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Holder continuity for the Parabolic Anderson Model
with space-time homogeneous Gaussian noise
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Abstract

In this article, we consider the Parabolic Anderson Model with constant initial
condition, driven by a space-time homogeneous Gaussian noise, with general covari-
ance function in time and spatial spectral measure satisfying Dalang’s condition.
First, we prove that the solution (in the Skorohod sense) exists and is continuous
in LP(Q2). Then, we show that the solution has a modification whose sample paths
are Holder continuous in space and time, with optimal exponents, and under the
minimal condition on the spatial spectral measure of the noise (which is the same
as the condition encountered in the case of the white noise in time). This improves
similar results which were obtained in [5, 9] under more restrictive conditions, and
with sub-optimal exponents for Holder continuity.
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1 Introduction

In this article, we consider the Parabolic Anderson Model on R? d > 1, with constant
initial condition:

%(t,x) _ %Au(t,x)—i—u(t,x)W(t,x), >0,z €RY
uw(0,2) = 1, zeR4

(1)
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The noise W is given by a zero-mean Gaussian process {W (¢); p € D(R**!)} defined
on a complete probability space (2, F, P), with covariance

E[W (p1)W (p2)] = / Yt —8)f(x —y)pi(t, v)pa(s, y)dzdydtds =: J(p1,pa),

R2x[R2d
where v : R — [0,00] and f : RY — [0, 00] are continuous, symmetric, locally integrable
functions, such that
v(t) < oo if and only if ¢ # 0;
f(z) < oo ifand only if x #0.
Here D(R¥*1) is the space of C*°-functions on R%*! with compact support. We denote by

H the completion of D(R¥*!) with respect to (-, )% defined by (1, p2)n = J(¥1, 02).
We assume that f is non-negative-definite (in the sense of distributions), i.e.

/Rd(gp % @) (x) f(x)dr >0, forall ¢ e S(RY),

where ¢(z) = ¢(—) and S(R?) is the space of rapidly decreasing C*-functions on R?.
By the Bochner-Schwartz theorem, there exists a tempered measure 1 on R? such that
f = Fpu, where Fu denotes the Fourier transform of y in the space Si(RY) of C-valued
tempered distributions on R, i.e.

[ 1@ptade = [ Fo(@ud) foral e Se(®)

where Sc(RY) is the space of C-valued rapidly decreasing C°°-functions on RY, and

Fo(x) = [pae ®Pp(x)dz is the Fourier transform of ¢. Here ¢ - 2 denotes the scalar

product in R% Similarly, we assume that 7 is non-negative-definite (in the sense of dis-

tributions), and so there exists a tempered measure v on R such that v = Fr in S((R).
We denote by G the fundamental solution of the heat equation on R

LN

1 d
G(t,x)zwexp (—§>, t>0, I'ER s

where | - | denotes the Euclidean norm. Note that G(¢,-) € S(RY) and

t 2
FG(t,-)(§) = exp <—%> for all ¢ € R%
Similarly to the wave equation in spatial dimension d < 2, we have the following
definition of the solution (see Definition 5.1 of [2]).

Definition 1.1. A square-integrable process u = {u(t,z);t > 0,2 € R?} with u(0,z) =1
for all z € R? is a (mild Skorohod) solution of equation (1) if u has a jointly measurable
modification (denoted also by u) such that sup; ,)c(o7xre Elu(t, 2)|* < oo for all T > 0,

and for any ¢ > 0 and x € R%, the following equality holds in L?(€):

u(t,z) =14+ /Ot /]Rd G(t — s,z —y)u(s,y)W(ds, dy), (2)

where the stochastic integral is understood in the Skorohod sense and the process v(®) =
{0 (s,y) = 1pq(s)G(t — s,z — y)u(s,y); s > 0,y € R?} is Skorohod integrable.
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We refer the reader to [5, 2, 1] for more details regarding the concept of Skorohod
solution, and to [7] for the background on Malliavin calculus.
From [5], we know that equation (1) has a unique Skorohod solution w, provided that

Dalang’s condition holds:
1
———u(df) < . 3

We should point our that this condition was considered for the first time in [4] for equations
driven by Gaussian noise which was white in time and had the same spatial covariance
structure as above.

A Feynman-Kac representation for the solution u was obtained in [5], under additional
conditions on 7 and p. Theorem 4.9 of [5] shows that if the function v satisfies:

0<7(t) <Cglt|™ forall teR, (4)

for some 5 € (0,1), and the measure u satisfies:

1-B—«
/ (%MP) p(d€) < oo for some « € (0,1—7),
Rd

then for any p > 2 and T > 0, there exists a constant C' > 0 depending on p, T, 3 and «
such that for any ¢, € [0,T] and z,2" € R?,

lu(t, @) = u(t',2)l|, < C(|t = ¢'|% +|o = 2'|7),

and therefore, on any compact set [0,7] x K, u has a modification which is 6;-Holder
continuous in time for any 6, € (0, §), and #,-Holder continuous in space for any 6y €
(0, ). This result is based on the Feynman-Kac representation of the solution, and does
not yield optimal exponents for the order of Holder continuity (see Remark 4.10 of [5]).

The goal of the present article is to obtain the optimal exponents for the order of
Holder continuity of the solution u, under the following minimal condition on pu:

/Rd <%|£|2>nu(d§) < oo forsome 7€ (0,1). (5)

We note that this condition is the same as for the white noise in time: see Theorem 2.1 of
8] for the case when the initial condition is given by a bounded Holder continuous function,
and Theorem 1.8 of [6] for the case when the initial condition is given by a measure. We
emphasize that do not impose any constraints on the temporal covariance function ~.
More precisely, in Theorem 3.2 below, we show that if the measure p satisfies (5), then u
has a modification which which is §;-Hélder continuous in time for any 6; € (0, +52), and
0o-Holder continuous in x for any 6 € (0,1 —n). The proof of this theorem relies on a
careful analysis of the p-th moments of the increments of the solution u, which is related
to the problem of continuity of u in LP(Q2). Therefore, in Theorem 2.2 below, we show
that under condition (3), u is LP()-continuous on [0, 00) x R? for any p > 2. A special
effort is dedicated to the left continuity in time, a delicate issue for the heat equation,
which is usually left out in the literature.



Theorem 5.9 of [9] gives the Holder continuity of the solution to equation (1) under
condition (5), with the same exponent s < 1 — 7 in space as in our Theorem 3.2, but
with exponent 6, < [(1 —n) A (1 — /5)]/2 in time, where [ is given by (4).

Our proofs use simplified versions of the arguments contained in [1] for the heat equa-
tion with initial condition given by a measure. But the results that we present here do
not follow directly from Theorems 1.1.(a) and 1.4 of [1] whose conclusions are valid for
time intervals which do not include 0. The novelty of our results stems from the fact that
they are valid for time intervals of the form [0, 7.

This article is organized as follows. In Section 2, we prove the existence and uniqueness
of the Skorohod solution u, and the fact that « is continuous in LP(2). In Section 3, we
show that u has a modification whose sample paths are Holder continuous with optimal
exponents, as mentioned above.

2 Existence of solution and continuity in L?(())

In this section, we show the existence and uniqueness of the solution to equation (1) and
its continuity in LP(£2) on [0, 00) x RY, using the method of [1] for the heat equation with
initial condition given by a measure. We note that the existence of solution to equation
(1) was established also in Theorem 3.2 of [5], using a different method.

Intuitively, if it exists, the solution to equation (1) has the Wiener chaos expansion:

u(t,z) =1+ Y L(fult,2)), (6)

n>1
where [,, is the multiple Wiener integral of order n with respect to W, and
fn(tl’ L1y ,tn, Tn, t, ZE) = G(t — tn, Xr — In) e G(tQ - tl, To — x1)1{0<t1<...<tn<t}'

We denote J,,(t,z) = I,(fu(-,t,2)) for n > 1 and Jo(t,x) = 1.

Note that f,(-,t,z) € H,, where H, is the Wiener chaos space of order n, with
respect to W. The spaces H,,n > 1 are orthogonal. Moreover, E|L,(f.(-,t,z))|*> =
n|| fule 8, )||3en where fol,t,2) is the symmetrization of f,(-,¢,z) given by:

~ 1
fn(tlrrla ceeytn, Tp, t,l’) = E Z fn(tp(l)axpﬂ% ce 7tp(n)7xp(n)7t7x)7
' pESH

and S, is the set of all permutations on {1,...,n}. Let a,(t) = (n)2||fu(- 1, 2)||2en for
n > 1, and ap(t) = 1.
As in [1], for any t > 0, we let
0 = [ 1760 O )
ho(t) = 1 and for n > 1,

ha(t) = / k(ty — t1) .. k(ty — to1)k(t — tp)dty . . . dty.
0<t1<...<tp<t
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For any 7 > 0 and ¢ > 0, we let

= yha(t) and  H(ty) = /7 ha(t).

n>0 n>0

By Lemma 3.8 of [1], we know that under Dalang’s condition, H(t;7) < oo and H(t;~) <
oo for any t > 0 and v > 0. The following result is a particular case of Lemma 3.4 of [1].

Lemma 2.1. For anyt > 0,

sup [ 1FGIE, €+ mPulde) = ko).

neRd

We denote by | - ||, the norm in LP(Q2). We will use frequently the fact that the
| - ||,-norms are equivalent on a fized Wiener chaos space H,,. More precisely,

11y < (p = D)™2|[ P[> for all F €, (7)
(see the last line of page 62 of [7]).

Theorem 2.2. Under condition (3), the series on the right-hand side of (6) converges
in L?(Q2) and the process u given by (6) is the unique solution to equation (1). Moreover,
for any p > 2, u is LP(Q)-continuous on [0,00) x R, and

sup  |lu(t,z)|l, < oo, forall T >0.
(t,x)€[0,T]|x R4

Proof. Step 1. (Summability of the series) We first show that the series on the right-hand
side of (6) converges in L*(Q2), which is equivalent to:

Z %an(t) < 0.

n>0

By relation (4.15) in [2],

Wheret:(tl,...,tn),Ft:2f0tvs ds

wn(tat) = / 4 |fG(u17 )<€1)|2 s |FG(UH*17 )(gl +...+ £n71>’2
% |F Gt 6 + -+ E)Puldes) .- u(dEy). ®)
u; = ty(j11) — tpy) for j =1,...,n, tymy1) = t, and p is the permutation of {1,...,n} such

that tp(l) < ... < tp(n). Note that

%(t,t)sH(sup IfG(ujw)(&Jrnludég) Hk:ug
j=1

T]ERd R4
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where the last equality follows by Lemma 2.1. Hence,

n

an(t) <TP Y / LT 1) = tog)dt
0<t (1)< - <tp(n) <t

pPESH j=1
n

=T"nl / [T %t — tj)dt = Tinlh,(¢),
0<t1<...<tn <t

j=1

Z —an < Zl“”h t Ft)

n>0 : n>0

and

Step 2. (Existence of solution) The fact that the process u given by (6) is a solution
to equation (1) follows exactly as in the proof of Theorem 5.2 of [2]. This argument uses
the fact that u is L?*(2)-continuous, which will be proved in Step 5 below.

Step 3. (Uniqueness of solution) This follows as in the proof of Theorem 6.1 of [2].

Step 4. (Uniform boundedness of p-th moments) By Minkovski’s inequality and (7),

1/2
futt, )l < o= 10210 = 30 - 0 (S0

n>0 n>1
<> (= )"0/ ha(t) = H(t; (p— 1)T).
n>0

Since the function I'; is non-decreasing in ¢ and H (t;7y) is non-decreasing in ¢ and ~y, we
infer that [Ju(t, z)||, < I;T(T; (p— 1)I'7) < oo for any (¢,z) € [0,T] x R

Step 5. (Continuity in LP(S2)) This follows as in the proof of Theorem 7.1 of [2],
provided we show that .J,, is L”(Q2)-continuous, for any n > 1.

We start with the right-continuity in time of J,,. We will prove that for any ¢ > 0,

l}grol | Jn(t + h,2) — Ju(t,2)|l, =0 uniformly in z € R

By (7), for any t > 0, z € RY and h > 0
1t + o) = Ju(ts )|y < (p = 12|t + by 2) = Tt @)

1/2

<=7 | 2 (A F B O

where

An(tah) = (n'>2||ﬁl(7t+h7$>1[0,t]”_ﬁl(utvx)H?H@"
By(t,h) = (n!)Qan(‘at"’"h:x>1[o,t+h]n\[0¢}n”i®n-

Note that A,(t,h) and B,(t,h) do not depend on x.
We first treat A, (t,h). Using relations (7.6) and (7.7) of [2], we see that

At h) <TF [ 9l)(t, t)dt, (10)

[0,¢]™
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where t = (t1,...,t,),

w6t = [ G PO )t )
X |FIG i+ h,) = o, (& + -+ E)Pu(d&) - plde), (1)

and uy, ..., up are the same as in Step 1 above. We use the fact that
| F[G(un + hy ) — Gy, (€14 ...+ )P = (e—(un+h)|£1+...+§n\2/z _ e—%€1+--.+€n|2/2>2
5o\ 2
= |FGun, )&+ I (1= e arrenli2)

converges to 0 when h — 0, and is bounded by |FG(uy,-)(& + ... + &)|? (since h > 0) .
Note that

|G R - G )61+ € () .l <I[x0

By the dominated convergence theorem, 1/)7571) (t,t) — 0 as h — 0. Moreover, wy,? (t,t) is
bounded by the function H;L:1 k(u;), which is integrable on [0, ¢]", its integral being equal
to nlh,(t). By the dominated convergence theorem, A, (t,h) — 0 as h — 0.

Next, we treat B, (t,h). Let Dy = [0, + h]™\[0,¢]". Using relation (7.10) of [2], we
see that

Batm Tl [ o1, (0 (12)

[0,-+h]"

where

W0 = [ PG N IFG s, N+ -+ o)
FO )6+ .+ &) plder) . e, (13)
We use the fact that
\FG(ty + Ty )& A+ &) = [FGtun, ) (&1 + ..o+ &) [PeMorH=F8nl

converges to | FG(un, ) (&1 + ... +&)|? as h — 0, and is bounded by | FG (uy, ) (& + ... +
&,)]? (since h > 0). By the dominated convergence theorem,

lim 77 (8, 6) = / NFG(ur P - | FC e, )& -+ )P
X |}_G(unv )(gl +...F fn)|2ﬂ(d€1) s :u(dgn)'

But 1p,, — 0 as h — 0 and ’yt(z) (t,t)1p,, is bounded by the function [[7_, k(u;), which
is integrable on [0,¢]". By the dominated convergence theorem, B, (t,h) — 0 as h — 0.
We consider now the left-continuity in time of J,. We will prove that for any ¢ > 0,

l}gg | Jn(t — h,2) — Ju(t, )|, =0 uniformly in = € R%



We argue as in Step 2 of the proof of Lemma B.3 of [1]. By (7), for any t > 0, z € R?
and h € (0,1)

1 Jn(t = o) = Ju(t, @)y < (p = 1) Ju(t = by ) = Ju(t,2)]|2
1/2

S-S (A B ()

where

A;(t, h) = (n')Qan(at - h7$) - ﬁl(v tvx)l[o,t—h}"H%{@”
Bt h) = (e )T g e e o

Note that A/ (t,h) and B! (t,h) do not depend on x.
We first treat A’ (¢,h). Note that

n

Al (t,h) = [Tt — s (t,s)dtds <7, Y (¢, t)dt,
[0,t=h]>" 54

[0,t—h]n
where
W8y = [ Flg (. tx)— g™ t—h
t,h(as)_ and [gt (7 71‘) ¢ (7 71')](517'-'7671)
X Floa (ot 0) = g (ot = o)), &) p(dEa) - pldEy)
and gén)(-,t,x) = n!ﬁ(tl,-,...,tn,-,t,x). Let (t1,...,t,) € [0,t — h|™ and p be the
permutation of 1,...,n such that t,q) < ... < t,4). Let u; = t,;11) — t,) for any

j=1,...,n—1. Note that

Fo (ot =h,2)(&, . )
= e_i(§1+"‘+§”)'m./—"G(u1, -)(gp(l)) .. .fG(un_l, ')(5[,(1) + ...+ §p(n_1))
X fG@ —h— tp(n)> ')(gp(l) ..t gp("))

and

Fgén)(7t7$)(€la s 7$n)
= 67i(§1+"'+£n)'mfG(u1, ‘)(fp(l)) .. .]:G(un,l, ')(fp(l) 4+ ...+ é-p(n—l))
X .FG(t — tp(n), -)(fp(l) + ...+ fp(n)).



Let u, =t — t,;). Note that u, —h > 0 since t,4,) <t — h. It follows that

B = [ G GR - FC 1,6+ i)
’}—[ ( n_ha'> (um)](fl -+§n)‘2ﬂ(d§1)“'u(d€n>

< H <sup | FG(uj, ) (& + U)|2M(d§j)>

_ neRd

X sup / VF G — by )6+ n) — FGlutn, )6+ m) Pa(dEn)

neRd

i
L

=[] *Cu) - sup [ |FG(un — h,)(& + 1) — FG(un, ) (&n + ) 1(dEn)-

1 ﬁERd R4

<.
Il

Using the inequality (1 —e )% <1 — e * < min(z, 1), we obtain:

| FG(tn — h,-)(€) — FG(up, ) (&) = e~ n=MIEF (1- e—h\s|2/2)2

2
< oI i (M 1)

:mm( O >5|2).
2

We bound separately the two terms appearing in the minimum above. For the first term,
we use inequality (B.27) of [1] which we recall below: for any A > 0 and = > 0,

e

exp( Ax )x < 2A_lexp (—éﬁ) :

We obtain:

h 2 1 h 2
e~ (un=h)¢| 2 « _ " o —(un—h)I€?/2
2° €” < e U, — ne '

For the second term, we use the fact that e~ (=" IE? < g (un—h)IE?/2, Hence,

| FG(up — h, ) (&) — FG(un, -)(€)]* < min (1 b 7 1) o~ (un—)E1?/2

e u,—h

and

sup [ |FG(uy — Dy )(§ + 1) = FG(un, ) (€ + 1)

neRd JRd

1 h
< min (_ . 71) sup / e—(un—h)|6+nl2/2u(d§)
e Up — h neRrd JRd

1 h Uy, — h
= min | - - 1)k
mm(e un—h’) ( 2 )’




using Lemma 2.1 for the last equality. It follows that

n—1
1 o
At h) <T" ! / [ k(ts+1 — t;) min (- b 1) k (#) it

’ ?
0<t1 <...<tn<t—h 3 e t—t,—h

n e A h t—t,—h
= Fthn!/()' hnfl(tn> min <g : m, 1) k <T> dtn
t—h
=17 n!/ hp_1(t — h — s) min ﬁl kJ(f)ds
t—h 0 n o5’ 5

¢ h s
<IPnlh,_ in ( — — | ds.
<TI'Pnlh, 1(t)/0 min (68,1)k<2>ds

By the dominated convergence theorem, the last integral above converges to 0 as A — 0
since the integrand converges to 0 when h — 0 and is bounded by k(s/2), and by (3),

/Otk <§) ds = Q/Ot/2 k(s)ds = 2/Ot/z } FG(s. .)(§)|2/L(d§)d5 < .

Next, we treat B, (t,h). Let D;, = [0,¢]"\[0,¢ — h]". Then

n

B'(t,h) = / [Tt — s)vn(t,9)1p;, (£)1p;, (s)dtds
[O,tfh]"J 1 ’ '

<1, / Uult, )1y (),
[0,t—A]"

where 1), (t,t) is given by (8). The last integral converges to 0 when A — 0 by the
dominated convergence theorem, since Dj ) — () when h — 0.
Finally, we examine the continuity in space of .J,,. By (7), for any x € R? and 2z € R,

1 1/2
|7t 2 42) = Tu(t. ) < (0= )" u(t, 2 4-2) = (. 2)|2 < (p—1)"" (mcnu,z)) ,

where B B
Cult,2) = (|| fulstyx +2) = fulst, 2) [Fon-
By relation (7.14) of [2],
Colt,z) <TP [ (8, t)dt, (16)

[0,¢]™

where
2t t) = / NFGun @) - | FC e, ) (G
X FGun, )€+ &)L = e OO Pu(dgy) o pu(dga)  (17)

Note that |1 — e~ &+-+&)%|2 converges to 0 when |2| — 0 and is bounded by 2. By the

dominated convergence theorem, C,,(t,z) — 0 when |z| — 0.
[
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3 Holder continuity

In this section, we prove that under condition (5), the solution w is Hélder continuous.
The proof of this theorem is based on a preliminary result regarding the Fourier transform
of the fundamental solution of the heat equation, which is similar to Proposition 7.4 of
[3] that deals with the fundamental solution of the wave equation.

Proposition 3.1. If i satisfies (5), then for anyt >0, h > 0 and z € R,

sup [ FG(t + .)€+ m) — FG( )€+ n)Pulde) < CHok (), (18)
neRd JRd
sup [ | 1P |FG(r ) (€ + ) Pulde) < Ol k(). (19)
ﬁGRd R4 2

where 6 = 1 —n, C > 0 is a constant depending only on 0, and we recall that k(t) =
Joa IFG(E, ) () Pra(dE).

Proof. We use the same estimates as in the proof of Theorem 1.4 of [1]. More precisely,
we will use inequality (5.2) of [1] which we recall below: for any A > 0,

A
exp(—Az?)x? < CyA™% exp (—§x2) forall z >0, (20)

where Cy > 0 is a constant depending on 6. Using the fact that (1—e=%)2 < (1—e™®)? < 27
2
for any = > 0, it follows that (1 — e‘hmz/?) < 279h91¢]?. Hence, for any & € R,

) 9 2 2
FG(t+ R, )(€) = FO(L, )€ = e (1= e M) < om0l g
< 30 = 20y FG12, ()

It follows that

sup [ |FG(t+h,-)(&+n)— FG(t, ) (& +n)p(dg)

nGRd R4
< 2 9C, k1 sup / FC(t/2,)(€ + )P ru(de)
nERd R4

= 270Cyn%t 7%k (t/2),

where the last equality is due to Lemma 2.1. This proves (18).
To prove (19), we use the inequality: for any = € R,

|1 —e™> =2(1 — cosz)? < Ky|z|?,

where Ky > 0 is a constant depending on #. Combining this with Cauchy-Schwarz
inequality [€ - 2| < |€]|z] and inequality (20), we obtain that for any & € R,

€77 — 1P |FG(t, ) (€)P < Kyl2 |6 e < Ky Col 202,

11



Hence

Sup |e—i(€+n)-z . 1‘2 ‘./_"G(t, )(f + 77)|2/L(d§) < KgCg|Z|29tia sup / e*t|§+ﬁ|2/2u(d€>
R4

nGRd R4 T]GRd
and relation (19) follows by Lemma 2.1, exactly as above. O

From Lemma 5.1 of [1], we know that condition (5) is equivalent to

/1 @ds < 0. (21)

sl=n

Theorem 3.2. Under condition (5), for any p > 2 and T > 0, there ezists a constant
C > 0 depending on p, T and n such that for any t,t' € [0,T] and x,2' € R,

lut, z) — u(t', )|, < C(jt — | 7 + o — 2'|"7).

Consequently, for any T > 0 and for any compact set K C R%, the solution {u(t,x);t €
0,T],z € K} to equation (1) has a modification which is 6,-Hélder continuous in time
for any 6, € (0, 1%"), and Oy-Hélder continuous in space for any 05 € (0,1 —n).

Proof. We argue as in the proof of Theorem 8.3 of [2]. Let § =1 — .
Step 1. (increments in time) Assume that ¢ > ¢ and let h = ¢ — ¢t. By Minkowski’s
inequality and (14),

lult + b, 2) = ut, @), < D It +hoz) = Ju(t, 2)]),

n>1

1/2
<S-0 [Raen s en)| @)

n>1

We first treat A, (¢, h). Recall estimate (10) for A, (¢, k) that we obtained above. Using
definition (11) of @/1757,? (t,t), followed by Lemma 2.1 and (18), we see that

Vi (b, t) < 1:[ (sup [ FG(uy,-)(E; +n)l2u(d§j)>

]:1 nGR‘i Rd

X sup | FG(up + h, ) (& 4+ 1) — FG(n, ) (& + 0)|?u(dE)

neRd JRd

n—1

< OB T k(uy)uy,  k(u,/2).

J=1

12



We let p, = [, s~"k(s)ds. Then

n—1
t—1,m
An(th) < CHTY 3 / L #Ctoin) =t (t = ton) "k (—2”( )) dt
0<t (1) <o <t p(ny <t 5
pPESH (1) (n)<t =1
:OheF”n! ﬁk(t'+1—t')(t—tn)_0k t—tn dt
' 0<t1 <...<tp <t ! ! 2

j=1
t
:Charyn!/ P (t) (t = t5) ™ k:< 5 )dt
0
t
< ChGF?n!hnl(t)/ (t—t,)" k:( 5 "> dt,
0
= ChTnl b1 (t) prja-

From here, we infer that

> =12 (%An(t h)) " < ChP\[(p=1)lupip Y \/(p — D)"Y ()

n>1 n>1

= Ch6/2\/ (0= DTepes ﬁ(té (p— 1)Ft)-

Since I['; and p; are non-decreasing in ¢, and H (t;) is non-decreasing in both ¢ and ~, it
follows that for any 7" > 0, there exists a constant C’;l) > ( depending on 7" such that

1 1/2
p— < Cc\Wpor2,
> p-1? (n At h)> <\ por (23)

n>1

Next, we treat B, (t,h). Recall estimate (12) for B,(t,h) that we obtained above.
Using definition (13) of fyt(j;) (t,t), followed by Lemma 2.1, we see that

n—1
T (b, 1) < (sup IFG(ujw)(fjJrn)lzu(dfj))

neRd JRd

X Sup | FG(up + b, ) (& 4+ 1) Pu(d,) = Hk w;)k(un, + h),

neRd J R4

Note that I'y,, < I'p since t + h = t' < T. We observe that if (¢1,...,%,) € D, then
there exists at least one index ¢ with ¢; > t. So,

Din = |J{(tr, - ta);0 <ty < oo Sty £ < tygmy S E+ A},
PESn

13



It follows that

t+h n—1
By(t,h) <T% Y / / L] #(totien) = to )Rt =ty + h)dt
0<t (1) <---<tp(n— 1)<t

PESn p(n) j=1

t+h —
t 0

<t1<...<tn71<tn ]:1
= rgn!/ Bt (t)k(t — t + h)dt,
t

h
< Tnlh, 1 (t + h)/ k(s)ds < Tonlh,_(T)h pp, < T2nlh,_ (T)h pr.
0

Hence,
1 1/2
S0 (S Bat)) < Wl D 3= 1T ()
n>1 ’ n>1

= P02, (24)

where C':(F2) > 0 is a constant depending on 7.
Step 2. (increments in space) Let z = 2’ — x. By Minkowski’s inequality and (15),

Hu(t? T+ Z) - u(tvx)Hp < Z HJn(t,ZE + Z) - Jn(ta I)HP

n>1

<> (p-1? < Ca(t, z))l/z. (25)

n>1

Recall estimate (16) for C,,(t, h) that we obtained above. Using definition (17) of 1/Jtn) (t,t),
followed by Lemma 2.1 and Proposition 3.1, we see that

(e, t) < H (Sup | FG(uj, ) (& + 77)|2#(d€j)>

neRd JRd

x sup | |FG(up,-)(& +n)P[L — e 2Ry de,,)

T]ERd R4

n—1
< c|z|29£[1 (w1 )ulk (%) .

It follows that
n—1

[T %t =)t = ta) "k (?> dt

J=1

Ci(t, 2) < C|=[¥T7n! /

0<t1<...<tp<t

¢ t—tn
— C]z]%l“?n!/ Pt (t)(t — t,) 'k (T) dt,
0
< O[Tl hyyey (£) pio-

14



Similarly to (23), we infer that

1 1/2
St (o) <A,

n>1
where C':(Fg) > () is a constant depending on 7. O
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