proof of Proposition 19. The proofs of Propositions 20 and 21 are
analogous to the proofs of Proposition 19.
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Proposition 19. A polynomial differential system of degree four

(40)
. (a3 —af)
= —y(l+plazr —ary)) +x | a1+ asy +aq [y — 22 — oy
102
+agz® + ary® + agx?y + agry?)
. 2 2 (a% - a%)
= (14 plasx —a1y)) +y ez +ay+aq | y? —a* — Taias Ty
1

+agz® + ary® + asx?y + agry?)

where ajas # 0 has a weak center at the origin if and only if the following conditions
hold.

1
A= a9+ Cy ((3ara3 — a?)as + (3a3 — 3aza)ag) ,
(41) L
Ao = ay+ 53 ((a3 — 3aga?)as + (a3 — 3azai)as)
1

Moreover system (40) under conditions (41) and after a linear change of vari-
ables (z,y) — (X,Y) it is invariant under the transformations (X,Y,t) —
(—X,Y, —t).

Proof. Sufficiency: First we observe that the differential system (40) under the
linear transformation (14) can be written as (15) with m = 4, and

A= plagr —ary) =0,
s a3 — a%)x

Q= a1z +awy+as(y? — 2% — — y) + agz® + ary® + agzy + agry?® = 0.
102

This differential system is invariant under the transformation (X,Y;t) — (=X, Y, —t)
if and only if

KR1Q2 — Ko = 0,
(42) k1(K2a7 + K3ag) — ka(k3ag + Kiag) = 0,
3k1ka(arke — agki) + k1 (K3 — 2Kk3)as + K1(263 — K3)ag = 0,

We suppose that (41) holds and show that then the origin is a center of system
(40). Assume that ajas # 0. Then after the transformation

(43) r=a1X —asY, y=aX + arY,

we get that this system can be written as system (16) for m = 4 and with k1 = a1
and k2 = ag, and consequently the conditions (42) becomes
ai(a?ar + a3ag) — az(a3ag + alag) = 0,
3araz(aras — agay) + ay(a? — 2a3)as + a1(2a3 — a3)ag = 0.
By solving these two equations with respect to a7 and ag we get (41). Hence (40) is
invariant, after the given linear change (43) is invariant under the transformation

(X,Y,t) — (—X,Y, —t), i.e. it is reversible. Thus in view of the Poincaré Theorem
we get that the origin is a center of (40) if (41) holds.
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Necessity: Now we suppose that the origin is a center of (40) and we prove that
(41) holds. Indeed, from Theorem 10 it follows that differential system (40) can be
written as

{Hs, 2} + (1+ g){Hs, 2} + (1 + g1 + g2){Hs, 2} + (1 + g1 + g2 + gs){H2, x}

(a3 — af

= —y+z(az+ay+ay (y2 —z? - o )xy> + agx® + ary® + asz®y + agzy?),
142

{Hs, y} + (1 + g){Ha,y} + (L+ g1 + 92){Hs,y} + (1 + g1 + g2 + g3){ H2, v},

2 2
= x+ y(alm + agy + a4 <y2 —z2 - (azal)xy> + a6x3 + a7y3 + agsczy + agny).
a1as
Hence
{Hsz,x} + gi{Hz, v} = —yp(ary — azx) + x(a1z + azy) = Xo,
{Hs,y} + g2{Ha,y} = zp(a1y — azz) + y(a1z + azy) = Yz,
2 2 (a% - a%)
{Hy,z} + g1{Hs,x} + go{Ho, 2} = agz | y* — 2* — E——
102
= IQQ = Xg,
{Ha,y} + g1 {Hs,y} + g2{ Ha,y} = aay ( y* — 2° — Mﬂcy
(44) ) 3 ) aLas
= yQQ = )/37

{Hs, v} + gi{Ha,x} + go{H3, 2} + g3{Ha, 2}
= (a6x3 + a7y3 + agxzy + agzyz) =23 = Xy,

{Hs, y} + g1{Ha, y} + g2{H3,y} + 9s{H2, y}
= y(aez® + ary® + asz®y + agry?) 1= yQs = Yy,

The two first equations of (44) are compatible if and only if g1 satisfies

0X,  OY:
{H2,91} = = (1 = 3)(a12 + azy) = T; 87;2
Thus g1 = —(u — 3)(a1y — azx), and consequently from the first of (44) we obtain
that Hz = — (2% + y?) (a1y — agx)

From the third and fourth equations of (44) we get that these equations are
compatible if and only if

(a3 —ai) \_0Xs 0V
Y Ox oy’

{Hs, 91} +{H2, 92} = 3a4 (Z/2 -z’ -
ai1az
and in view of Proposition 7 we get that this equation has the polynomial solution
go if and only if
27 2_ .2
/ <{H3,gl} +3ay <y2 —z? - Mwy)) dt = 0,
0 a1az

x=cost,y=sin t
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which holds identically. Thus we obtain the homogenous polynomial

2 9
W) 2% — 2(aras(p — 3) — 2a4)xy

4o = ((a% - 202) (1 — Baran) +
a1a9

2 9
+ ((a% +2a3)(p - 3) + W‘) V2 + ¢ Hy,

where ¢; is an arbitrary constant. From (13) with j = 3 we obtain the homogenous
polynomial

1
Hy= —7 (391 Hz + 2goH>) = cr Hy+
H,
(1 (a1 = 30102) (a1 = a2)w + (a1 + a)y) (a1 — az)y + (a1 + a2)a)).
102
From (12) with j = 4 we compute

00Xy 0Y,

H. H H =4Q3 = —— 4+ —.

{Hy, g1} + {Hs, 92} + {H2, 93} 37 on + y

This last equation has a unique homogenous polynomial solution g3, which we insert
in the expression for Hj (see (13) with j = 4) and we obtain

Hs = —4g1H,/5 — 3goH3 /5 — 2g3H> /5.

Hence the homogenous polynomials Hs, Hs, g1, g3 are determined and Hy, go
are obtained with and arbitrary term of the type c(z? + y?)* where k = 1,2,
respectively. On the other hand from (10) with m = 4 and assuming that ajas # 0
we get

27
Il = / ({H5’ gl} + {H47 92} + {H3a g3})|z~:cost,y:sint dt
0

=37 (ag)\l - 30,1)\2) =0
Under this condition the partial differential equation (coming from (12) with k = 5)
{Hs, g1} + {Ha, g2} + {Hs, g3} + {H2,94} =0,

has a homogenous polynomial solution g4 which in view of Corollary 6 can be
obtained with arbitrary term of the type c(x? + y?)2.

The homogenous polynomial Hg can be determined as follows (see (13) with
k=>5)
) 4 3 2
He = — g1 Hs — ~goHy — 2 gsHy — = gy Ho.
6 691 692 4 693 3 694 2

Since the integral of the homogenous polynomial of degree 5

2
/ ({HGa gl} + {H57 92} + {H47 93} + {H37 g4}>‘x:cost,y:sint dt
0

is zero, we obtain that there is a unique homogenous polynomial g5 of degree 5
solution of the equation

{He, g1} +{Hs, g2} + {Ha, g3} + {H3, g4} + {H2,95} = 0.
Calculating the homogenous polynomial of degree 7 (see (13) with & = 6) we obtain
2

6 5 4 3
H; = —=g1Hs — =goHs — —g3Hy — —g4H3s — = g5 H-
7 791 5 792 5 793 4 794 3 790 2,
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and inserting it into the integral of the homogenous polynomial of degree 6

Iy := /O% ({Hz, g1} + {Hs, g2} + {Ha, g3} + {H3, 94})|s—cos t y—sin+ A
= w(u—3) (1A +1v2X2) =0
where
v = —%( (4203a3 + 108caz) a1 — 3255atas + (157a3 — 489@%)@4),
Vo = —% ((1401a§ + 36cas)ar — 2601a3as + (14742 — 163a§)a4).
By solving the linear system Iy = 0, I = 0 with respect to A; and A9, and by

2m2a?

considering that the determinant of the matrix of this system is A =
1137a1az). Assuming that A # 0 we deduce that Ay = Ay = 0.

The case when 7lay — 1137a;a2 = 0 can be analyzed in analogous form. Indeed,
by solving I; = p;(A1, A2, A3) = 0 for j = 1,2 with respect to A2, A3 we obtain
that A\; = X\;(A1), for j = 2,3 Inserting these expressions into I3 = 0 we get that
A1 (€4A] + esA + eaA 4+ e A + eg) = 0, where

es = 166446510550a2a2T,

€3 = 1048994191680a2a2r 2 + r(¥,
ey = 2537102231040a2a2mc? + ri?,
e = 182814295971840a2admc? + riY),
eo = 329323217673216a2aSc2 + ),

where 7"](4") are convenient polynomials of degree j in the variable c¢;. By applying
the result given in [16] with Dy and Dy given in (35) and choosing the arbitrary
constant ¢; conveniently we deduce that the unique real solution of I3 = 0is A; = 0.

Consequently Ay = A3 = 0. In short the proposition is proved. O

The following two propositions can be proved in analogous way of the proof of
Proposition 19.

Proposition 20. A polynomial differential system of degree five

T = —y(l+ plazr — ary))
2

(a% —a

+x (alm + agy + +ag(y? — 2% + )my) + agx®
a1a9

1
(45) —b—ﬁ((Baga% —a3)ag + (a3a1 — a?)ag))y® + asz?y
1
1 .
(3(a2ag — ad)ag + (3ara2 — a?)ag))xy?

2
2a0a7

a0z + anzdy + a122%y* + arzzy® + a14y4),
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y =x(1+ plazz — ary))
(a3 —af

)ajy) + agz®
aia9

+y (alas + agy + +ag(y? — 2% +

1
+ﬁ ((3agaf — ad)ag + (a5a1 — af)ag)) y® + asx®y
1

+— (3(a%a2 —a3)ag + (3a1a3 — a‘;’)ag)) x>
2asa]

+aort + anzdy + arpx®y? + arzxy® + a14y4),

where ajas # 0 has a weak center at the origin if and only if the following conditions

hold

a2 + 3(a1o + a14) = 0,

5 O,

3,3 6 2.4 4.2 5 3,3
2a5a5a13 — (a1 + 7(ajas — alaz) aip — (a1a2 —4ajas + alag) a1l

2.2 4 2.2, 4 3 3 _
2a3a3a1q — (af — 4a3ad + a3) a0 — (atas — a1a3)as; = 0.

Moreover system (45) under these conditions and after a linear change of vari-
ables (z,y) — (X,Y) it is invariant under the transformations (X,Y,t) —
(-X,Y,—1).

Proposition 21. A polynomial differential system of degree six

(46)
. 2 2 (a% - a%) 3
T = —y(1+ plazzr —ary)) + x(MCU + a2y + +ag(y® — 2% + TWJ) + asx
102
1
+@((3a2a% — a§)ag + (a3a1 — af)ag))y® + agz®y
1
1
——(3(afaz — a3)as + (3ara3 — a})as))zy?
2a00a7
taror? + an®y + a122%y? + arszy’® + a14y4)7
. 2 2 (a% - a%) 3
g =z(1l+ plazr —ary)) + y(alx + agy + +as(y* —x* + o zy) + agx
102

1
+ﬁ((3a2a% —a3)ag + (a3a1 — a?)ag))y® + agz?y
1

1
Sana? (3(a2az — ad)ag + (3a1a3 — a3)ag))ry?
201
+aozt + a2y + a12x?y® + a1y + a14y4),

where ayas # 0 has a weak center at the origin if and only if the following conditions

hold

1 .
M= a5+ m( (2a?a% — 4alad + 2a1ag) aig — (BQI — 15a3a3 + 25a}a3 — 5a1ag) aie
102

+ (a; + 1lafad — 9a%a3 — 3a(15a2) a20) =0,
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1
do= a7 — Sadad ((15&{ — 55ala3 + 45a3a3 — 5a1a$)ais + (10a3a2 — 12a3a3 + 2a1a$)arg
102
+(—15a%ay + 35ata3 — 13a%a3 + a;)ago) =0,
1
A3 = ajs+ By ( — (Sa? — 10a?a§ + 5a1a§)a16
a1as

2 4 2 4
—(4a3a? — 2a1a3)arg — (6a3a3 — batas — ag)a20> =0.

Moreover system (46) under these conditions and after a linear change of vari-
ables (z,y) — (X,Y) it is invariant under the transformations (X,Y,t) —
(-X,Y,—t).

Remark 22. A weak center in general is not invariant with respect to a straight
line. Indeed, the cubic A-Q system with a weak center at the origin [21]

2
&= —y<1+y+y2)+;(w—y—y2)7
(47)

2

is mot invariant with respect to the straight line.

2
i= w<1+y+y>+g(x—y—y2),

6. APPENDIX

The classification of the isochronous centers of Proposition 16 for system (20)
has been previously studied in the papers [4] and [2]. But in both papers there are
some mistakes.

More precisely, in [4] they write system (20) in in polar coordinates as follows
(48) i = Po()r? + Pa(o)r® + Pa()r, ¢ =1,

where
Py(p) = Rjycosp+ rysinp,
Ps(¢) = Racos2p + rasin2¢p,
Py(p) = Rs3cos3p + r3sin3p + Rqcosp + rqsinp.

We note that in [4] there forgot to write the term rq sin . The relations between
the parameters of (20) and the parameters of system (48) are

Ri= a1, m=az, Ro=(a3—a4)/2, r2=a5/2,
R(): (0,34*0,4)/27 R3:(CL670,9)/4, r3:(agfa7)/4,
Ry (30,6 + CLg)/4, ry = (3@7 + as)/4.

In [2] they write system (20) in complex notation as follows
(49) 2 = iz—|—z(Az +AZ4+ B2? +2(by +b3)22+ B2* + C2* + D2?2 + Dz2* +C‘23),

being z = x+iy, Z = r—iy, A = (a1 —iaz)/2, B = (bi+b3—ibs)/4, C = (d1—id3)/8
and D = (d3 — id4)/8 where ay,as,b1, b2, b3, d1,ds,ds,ds are real constants. The
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relations between the parameters of system (20) and the parameters of system (49)
are

ap = ai Qa2=daz,
5(b1 +b3)/2, a4 =3(b1 +b3)/2, a5 = by,
ag = (d3+d1)/4, a7y = (dyg—d2)/4, as=(dg+3d2)/4, ag=(d3—3dy)/4.

as

The following sets of conditions are equivalent

e r1 =714 =Ro= Ry =0 and r3 # 0 for system (48),
e as =b; + b3 =d3 =ds =0 and by # 0 for system (49),
e ay = 3ar + ag = 3ag + a9 = az + a4 = 0 and a5 # 0 for system (20).

In [4] and [2] they claim that system (20) under the previous conditions has a
center, but this is uncorrect because such a system has a week focus due to the fact
their Liapunov constants are not all zero. Thus its first non-zero Liapunov constant
is ma3agz/2. For more details on Liapunov constants see for instance chapter 5 of
[7].
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