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A multiscale hydrodynamic-heat-transport model applicable to arbitrary geometries using finite-element
methods is compared with the experimental effective thermal conductivity of silicon thin films and periodic
holey membranes for different sizes and temperatures. The range of system length scales and temperatures
in which the model predictions agree with experimental data is discussed and quantitatively determined.
The model agrees with experimental results when the smallest system size is larger than twice the nonlocal
length, an intrinsic property of the material that depends only on temperature. These results open the
door to the use of the hydrodynamic equation instead of an effective Fourier model to interpret current

heat-transport experimental data.
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I. INTRODUCTION

One of the most-important limitations in electronic engi-
neering is related to heat management [1]. The reduction
of the characteristic length scales of electronic devices
has led to two important problems: on one hand, scale
reduction has reduced the capacity of these components
to release their excess heat into the substrate [2—4]; on the
other hand, device miniaturization has multiplied the num-
ber of components per unit area, thus increasing the heat
generated [1]. Both effects lead to the generation of hot
spots that limit the computational speed of the devices and
are a potential source of damage. Thus the proper man-
agement of heat transport at small scales is necessary to
improve the performance of electronic devices. The dif-
ficulties arise because at small scales geometric effects
reduce thermal conduction in a way that is currently not
well understood. For example, recent experimental results
in semiconductors have been shown not to obey Fourier’s
law [2-4].

When one is studying heat transport in semiconduc-
tors the usual starting point is the Boltzmann transport
equation (BTE) [5—7]. This equation relates the time and
space derivatives of the phonon distribution function to the
phonon collisions that restore the equilibrium. The com-
plexities of the collision term make solving the BTE a
difficult task even in the linearized case. As a result, the
modeling of thermal transport in nanostructures has often
been based on the relaxation-time approximation [8,9].
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One important drawback of this approach is that it does
not properly account for the effects of normal, momentum-
conserving, collisions, which are treated as resistive. In
recent years, new numerical methods have been developed
that overcome this shortcoming by taking into account the
details of the linearized collision term [10—12]. These have
been successfully applied to bulk crystals, but the inclusion
of size effects in these approaches is still a challenge that
limits their practical use to simple geometries [13—15].
Alternative approaches have been proposed with the
aim of obtaining the maximum predictability with the
minimum complexity in the transport equations [16—18].
One of these approaches, the kinetic collective model
(KCM) [17,19], relates most of the non-Fourier behavior
of heat transport to the appearance of nonlocal and mem-
ory effects. By linearizing the BTE and taking into account
the effect of the momentum- and energy-conservation
laws in the collision operator, one obtains a generalized
heat-transport equation. The final form is similar to the
Navier-Stokes equation (NSE) for fluids. The KCM pre-
dicts diffusive transport when the system size is much
larger than phonon mean free paths (MFPs) and pre-
dicts hydrodynamic behavior when a system dimension
becomes comparable to the MFPs. The hydrodynamic heat
equation is simple enough to be implemented with finite
elements and, consequently, can be used in arbitrary com-
plex geometries. The parameters appearing in the equation
are intrinsic properties of the material (they do not depend
on the system geometry) and can be obtained from micro-
scopic calculations [19,20]. Geometry effects are captured
through the appropriate boundary conditions, so the model
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can predict the thermal response of systems of arbitrary
geometry. Recently, it was successfully applied to the
results of heater-line and grating experiments displaying
non-Fourier behavior [2,20].

The main difficulty of this approach is that the MFP of
the phonons can span several orders of magnitude [21-23].
As the characteristic size of the devices is reduced, bound-
ary effects become more important. In the first stages of
the appearance of boundary effects, most of the phonons
have a MFP shorter than the size of the sample, and the
effects on the heat flux will be noticed only in a region
near the boundary. As the system becomes smaller, ballis-
tic effects are apparent for an increasing number of phonon
modes [22,23]. Since the KCM summarizes the whole
MEFP spectrum as an average quantity, the nonlocal length,
one may expect the model to be oversimplified for suffi-
ciently small system sizes, where heat transport becomes
mostly ballistic.

The goal of this work is twofold: (i) to show the appli-
cability of the KCM to different geometries by comparing
theoretical and experimental results (here we focus specif-
ically on compact thin films and periodic holey films);
(i) to explore the range of system sizes and temperatures
where model predictions match experimental results.

The paper is organized as follows: In Sec. II, we intro-
duce the hydrodynamic-heat-transport equation with aver-
aged coefficients obtained from ab initio calculations. In
Sec. 111, we discuss the applicability of the model in sil-
icon samples by comparing the numerical solution of the
hydrodynamic-heat-transport equation with experimental
data in thin films. From this study a criterion for the appli-
cability of the model is proposed. In Sec. IV, we show
the usefulness of the approach by comparing the model
with experimental data for a holey membrane, and ver-
ify the applicability criterion found in the previous section.
Finally, Sec. IV is devoted to concluding remarks.

II. KINETIC COLLECTIVE MODEL

The solution of the linearized BTE proposed by Guyer
and Krumhansl [5] is based on the splitting of the collision
operator C into normal N and resistive R components such
that C = N + R. The basis used is the one that diagonalizes
the operator N. In the isotropic dispersionless approxi-
mation, the corresponding eigenvectors can be identified
with the different order perturbations of the phonon dis-
tribution function. The use of this approach is based on
the different effects that the two scattering mechanisms
have on the different moments of the distribution. Energy
density (the zero-order moment) is unaffected by both nor-
mal and resistive collisions. The heat flux q (related to
the first moment) can be relaxed by resistive scattering
but not by normal scattering. Finally, both normal and
resistive collisions can relax higher-order moments. Here
we propose that most of the out-of-equilibrium behavior

in thermal transport can be derived from this distinction.
Other phenomena related to the different existent resistive
collisions are only second-order corrections. In the original
work by Guyer and Krumbhansl [5], nonlocal effects and
memory effects were explicitly obtained in the collective
regime, where normal scattering is dominant. The result-
ing equations are the energy-conservation equation and the
hydrodynamic-heat-transport equation respectively:
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where ¢ is the specific heat, x is the bulk thermal con-
ductivity, t is the heat-flux relaxation time, and £ is the
nonlocal characteristic length. These parameters are intrin-
sic properties of the material (i.e., independent of the
geometry).

Nonlocal effects in the heat flux are also present in the
kinetic regime, where resistive scattering is dominant. In
recent work [7], an explicit derivation for this regime was
obtained by a perturbation expansion of the BTE around
the nonequilibrium distribution obtained by the maximum-
entropy principle. Equation (2) was obtained, with slight
differences in the coefficients on the right-hand side, which
indicates that the underlying mechanisms leading to nonlo-
cal effects are not equivalent in the different regimes. Since
in this work we consider stationary situations (V- q =0
and dq/dt = 0), the only difference between the kinetic
and the collective transport equation is the microscopic
expressions of the bulk thermal conductivity ¥ and the
nonlocal length £.

In most situations, such as with silicon at not extremely
low temperatures, normal and resistive collisions occur,
and the nonlocal and memory effects associated with
both mechanisms should be taken into account [19]. The
KCM proposes an effective hydrodynamic-heat-transport
equation of the form of Eq. (2) by averaging the hydrody-
namic parameters in the kinetic and collective situations.
The use of the hydrodynamic equation is not restricted
to the usual hydrodynamic regime, where normal colli-
sions are dominant. The KCM is a multiscale model that
provides the required expressions for the thermal conduc-
tivity and the nonlocal length in terms of microscopic
information such as phonon scattering rates and disper-
sion relations that are obtained from ab initio calculations.
Explicit microscopic expressions for these parameters can
be found in supplementary Sec. S2 in Ref. [20], and can be
calculated with the open-source KCM code [24]. In partic-
ular, the nonlocal length ¢ is an average over normal- and
resistive-collision MFPs. With this approach, one assumes
that the nonlocal effects can be effectively captured by a
single characteristic length £. This description is adequate
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if the system length scale is larger than a significant part
of the MFP spectrum, but one expects it to fail for sys-
tem sizes much smaller than ¢, where ballistic scattering
becomes important. As stated above, one of the aims of this
work is to explore the range of validity of this treatment.

Equation (2) is analogous to the NSE, and hence phe-
nomenological interpretation of heat-flux behavior may be
inferred from known results of fluid dynamics. Specifi-
cally, the right-hand-side terms are analogous to the vis-
cous terms of the NSE, and concepts such as friction and
vorticity become relevant [20]. Furthermore, using an anal-
ogy with the flow of rarefied gases with large Knudsen
number, one may use a slip boundary condition, with char-
acteristic length of order ¢, for the heat flux tangential to
the boundary q; [25]:

q, =—CtVq,-n, )

q-n=0, (4)

where n is the outward-pointing normal and C is a dimen-
sionless constant that can be defined in terms of the
specularity of the surface. Diffusive phonon scattering
in boundaries corresponds to C = 1 and purely specular
phonon scattering corresponds to C — oo [25]. The value
of C depends on temperature and can be determined by
comparison between the wavelength of the phonons and
the average height of the roughness defects 1 [26,27]:

1
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where p is the specularity defined as
2
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where ¢ and Ay are the specific heat and the wavelength
of the phonon mode with wave vector Kk, respectively, and
0 is the angle of incidence obtained from the normal vector
to the surface n and the wave vector with use of cos6 =
n - k/|Kk|. As a reference, in silicon, values of C larger than
2 require roughness defects to be smaller than 0.2 nm.
Once the parameters 7, ¢, x, and C have been calcu-
lated, Egs. (1) and (2), complemented with the boundary
conditions (3) and (4), can be numerically solved in com-
plex geometries through finite-element methods; see the
Appendix for details on the Galerkin-method implemen-
tation of the equations using COMSOL MULTIPHYSICS. We
next compare the hydrodynamic predictions with results
from experiments on silicon samples for two geometries:
compact thin films and holey thin films. In both cases
we obtain the stationary temperature and heat-flux profiles
when a temperature difference is imposed between the ends

of the system, and discuss the range of system sizes and
temperatures where model predictions match experimental
results.

II1. COMPACT THIN FILMS

The typical heat-flux profile obtained by the hydro-
dynamic model in a thin film is depicted in Fig. 1. It
demonstrates the appearance of a boundary layer, with
characteristic size 2¢, in which the heat flux is reduced
due to the nonlocal effects originating from the boundaries;
this size does not change appreciably for finite values of C
(Fig. 1). For film widths much larger than ¢, the effect is
negligible in most of the cross section and the behavior
is essentially the flat Fourier heat-flux profile. As the size
decreases, the effect increases and it is responsible for the
reduction of the effective thermal conductivity; namely,

_ Jrlqldr -
T SAT/L’

where I' is the cross section, § is its area, AT is the imposed
temperature difference, and L is the distance between the
ends of the system.

To validate the model in silicon samples and quantita-
tively identify the range of applicability of the model, we
consider available experimental data for the effective ther-
mal conductivity k¢ of silicon thin films of different widths
w and temperatures [26,28,29]. For high temperatures, dif-
fusive boundary reflections (C = 1) can be assumed so as
to predict the effective thermal conductivity of the samples
considered. However, the authors of [26,28,29] estimate
a small average roughness-defect height n in the sam-
ples, which has a significant effect on the effective thermal
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FIG. 1. Heat-flux profile for a silicon thin film of width w =

3 um at T = 300 K predicted by the Fourier model (dashed line)
and the KCM for C =1 (solid line) and C = 2 (dotted line).
The reduction of q at the boundaries in the KCM has a nonlocal
effect of characteristic size 2¢, which is the cause of the effective-
thermal-conductivity reduction. We refer to this region (indicated
in red) as the “boundary layer”.
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conductivity at lower temperatures. Hence, consistent with
Refs. [26,28-30], here we assume 1 = 0.3 nm. Using Eqgs.
(5) and (6) over the range of temperatures used in the
experiments, we obtain a constant specularity parameter
C = 1.5 above 100 K.

Figure 2(a) shows the predictions for thin films of dif-
ferent widths w at room temperature. It is clear that the
model predictions reproduce the experimental data for suf-
ficiently large sizes. Specifically, one observes agreement
for widths on the order more than 2¢ (¢ = 176 nm for sil-
icon at 7= 300 K, with use of the expression for £ in
Ref. [20]).

In Fig. 2(b), we consider the experimental data for three
different thin-film widths at different temperatures. When
the temperature is reduced, the characteristic nonlocal
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FIG. 2. Thin-film experimental [26,28,29] and predicted ther-
mal conductivities versus (a) width at room temperature and (b)
temperature for different widths. Two values of the C related
to phonon scattering at the surface are shown: C = 1 (diffusive
scattering, i.e., large roughness) and C = 1.5 (n = 0.3 nm). (c)
Temperature dependence of the nonlocal length £. The dashed
colored lines refer to the thin films considered in (b). In (a)(c)
the KCM applicability region (w > 2¢) is indicated in gray.

length ¢ increases because the phonon MFP increases.
The model predictions agree with experimental data again
when the geometry-limiting dimension w is larger than
twice the nonlocal length £. To further clarify this, in Fig.
2(c) the temperature dependence of ¢ is shown. Consistent
with Figs. 2(a) and 2(b), the gray region identifies the tem-
peratures and widths for which the hydrodynamic model is
accurate.

Remarkably, we thus find that the condition w > 2¢£ pro-
vides a unifying criterion for the validity of the model for
any size and temperature. This corresponds to the case
where the top and bottom boundary layers do not com-
pletely overlap (see Fig. 1). In this situation most of the
phonon modes do not behave ballistically and the hydrody-
namic description through a single characteristic length ¢
is adequate. In the next section, we analyze if this criterion
applies to a different geometry.

IV. HOLEY THIN FILMS

In this section we use the experimental data from Ref.
[31] for periodic holey silicon membranes with different
widths w, periodicity a, and pore diameters d at different
temperatures (see Fig. 4). In this case, the temperature dif-
ference in the simulations is established in one periodic
unit. Large roughness defects were reported in Ref. [31]
(much larger than 0.3 nm) indicating C = 1 (i.e., diffusive
boundary scattering). Moreover, surface damage from the
fabrication process is expected in the curved surfaces of
the pores. The authors of [31] indicate that an increase
of 0.5 um in the diameter could be assumed to account
for this. With this consideration, two systems are stud-
ied: holey film A, with periodicity ¢ = 20 um, diameter
d =114 um, and width w = 4.84 um; and holey film B,
with a =4 yum, d = 2.8 um, and w = 4.49 um. In both
cases the pores are aligned.

In Fig. 3 we compare the experimental effective conduc-
tivity with the KCM prediction and the Fourier prediction
(which accounts only for the volume-reduction effect).
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FIG. 3. Experimental thermal conductivities of periodic holey
films [31] versus temperature compared with the KCM and
Fourier predictions. The KCM applicability region is indicated
in gray.
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We find agreement between theory and experimental data
except at low temperatures. To analyze if the validity cri-
terion found in the previous section also applies to this
system, Fig. 3 displays the region satisfying the criterion.
For the larger holey film A the criterion is w > 2¢ because
the limiting dimension is the width, the same as with thin
films. For the smaller holey film B the limiting dimen-
sion is the neck @ — d = 1.2 um, so the expected range of
applicability is @« — d > 2£. Remarkably, one observes that
the KCM correctly predicts the experimental data within
the regions satisfying the criterion, and it starts to fail just
outside, where it underestimates them.

To illustrate the effect of the temperature dependence on
the boundary layer in Fig. 4 we compare the Fourier and
the KCM heat-flux profiles along the line intersecting the
center of two contiguous pores in holey film B. For suffi-
ciently high temperatures, the regions affected by different
boundary layers do not completely overlap (and hence the
Fourier and the KCM predictions do not differ much in the
central point between two pores).

Song and Chen [31] showed that the experimental mea-
surement of the effective conductivity is unchanged by
considering a staggered pattern for the pore positions with
similar geometric dimensions. This is consistent with the
fact that when the relative positions of the pores are
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FIG. 4. Comparison of the Fourier and KCM heat-flux profiles
along the line intersecting the center of two contiguous pores in
holey film B at different temperatures.

changed, the KCM predictions differ by just a few percent.
Moreover, the good agreement between the model and the-
ory confirms that the effect of oxide layers in the surfaces
is negligible at the length scales considered.

V. CONCLUDING REMARKS

We present a multiscale hydrodynamic model designed
to predict heat transport in complex geometries at small
scales and low temperatures. The model equation is
derived from the BTE. The equation coefficients, the bulk
thermal conductivity, and the nonlocal length are intrin-
sic quantities (i.e., not dependent on geometry) and can be
obtained from ab initio calculations. In contrast to previ-
ous models, where boundary effects are included through
boundary scattering rates in a Matthiessen rule, here the
system geometry is incorporated through the boundary
conditions. The simplicity of the equations allows us to
obtain numerical solutions in arbitrary geometries by using
finite-element methods. This permits specific predictions
that can be compared with experimental data.

To verify the model, we compare it with experimental
data in stationary situations for silicon samples with two
different geometries: compact and holey thin films. Agree-
ment is found between model predictions and experimental
data for both geometries in a wide range of sizes and
temperatures. At sufficiently small sizes or low tempera-
tures, however, the model systematically underestimates
the data. Remarkably, we obtain a simple quantitative cri-
terion specifying the region of predictability of the model:
the smallest system dimension must be larger than twice
the nonlocal length. This criterion corresponds to the case
where there is no complete overlap of the nonlocal effects
produced in different boundaries and is shown to be satis-
fied in the range of sizes and temperatures studied in both
geometries. This result is consistent with previous work on
heater lines on top of silicon, where non-Fourier behav-
ior was observed [2,20]. There the hydrodynamic model
was capable of reproducing the experimental results for
line widths satisfying a similar criterion.

When all system sizes are larger than the phonon MFP,
the effect of boundaries is restricted to a small region
on the order of the MFP close to the boundaries. In the
rest of the system, intrinsic collisions dominate and heat
transport is diffusive. As the system size decreases, this
region occupies a larger fraction of the whole system, so
boundary effects become important: this is the hydrody-
namic regime. For sizes smaller than twice the nonlocal
length, the model predictions fail because the contribution
of ballistic phonons to the thermal conductivity is impor-
tant. Despite this, the model equation may still describe
the experimental data by using effective parameters. For
instance, in Refs. [2,20] heater-line experimental data
could be described by use of a thermal conductivity greater
than the calculated thermal conductivity. However, much
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theoretical work is still needed to predict heat transport at
very small scales.

Finally, some comments on the use of the term “hydro-
dynamic heat transport” are in order. In the literature,
hydrodynamic heat transport is usually confined to the
regime where normal collisions are dominant and bound-
ary collisions start to play a role [27]. In this work,
however, analogous to fluid flow, “hydrodynamic heat
transport” refers to the situation where boundary effects are
important so that the heat-flux profile becomes Poiseuille-
like. This view applies to the usual definition, but it
also includes the case when boundary effects result from
resistive dominant collisions. The KCM thus describes
the combined effect of normal and resistive collisions on
the boundary layer through a single model equation. The
agreement between the model and experimental data pre-
sented in this work opens the door to the use of the hydro-
dynamic equation instead of an effective Fourier model to
interpret current heat-transport experimental data.
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APPENDIX: NUMERICAL SOLUTIONS OF THE
HYDRODYNAMIC-HEAT-TRANSPORT
EQUATION

This appendix describes the Galerkin-method imple-
mentation [32] to obtain numerical solutions of Egs. (1)
and (2) with boundary conditions (3) and (4). The first step
is to obtain the weak form of Eq. (1) by multiplication by
a linear test function 7" of the temperature and integration
over the volume 2:

~ T
Tlc— + V- dQQ = 0.
A Gm+ q)

To obtain the weak form of the hydrodynamic-heat-
transport equation (2), we define a tensor ¢ analogous to
the stress tensor used for the compressible NSE:

(AD)

o =PVq+20°V - ql — «TI, (A2)

where [ is the identity matrix. Equation (2) then reads

aq
_1 =V.o.
rat—l—q o

(A3)
Now we multiply this by a quadratic test function q of the
heat flux and integrate by parts over the volume:

0
/Q(Q+T—(l>d52=/V-(f]-o*)dQ—/Vﬁ:ordQ.
(A4)

The first term on the right-hand side can be expressed as a
surface integral with use of the divergence theorem:

d
/(Al(q%-f—q)dfz:?g(aon)-ddr‘—/V(]:adQ,
Q dt r Q

(AS5)

where I' is the boundary surface and n is the boundary
normal vector.

When approximating 7 and q by a linear combination
of functions in Egs. (A1) and (A5), we obtain an indepen-
dent equation for each test function in the same function
space. To obtain an approximate solution, the resulting lin-
ear system of equations is solved numerically to obtain the
coefficients of the linear combinations. The surface inte-
gral in Eq. (A5) is used to impose the boundary conditions
(3) and (4) through discontinuous Galerkin methods [33].

From Eq. (AS5), we identify the Lagrange multiplier
A = o -n. We want to impose different conditions for the
different components of the heat flux. Hence, the surface
integral of A is included as a weak contribution by project-
ing A only with the heat-flux boundary-normal-component
test function:

% A-(§-n)ndr. (A6)
r

Considering A as a new variable that is also approximated
in the boundary by a linear combination of functions, we
are able to impose Eq. (4) with the following condition:

75 A - (q-nndl = 0. (A7)
r

Notice now that the surface integral of A projected by
the tangential component of the heat-flux test function
also appears in Eq. (AS). Hence, by including the weak
contribution

l,
- g aar. (A%

we are able to impose Eq. (3).
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Finally, a weak contribution for stabilization is required
(see Ref. [33] for details):

—fFQM@«qumrza (A9)
I

where O[m] is a coefficient depending on the discretization-
element surface-to-volume ratio.

In the compact and holey thin films, periodic heat-flux
conditions are required to reproduce the whole geometry
by simulating only a periodically repeated unit. The pro-
cedure is the same as that for imposing Eq. (4) but with
averaging between boundaries the Lagrange multiplier and
averaging all the components of q and q. Let us denote as
1 and 2 the boundaries in which the periodic condition is
imposed. Then the average normal component of o is

1 1
hay = 300 +22) = S-o1+my 02, (A10)

where n; and n; are the boundary normal vectors (n; =
—1;). A temperature jump between boundary 1 and bound-
ary 2 can be imposed by mapping the temperature appear-
ing in o7 and o, and imposing a difference A7. Half
of the required weak contributions, including the stabi-
lization contribution, are imposed in each boundary. For
i=1,2,

1, ~ 1
% )\av : _qidri + f )\i : —((h - (I2)drz
r 2 2

- § Powm@ - - ar (AT1)
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