This is a preprint of: “Bifurcation of 2-periodic orbits from non-hyperbolic fixed points”, Anna
Cima, Armengol Gasull, Victor Manosa, J. Math. Anal. Appl., vol. 457, 568-584, 2018.
DOI: [http://dx.doi.org/10.1016/j.jmaa.2017.08.029]

Bifurcation of 2-periodic orbits

from non-hyperbolic fixed points *

Anna Cima®, Armengol Gasull® and Victor Mafiosa

() Departament de Matematiques, Facultat de Ciéncies,
Universitat Autonoma de Barcelona,
08193 Bellaterra, Barcelona, Spain
cima@mat.uab.cat, gasullQmat.uab.cat

() Departament de Matematiques,
Universitat Politécnica de Catalunya
Colom 1, 08222 Terrassa, Spain
victor.manosaQupc.edu

Abstract

We introduce the concept of 2-cyclicity for families of one-dimensional maps with
a non-hyperbolic fixed point by analogy to the cyclicity for families of planar vector
fields with a weak focus. This new concept is useful in order to study the number of
2-periodic orbits that can bifurcate from the fixed point. As an application we study

the 2-cyclicity of some natural families of polynomial maps.
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1 Introduction

The cyclicity of a family of vector fields having a weak focus or a center is a well known
concept in the theory of planar vector fields and the problems surrounding the second part
of the Hilbert’s 16th problem [11, 16]. A grosso modo the cyclicity expresses the maximum
number of small amplitude limit cycles that can effectively bifurcate from the singular point

by varying the parameters in the family of considered vector fields.
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This cyclicity is given by the number of fixed points near the critical point of a family
of orientation preserving maps (the so called return maps) with a non-hyperbolic fixed
point. As we will see, the cyclicity also can be seen as the number of 2-periodic orbits of a
related family of orientation reversing maps (the half-return maps), see for instance [4] or
Section 4. Recall that given a map f: R — R, a 2-periodic orbit is a set {z,y} such that
f@) =y, fly) =z and z # y.

Hence it is natural, in the discrete setting, to study the bifurcation of 2-periodic orbits
from non-hyperbolic fixed points of orientation reversing one-dimensional analytic diffeo-

morphisms of the form

f(@) = falw) =~z + Y aya?. (1)

Jj=2
This will be the main goal of this paper.
To fix the problem we start introducing the concept of 2-cyclicity of a family of maps of
the form (1), by analogy with the concept of cyclicity for planar vector fields. Here, given
z€R™and p e RT, Dy(z) :={y e R™ : |ly — z|| < p}.

Definition 1. Set a = (ay,...,a,) varying in an open set of V C R™, and consider the

family of analytic reversing orientation maps from R into itself,

falw) = =z 4+ cla)a’. (2)

i>2
We will say that the origin of a map fa=, with a* € V, has 2-cyclicity N € NU {0} if:

(i) it is possible to find eg > 0 and §p > 0 such that the mazimum of isolated 2-periodic
orbits within Ds,(0) C R for every map (2) with a € D¢,(a*) CV is N.

(ii) for any e >0 and any 0 > 0 there exists a € D.(a*) C V such that f, has N different
isolated 2-periodic orbits within Ds(0).

A family of maps f,, with a € V CR"™, has 2-cyclicity N at the origin if N is the maximum
2-cyclicity achieved by a map in the family.

We remark that it has no sense to study the 2-cyclicity for locally orientation preserving
diffeomorphisms because it is always 0, see Remark 9.
In the following, for the sake of simplicity, we will simply say cyclicity to refer to 2-

cyclicity of a map or a family of maps at the origin.

We also remark that the cyclicity of a family (2) does not depend only on the number
n of parameters but on their role, that is, on how the parameters a € R™ appear in the
expressions of the coefficients ¢;(a) of the map (2). As an example, we will show in Section

4 that there exist one-parametric families (n = 1) of maps with arbitrary large cyclicity.



In the recent paper [3], we have introduced what we call stability constants to study the
stability of the origin of one-dimensional maps of the form (2) and also of periodic discrete
dynamical systems with a common fixed point. A summary of results on this issue can also
be found in [6]. The analysis of these constants plays also an important role in the study
of the cyclicity, as the proof of our main result of this paper evidences. Let us recall them.

To know the local stability of the origin of an analytic map of the form (1), we consider

fof(e):=f(f@)=z+) Wjag,... a5z, (3)
Jj=3

If f is not an involution (i.e. fo f # Id), we define a stability constant of order k (with

k> 3) as

Vs = Vi(a) = Ws(ag,as) if W3 #0, or (1)

Vi = Vie(a) = Wi(ag,...,ar) if W;=0,7=3,...,k—1.
Notice that the stability constant Vj only has sense when all the previous W}, j < k vanish.
Hence, any expression of the form Wy + U, where U belongs to the ideal generated by
W, Wa, ..o ;Wig_1, Z—1 == (W3, Wy,...,Wi_1), is a valid expression for Vj. In this work
we will refer the expressions of the polynomials W} as stability constants, but also we
will consider the expressions Vi as the normal forms of Wj in the Grobner basis of Z
when the graded reverse lexicographic order (called grevlex or degrevlex in the literature
and tdeg(ag, as, ...,ar) in Maple) is used, see [5, p. 58]. In this order, the monomials are
compared first by their total degree and ties are broken by reverse lexicographic order, that
is, by smallest degree in ax, ax_1,...,as. In order to avoid ambiguity, the expressions of V4
will be called reduced stability constants.

It is known that the first non-zero stability constant is of odd order (see [3]). For the
sake of completeness, in Section 2 we include a proof of this fact, as well as their algebraic
properties that are reminiscent of similar properties satisfied by the Lyapunov and period
constants, see [1, 2, 8, 14, 18].

If for a value of a it holds that V3(a) = V5(a) = --- = Vap_1(a) = 0 and Vopyi(a) # 0 we
will say that the origin is a weak fized point of order k— 1, by similitude with the concept of
order of a weak focus for non-degenerated critical point of planar polynomial vector fields.
As we will see in Proposition 6 the maximum number of 2-periodic orbits that bifurcate
from a weak fixed point of order m is m.

Our main result, which is proved in section 3, deals with the simplest case: the maps
fa are polynomial of fixed degree d, and the parameters are the coefficients of the system.
Notice that the only involution in these families corresponds to the trivial case fo(x) = —z.

As we will see, even in this simple setting some questions are not easy to answer.



Theorem 2. Consider the family of polynomial maps

d
fa(z) = —2 + Zajxj, a=(as,as,...,aq) € RL. (5)
j=2
It has only the trivial involution corresponding to a = 0 and its cyclicity is at most

[(d* —1)/2], where [-] stands for the integer part. Furthermore:
(a) For d even, its cyclicity is at least d — 2. Moreover,

(i) Ford=2,4 it isd— 2.
(i) For d =6,8,10 it is at most d — 2 for any fq, a # 0.
(iii) For d =6,8,10 it is at most 5,9, 13, respectively, for fo.

(b) For d odd, its cyclicity is at least d — 3. Moreover,

(i) Ford=3itisd—2=1.

(i) For d = 5,7,9 it is at most d — 2 for any f,, a # 0, and there is some a such
that it is d — 2.

(iii) For d =5,7,9 it is at most 4,7,10, respectively, for fo.

(iv) Ford = 4m+3, m > 0, there are some values of a such that the origin is a weak

fixed point of order d — 2 for the corresponding f,.

Observe that the above result only accounts for the number of local (near x = 0) isolated
2-periodic orbits. For instance, with respect to statement (a) with d = 4, and although the
cyclicity of the family is 2, it is easy to find examples with 3 global 2-periodic orbits. This
is the case, for instance, for the map f(z) = —z — 72 + 102*, which has also four fixed
points. Notice that, the first statements of the above result are straightforward. If for some
a, f, has degree k then f, o f, has degree k?. Hence the only involution is fo(z) = —z.
Moreover, a priori, the maximum number of isolated fixed points of f,o f, for any polynomial
map of degree d is d?>. Hence excluding the fixed point = 0, we have that the maxim
number of global 2-periodic orbits is [(d2 -1)/ 2} . It is not difficult to construct examples of
polynomial maps of degree d (for instance using Chebyshev polynomials) with [(d* — d)/2]
global 2-periodic orbits.

It seems natural to think that for any d the cyclicity is d — 2. For d even, we have
been able to prove that this value is a lower bound of this cyclicity by using the algebraic
properties of the stability constants. When d is odd the problem is more difficult. In
particular, for d = 4m + 5, it is not easy at all to prove the existence of weak fixed points

of order d — 2, see our proofs for cases d = 5,9 in item (ii) of part (b) of the theorem.



To prove that d — 2 is an upper bound for values of a for which the origin is a weak fixed
point is sometimes possible because we can use again some algebraic computations together
with the Weierstrass preparation theorem, see Proposition 6 and Lemma 8. Nevertheless,
when a = 0, our approach needs to show that the ideal generated by the first d — 1 stability
constants, say Z, is radical and contains all the functions W;(a) given in (4). This is only
true for d = 2, 3, 4.

For d > 4, the proof of statements (iii) of parts (a) and (b) of Theorem 2 are based on

large symbolic computations.

In Section 4 we study the relation between the cyclicity of weak foci or centers of planar
vector fields and our results. In particular we show that any map of type (1) is a model for

the half-return map associated to a weak focus, see Proposition 10.

2 Stability constants and preliminary results

In this section, first we prove some properties of the stability constants, including also their
algebraic properties. Secondly, we include some standard tools to prove upper or lower
bounds for the cyclicity of families of maps.

A related result to next theorem is also given in [6], first in terms of the derivatives
of the map f o f (Theorem 5.1), and also using some explicit expressions that are closely
related with the stability constants (Theorem 5.4), which are obtained using the Faa di

Bruno Formula, [12].

Theorem 3. Let f, be an analytic map of the form (1). If f is not an involution, then there
exists m > 1 such that V3 = Vs = -+ = Vo1 = 0, Vo1 # 0. Moreover, if Vo1 < 0
(resp. > 0), the origin is locally asymptotically stable (resp. a repeller). In particular,
all Vogy1 = Varyi1(a), k > 1, are polynomials in the variables as, as, . .., asgr1 and the first

reduced stability constants are:

Vs = — 2a2” — 2a3,
Vs :—6a4a2+4a32—2a5,

Vi =3 asasaqs — 8 agas + 13 azas — 4@42 —2ary,

242 121 35 69
Vo =7 020306 — 7 020405 — 10 agas + 17 4807 — 10 asae + 7 as® — 2 ag,
Vi _ 4563 11765 L 13 L 4407 936 9
11 — 121 aza3asg 2492 aza4a7 2 a20a50a6 242 aza4ae 121 azas
865 51
—12a19a0 + 121 asag — 12 aqag + BYD) asay — 6a62 —2ayy,
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Proof. First, observe that by the definition of normal form of W}, using a Grébner basis G of
the ideal (W3, Wy, ..., Wi_1) it holds that V = W + deg Dy g Where p, are polynomials
in a, see [5, p. 82]. Hence sign(Vy) = sign(Wy).

Next we prove that that the order of the first non-zero stability constant is odd. Suppose,
to arrive to a contradiction, that f(f(z)) —z = Wama?™ + O(z?™+1) = Vo, 2™ + O (2?m+1)
with Va,, # 0. For instance assume that V5, > 0. Then we can consider a neighborhood
of the origin U such that for all z € U \ {0}, f is strictly monotonically decreasing and
f(f(x)) —x > 0. Let o € U\ {0} and consider its orbit z,, = f(xp_1),n > 1. We also take
|zo| small enough, such that z1, 22,23 € U. We know that xo — xzg = f(f(x0)) — 20 > 0.
Since f is decreasing, it implies that f(z2) < f(z¢), that is, f(f(x1)) < z1, a contradiction
with f(f(z)) —2 > 0.

A simple argument gives that the stability of the origin for f o f is determined by the
sign of z(f(f(x)) — ) in a neighborhood of the origin. Observe that when Va,,11 # 0, it
holds that for z € U \ {0} the function z(f(f(z)) — z) = Vam412*™ 2 + O(z*™3) has the
same sign that Vo,,41. As a consequence, the stability of the origin for both maps fo f and

f is characterized by the sign of the stability constants. [ |

We continue this section by proving an algebraic property of the stability constants Wy.
This property is analogous to the one possessed by the Lyapunov constants of weak foci and

the period constants of centers for planar vector fields, see [2]. In fact, these constants play a



similar role to the Lyapunov constants in the study of small amplitude limit cycles of planar
analytic differential systems with weak focus or a center, or the the Period constants in the
study of the critical periods arising in planar centers, [1, 2, 8, 14, 18]. Ending with this
list of similarities, we can say that the case where f o f = Id is the one corresponding with

either the center or the isochronous cases, in each of the above two analogous situations.

Proposition 4. The stability constants W;, introduced in (3), associated to an orientation
reversing diffeomorphism of the form (1) are quasi-homogeneous polynomials of quasi-degree

Jj — 1 and weights (1,2,...,7 — 1) in the coefficients (a2, as, ..., a;), that is
W;(Aaz, N2as, ..., N ta;) = N ' Wi(ay, . .., a ).

Proof. It can be seen straightforwardly that each coefficient W; is a polynomial function of
the coefficients of a; for i =2,..., 7.

Observe that the change of variables x = Au conjugates the map f(z) = —x+ ;5 ;2
with the map g(u) = —u+Y",, biu’ where b; = A'~'a;, and so conjugates the map f(fzac)) =
x4+ 53 Wilaz, ..., aj)z?, with

glg(u)) =u+>_ Wj(bs,... by,

Jj=3

Since g(g(u)) = 1 f(f(Au)) we have

. 1 .
u+ij(bz,...,bj)uﬂ:X Mo+ Y Wilas, ... a;)(Au)!

Jj=3 j=3

=u-+ Z)\j_le'(ag,...,aj)uj.

Jj=3
Hence Wj(bg,...,b;) = M7 'W;(ag, ..., a;). [

As we will see, the above result is a key tool to prove part of item (a) of Theorem 2.
It is also useful to find algebraic relations among the polynomials W; because a priori they
give some restrictions on them.

As we have already explained in their definition, the explicit expressions of the reduced
stability constants have been obtained first by computing coefficients of the Taylor expan-
sion of f o f and afterwards, by taking the normal form of Wj in the Grébner basis of
(W3, Wy, ..., Wgk_1) when the graded reverse lexicographic order is used. The above results
states that the stability constants W}, are quasi-homogeneous polynomials in the coefficients
of the maps. Notice that the reduced stability constants Vj, given in Theorem 3, are also

quasi-homogeneous polynomials.



Next results collect and adapt some tools for studying the number of zeroes of families
of smooth maps that are borrowed from the techniques used to study the number of small

amplitude limit cycles bifurcating from weak foci or centers.

Proposition 5. Let W; = Wj(a) and V; = Vj(a) be the polynomials associated to the
family of maps (5) given in (4). Assume that there exists m = m(d) such that for all
k=1,2,...,m—1,

<W37 W47 I W2k+1> = <W3a W47 ey W2k+2> = <‘/37 ‘/57 ey ‘/2k+1>

and (V3, Vs, ..., Vomy1) = (W3, Wy, ... Wy2). Then the cyclicity of the family is at most
m — 1.

Proof. We need to study the number of isolated positive zeroes in a neighborhood of the

origin of the maps

m
ha(z) = f(f“— ZW )27 = " Vajpa(a) (1 + atgja(@,a))a® 2, (6)
j=1
where, to write the last equality, we have used the hypotheses on the polynomials W; and
Vaj+1 and 19541 are polynomial functions. Notice that these zeroes always correspond to
2-periodic orbits of f, and are not fixed points because, locally, f, sends positive values of
x to negative ones, and viceversa.
The procedure that we follow is rather standard and it is usually called division-
derivation algorithm. Other examples of its application can be seen in [1, 9, 16, 18].

We will prove by induction that any map of the form

k
x) = Zgj(a)(l + z1j(x, a))ij_z, (7)
i=1

where 1); are smooth functions in x, has at most k — 1 positive isolated zeroes is any small
enough neighborhood of the origin.

When k = 1, then obviously the function (7) has not zeroes. Assume that the result
holds for k = m — 1. Set k = m, then

m

Z 1 + zj(z, a) S22

1+x1/11 x,a) 1—|—x1/11(x,a)

=1

=gi1(a) + Z gj(a) (1 + z¢;(z, a))x2j—27

J=2



where ¢; are smooth functions in z. Then, for some new smooth functions ¢; and ¢;:

d ( ha(x)

— S ) P ) 2j-3
£ (T rintay) ~ L0 - 2hona)e®

= (25— 2) gj(a) (1 + 2(w,a))z™ .

Observe that the map

Ld ha(z) Rary , . i
xdx (W) —]2_;(23 —2) gj(a) (1 + 2¢j(2,a)) ¥~
= ‘_ §i(a)(1+m§i(x,a))x2i_2,

where g;(a) = 2i gi+1(a) and &;(z,a) = (j+1(x, a), is of the form (7) with &k = m — 1. Hence,
by the induction hypothesis it has at most m — 2 zeroes in any positive neighborhood of
the origin. Hence, by the Rolle’s Theorem the map h, has at most m — 1 zeroes.

Of course, since the map (6) is in the form (7), the result follows. Observe that if for
some values of a, one of the V5;41 vanishes, the division derivation procedure for this value

of a can be accelerated and gives rise to less number of positive zeroes. ]

Proposition 6. Let V; = Vj(a) be the reduced stability constants associated to the family
of maps (5) given in (4). Assume that for a = a* the map has a weak fixed point of order
m — 1, that is, V3(a*) = Vs5(a*) = -+ = Vopm—1(a*) = 0 and Vopq1(a*) # 0. Then, the
mazimum cyclicity of fu« is m — 1.

Moreover, if the m — 1 vectors
v‘/?)(a*)? VV;,(a*), o ,V‘/mel(a*),

where V = (0/0ag,0/0as, ...,0/0ay,), are linearly independent, the cyclicity of the map

far ism — 1.

Proof. To prove that the maximum cyclicity of the origin of f,+ is m — 1, as usual, we will
apply the Weierstrass preparation theorem ([10]) to the function h,(z) introduced in (6).
More precisely, write H(x,a) = H(x,a2,as,...,aq) = hy(x) as a holomorphic function with
d-variables. Notice that

H(x,a3,a5,...,a35) = Va1 (a®)z?™ 2 4 O(z*™ 1)

and hence, we are under the hypotheses of that theorem. Therefore, in a neighborhood in
C4 of (0,a*), it holds that



H(x7a27a'37"' 7ad)

= [a:zm_Q + Aopm_3(a)x®™ 73 + Agp_3(a)z®™ 3+ + Ay(a)z + Ao(a)}g(x, a), (8)

where A; and g are holomorphic functions, ¢(0,a*) = Vapm41(a*) # 0 and Aj(a*) = 0. As
a consequence, for parameters in a neighborhood of a = a* the function h, has at most
2m — 2 non-zero roots in a neighborhood of the origin. Since the non-zero roots of this
function appear in couples (for each positive zero corresponding to a 2-periodic orbit, there
is a negative one corresponding to the other point of this orbit), we have proved that the
number of positive zeroes in a neighborhood of the origin is at most m—1, giving the desired
bound for the cyclicity.

The proof of the second part is also based on a well-known approach, see for instance [4].
It simply uses Bolzano’s theorem and consists on producing successive changes of stability
of the origin. We give the details when m = 3. The general case follows by using the same
type of arguments. Recall that hy(z) = (fa(fa(z)) — 2)/2% and its positive zeroes give rise
to the 2-periodic orbits.

We have that for a = a* it holds that V3(a*) = V5(a*) = 0 and Vz(a*) # 0. Assume
without loss of generality that V7(a*) < 0. If d2 is small enough then for all 0 < § < J5 there
exists zg > 0 such that |zg| < § such that he(z¢) < 0. Consider the mapping ® from R? to
R? given by ®(az,as3) = (Vs(az,as,a}), Vs(az,as,a})). Then ®(a},a3) = (0,0) and since by
hypothesis VV3(a*), VV5(a*) are linearly independent, det (D®(a*)) # 0. This fact implies
that @ is locally exhaustive. Hence, we can find values a = (a2, a3, a}) as near as we want
of a*, say |a — a*| < €1, with V5(a) > 0 and V3(a) = 0. This fact implies that there exists
0 < x1 < 29 < d such that hy(z1) > 0 but still h,(x0) < 0. Hence, there exists at least a
positive root of h, in (x1,z9). Now let a with |a — a*| < €2 < € such that V3(a) < 0 and,
yet hq(x2)he(x1) < 0. Finally, we get that there exists 0 < xo < x satisfying hq(z2) < 0
with hg(z1) > 0 and hy(x0) < 0. Hence, for (z,a) € (0,0) x De,(a*), hq(x) has two positive

zeros corresponding with the two announced 2-periodic orbits. ]

Next proposition extends the second part of the previous one, when instead of dealing
with the reduced stability constants we consider the stability constants. Its proof is similar

and we omit it.

Proposition 7. Let W; = Wj(a) be the stability constants associated to the family of
maps (5) given in (4). Assume that for a = a* the map has a weak fized point of order
m — 1, that is, Ws(a*) = Wy(a*) = -+ = Wap_1(a*) = Wap(a*) = 0 and Wap,41(a*) # 0.

10



Then, if the m — 1 vectors
VWs(a®), VWs5(a®), ..., VWap_1(a®),

where V = (0/0az,d/0as, ...,0/0ay,), are linearly independent, the cyclicity of the map

far is at least m — 1.

Lemma 8. Let W; = Wj(a) and V; = Vj(a) be the stability constants associated to the
family of maps (5) given in (4). Assume that there exist k > 3 and 0 < nj € N such that
for all j =3,4,...,d°,

W7 e (Va, Vs, ..., Vagyr)- (9)

Let ¢ denote the minimum k such that (9) holds. Then, the highest order of the origin as
weak fized point is £ — 1. Moreover, the maximum cyclicity of any map fo, with a # 0, is
also £ — 1.

Proof. Assume, to arrive to a contradiction, that the family has some weak fixed point
with order bigger than ¢ — 1 for some a = a* # 0. In particular, for this a it holds that
Va(a*) = Vs(a*) = -+ - = Vagyi1(a*) = 0. By hypotheses, for any j > 3,

¢
Wj"j (a) = Zp2i+l,j(a)v2i+1(a)’
i=1

for some polynomials py;41,;(a). Hence, anj(a*) =0 for all j > 3, giving that W;(a*) = 0.
As a consequence, fq+(z) = —x, a contradiction with our initial assumption.

Finally, the maximum cyclicity for any map f,, with a # 0, is £ — 1 because of the first
part of Proposition 6. |

We end this list of preliminary results with a remark about the cyclicity of families of
orientation preserving diffeomorphisms.
Remark 9. For any family of maps f,(z) = 2+ Y .5, ¢i(a)z? with a in an open set V C R™,
depending continuously with respect to a, the origin has 2-cyclicity 0. This holds because,
given any a = a* there is a neighborhood of the origin and a* for which f, is monotonous

increasing.

3 Proof of Theorem 2

For any d > 2 the family of maps (5) is a (d — 1)-parametric family, with parameters
a = (as,...,aq) € R¥1. As we have already argued in the introduction, if for some a, f,

has degree k then f,o f, has degree k2. Hence the only involution in the family is the trivial

11



one fo(xz) = —x. To prove the second assertion of the statement, notice that z = 0 is a
fixed point of f, and f, o f,. Hence, the maximum number of global 2-periodic orbits of a
polynomial map in the family (5) is [(d* —1)/2].

(a) Consider first the case d = 2n, even. We start proving that its cyclicity is at least
d — 2. In this situation it is very easy to prove that taking a* = (0,0,...,0,1) the origin
is a weak fixed point of order d — 2 = 2(n — 1), with Wy,—1(a*) = Vip—1(a*) = —2n # 0,

because when f«(x) = —x + 227,

2n 2n

fur e ) =2 — a4 (=4 2)

=z — 2nz'" 4 O (2.

—r— .732“ +x2n(1 . xQn—l)

To show that the cyclicity of the map f,+ is 2(n — 1) we will apply Proposition 7. Therefore
we must prove that the vectors in W := {VWoi1(a*), k = 1,2,...,2n — 2}, are linearly
independent, where we recall that V = (0/0aa,d/0as, ...,0/0az,—1).

Using the quasi-degree properties of the stability constants Wagy1(a) proved in Propo-
sition 4, it is clear that for a general family of maps (5) with d = 2n, for any Wagi1(a),
k=1,2,...,n—1, the only degree 1 monomial of each of them is aoy11a9;41 for some real

constants agyy1. To determine these constants notice that when f(z) = —x + 22**1 then
F(f(x)) = x_x2k+l+(_m+x2k+l)2k+1 _ x_x2k+1_m2k+1(1+0(m)) = 22211 O (224 F2).
Hence, for these values of k, aop+1 = —2. In consequence

VWakt1(a®) = (0,0,...,-2,0,...,0), k=1,2,....,n—1, (10)

where the —2 is placed at the 2k position of the (2n — 2)-dimensional vector, because for
these values of k all the other monomials of Wy 1(a) have degree at least 2, and their
derivatives, evaluated at a* vanish.

For k from n until 2n—2, and due again to the algebraic property given in Proposition 4,
the corresponding stability constant Woy 1 1(a) (again, for a general family of maps (5) with
d = 2n) has no monomials of degree 1. Similarly it can have several monomials of degree
2, all of them of the form [, ;assa2;, for some real values s, to be determined, and with
(s,t) € N2, both bigger than 1 and such that s +¢ = k + 1. Because we are only interested
on computing VWai1(a*), the only relevant monomial of degree 2 in Wo11(a) will be
Br+1-n,nA2(k+1-n)a2n- To obtain these values of By 1y 5, consider f(x) = —x 42k tl-n)
22", Similar computations than the ones done above give that this coefficient in Woy 1 (a)
is —2(k+1). Therefore Wy 1(a) has the monomial —2(k +1)ag(j41—n)a2, and it holds that

VWasi(a*) = (0,0,...,—2(k+1),0,...,0), k=n,n+1,...,2n—2, (11)
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where the value —2(k +1) is placed at the 2(k —n) + 1 position of this (2n — 2)-dimensional
vector.

Joining (10) and (11), we obtain that the vectors in W are linearly independent. Hence
we have proved that when d = 2n the cyclicity of the whole family is at least d — 2, because
for this specific value of a = a™* it is so.

Now we are going to consider the maps (5) for small values of d.

Case d = 2. In this simple case f,(v) = —x + ag 22 and f,(fa(2)) = v — 2a3 2% + a3 2%
The equation f,(f,(x)) = = only gives the solutions z = 0 and = 2 which in fact are

a2

fixed points of f,. Hence f, has not 2-periodic orbits.

Case d = 4. In this case f,(f.(z)) =2+ Vza® + 2;6:4 W, 27, 1t is straightforward, either
by hand, or using the Grébner basis package in Maple that we are under the hypotheses
of Proposition 5 with m = 3. Hence the cyclicity of the family is at most 2 and, therefore,
since we have proved that it is at least d — 2 = 2, it is exactly 2. As an example of the
computations that we have done, next we give some details of the first algebraic relations.

In this case
V3 =— 2a22 —2a3, V5= —6aq4as+ 4a32, Vo = 3asazay — 4(142,
and it holds that V3 = W3,

1 1
W4:—§a2V3, W5=V5+§G3V3,

3 1
We = — 292 Vs + §(a4 —aza3)Vs,

3 1
Wy =Vy + Z(a% — ag)Vs — 0204V,

and W € (V3, V5, V7), for j =38,9,...,16.

Case d = 6. As when d = 4, we want to apply Proposition 5. In this case we prove that
we are under the hypotheses of this result with m = 6, and hence the cyclicity of the family
will be at most 5. Indeed, using the Maple’s Grobner basis package again we find that,

W; € (Va, Vs, Ve, Vg, Vi1, Viz) for 3 < j < 36.
Moreover, it also holds that
W2 € (Vs, Vs, Vi, Vo, Vi) :=T for 3 < j < 36, and also Wi3 ¢ T,

showing that we are under the hypotheses of Lemma 8 with £ = 5, proving that the cyclicity
of any map f,, witha #0,isat most { —1=4=d — 2.

Notice that the above two relations imply in particular that the ideal Z is not radical.
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Cases d = 8,10. Doing similar computations that when d = 6 we can apply the same
results.
For d = 8 we get that m = 10 and ¢ = 7, because,

W] € <‘/37‘/57"'9‘/193VYQI> for 3 SJ §64
and no similar relation appears before. Moreover,
W7 € (Vs,Vs,...,Vis, Vi5) for 3 < j < 64.

Hence, by Proposition 5 the cyclicity of fp is at most 9 and, by Lemma 8 and the fact that
the cyclicity is at least d — 2 = 6, we get the desired result. We remark that for some W;
there is no need to take sz to be in the ideal, but it is essential for instance for Wyr.

For d = 10, m = 14 and ¢ = 9, we prove that the cyclicity of fo is at most 13 and that
the cyclicity of any f,, for a # 0, is once again d — 2 = 8. We remark that in this case it
happens that

W; € (Vs,Vs, ..., Vag, Vag) for 3 < 5 <100,

without similar relations appearing before, and
W2 e (V3,Vs,..., Viz, Vig) :=T for 3 < j < 100.

We remark that not all W need the exponent 3 to be in Z. Nevertheless, for instance,

neither Wa; nor W3 are in Z.

(b) When d = 2n + 1 is odd it is clear that the cyclicity of the family is at least the one
to the case of degree 2n, that we have proved that it is at least 2n — 2. Hence it is at least
d—3.

Now we are going to consider the cases d = 3,5,7,9.

Case d = 3. Doing similar computations that the ones of case d = 4 we get that we are
under the hypotheses of Proposition 5 with m = 2. Hence an upper bound of the cyclicity
of this family is 1. To prove that this bound is attained we take a* = (a3,a3) = (1,—1).
Then V3(a*) = 0 and Vs(a*) = 4 > 0. Since V3(a) = —2a2? — 2ag, it holds that

VVa(a") = o Vi(a) — 140,
day a*=(1,-1)

Therefore the cyclicity of the map fu+ is 1, and so it is the cyclicity of the family.

Case d = 5. Proceeding as in case d = 6, first we will get some upper bounds of the
cyclicity. In fact we can apply Lemma 8 with ¢ = 4, proving that the cyclicity of any map
fa, with @ #£ 0, is at most  — 1 =3 = d — 2, and Proposition 5 with m = 5, showing that

the cyclicity of the family is at most 4. Next we present one example with cyclicity 3.
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By solving the system {V3(a) = V5(a) = V7(a) = 0} with respect aq, . . ., as, and by direct
inspection of its solutions, we obtain that taking a* = (1, —1, (9 ++/55)/2, —(23 +3v/55)/2)
it holds that

Vi(a*) = Vs(a*) = Vz(a*) = 0, Vo(a*) = 1701 + 22955 > 0.

A computation shows that

—4 —27-3v55 —1(27-3/55)

det (VV3(a*), VVs(a*)VVz(a*)) = det | —2 -8 —136 — 18 /55
0 —6 —39 —4+/55
= 5280 + 736 /55,

where V = (9/0ag,0/0as3,0/0as). So, the three vectors VVs(a*), VVs(a*) and VV7(a*),
are linearly independent and therefore, by Proposition 6, the cyclicity of f,« is exactly 3.

Case d = 7. We start proving that the cyclicity is at least five by finding an example with
this cyclicity. Proceeding as in the above case, or looking at the proof of item (iv), we find
that taking a* = (0,0,1,0,0,—2), we obtain that V3(a*) = V5(a*) = Vz(a*) = Vo(a*) =
Vi1(a*) = 0 and Vi3 = 42. A computation gives

11765
0o -6 0 0 U6

det (VVs(a®), VVs(a®), VVi(a®), VVe(a®), VVir(a®)) =det | 0 0 -8 0 0

515
0o -2 0 0 -5

= —35200.
Hence the cyclicity of fu« is 5, as desired. Finally, using Maple again we get that
W; € (Vi,Vs,...,Vig) for 3 < j <48

and
W? e (Vs,Vs,..., Vig) for 3 < j < 48.

Hence the cyclicity of fo is at most 7 and the cyclicity of f,, for any a # 0 is at most
d—2=5.

Case d = 9. Once again, some computations using the Maple’s Grobner basis package give
W]‘ S <V3,%,,V§3> for 3 < j <81
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and
W3 e (Vs, Vs,..., Vig) for 3 < j <8l

Hence the cyclicity of fp is at most 10 and the cyclicity of f,, for any a # 0 is less or equal
to d—2 = 7. To end the proof we prove that there is a value of a # 0 such that the cyclicity
at this value is 7.

In this case, the study of the solutions of the system of equations described by the first
five reduced stability constants is complicated. So we will propose an alternative method
for obtaining weak fixed points of high order. This method is based on the knowledge of
the structure of 1-dimensional involutions.

It is know that any analytic 1-dimensional non-trivial involution h can be written as

where ¢ is an analytic diffeomorphism such that g(0) = 0, see [13]. Notice that it is

straightforward to check that g(—g~!) is an involution. Take any map of the form
g(x) =x+ Z bz’
Jj=>2
and compute the Taylor series of its inverse,
97 (@) = & — boa® + (2b5 — bg)a® + (—5b) + Bbabg — ba)a’ + Y D;(b)a’,
Jj=5

where b = (b2, b3, ...) and we do not detail the polynomial functions Dj, that are given by
the so called Bell polynomials. It holds that ho h =1d.
Now, to find a map with a weak fixed point of high order, we can fix some degree d, and

consider the Taylor approximation of h of degree d, at the origin, hy = Ty(h). Then
d .
ha(x) = —x+Y_ Bj(b)a?,
j=2

where
Ba(b) = 2by, B3(b) = —4b3, By(b) = 10b3 — 4bobs + 2by,

. , (12)
Bs(b) = —28b4 + 24b3bs — 12boby,

and Bj(b), for j = 6,...,d are some polynomials that we do not detail. This map has a

high order weak fixed point at the origin. For instance when d = 9, it holds that

81
ho(ho(z)) = =+ Wi (b)z'! + 3 Wi(b)a.

j=12
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Now, to increase the level of weakness of the fixed point, that is the order of hg, we have to

select the values of b such that the associated stability constants up to order 15 vanish, i.e.

{Wii(b) = Was() = Wis() = 0, (13)

where we omit the expression of these stability constants. Since Wi (b) linear with respect
b7 we can isolate and fix this parameter, obtaining

1
4by (107 b3 + 6 babs — 3by)
—7644b5b5 — 41496b3b3by — 9464b3b3 + 3822b3bg + 4836b3bsbs + 6552b9 b2
+694203b2b4 — 507b2%b5 — 1776b3b3bg — 1348b3bsbs + 30003b3b5 — 684b3b3b3
+564b2b3by + 214b3bg + 246b3bsbs — 126302 — 114b3b3bg — 204b2bsbabs — 50b2b}
—156b3b3 + 12b2b3bs + 12b2bsbg + 60b3bsbg + 24b3bs — 6babs — 3b2) .

by = (20774b5° — 64272b3b3 + 32136b3by + 529626563

To reduce the number of parameters we impose bo = 1 and b3 = 0, and solve the system
{W13(b) = Wi5(b) = 0} using the Maple algebra software, obtaining the following solution,

among others: by = &, bs as a free parameter and bg = n(bs, &) /d(bs, £) where

n(bs, &) = —4830249480¢° + 78255450£8b5 — 3099963239108 + 121885399860£7 bs
+499588480916£7 — 3569620983180£6b5 + 433844538538740£6
—3036308656220£%b5 + 10120115599755700£5 — 1400107036991768¢4b5
+78554454691772584¢4 — 16364417170088484¢3bs, + 278979787186921660£3
—60913553653703380£2b5 + 434487144164761772¢2 — 150424031357777588bs
—1476344096012712444¢ + 253882004776386078bs5 — 1551280344412627458,

d(bs, &) = 39127725¢8 + 609426999307 — 1784810491590¢¢ — 1518154328110£5
—700053518495884¢4 — 8182208585044242¢3 — 30456776826851690£2
—75212015678888794¢ + 126941002388193039,

and where ¢ is any real root of the polynomial

P(r) = 160228033875x6 + 2214320098704002'° + 139364731998840042 4
—683923454204391464x'3 4 264299548820840383212
—3852270036879571891362 — 30121168574318092906042:1°
1+450260844314279894136082° + 7520808875180882047291422°
+50328965228270171985160642" + 17779108732214526516315308x°
+29817171191523879926181416x° — 142127933256060524840905922:
—12336573221129782352496859223 — 27411536729663416884615824422
—325682563327763246441199080z — 133940574254498343421555617.

Notice that, using the Sturm algorithm, one can check that P(x) has 8 different simple real

roots.
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Finally we set b5 = 0. With this choice of the parameters each constant WW;(b) writes as
W;(€). A computation shows that for j = 11,...,16:

Resultant (P(&), Numer (W;(£));€) =0,
Resultant (P(&), Denom (W;(£)) ;&) # 0,

and
Resultant (P(§), Numer (W17(§)) ;&) # 0,

Resultant (P(§), Denom (W77(€)) ;&) # 0.

Hence, when x = £* is any of the real roots of P(x) the map hg has a weak fixed point of
order 7. Now we prove that it has cyclicity 7. Using the expressions of the functions B;
(see (12)) we set aj = B;(£*) for j = 2,...9 and take a* = (a3,...,a5). A computation

gives that

] oy B(E)
det (VV3(a®),..., VVis(a®)) = 06
where R and () are co-prime polynomials with degree 77 and 68 respectively in £. Again, one
can check that Resultant (P(£), R(§);€) # 0, and Resultant (P(§), Q(£);€) # 0, hence the
vectors VVz(a*),...,VVis(a*) are linearly independent and, by Proposition 6, the cyclicity

of fu is at least 7. This ends the proof of statements (b) (i)—(iii).

To prove statement (iv), we consider for d = 4m + 3:
fa* (x) = —x+ pZmt2 _ (m + 1)x4m+3'

A routine computation shows that

(m+1)(5m +4)(4m + 3)

3 x8m+5 + O($8m+6).

Jar (fa* (x)) =T+

Hence f,« has a weak fixed point of order d — 2 = 4m + 1 as we wanted to show.

4 Poincaré maps and 2-cyclicity

Locally orientation reversing diffeomorfisms appear naturally when studying the Poincaré

maps associated to the origin of planar differential systems of the form

y: x—l—Q(:r:,y),

(14)

where P and @ are analytic functions starting with at least second order terms. It is
well known that the origin of the above system is monodromic, i.e. there is a well defined

associated Poincaré map. In this situation, using polar coordinates r? = 22 + 32 and
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0 = arctan(y/x) the solution of (14) that passes through the point (x,0) with > 0 small
enough can be expressed by r(0;z) =z + Y.~ a;(f)2?, and the Poincaré map is given by
II(z) = r(2m; ). B

Let IT; (x) be the map defined over an interval (0,¢) C RT given by IT; : (0,¢) — R~
where (0,¢) is on the semi-axis OX ™, such that it gives the first intersection, in positive
time, of the orbit that at time ¢ = 0 passes through the point (z,0). We call this map the
half-return map. In [4] it is proved that 114 (z) = —r(m; x), hence it is of the form (1). As
can be seen in this reference, Il (x) has an analytic extension to R. Using this analytic
extension, the authors prove that II =11, o IT,.

It is clear, then, that given a parametric family of vector fields of the form

Xola,) = (y+ Pal) 5 + o+ Qo)) 5

with a € R™ and P,(z,y) and Q4 (x,y) starting with second order terms, the cyclicity of X,
(that is, the number of small amplitude limit cycles of the differential equation associated
to X,) is exactly the cyclicity of the associated family of maps Iy 4(x) (the number of
2-periodic orbits). Conversely, observe that the following result proves that any given map
of the form (1) is conjugate with the corresponding half-return map of a polynomial vector
field.

Proposition 10. Given an analytic map with f(0) = 0 and f'(0) = —1, there exists a
polynomial vector field of the form (14) such that f(x) is locally C*°-conjugate to the half-
return map 1L (x) of the vector field.

Proof. Suppose that f is an involution. By the Bochner linearization Theorem [15], the
local diffeomorphism ¢ (z) = z — f(z) conjugates f with the linear map L(x) = —x (it is
straightforward to check that ¢ o f = L o). Hence, f is analytically conjugate with the

half-return map of a the linear center

T = -Y,
Y=z
Suppose now, that f is not an involution. Following [17], there exists a local C*°-
diffeomorphism ¢, that conjugates f with its C*°-normal form

2041 4041

In(z) =—x+ox + cx ,

where o = £1.

Consider the polynomial vector field given by
&= —y+ (0@ +y*)" 0" +y*)"Y),

(15)
y=z+y(0(z? + y*)* + y(2? + y*)¥),
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with § = —o /7 and v = —(c+(2¢+1)0?/2) /7. We claim that, using the notation introduced
above,
Iy (z) = —r(mz) = —2 + oz 4 et 4 02?2, (16)

and therefore, there exists a C*>°-diffeomorphism (o, that conjugates 14 with fy. In con-
sequence,
fn=¢i o fopr and fy =@y olli oy,
=)
f=(propy")ollyo(p2op?)
and f is conjugate with IT. To finish, we prove (16). We apply similar arguments than

the ones used in the proof of Lemma 2.7 in [17].
Observe that the system (15) has the associated polar equation

2041

o 2 g an)

with analytic solution r(0;z) = >, a;(#)z". By substituting this expression in (17), taking
into account that r(0;z) = =, and comparing powers we obtain that a/(6) = 0 for all
i=1,...,2¢,80 a;(f) =1 and a;() =0 for all i = 2,...,2¢. Applying the same argument
we have

, ; A\ 201 g
Zizzeﬂ a;(0)z' =6 (:v + 212244-1 ai(0)z ) +7 (50 + 2122[4-1 a;(0)x )

= 622 4 (5(20 + Dagey1(0) +7) 24 + O(2*+2).

Hence, comparing powers, integrating term by term, and using again that r(0;z) = = we
have that ag,1(0) = 56, a;(0) =0 for all i = 20+ 2,...,4¢, and age;1(0) = 76 + 62(2¢ +
1)6?/2. The result follows using that § = —o /7 and v = —(c + (20 + 1)02/2) /7. [}

The result above establishes that each map (1) is conjugate to the half-return map of a
polynomial vector field, but we remark that given a map (1) it is not easy to prove that it

s the half-return map of a polynomial vector field.

We end the paper showing that there exist families of type (2) with a single parameter
having cyclicity k for any & € N. This is a consequence of the results in [7]. Indeed, in
this reference it is shown that for any k& € N there exists a suitable choice of fixed values
of ay,...,ar € R, such that the one-parametric family of vector fields with associated

differential system

&= —y+ x(x? +y?) (ak +agaF 2+ ag_jar?FD 4 akr%) ,
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with 72 = 22 + 42, has cyclicity k and, in consequence the one-parametric family of locally

orientation reversing analytic diffeomeorphisms Il , also has cyclicity k.
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