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Periodic oscillators, isochronous centers and resonance
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Abstract. An oscillator is called isochronous if all motions have a common period. When the sys-
tem is forced by a time-dependent perturbation with the same period the dynamics may change and
the phenomenon of resonance can appear. In this context, resonance means that all solutions are un-
bounded. The theory of resonance is well known for the harmonic oscillator and we extend it to nonlinear
isochronous oscillators.

1 Introduction

Consider an oscillator with equation
i4+V'(z)=0, z€R (1)

and assume that it has an isochronous center at the origin. This means that x = 0 is the only equilibrium of
the equation and the remaining solutions are periodic with a fixed period, say T" = 27w. We are interested in
the phenomenon of resonance for periodic perturbations. More precisely, we ask for the class of 27-periodic
functions p(t) such that all the solutions of the non-autonomous equation

i+ V'(z) = ep(t) (2)
are unbounded. Here € # 0 is a small parameter.
The simplest isochronous center is produced by the harmonic oscillator, V(x) = %anQ, n=12 ... In

this case the previous question has a well-known answer: resonance occurs whenever the integral

In(p)::/0 7rp(t)emtdt

does not vanish. After this example the study of resonance for general isochronous oscillators seems natural.
As far as we know this question was first raised by Prof. Roussarie in the Open Problems Session of the II
Symposium on Planar Vector Fields (Lleida, 2000). Concrete examples of functions p(t) producing resonance
were presented in [17]. See also [4].

The goal of the present paper is to identify a general class of forcings leading to resonance. Our main
result can be interpreted as a nonlinear version of the condition I,,(p) # 0. To explain this in more precise
terms we consider a cylinder C = (R/27Z) x [0, 00) with coordinates (6, 7). The solution of (1) with initial
conditions z(0) = r, £(0) = 0 will be denoted by ¢(t,7). The complex-valued solution of the linear problem

§ V"ot )y =0, 9(0) =1, §(0) =
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is denoted by ¥(¢,7). Then we define a function on the cylinder

1 27
®,:C—C, ¢,00,r)= —/ p(t — 0)w(t,r)dt
2T 0
and prove, under certain assumptions on the potential V', that all solutions of (2) are unbounded when the
condition
inf @, (6,7)] >0 (3)

holds.

This is a sufficient condition for resonance but it is not too far from being also necessary. A partial
converse of the main theorem holds: a periodic solution exists when the function ®, has a non-degenerate
zero. Note that periodic solutions are bounded and so resonance is excluded.

Let us now discuss the form of ®, in some particular cases. For the linear oscillator, V(z) = %n%}g,
n=1,2,... elementary computations lead to the estimates
1

1
— < < — .
T (0)] < 18(60,7)] < 5| 1a(0)

The condition I,(p) # 0 is equivalent to (3). Another example that has been widely studied is the
asymmetric oscillator associated to the potential

V(z) =5 (a(a®)* + B(a7)?)

N =

where 27 = max{z, 0}, #~ = max{—=z,0} and «, 3 are positive constants with % + ﬁ = %’r, n=12...

In this case the homogeneity of the equation (1) implies that ®,(0,r) = ®,(6,1). The function ®,(6,1)
appeared first in the work of Dancer on the periodic problem (see [8]). Assuming that the zeros of the
function ®,(6, 1) were non-degenerate, it was proved in [2] that all solutions with large initial condition were
unbounded. Soon after, it was proved in [11] that all solution are bounded when ®,(6,1) does not vanish.
This boundedness condition improved a previous result in [16] of more local nature. The boundedness of
all solutions has been also treated in [3,10]. These papers deal with a class of isochronous oscillators with
the same asymptotic behavior as the asymmetric oscillator.

For a general isochronous oscillator checking the condition (3) can be difficult. We have analysed in
detail the equation

i—l—i(x—i—l—(ﬁ_’_ll)?)) =ep(t), = € (1,400).

In this case the functions ¢(¢,r) and (¢, r) can be obtained explicitly and the resonance condition (3) can
be reformulated in terms of the Fourier coefficients of p(¢). In particular we obtain an extension of the
result in [4] for p(t) = sint. This equation has a singularity at # = —1 and the motion is constrained to a
proper and unbounded interval. It can be seen as a prototype of the class of isochronous oscillators with
one asymptote. Incidentally we note that there are no isochronous oscillators having two asymptotes so
that the motion is constrained to a bounded interval. See [19] for more details. Some boundedness results
for isochronous oscillators with singularities can be found in [6,12].

Up to now all non-autonomous perturbations have been of additive type. This is very natural if we have

in mind mechanical oscillators but different perturbations can appear in other contexts. Motivated by a
geometrical problem, Ai, Chou and Wei considered in [1] the equation

R(t)

T4+r=—=,>0 4

ro= ()

where R(t) is T-periodic. They proved the existence of T-periodic solutions when R is a positive C?-function

and T < . When R is a positive constant this equation is equivalent to (6) and an isochronous center with

minimal period 7 appears. This suggests that the condition 7' < 7 in the result in [1] should be essential

due to the appearance of resonance for T' = w. We have analysed an example that somehow shows that this



is the case, although our function R(t) is not smooth. We thank Prof. Pedro J. Torres for bringing to our
attention the result in [1].

The rest of the paper is organized in five sections. The main results of the paper are stated in Section 2.
Those readers who are only interested on the results for oscillators without singularities can go directly
to Section 5 to find the proofs. Section 3 is concerned with some preliminary remarks on Sturm theory.
In Section 4 we present a detailed analysis of the asymptotic behaviour of the action-angle coordinates
associated to (1). These results will be employed in Section 6 to prove the main theorems concerning
oscillators with singularities. The paper is finished with an Appendix inspired by [4].

2 Statement of the main results

Let us start with a potential V € C%(R) defined on the whole real line and satisfying
V(0) =0, zV'(xz) > 0 if x # 0.

In addition we assume that all the solutions of equation (1) are 2m-periodic. In particular this implies that
V"”(0) = N?, N = 1,2,... where N depends upon the minimal period. See [21] for more details and the
construction of concrete examples.

There will be no particular restrictions on the forcing term p(¢) and we will just assume that it is
27-periodic and locally integrable. This will be indicated by p € L!(T).

Theorem A. Assume that V satisfies the previous conditions and V' is bounded over the whole real line.
In addition the condition (3) holds for some p € L*(T). Then the equation (2) is resonant for small € # 0.

The proof of this result will be presented in Section 5.1.

We observe that the potential associated to the asymmetric oscillator is not C2. The reader is invited
to modify the proof of the Theorem so that it includes this example.

In the introduction we defined resonant equation as an equation where all solutions are unbounded. This
means that each solution x(t) satisfies

|z (tn)| + |2(tn)| — +o00

for some sequence {t,,}. We will prove that a slightly stronger notion of resonance also holds, every solution
x(t) of (2) satisfies
lim (Jz(t)| + |£(t)]) = +oo.

[t]|—=+o0

Remark 2.1. We point out that all the solutions of (2) are globally defined. Indeed, if x(¢) is solution
of (2) and E(t) = 3&(t)? + V(z(t)) then E(t) satisfies the differential inequality

|[B@)| <2 lp®)3(0)] < e [p(t)] v/2E (D),

Thus,
t
5
VE® - VEO| < 5| [ tellas 6
V2 o
and so the energy F(t) cannot blow up in finite time. O

Let us now assume that the function p € L'(T) is such that the condition (3) does not hold. This means
that ®, has a zero at some point (6.,7,) of the cylinder C or that it vanishes at infinity. That is, either
®,(0.,7.) =0 or ®,(0,,7,) — 0 for some sequence (6, r,) with r,, — +00. The next result shows that
resonance cannot occur if ¢, has a non-degenerate zero.

Proposition 2.2. Assume that V is in the conditions of Theorem A and that ®, has a non-degenerate zero
(0x,74) with r. > 0. Then the equation (2) has a 2m-periodic solution for small €.



In the previous statement non-degeneracy is understood in the topological sense. That is, there exists a
small open neighbourhood U of (6., r.) such that ®,(0,7) # 0 for each point (6,r) € U \ {(f,7.)} and the
Brouwer degree deg(®,,U,0) does not vanish. We refer to Section 5.2 for the proof and more comments on
Brouwer degree.

The two previous results show that the function @, is crucial for the understanding of the resonance
problem. In concrete examples it can be rather difficult to analyse the properties of ®,. In the next result
we show that, at least at a theoretical level, the condition (3) is applicable to any isochronous potential and
it is persistent under small perturbations of the forcing term p(t). To be precise it is convenient to employ
the language of Functional Analysis. Now we interpret L'(T) as a Banach space with norm

2
mmm:A Ip(t)] dt.

Proposition 2.3. Assume that V is in the conditions of Theorem A and define Ry as the set of forcing
terms satisfying (3),
Ry ={pe L' (T): inf |P,(0,7)] > 0}.

Then Ry is open and non-empty.
This result will be proved in Section 5.3. By now we observe that if {p,} is a sequence in L!(T)

converging in a weak topology to the Dirac measure (p, — ¢) then p, € Ry for large n. This is consistent
with the example in [17]. The convergence p, — 0 means

(a) sup,, ||pnllz1 (1) < o0, and
27

() Jo pa(t)p(t)dt — ¢(0) for each function ¢(t) that is continuous and 27-periodic.

In the previous results we have worked with oscillators defined on the whole real line but there are also
oscillators producing an isochronous center and having a singularity. A well-known example is

i+i(m+1—(m+11)3>=0, (6)

defined for all € (—1,400). This equation can be solved explicitly (see [20]). In particular

1
p(t,r)=-1+ \/)\2 cos?(t/2) + 2 sin®(t/2)
with \:=1+47r > 1. Let ¢(¢,7) be the solution of the associated variational equation

.1 3
i+ (1 ) =0 "

with initial conditions ¥(0,7) = 1, 1)(0,7) = i. A computation shows that

Y(t,r) = aiJ(t,r) - Lgb(t,r)i =

0052(%) — /\isinQ(%) + 2 sin(
or V'(r) t
2

\/0052 (L) + 3% sinz(
The perturbed equation

.1 1 .
x+4<x+1M’>—€Smt (9)

was considered in [4]. The authors proved that all solutions are unbounded if € # 0 is small enough. Next
we present an analogous result valid for general periodic perturbations of (6).



Theorem B. Let p € L*(T) be a function satisfying (3) with ¥ (t,r) defined by (8). Then all the solutions
of equation

.1 1
are unbounded for sufficiently small € # 0.

This resonance result deals with the specific equation (6) but the method of proof can be extended to
a larger class of potentials V. In many cases the existence of a singularity of V at £ = —1 determines
the behaviour of V' (x) as & — +o00. This interesting observation was made in [4] and somehow shows that
the equation (6) can be seen as a paradigm for centers with singularity. For more details we refer to the
Appendix.

To show how to deduce the result for (9) in [4] from Theorem B we present a corollary for the class of
equations (10) with
p(t) = ap + a1 cost + by sint.

Corollary 2.4. Assuming that p(t) is a trigonometric function as above, the equation (10) is resonant if
a3 + b3 > 9a3. (11)
Note that this result extends the resonance result in [4] for the case ag = 0.
We finish this Section with a result on the equation (4).
Theorem C. Consider the w-periodic function
1 ifte|0,T),
Riy= b Utel0s)
c ifte [g, 77) ,
with ¢ > 0. Then all solutions of (4) are unbounded if ¢ # 1.

Since R(t) is discontinuous the equation (4) is understood in the Carathéodory sense. It would be
interesting to construct similar examples for smooth functions R(¢).

3 Variations on Sturm Theory

In the forthcoming sections we study the variations of the solution of the autonomous system (1) with
respect to the action-angle variables. Some qualitative properties of these solutions will be understood
thanks to a variant of Sturm theory. The classical results in this theory deal with the zeros of solutions but
it is known that in some cases these zeros can be replaced by the zeros of the derivatives (critical points).
See [9].
In this section we shall consider the equation
J+a(t)y=0 (12)

with a € L'(J) defined in an open interval J and such that
/ a(t)dt > 0 for each sub-interval J, C .J. (13)
J.

We know from Lebesgue differentiation theorem that

t+h
lim ! /t a(s)ds = a(t)

h—0 h

for almost every t € J. In consequence a(t) > 0 almost everywhere.



Our basic tool will be the argument 6(¢) of any non-trivial solution y(t) of (12). Using the polar change
of variables y + iy = re’? we have that the argument satisfies

0 = —(sin? 0 + a(t) cos? ). (14)

Critical points of y(t) correspond to 6 € 7Z; that is, (t) = 0 is equivalent to 6(t) = nx for some integer
n. In the next result we prove that the trajectory (y(t), y(t)) rotates around the origin in a clock-wise sense.
This fact has useful consequences.

Lemma 3.1. Let y(t) be a non-trivial solution of (12). Then the argument 6(t) is strictly decreasing. In
consequence,

(a) all critical points of y(t) are isolated,
(b) a local mazimum or minimum is reached at each critical point of y(t),

(¢) y(t) reaches a local mazimum (respectively, minimum) at t* € J if and only if y(t*) = 0, y(t*) > 0
(respectively, y(t*) < 0).

Proof. Given t1,to € J with ¢; < t5 we integrate the equation (14) over the interval J, = (¢1,t2) and
observe that

O(t) — O(t) = — / " S 6(2) + at) cos® (1)) dt < — /t " min{L, a()}dt < 0.

t1

At this point we have employed the condition (13). Once we know that (y(t), y(t)) rotates in a clock-wise
sense we deduce that if ¢* € J is such that 6(t*) = nm with n even, then there exists 6 > 0 such that

y(t) >0, (t—t")yt) <0 if 0 < |t —¢t*| < 0.
These inequalities are reversed when n is odd. Now it is easy to prove all the properties (a) — (c¢). ]

Next we state a result on separation of critical points.

Lemma 3.2. Let ¢1 and ¢2 be a fundamental pair of solutions of (12). Assume that ¢1 reaches two local
mazxima (respectively, minima) at t1,to € J with t1 < to. Then there exists tg € (t1,t2) such that ¢o reaches
a local mazimum (respectively, minimum) at to.

Proof. We assume that a local maximum is reached at t; and to. Otherwise we could replace ¢1 by —¢1.
Let 6;(t) be the argument function corresponding to ¢;(t). Both arguments are solutions of the same first
order equation (14) and so they cannot cross. Without loss of generality we can assume that 6;(¢;) = 0 and
02(t1) € (—2m,0). Then 60, (t) > 02(t) whenever ¢t > t1. Since 01 (t) is decreasing we know that 01 (t2) = —2n7w
for some integer » > 1. This implies that 62(t2) < —2n7 and so there exists some ¢y € (t1,?2) such that
02(to) = —2m. Consequently, a local maximum of ¢ is reached at . [ |

We finish this section with a result on symmetric equations.

Lemma 3.3. Let ¢1 and ¢o be a fundamental pair of solutions of (12). Assume that a(t) is defined in
an open symmetric interval J = (—7,7) such that a(t) = a(—t) for all t € J. Moreover, assume that
01(0) = ¢2(0) = 0 and ¢o has no critical points in J. Then ¢1 has no critical points lying in J \ {0}.

Proof. First we observe that the symmetry of the system with respect to ¢ = 0 induces the symmetries on
the solutions ¢ (—t) = ¢1(t) and ¢o(—t) = —@2(t). The function ¢4 (¢) has a critical point at ¢t = 0, say that
it is a maximum. Since ¢ has no critical point on J then, by Lemma 3.2, ¢; has at most another critical
point ¢, # 0 (a minimum). The function ¢; is even and therefore critical points must be symmetric with
respect to t = 0. This excludes the possible existence of ¢, and so ¢ = 0 is the only critical point of ¢;. W



4 Potential centers and action-angle variables

In this section we work with the equation
i+ V'(z)=0zeJ (15)

where J = (a, b) is some interval with —oo < a < 0 < b < 400 and the following hypothesis on the potential
is considered

(Ho) V € C3(T), V(0) = V'(0) = 0, V'(x)z > 0 if = # 0, limy_ps V(2) = +00 and V" (0) % 0.

In these conditions the equation (15) produces a center at the origin with J as a projection of the period
annulus. Given a point (z, %) in the punctured strip (7 x R) \ {(0,0)}, there exists a unique closed orbit
passing through it. The action I = I(x, ) is the area of the region enclosed by 7. The angle 6 = 6(z, &)

can be defined mechanically as the quotient
2T

=7
where 7 is the time employed to travel through « from the horizontal axis {# = 0} to the point and T is
the minimal period of the orbit. Let 7, be the orbit passing through (r,0) with 0 < r < b. The region
enclosed by v, will be denoted by A, and it increases with r. Moreover (J,, ., 4r = J x R and so
I = meas(A,) — 400 as r — b. From these facts and the well-known theory of integrable systems we
deduce that the map
(z,%) € (T x R)\ {(0,0)} — (I,0) € (0,00) x (R/27Z)

defines a symplectic diffeomorphism transforming the equation (15) into
I=0,0=uw{)

where w(l) = % and T'(I) is the minimal period interpreted as a smooth function of the action.

Let z(t,I) be the solution of (15) having action I > 0 and satisfying the conditions z(0,1) > 0,

#(0,I) = 0. This section is concerned with the study of this function and the derivatives @ = %f and %.
Letting r = x(0, I) we recall the classical formula
L) =V(r) (16)

where Q is the primitive of w with Q(0) = 0. This identity allows to connect the function x(¢,I) with the
function ¢(t,r) appearing in the resonance condition (3). Note that (16) also shows that Q(I) coincides
with the energy along the corresponding orbit.

Definition 4.1. For each I > 0 we define by
PI):={te[0,T()]:z(tI) >0}

the set of times when z(t, ) is non-negative. We also define by N(I):= [0, T(I)] \ P(I) the set of times
when z(t, I) is negative. O
Notice that, due to the symmetry z(—t,I) = z(¢,I), N(I) is an interval centered at ¢t = LD and P(I)

2
is the union of two intervals.

Lemma 4.2. The function x(t,I) belongs to C*(R x (0,00)) with

1 oz . @(t, 1) . P =V"(x(s,1))) (&(s,1)* — i(s,1)?)
smor = i e e x(t’I)/O (5(.1)?

Moreover, %(@,I) < 0.



Proof. The smoothness of (¢, I) follows from the connection with ¢(¢,r) via the identity (16). Indeed the
functions (¢, I) and %(L I) are solutions of the variational equation of (15) given by

£+ V" (a(t,1))€ = 0. (18)
From (16) we deduce that g—?(t, I) satisfies the initial conditions

Ox w(l) 0%

o, =22 % 1y =o.

81( 1) Vi(r) 31( )
The Rofe-Beketov formula (see [5], page 24) implies that the function £(¢) given by the right hand side
of (17) is a solution of (18) and a direct computation shows that

1 1 .
0)=———=——, £(0)=0.
€0 =557 = 7 €O
The uniqueness of solution of the initial value problem implies that the identity (17) holds. The inequality
%(@,I) < 0 follows from the expression of %(t,]) with ¢t = @ using that i(@,[) = 0 and
B(550 1) = =V («(F5. 1)) > 0. '

Lemma 4.3. In the previous notations, |&(t,I)| < 1/2Q(I) for allt € R and I > 0.

Proof. By energy conservation we have %a's(t, N2 = Q) — V(z(t,[)). Then, taking into account that
V(z) > 0 the result holds. [ |

The following sections are concerned with the behaviour of the periodic solutions z(t, I) of system (15)
and its partial derivatives with respect to the action-angle variables. Section 4.1 is devoted to potential
centers that are not globally defined by an asymptote of the potential function. In Section 4.2 we consider
the case when the second derivative of the potential is bounded. Section 4.3 is concerned with a combination
of the previous situations, an asymptote on one side and a bounded second derivative of V on the other
side. Finally, in Section 4.4 we continue with this situation but in addition we assume that the center is
isochronous. We describe the asymptotic behaviour of x(¢,I), (¢, I) and %(t,l) as I — +oo. The limit
functions are solutions of a Bouncing Problem that will be analyzed in detail.

4.1 Potential center with an asymptote

In this section we shall consider that the potential function V in (15) presents an asymptote at @ = a. That
is, we shall assume that V satisfies (Hp) with J = (a, +00), —00 < @ < 0. In addition we shall assume that
V' is convex near the asymptote, meaning that

(Hy) V"(x) >0 for all x € (a,a + ().

where ¢ is some number satisfying 0 < ¢ < |a.

The first result is concerned with the limit as I — +o0o of the negative semi-period of z(t, I). It is based
on a similar result in [14]. In order to state it properly, denote by T (I) the negative semi-period for each
I € (0,+00). That is, the length of the interval A'(I). Note that

T(I) T_(I) T()  T-(I)
N@=<2 T2 2 2)'

Lemma 4.4. Assume that V satisfies (Hy) and (Hy). Then T_(I) — 0 as I — +o0.

In the proof of this result we will employ the following elementary property.

Lemma 4.5. Let f : [M,+00) — R be a convex and decreasing function. In addition assume that f has
derwative f'(x) everywhere and lim,_, f(x) exists and is finite. Then

lim zf'(z) =0.

r—+00



Proof. Assume M > 0. By the convexity property we have that for all z,y € [M,+00), f(y) = f(z) +
f(x)(y —x). Taking > 2M and y = x/2, the previous inequality yields to zf'(x) > 2(f(z) — f(z/2)) and,
using that f is decreasing, |zf'(x)| < 2|f(z) — f(x/2)| for all > 2M. Then, since f(x) has a finite limit
as & — —+oo the result holds. ]

Proof of Lemma 4.4 We denote by v_(I) the portion of the orbit described by x(¢, I') on the half negative

plane and by V_ the restriction of the potential V on the negative semi-axis. Then, since Q(7) is the energy
of the orbit, the negative semi-period is written as

T(I):/w (I)y_\f/ (1) \/7

where _ (I) denotes the intersection of y_ (I) with the z-axis. The change of variable V_ ()2 = —Q(I)? sin 6
transforms the previous integral into

:_2\[/”< é) (VZH(Q(I) sin® 6)) do.

From hypothesis (Hp) we have that

o- Vi(z)  2vi0)

On the other hand, by hypothesis (H;), V! is a convex and decreasing function defined in (V_(a+ (), +00)
with limit @ < 0 at infinity so, by Lemma 4.5 and setting y = V_(z), we have that

1 —1ys
_ V.
lim M = lim y(—il)(y) =0. (20)
Tr—ra Vi(q}) Yy—r—+o0 y§
Therefore, on account of (19) and (20), there exists M > 0 such that (VV,) oVl y)| < M for all

€ (0,+00). Since Q(I) — 400 as I — +oo then V' (Q(I)sin®f) — a for every 6 € [—Z,0). Thus, by
Lebesgue’s dominated convergence theorem and on account of (20), T_(I) — 0 as I — +o0. [ |

The previous result states that the presence of an asymptote of the potential at the negative x-axis
implies that the periodic solution z(¢,I) tends to stay on the positive half-plane as the action tends to
infinity.

A significant role will be played by the derivative of the periodic solutions with respect to the action on
the interval M'(I). The next result will help to control its behaviour. Before stating it we introduce some
more notation.

Definition 4.6. Let I be defined by the equation Q(I;) = V(a + ¢). This is the value of the action
corresponding to the energy at the point (a + ¢,0). For each I > 0 we define

Al)= (r=(I), (1)) = {t € [0,7(])] : (t,]) < a +(}
the interval of time when z(¢,I) belongs to the interval (a,a + (). O
Due to the symmetry :z:(t + T(I) I) ( t+ T(I),I), when I > I then A(I) is an interval centered at

t= & and A(I) = {T(I)} if and only if I = I-. Otherwise A(I) is empty.
Lemma 4.7. Let x(t,I) be a solution of system (15) satisfying (Ho) and (Hy). Then the following holds:

(a) %(T(I)/Q,I) gl(t I) < gi(ﬁ(f),f) for all t € A(I).



) I
(b) 0< —ai;(:r(f)/z,l) < |af I‘“;{ for all T > I..

Proof. The functions &(t,I) and %(t, I) are a fundamental pair of solutions of the variational equation
E+ V"(x(t,I))€ = 0. By definition of A(I), we have that V" (x(¢,I)) > 0 for all ¢t € A(I) and @(t,I) has
no critical points for ¢t € A(I). Therefore the variational equation satisfies the condition (13) on A(I) and,
by Lemma 3.3, the only critical point of %(t, I)in A(I) ist = @ Moreover, by Lemma 4.2 we have

% (@, I) <0sot= T(QI) is a minimum as a consequence of Lemma 3.1 and so (a) is proved.

To prove (b) let us denote r_(I):= x(@,.’). We have then ' (I) = %(@J) due to :b(@,[) =0.

On the other hand, by conservation of energy V(r_(I)) = Q(I) and so % (@, I) = % Since I > I,

we have a < r_(I) < a + (. Consequently, there exists n = n(I) € (r_(I),a + ¢) such that
I-Ic=V(r-(I) = V(a+¢)=V'(n)(r_(I) —a—)
for all I > I.. On account of hypothesis (Hi), |[V/(r_(I))| > |V'(n)| for all I > I.. Hence,

Ox a+¢—r_(I) |al
ST/ < o <wn A

<w(I)

for all I > I as we desired. |

Remark 4.8. In the above results the potential function V' (z) has an asymptote at = a, a < 0. Analogous
results can be obtained when a = —co and the asymptote is located at b € (0, +00). Indeed it is enough to
use the change of variables = — —zx. O

4.2 Potential center with Lipschitz behaviour at infinity

In this section we consider a potential function defined on J = (a,+00) with —co < a < 0 and satisfying
(Hp). In addition we assume that

(Hz) V" is bounded in J

where J is a fixed interval of type J = [a, +00) with a < a < 0. We denote ||V"||oo := sup{|V"(z)| : z €
J} < 0.

Definition 4.9. Let x(t,I) be a solution of system (15) satisfying hypothesis (Hy) and (Hz). For each
I > 0, we define
B(I):={te[0,T(D)]:z(tI)e J}.

O

We observe that either B(I) is the whole interval [0,7(I)] or it is the union of two intervals containing
respectively t = 0 and ¢ = T'(I).

Lemma 4.10. Let z(t,I) be a solution of system (15) satisfying (Ho) and (Hz). Then
i(t, )2+ &(t, 1) > ie—”(”ij(o, N?>0
for allt € B(I), where M := max{1, ||V"||sx}. Note that |%(0,I)| = V'(r).
Proof. The identity z(T(I) —t,I) = x(t,I) implies that it is sufficient to prove the estimate on the compo-

nent of B(I) containing ¢ = 0. Let us consider the variational equation & 4+ V"' (z(¢,1))€ = 0. Clearly @(t,I)
is a solution of this equation. If we set n:= £, X:= (&,m)* and

40.0= Ly y o)
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the variational equation is written as X = A(t, I)X. Let ®(¢, I) be the fundamental matrix of the variational
equation with ®(0,I) = id for all I > 0. The Gronwall’s inequality states that

foc.nl <o ([ 146 las)

where || - || denotes the matrix norm induced by the sup norm of R%. Given a matrix A = (a;;) € M2(R),
|A|l = max{|a11] + |a12|, |az1| + |az|}. Since t € B(I) we have ||A(t, )| = max{1,||V"|l} = M and so
|@(t, )| < eTDM for all t € B(I). On the other hand, since the matrix ®(t, ) is symplectic, ®(t,1)~' =
—J®(t,I)*J, where J = ( % §). Consequently, ||[®(¢, 1)~ || < [|®(¢, I)*| < 2[|®(t, )| and so

1X ) < 12, D) X @] < 26" DM x (@)

for all ¢ lying in the component of B(I) containing ¢ = 0. ]

4.3 Potential center with an asymptote and Lipschitz behaviour at infinity

In this section we consider potential functions V € C?(J), J = (a,+0o0) with —oo < a < 0 satisfying the
hypotheses (Hp), (Hy) and (H3). Moreover,

(Hy) Timinf L&)

xr——+00 x

>0 and V”(0) > 0.

In the above conditions it is not restrictive to assume that a + ( = . From now on, [|[V"| :=
sup{|V"(z)| : x > a+(}.

Lemma 4.11. Assume that (H;), i = 0,1,2,3, hold. Then there exists ¢ > 0 such that
V//
%ﬂ <amn<! 2H°°7~2, I>0.

Here x(t, 1) is the solution of (15) and r = (0, 1I).

Proof. The function W(x) = Vi@) o e (0, +00) is positive and satisfies W(z) — V”(0) > 0 as z — 0T.

Since liminf,—, 1 oo W(z) > 0 we conclude that W (z) has a positive lower bound, say ¢ > 0. Once we know

that

Vi(z) Zcxifz >0 (21)

we deduce that V(z) > $a? if 2 > 0. Here we have used that V(0) = 0. We can invoke the identity (16) to
deduce the inequality Q(I) = V() = £r?. On the other hand, by (Hz) we have that V" (z) < ||V for
all x > 0. Then, taking into account that V(0) = V'(0) =0,

xT S 1
V(z) = / / V" (u)duds < mxz.
o Jo 2

The inequality (1) < %rz follows. [ |

We are now in position to prove the main result of this section. This result gives upper-bounds of x(¢, I)
and its partial derivatives in terms of the action. Since we are assuming o = a + ¢, the interval [0, T(1)]
splits as A(I) U B(I).

Proposition 4.12. Let x(t,I) be a solution of system (15) satisfying (H;), i = 0,1,2,3. Then the following
holds:

2
1 - for allt € P(I) and I > 0,
(@ | w0 <V,
QI for allt e N(I) and I > 0.
Q(I)

11



1 .
(b) 0 (t,1)| < V2 for all t € [0,T(I)] and I >0
o A(I) ift € B(I),
(C) Q(I) al(t,I)‘ < InaX{A(I),MWI(I_)ICQ(I)} th c 5,4(])7 I > IC

where A(I):= —VZCMeT(I)M + %jﬂm@ﬂmﬂ/{ and M := max{1, [|[V"[|sc }.

Proof. In order to prove (a) let us note that by Lemma 4.11, \/Q(I) > \/§r. Since |z(t,I)| < r for all
t € P(I) and I > 0, we have

On the other hand, if t € N'(I) then a < z(¢,I) < 0 so the assertion in (a) holds.

The proof of (b) follows straightforward from Lemma 4.3. For proving (c¢), let us first start by considering
t € B(I). Indeed it is not restrictive to assume that ¢ lies on the component containing 0. By Lemma 4.2
we have

ox
oI

|3(t, T)| yl—V”x s, )||:'csf)2—5c'(s,1)2y s
w(t, 1)+ &(t, 1)? &, D) / (&(s, 1) + (s, I)) ds-

S| <

By hypothesis (Hz) in (a+ ¢, +00) we have that B(I) = [0, T(I)]\.A(I) correspond to the set of times when
V"' (z(¢,I)) is bounded. Therefore, on account of Lemma 4.3 and Lemma 4.10 together with the general
inequalities a < Va2 + b2 and a® — b? < a? + b® we have

ox 1 t\l—V” (5,1))] .
81(“)‘\ (i:(t, 1) +x(t 1)2) H ”'/ + @(s, 1)2 d

9eT(I)M 20(1 ) 2T(I)M
< 12
S Vi -|- V2 / 1 —V"(x(s,I))|ds.

From (21) we deduce that V'(r) > cr > ¢, /WQ(I)% leading to

c2

\/ 2
‘mgi(tj)‘ < %J(I)M n MEQT(I)M (22)

for all ¢t € B(I). Here we also used that 1+ ||V"]|s < 2M.
On the other hand, if t € A(I), by (a) in Lemma 4.7 we have

‘ Q) 8‘”(151‘ max{‘ﬁ (m,1)

oI

|vam Srenl}.

where 7 = TC+ (I) is the right-hand endpoint of A(T). Notice that 7 € B(I), so the second function in the
previous maximum satisfies the inequality in (22) and so the result follows by (b) in Lemma 4.7. [ |

4.4 TIsochronous oscillators with an asymptote and a bouncing problem

In this section we assume that —oo < a < 0 < b = 400 and the potential V satisfies (H;), i =0,1,2,3. In
addition it will be assumed that all non-constant solutions of equation (15) have minimal period 27, that is
Q(I) = I. We will be interested in the asymptotic behaviour of the functions x (¢, I), (¢, I) and %(t, I) as
I — +00. The following notion will be useful to describe this behaviour.

12



Definition 4.13. Given v € L*(T), we say that 1 is a solution of the y—Bouncing problem (y — BP) if it
satisfies the following properties:

(i) v € WHe(T) "W (=, m),

(7’7’) 1/’ + PY( ) =0in (777771')7

(#4i) 1 > 0 and ¢(t) = 0 if and only if t = (2n + 1),
)

(iv) (m 4 0) = —)(m — 0).

O

The space L*°(T) is composed by the measurable functions which are 2m-periodic and essentially
bounded. W°(T) is the Sobolev space modelled on L°(T). Indeed condition (i) can be formulated
in more classical terms, without reference to Sobolev spaces. More precisely, we can replace it by

(i) ¥ : R — R is continuous and 27-periodic, the restriction [_, -, belongs to Cl[—m, 7] and the
derivative ¢’ is Lipschitz-continuous on [—, 7.

The equation in (i) can be understood in the Carathéodory sense. Finally we observe that, by periodicity,
1 also belongs to C'[r,37] and so the condition (iv) has a precise meaning. Typically 1’ will present a
jump discontinuity at the points ¢t = (2n + 1)7, n € Z.

Theorem 4.14. Let (I,,)n,>0 be a sequence of actions such that I, — +00 as n — +oo. Then there exist a
subsequence (I, )k>0 C (In)n>0, v € L°(T) and a solution v of the v — BP such that

x(t, In,)
N

x(t, In,)

ngk

(a)

converges uniformly to v, and

conwverges uniformly to ¢ in [~ + 8,7 — 8] for all § > 0.

(b)
Moreover the function ~y satisfies

Vv’ %4
lim inf Viz) < v(t) < limsup Vi) (23)
T—+00 x z——+00 x
almost everywhere.

An analogous result holds for —x

Theorem 4.15. In the same conditions of the previous theorem there exists a subsequence (I, )k>0 C
(In)n>0, 71 € L=(T) and a solution ¢y of the vy — BP such that

Vm, g] (t, Ln,,) converges uniformly to ¢ in [—m + 6,7 — 0] for all § > 0.

The function 1 satisfies the condition

liminf V" (z) < 1 (t) < limsup V" (z) (24)

T—+00 r—+00

almost everywhere.

In view of the generalized L’Hopital rule this condition is weaker than (23). It must be noticed that the
functions v and 1 do not necessarily coincide even when a common subsequence of (I,,) can be extracted.

Before proving these results we need some preliminary lemmas about the weak* convergence in L (J),
where J is a bounded interval. We first recall this notion of convergence. Given a sequence of functions
¢n € L®°(J) and ¢ € L>°(J), we say that ¢, converges to ¢ in the weak* sense, ¢,, — ¢ in L>(J), if

/x¢n—>/x¢ for each y € L*(J).
J J
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Lemma 4.16. Let (¢n)n>0 be a sequence of functions, ¢n, € L*(0,7), and C > 0 such that for each
d > 0 there exists N = N(0) satisfying |fn||L=,x-5) < C if n = N. Then there exist a subsequence

(Pni) k>0 C (Pn)n>0 and ngS € L>(0,m) such that ¢n,|0,x—s) = ¢A>|(0Jr_5) in L>®(0,m — ) for all 6 > 0.

Proof. Let (dx)r>0 be a monotone sequence tending to zero and let us denote Xj, = L>°(0, 7 — d). After
extending by zero any function of Xy to (0,7) we have

XoCcX1C--CXpC---CL>®(0,m7).

We will employ a diagonal procedure. The sequence ||¢>n“ X, 1s eventually bounded by C' > 0 by hypothesis.
Thus, Banach-Alaoglu Theorem states that there exist ¢y € Xy and a subsequence (qbgo(n))n?o C (¢n)n>0
such that ¢,o(n) — $o in Xo. Moreover, |¢ollx, < C. The sequence ||¢,||x, is also eventually bounded
by C > 0 by hypothesis. Thus, again by Banach-Alaoglu Theorem, there exist él € X; and a subsequence
(o1 (n))nz0 C (og(n))nz0 such that ¢, ) X ¢y in Xy. Moreover, ||¢1]lx, < C and ¢y = ¢o almost
everywhere in (0,7 — o). Here we are using that (¢,,(»)) is a subsequence of (¢4 (,)) and the uniqueness of
the limit in the weak™* sense. Inductively we have that for each k& > 0 there exist qgk € X}, and a subsequence
(Do (n))n=0 C (Doy_y(m))n>0 C -+ C (Pag(m))nz0 C (dn)nz0 such that ¢, () = p in Xi, [|okllx, < C and
¢r = ¢; almost everywhere in (0,7 — §;) for all 0 < j < k. Let us consider the sequence (¢, (n))n>0 and
define ¢ = ¢y, on (0,7 — dx). Thus ¢q, (n) 2§ in X, for all k > 0. Moreover ||¢A5||Xk < C for all k > 0 and
s0 ¢ : (0,7) = R is measurable and ||¢]|o < C. [

Remark 4.17. The next example shows that the stronger conclusion ¢,, N qAS in L*°(0,7) cannot be
obtained. Let ¢,, be the continuous function which vanishes on [0, 77— %] and grows linearly from 7'('—% tomin
such a way that [ ¢, = 1. By construction, for all § > 0 there exists N = N () such that ||¢y || o (0,r—s) < O
if n > N. We prove that there is no subsequence ¢,,, converging in the weak* sense in L°°(0, 7). Otherwise
there should exist ¢ € L>®(0,7) with ¢,, = ¢. Testing this convergence with the constant function x = 1
we deduce that foﬂqg = limg 4100 foﬂ on, = 1. We can also use the characteristic function of the interval

_1 . _1
[0,7 — %] as the test function x. In this case we obtain foﬂ N = limg_ oo fo N ¢n, = 0. Since N is

arbitrary these two facts are not compatible and so (Z) cannot exist. O

Lemma 4.18. Let f : [0,4+00) — R be a continuous function and let (¢n)n>0 be a sequence in L*(J)
such that ¢, — 400 almost uniformly as n — +oo. This means that there exists a sequence of numbers
(M,,) with M,, — 400 and such that ¢,(t) > M, almost everywhere. In addition assume that, for some

v € LX), fopn = in L>(J). Then
liminf f(x) < y(t) < limsup f(x) (25)

Tr—+00 T——400

for almost every t € J.

Proof. If liminf, ,; f(z) is finite we take @ € R with a < liminf, , . f(z). Otherwise we define
a = —o0. In the same way we take an upper bound § for limsup,_,, ., f(x). We define the set

Qup={geL>®J):a<g(t) <pael.

The choice of o, 3 and the convergence to infinity of ¢,, imply that fo¢,, belongs to €2, g if n is large enough.
The set Q, g is convex and closed with respect to the strong topology in L*°(J). Thus, it is also closed
with respect to the weak® topology. In consequence « belongs to €2, g. The class of functions described by
the inequalities (25) is precisely the set [, 5,5 [ |

Proof of Theorem 4.14. Let us denote f;(t):= \%x(t,]) and let (I,,)n>0 be a sequence of actions such
that I,, = 400 as n — +00. The function f, satisfies the Cauchy problem

i VU)o
et T n, 26)
f1,0) = Za=, f1,(0) =0,
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where 7, = x(0, I,,). Since Q(I) = I, according to (a) and (b) in Proposition 4.12 we have that |f;, (¢)| and
|f1, (t)] < /2 are uniformly bounded in T for all n > 0. Thus the family {7, }»>0 is equicontinuous, bounded
and K-Lipschitz with K < /2 so by Arzela-Ascoli theorem there exists a subsequence (In)k>0 C (In)n>o0
such that f7, — 1 uniformly for some function ¢ € W1>o(T) with Lipschitz constant [, = K < v/2.
This proves by now that 1 € W1°°(T).

By Lemma 4.4, we have that N ([,) — {7} as n — +oo. Consequently, for any § > 0 small enough
there exists ng(d) such that [—7 + 6,7 — §] C [—m, 7] \ N (I,,) for all n > ng(6). Thus, for each § > 0, the
function f;_ is positive on [—m + §,m — ] for all n > ny(d) and so by hypothesis (Hs) we have

‘V/(fln (t)VIn)
fr, VT,

Thus, it follows from (26) that there exists a constant C' > 0 such that |f;, (£)] < C for all t € [—7w 40,7 — 4],
d > 0and n > ng(d). Again by Arzela-Ascoli theorem, for each § > 0 there exists a subsequence (I,,, (5))k>0
such that f[nk((s) — 4) uniformly on [—m + 6,7 — §]. Taking a sequence (J;)r>0 tending to zero and arguing
by a diagonal process we can consider the convergent subsequence independent from ¢ and so without loss
of generality f7, — 1 uniformly in every compact subset of (—,).

<|V"|oo forallt € [—m+ §,7m — 4] and n = ng(4). (27)

Up to now we have proved the convergence results (a) and (b). Moreover, we know by now that
1 € WH(T). Let us now show that v is a solution of a bouncing problem. The first step will be
the construction of v € L*°(T). On account of (27) and Lemma 4.16, there exists v € L*°(T) with
V]l o (1) < ||V"]|oo such that

V'(f1,, v/Ini)
fInk \V4 Ink

For the sake of simplicity we consider (I, ) to be the same as the previous subsequence. From the previous
limit we have that v is 2w-periodic.

Let us take 6 > 0 and ¢ € D(—n + §,m — d) a smooth test function with supp(¢) C [-7 + J, 7 — §]. We
have that supp(¢) C P(I,,) for sufficiently large k. We have, on account of equation in (26), that

" VI, (VT
/ {ff,,bk<t)¢<t)+ NN

sy in L®(—7 + §,7 — §) for any § > 0. (28)

fra, (t)¢(t)} dt = 0.

—T

It is at this point where property (28) plays an important role in the passage to the limit. Indeed, if u,, — u
uniformly in L>(T) and v,, = v in L°(T) with ||v, || () bounded then [, u,v, — [ uv. Therefore, since
[r1,, converges uniformly to ¢ and using the weak™ convergence in (28),

| {f (3(t) + V’;f;lgt()tg) fin, <t>¢<t>} = [ @i +2@uoonld o

That is, 1) satisfies the ordinary differential equation 1Z;+’y(t)1/) = 0 in the sense of distributions in D(—m, 7).
Since we are dealing with an o.d.e., distributional solutions coincide with solutions in the Carathéodory
sense and so ¢ € W2 (—x, 1) and the equation holds almost everywhere in (—, 7). This shows properties
(7) and (i) of Definition 4.13.

Let us now show the remaining properties. To show (iii) we select ¢t € [0,27], ¢ # w. Then, since
N(I,,) — {r}, we know that fr, (t) > 0 for k large enough. In consequence ¥(t) = limy— o0 f1,, (t) is
non-negative. Since v is continuous and periodic we deduce that ¢» > 0 in T. Moreover, by Proposition 4.12
we have | f7()| < |a| I72. Thus [¢()| < 0 and so ¢(7) = 0. On account of the 27-periodicity we have then
that ¥ (t) = 0 if t = (2n + 1)7. On the other hand, if there exists t* € (—m,7) such that ¥ (t*) = 0, since

¢ > 0 we also have ¢)(¢*) = 0. Notice that we already know that ¢ is in W?°°(—m,7) and so it also belongs
to C[—m,7r]. Thus, on account of uniqueness of solution of the differential equation 1) + v(t)y» = 0 on

—7, ) we have that 1) = 0. However, by Lemma 4.11 we have f; (0) > ,/o2— contradicting that 1) = 0.
n V71l
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This proves (i2i). The symmetry properties of the equation (15) lead to the identity f;(7m +t) = fi(m —t).
Passing to the limit we obtain the identity ¢ (7 + t) = 9 (7 — t) which implies (7 +t) = —t)(x — t) for all
t € [-m, ). Note that, by periodicity, ¥ also belongs to C'[r, 3n]. To complete the proof we must check
the condition (23). Let us fix a compact interval J C (—m, 7). Since 1 (t) is positive on J and f;, —
uniformly, there exists a constant p; > 0 such that fr (t) > pg if n is large enough and ¢ € J. We apply
Lemma 4.18 with f(z) = @ and ¢, (t) = f1,(t)v/In. Then ¢, — +oo almost uniformly on J with
M,, = pj\/T,. Therefore (23) holds for almost every ¢ € J. The interval J C (—m, ) is arbitrary and the
inequality (23) will also hold almost everywhere on (—m, ). [ |

Proof of Theorem 4.15. It is very similar to the proof of Theorem 4.14 and we will stress the points
where there appear some differences. Let us denote g;(t) := VI2%(t,1) and let (I,),>0 be a sequence of
actions such that I,, = +o00 as n — +o0. The function g;, satisfies the Cauchy problem

{éiln + V"(x(t,I,,))g1, = 0,

g1, (0) = 25, g1,(0) = 0. (29)

) gr

Since A(I,) € N(I,), by Lemma 4.4 we have A(I,,) — {n} as I, — +oo. Thus, for any 6 > 0 small
enough, there exists ng(d) such that [-m + §,7 — 8] C [—m,n] \ A(I,,) for all n > ng(6). Therefore, by
definition of A(I), |V (z(t,I,))| < ||V||e for all t € [—7 + 6, — §] and, by (¢) in Proposition 4.12, |g;,, ()|
is uniformly bounded in T for all n > 0. Consequently, taking into account equation (29), we have that
there exists some constant C' > 0 such that ||gr, |z ((—rts5,7r—s)) < C and [|gr,, || o ((—r+5.7—s)) < C for all
n = no(d). We point out here that C is independent from § since the previous bounds are independent from
§. By Arzela-Ascoli theorem, there exist a subsequence (I, )k>0 of (In)n>n, and 11 € C1(—m, ) such that
g1, — 1 and g1, — vy uniformly on compact subsets of (—m, 7). Moreover |11 (t)] < C and |¢1(t)] < C
for all t € (—m, ). In particular 1 is bounded and Lipschitz-continuous with [¢1]1;, < C. This implies
that 11 has a continuous extension to [—m, 7| and, by periodicity, to the whole real line.

By now we have proved that 1/; € W1°°(T) and the convergence assertion on the statement. The rest of
the proof goes along the same lines of the proof of Theorem 4.14. The only substantial difference is in the
last step, when Lemma 4.18 is applied. Now f(z) = V" (x) and ¢, (t) = z(¢, I,,). For each compact interval
J C (—m, ) the sequence ¢,, — 400 uniformly in J. [ ]

5 Resonance of isochronous oscillators

This section is dedicated to prove some of the results presented in Section 2.

5.1 Proof of Theorem A
We first study some simple properties of the linear equation

i+ a(t)y =b(t) (30)
where a € L*°(0,2m), b € L'(0,2n) and ||a|| Lo (0,27) < A.
(i) Let )(t) be the solution of (30) with b = 0 and initial conditions 1(0) = 1,%(0) = i. Then there exists
C > 0, depending only on A, such that |¢(¢)| < C for each t € [0, 27].

(i4) Let y(t) be the solution of (30) with initial conditions y(0) = (0) = 0. Then |y(t)| < C?(|b]|11 (0,2 if
t €0, 27].

To prove (i) we observe that the matrix (% %) is a solution of the linear system Y = (,(?(t) (1)) Y, where
u = Re, v = Imy. The estimate is obtained as in Lemma 4.10. To prove (ii) we apply the formula of

variation of constants, leading to

y(t) = / [o(t)u(s) — v(s)u(t)]b(s)ds.
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Cauchy-Schwarz inequality can be applied to the term in brackets to obtain
[o(t)u(s) — v(s)u(t)] < (w(t)? +v(t)?)? (u(s)? + v(s)%)? < C*.

The Second Massera’s Theorem [15] states that if all solutions of (2) are globally defined in the future
and at least one of them is bounded in the future, then a 2m-periodic solution must exist. Our strategy
will be to prove non-existence of 2m-periodic solutions of (2) for € # 0 small. We proceed by contradiction
and assume that {e,} is a sequence with ¢, # 0, &, — 0 such that the equation (2) has a 27-periodic
solution x,(t) for € = ¢,,. Let X,,(¢) be the solution of (1) with the same initial conditions of x, (t) at t = 0,
X,,(0) = 2,(0) and X,,(0) = &, (0). The difference y,(t) = z,(t) — X, (t) can be seen as a solution of the
equation (30) with

1
a(t) = / V(1 = Nan(t) + AXo () dA, b(t) = enp(t).

0

From property (ii) we deduce that

lynllzoez) < Clenllplzr . (31)
Here A = sup g |V (2)|.
The function y,(¢) can also be interpreted as a 27-periodic solution of the linear periodic equation
j+V"(Xn(t)y = enpn(t) — an(t)
with .
4n(t) = yn(t) /O V(1= N (t) + AXo () — V" (Xo(8))] dA.

Note that the coefficients of this equation are 27-periodic because the oscillator defined by (1) is globally
isochronous. All solutions of (1) are of the type ¢(t — 6,r). In particular, X,,(¢) = ©(t — 0,,7,) for some
0, € [0,2x] and 7, > 0. The function ¥(t — 0, 7,) is a 2m-periodic solution of the homogeneous equation
j+ V" (X,(t))y = 0. Fredholm alternative can be applied to deduce that

27 27T
sn/o p(t)l/z(t—Hn,rn)dt—/O an (Y (t — By, 7 )t = 0,

In other words,

2
0

21 En

The definition of g, together with the estimate (31) and the Dominated Convergence Theorem imply
that £g,,(t) — 0 as n — +oo0 for every ¢ € [0,27]. From the property (i) we know that ||¢(-,7)|| oo (1) < C

€

and the estimate (31) implies that

gnll Lo (T
@ 2l IV |l 1o -

len
Using once again dominated convergence,
@, (0, 1) — 0 as n — 4o0.

This is incompatible with the assumption (3) and proves Theorem A. [ |

A refinement of Massera’s Theorem shows that the equation (2) has a 2m-periodic solution if there exists
a solution x(t) which is defined in [0, +00) and satisfies

liminf (|x(27n)| + |£(27n)|) < +oc0.

n——+oo
See [18]. In consequence, if the equation (2) is resonant all solutions satisfy

lim (Jz(27n)| + |#(27n)|) = +o0.

n—-+oo
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A standard argument using Gronwall’s lemma and ||V"'||o < 400 implies that there exists a constant C' > 0
such that for every solution z(t),

(6] + |2(8)] = C (J«(0)] + [£(0)]) if € [0, 27].

Therefore every solution of (2) satisfies |z (t)| + |#(t)| — +oo as t — +o0.

5.2 Proof of Proposition 2.2

The aim is to show that if ®, has a non-degenerate zero (6., r,) then a 27-periodic solution persists on the
perturbed system (2) for small €. At this point the authors want to emphasize that Melnikov method to
study subharmonic bifurcations cannot be applied in this framework due to the isochronicity of the center.
Instead, degree theory will be the key point on the proof of the result. For the sake of completeness we
sketch Nagumo’s definition of Brouwer degree. There are other equivalent ways to define this degree, we
refer the reader to [13] for more details.

Let © be an open and bounded subset of R? and a function f :_Q — R? which is continuous and
does not vanish on the boundary of Q. First we assume that f € C1(Q) and has a finite number of zeros
X1,..., %, € Q with det f/(z;) # 0 for each i. Then the Brouwer degree of f in Q is

deg(f,9) =) _signdet f'(x;).

i=1

In the case f is continuous, we approximate it by functions f; in the previous conditions and define

deg(f,Q) = kEToo deg(fx, ).

An important property of the degree is its invariance by homotopy, which plays a crucial role on the
proof of the result under consideration.

Proof of Proposition 2.2. Let x(¢;xo,v0,€) be the solution of (2) with initial conditions z(0) = =y,
#(0) = vg. Define

x(t; xo, vo, €) — x(t; 0, Vo, 0)] ife #0,

5z (t; 20, v0,0) ife=0.

For each € € R consider the planar map

Fo:R? 5 R? Fo(xg,v0) = (A(Qﬂ';xo,vo,zs),A(27T;J;0,v0,5)).

We are going to prove that Fy has a non-degenerate zero. Then, for small € # 0, the map F. will also have
a zero. Clearly this zero will produce a 2w-periodic solution of (2).

Let N > 1 be the integer such that all non-trivial solution of (1) have minimal period 2F. Then (-, r)
has period %“ and the map

0, (0,7)= 0p(5,7)
is well defined on the cylinder C. The map (6,7) + (N6,7) is a local diffeomorphism of the open cylinder
C = (R/27Z) x (0,00). Let (04, 7.) be the non-degenerate zero of ®, given by assumption, then (N6,,7.) is
a non-degenerate zero of ®,. This can be deduced from the definition of degree or from Leray multiplication
theorem.

Let us now consider the diffeomorphism

n:(0,r) € C— (@(—%,r),gb(—%,r)) € R\ {0}.

We are going to compute Fyon using the formula of variation of constants. The function y(t) = A(¢;n(6,r),0)
is the solution of

§+ V" (et = o))y = p(0), 9(0) = () = 0.

18



(e o | () o

where M = (¢ %) and u(t,r) = Rey(t,r), v(t,r) = Imap(t,r). In consequence

Foon(d,r) = QWM(—%,T)é)p(H,T).

Here we are identifying C and R? so that <i>p takes values in R?. The matrix M has determinant one and so
the zeros of Fyon and ®, coincide. For each A € [0,1] define Hy : C — R? by H(0,7) = M(—232,r)®,(0,7).

> N
We observe that Hy = J®, and H; = i}‘o on where J = (‘1J *01). Moreover, the zeros of H are
independent of A. We conclude that (N6,,r.) is a non-degenerate zero of Fyon. Then (zf, v§) = n(NO., 1)
is a non-degenerate zero of Fy. This completes the proof. [ ]

5.3 Proof of Proposition 2.3

Lemma 5.1. There exist C,c > 0 depending on ||V"||oo such that

c< Wt )| <C, [Ytr)|<C iftel,2n] and r > 0.

Proof. Assume that ) = u + v with u = Ret), v = Imep. Then (§ §) is a matrix solution of the linearized
system and the upper estimates are obtained as in Lemma 4.10. In particular u(t)2+9(t)? < C? if t € [0, 27].
From Liouville’s identity,

1=uwd—iw < (u?+02)7 (W2 + 1')2)% < C |

and we can take ¢ = % [}

Proof of Proposition 2.3 Let p,q € L!(T). The fact that Ry is open follows from Lemma 5.1 since

C
(0, 7) — Pg(0,7)] < %HP —qllz1()-

Let us now show that Ry is non-empty. To do so, we shall see that if we take a sequence p, € L'(T)
with p, — 0 then p,, € Ry for n large enough. In order to arrive at contradiction we consider a sequence
{pn}n>0 such that for all n > 0, p,, € L*(T), p,, ¢ Ry and p, — §. From p, ¢ Ry it follows that for each

n there exists a sequence (9,(:1), r,(c")) € C such that @, (91(!1)7 r,in)) — 0. Arguing by a diagonal process we
can consider ®,, (6,,r,) — 0. On account of the bounds in Lemma 5.1, by Arzela-Ascoli theorem, there
exists a subsequence ¥(t 4 0, ,ry, ) that converges uniformly on [0, 27] to some Ve C(T,C) as k — +oo.
Moreover, ¢ < |1(t)] < C. Thus,

27

27 27
270y, o) = [ 00l = [ @) (9064 00ym) = 50) i [ o, 00101

The first integral tends to zero as k tends to infinity. Indeed, we have

2
| pua®) (60400 = 90)) d < I lin 96+ 0y ) = D) = 0

as k — 400 due to the boundedness of ||p,, || 1(r) and the convergence of ¥(t + 0, , 1y, ) to ¥ (t) uniformly
in [0, 27]. In addition, since p,, — 4,

27
A P (D (8)dE = (0)

as k — +o0 with [1)(0)| = ¢ > 0. Consequently,

1. c
|¢)pnk (enk?rnk)‘ — %‘w(0)| 2 % > 0

as k — 400, reaching contradiction with the choice of p, ¢ Ry . [ |

19



6 Two resonance results for a periodic perturbed isochronous of
Pinney type

This section is dedicated to prove Theorem B and C.

6.1 Proof of Theorem B

We are concerned with the potential
V(x 3 T+ +(x 12 4,9&6 , +00).

All the assumptions (H;) are satisfied in this case. From the first derivative V'(z) = % (:E +1- ﬁ)

it is easy to deduce that (Hp) and (Hjs) hold. Note that w — 1 as 2 — +oo. The second derivative

V"(xz) = 2+ 3(x+1)~* is positive and so (H;) also holds. Finally we observe that V" (z) < 1if z > 0 and
this implies (Has).

The next result could be stated for a general class of isochronous systems with strictly convex potential.
For our purposes we can restrict to the potential defined by (32).

Lemma 6.1. In the previous notations assume that x(t,I) is a solution of (6). Then

oz

E(t’l) <0 on (0,m).

Proof. The functions &(t,I) and %(t, I) are a fundamental pair of solutions of the variational equation

£4 V" (x(t,I))€ = 0. From equation (1) we deduce that the critical points of &(t, I) coincide with the zeros
of z(t,I). In consequence (t,I) has exactly two critical points in the interval [—m, 7], say —7m < t* <

0 <t} < . Moreover, by symmetry, t* = —t%. We are going to apply Lemma 3.3 twice. First we take
a(t) =V"(x(t,I)), p1(t) = g—?(t,l), ¢2(t) = @(t, 1), 7 = t% . Since &(t, I) has no critical points on (* , 17 ) we

deduce that %(t, I) has no critical points on (t*,%% )\ {0}. Next we observe that x(¢, I) has the symmetry,
x(t+m,I) = x(—t+m,I). This allows us to apply again the Lemma with a(t) = a(t +7), ¢1(t) = ¢1(t +7),
¢2(t) = ¢o2(t +m), 7 =7 —t. Now we conclude that %(t7 I) has no critical points on (t%,2m +t*) \ {7}.
We also observe that ¢3 cannot be a critical point of %(t, I) because this function and (¢, I) are linearly
independent. Summing up the previous discussion we conclude that g—};(t, I) has no critical points on the
interval (0,7). In consequence %(t, I) is monotone on this interval. Finally, by Lemma 4.2, %(0, I)>0
and %(W, I) <0 and so %(t, I) is decreasing. The conclusion follows. [ |

The next result describes the asymptotic behaviour of (¢, I) and its derivatives. It was already obtained
in [4] but there are significant differences in the type of convergence and also in the proof.

Proposition 6.2. Let x(0,1) be a solution of system (6). Then, as I — 400,

(a) % x(t, 1) — 2ﬂ|cos(%)| uniformly in T.
(b) % @(t, I) — —v/2sign(cos(%)) sin(L) uniformly in every compact subset of (—m, ).

() VI %(t,]) — V2 |cos(§)| uniformly in T.

Proof. We apply the results of Section 4.4. A key observation is that the inequality in (23) now becomes
an identity because the limit exists. Namely, lim,_, 1o Vfiw) = i. In consequence the function v has to be
the constant i. The next step will be to determine all the solutions of the Bouncing problem when v = i.

A direct computation shows that these solutions are of the type

P(t) = A

cos (;) ’ with A > 0.
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To determine the admissible values of A we first compute a couple of limits. Recalling that x(0,1) = r with
V(r) =1, r > 0, and using the concrete form of the potential given by (32) we deduce that

. 1
Jim TIx(o, I)=2V2.
Also, from the identity %% (0, 1) = V,(T)
lim \/faf” (0,1) = V2. (33)
I—+o00 8

The existence of these limits implies that the functions ? and 1, are uniquely determined. Actually

t) = 2v2|cos (£)| and ¢1(t) = $9(t). In consequence, as I — +oo, there is convergence of the func-
tions %x(',I), %x(, I) and I%(, I). The convergence must be understood in the senses specified by
Theorems 4.14 and 4.15.

Assertions (a) and (b) are already proved but some additional work is required to prove (¢). In view of
Theorem 4.15 we know that v/I2%(¢, 1) converges to 1y (t) for each t € (—m, 7). Moreover, by item (b) of
Lemma 4.7,

i VTG D) = 1) =
By symmetry we know that there is pointwise convergence of \f 9z 7(t,I) to ¢y (t) for each t € R. We
must prove that this convergence is uniform and it is enough to con81der the interval [0, 7]. We know by
Lemma 6.1 that the function vI9%(-,I) is monotone in [0,7]. A classical result says that if a continuous
function 4 (t) is the pointwise limit of a sequence of monotone functions v'I gf( I), then the convergence
is also uniform. [ ]

This result can be proved in a more direct way using the explicit formulas for ¢(t, ) and (¢, 7) given in
Section 2. The proof above is more flexible and can be adapted to general families of potentials having (32)
as a prototype.

We finish these preliminary results with some estimates for (¢, I) and its derivatives.

Proposition 6.3. Assume that V is given by (32) and let x(t,I) be the solution corresponding to (1). Then
there exists a constant C > 0 independent of I such that

1

\ﬁ|x(t,1)\+

1

t,1) +f’tl‘ c
ﬁl( )l
itt e [0,2m] and I > 0.

Proof. The bounds on |m(t, I)| and |z (¢, I)| are direct consequences of items (a) and (b) in Proposition 4.12.
To get the bound on |37 (¢, 1) ‘ we can combine item (¢) with the continuity of the function

(t,1) € [0,27] x [0, +00) — \ﬁ%(u) eR.

Note that this continuity is a consequence of the theorem of continuous dependence with respect to param-
eters and initial conditions when it is applied to the equation ¢+ V" (x(¢,I))y = 0. The continuity at I =0
is also valid because lim;_,o+ (¢, ) = 0 uniformly in ¢ and lim;_,q+ \ﬁ% 0,1) = 2. [ ]

Proof of Theorem B We write the equation (2) as the first order system & =y, y = —V'(x) +ep(t). This
system is defined on D = {(z,y) € R? : x > —1} and all solutions are global. In fact we can repeat the
energy arguments of Remark 2.1 for the potential V' (x) given by (32). The estimate (5) now implies that,
in finite time, the norm of the solutions |z(t)| + |y(t)| cannot blow up and also that z(¢) cannot approach
the vertical line = —1. Therefore the maximal solutions (x(¢),y(¢)) are defined for all ¢t € R.
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Second Massera’s Theorem is not directly applicable because the system is not defined in the whole
plane. To overcome this difficulty we transport the system from D to the plane (z,y) with x + 1 = e*. In
the new variables the system is £ = e *y, y = —V’'(e* — 1) +ep(t) and Massera’s Theorem is applicable. We
can conclude that if the equation (2) has no 27-periodic solutions then every solution x(t) of (2) satisfies

. . 1
ligljgop (|m(t)| + |&(t)] + W) = +o00. (34)

We claim that every solution of (2) satisfying (34) has to be unbounded, for otherwise there should exist a
number C > 0, a sequence t,, — +0o and a solution z(t) with |z(¢)| + |2(¢)] < C if t > 0 and «(¢,) — —1.
Then, for each h € [0,1], 1 + (¢, + h) < 14 z(t,) + Ch and so

/’fn“ dt N /1 dh N
— Y = Q.
’ () +1)3 7 Jy (z(tn) +Ch+1)3

n

After integrating the equation (2) over the interval [t,,t, + 1] we obtain

tnt1 tn+1 tn+1
d(tn +1) —:t(tn)+1/t (w(t)+1)dt=€/t P(t)dﬁi/t (a;(t)diim?f

n n n

This identity cannot hold for large n because the last term goes to infinity while the rest remain bounded.

The previous discussions allow us to conclude that the equation (2) will be resonant as soon as it has no
2m-periodic solutions. Our strategy will be to prove non-existence of 2m-periodic solutions of (2) for e # 0
small. We will proceed in several steps. First we prove that the initial condition of a 2m-periodic solution
cannot be close to the origin.

Claim 1: There exist ¢ > 0 and €, > 0 such that if 0 < |¢| < &, then every 27-periodic solution of (2)
satisfies |z(0)| + |£(0)| > o.

To prove this claim we denote by x(¢; xg,v0,€) the solution of (2) with initial conditions z(0) = xg,
#(0) = vy and define

. (%(2m5 30, v0,€) — 20
fe(gj07 UO) T <.’17(27T, Z0, Vo, E) —vy ) (35)

The initial condition of a 27-periodic solution corresponds to a zero of F.. After differentiating with respect
to the parameter € we obtain the expansion

Fe(zo,v0) = €Y (27m;29,v0) + 0(€), € = 0 (36)

where Y (¢; xo,v0) is the solution of the linear equation

Y= (—v"(g;(g; 20,0)) (1)) Y+ <p?t)> » Y(0)=0.

Moreover this expansion is uniform on (zg,v9) € K if K is a compact subset of D. For the origin (zg,vg) =
(0,0) this system can be solved explicitly and a simple computation shows that

Y (27:0,0) = /O o) (;2;?;?) dt.

The condition (3) at » = 0 implies that this vector does not vanish and, by continuous dependence, we can
find ¢ > 0 such that

1
1Y (2m; 20, vo)l| = 51 (2;0,0)[| > 0

if |zo| + |vg| < . The expansion (36) allows to find e, > 0 such that F.(xg,v9) # 0if 0 < |¢| < &, and
|zo| + |vo| < o, proving the veracity of the claim.
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Once we have proved the above claim we will employ action-angle variables (6, ). In the punctured
plane R? \ {0} the Hamiltonian system (2) is transformed into

. ox

0=1+ep(t)=—(6,1),

. p(a)xal( ) (37)
I= *517(75)%(97[)7

with Hamiltonian function 52(0,1,t) = I + ep(t)x(0,I), where x(t, I) is the solution of (15) introduced in
Section 4.

In view of the Claim 1 every 27m-periodic solution of (2) corresponds to a solution (6(t), I(t)) of (37) but
the periodicity of this new solution has to be proved.

Claim 2: There exists €, > 0 such that if 0 < |g| < e, and z(¢) is a 2m-periodic solution of (2) then
(0(t), I(t)) is well defined for each ¢t € R and satisfies (¢t + 27) = 0(t) + 2w, I(t + 2m) = I(¢t).

Let [0,w) be the maximal interval of (6(t), I(t)) when it is understood as a solution of (37). In view of
the second equation (37) and Proposition 6.3 we deduce that, for each ¢ € [0,w),

FVTO)| < 5 Ellnol. (39)

Integrating this inequality and assuming that ¢ € [0,w) N [0, 27],

VI ~ VIO < el Ipllncoy (39)

This estimate shows that I(¢) cannot blow up on the interval [0,27]. Let us show also that I(¢) cannot
touch the singularity I = 0. For this purpose we select a closed orbit v of (15) contained in |z| + || < o
and denote by o, > 0 the area enclosed by . Assuming that $|e|||p||r1(r) < 0. we deduce from Claim 1
and the condition (39) that

Itt) > ~o.. (40)

N | =

In principle this estimate is valid for ¢ € [0,w) N [0, 27
comes from a 27-periodic solution of (2) we know that

but now it is clear that w > 2w. Since (6(t), I(t))

0(2r) = 6(0) + 2rM, I(2r) = I(0)

for some integer M. The system (37) is 2m-periodic in ¢ and 6 and we can conclude that (6(t),I(t)) can be
extended to a global solution satisfying

Ot +21) = O(t) + 21 M, I(t+27) = I(t), t € R.

To complete the proof of the claim we must show that M = 1. From the first equation in (37), Proposition 6.3

and (40) we deduce
d Clellp(®)| _ /2
%(G(t) - t)’ < OR < ZC|E| Ip(t)], t €10, 2n]. (41)

For small e the function 6(t) — ¢t — #(0) must be small on [0, 27] and this implies that M = 1.
Claim 3: For small € # 0 the equation (2) has no 2m-periodic solutions.

By an indirect argument we assume that {e, }»>0, €, # 0, is a sequence tending to zero such that x,,(¢)
is a 2m-periodic solution of (2) with € = e,,. Let (6,,(t), I,(t)) be the corresponding solution of (37). After
extracting a subsequence we can assume I,,(0) — I, € [0,4o00] and 6,,(0) — 0. € [0,27]. In view of Claim
2 we know that 6, (t + 27) = 0,,(¢t) + 27, L,(t + 27) = I,,(¢).

Let us assume first that I, < +o00. From Claim 1 we know that I, > o, and the estimates (39) and (41)
imply that I,,(t) — I. and 0,,(t) — t — 6, uniformly in ¢ € [0,27]. In addition, on account of equations in
system (37) and the 27-periodicity of I,,(t) and 6,,(t) — ¢ in T, for all n > 0 we have

2 oz 2 or
| 05700100 = [ 550,00, 1,0)a = 0. (12)
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Passing to the limit in the previous equalities we conclude that

2m oz 27 ox
/O ()61( +tI)dt:/O ()80(0+t1)dt:0.

The functions 6—}” and 81 form a fundamental pair of solutions of (7). In consequence (¢, I.) can be

expressed as a complex hnear combination of them and therefore ®,(—0,,I.) = 0. This is a contradiction
with the condition (3).

Now let us assume that I, = +oo. In this case, on account of the estimates (39) and (41) we can

ensure that 0,,(t) —t — 6. and I,,(t) — +oo uniformly in ¢ € T. More precisely, 7 ((é)) — 1 uniformly in

t € T. On account of Proposition 6.2 we have that, as I — +o0, I%(G, I) |cos (g)| uniformly in T
and L '(9, I) — —sin (%) sign (cos (£)) uniformly in every compact subset of T \ {r}. Thus, on account
of ;"éég — 1 uniformly in ¢t € T, as n — +0o0,
ox 0.+t
POV 7 0,0, (0) — 5(0)cos (11|

uniformly in T and

1

(0,10 = —p(@)sin (92”) sign (cos ( 9*; t))

uniformly in every compact subset of T \ {w — 0, }. Consequently, using (42) for this particular case,
0= [ pOVIn(0)57On(t), In(t))dt — [ p(t)

0.
cos <+t> ’ dt
—T —T 2

0= [ : (1) Ii(o)j:(Qn(t), T, (t))dt — — : p(t)sin <92“> sign <Cos <92“>) dt.

In view of Proposition 6.3 we observe that

p(t)

and

11 (O):ic(en(t), I,,(¢)) is uniformly bounded. The convergence of
the second integral follows from Lebesgue dominated convergence Theorem. These two integrals vanish and

this is not compatible with condition (3). Indeed we can apply again dominated convergence to prove that

or (4] 2 3) o ()

Here we are using (8). [ |

27

27
lim p(t — 0)Y(t,r)dt = /0 p(t —0) <

r—-+4oo 0

Proof of Corollary 2.4 The Fourier expansion of ¢ (-,7) is of the type

+oo

W(t,r) = Z Con(r)et™

m=—0oo

and we will derive some properties of the first coefficients. The symmetry (—¢,7) = (¢, r) implies that
the numbers co(r), ¢1(r) and c_1(r) are real. Define

dy(r) = ;( 1(r) + e—1( %/ [Rew(t,r)] cos(t)dt,
d_(r)= %(01( )—c_1(r)) = % i Imi/) (t,r)]sin(t)dt.
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From the explicit formula (8) we observe that

1T sin’(t) 1
d-(r) = 21 /—71' \/COS2(%) + %= sin2(%)dt S 2

A

(43)

Here A\ = 1 4+ r. To obtain a lower estimate of d4(r) we cannot apply the same strategy because the
corresponding integrand changes sign. We use the symmetry (Rei(-,r) is even) to reduce the interval of
integration,

dy(r)= 1 /07T [Retp(t,r)] cos(t)dt = 1 /05 [Rep(t,r) — Rep(m — t,r)] cos(t)dt. (44)

v T

A direct computation shows that Rew(t,r) < 0 on (0, 7). In consequence Ret(-,7) is decreasing and d (r)
is positive. We can go further after observing that d’, (r) > 0 for each ~ > 0. This is a consequence of long
and direct computations coming from (8). Differentiating with respect to r,
d V2(4sin® () 4+ 3M\sin®(L))
9 Rew(t, ) = -

T A3 (24 (A= 1)(1 + cos()))?

Next we differentiate this formula with respect to ¢t by quotient rule and observe that all summands on

(45)

the numerator remain positive on (0, 7). Then % Reij(t, r)} >0 and % [Ret(-, )] is increasing on (0, 7).
Differentiating with respect to r in (44) and looking at the integral over (0, §) we conclude that d’, (r) < 0.
Hence,
dy(r) > dy(400) = 1 /7T }COS(%)’ cos(t)dt = 3
T Jo 3m
The computation of d; (+0o0) involves a passage to the limit (r — +o00) in the integral. This is justified by
the estimate |Ret(t,r)| < 2 implying that there is dominated convergence.

With respect to the coefficient

(46)

™

co(r) = L Rey(t,r)dt

2m J_
we differentiate in r and apply (45) to deduce that ¢{(r) > 0. Then, using again dominated convergence,
1 [7 2
0 < eo(r) < co(+o00) = f/ |cos(§)| dt = =.
™ Jo i

After these preliminary estimates we are ready to prove that the condition (11) implies (3). From the
definition of ®,(8,r),

27d,(0,7r) = aoco(r) + d4-(r) (a1 cos(8) — by sin(0)) + d—(r) (b1 cos(8) + a1 sin(P))s.
This integral can be identified to a vector in R? defined by w + DR[#]v where

=) e () 0= (57 )

and R[f] is the matrix of a rotation in the counter-clockwise sense. In the next computations we employ
the Euclidean norm in R?, denoted by | - |. From (43) and (46) we deduce

2
|27®, (0, 7)| = |w+ DR[f]v| = |[D(D~'w + R[0]v)| > 3 |D™ w + R[0)v].
T

In addition, in view of (43) and (46),

|D™ w + R[f]v| = |v] — [D7'w| = \/a? + b2 — C()(i(?(lfl)()' > /a2 + b2 — 3|ag| > 0.

The last inequality comes from condition (11). Finally,

1
|D,(0,r)] > 3?(\/a:{ + b2 — 3|ao|) >0,

as we desired. ]
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6.2 Proof of Theorem C

According to [20] the equation

. A
m+x:5,x>0 (47)

can be solved explicitly. The solution satisfying z:(0) = g > 0, £(0) = yo is

x(t) = \/(xo cos(t) + yosin(t))? + % sin?(t).

Lo
For X positive this solution is defined everywhere and it is possible to consider the map

@y :D = D, (2(0),#(0) = (2(3),(3))

where D = (0,400) x R. After some computations we obtain

2
—Yo . Yo , A
)> with (20, y0) = ;g + ;g

q))\xay (.’ﬂ MZo,Y% ), —F
(%0, v0) 0@ (o, %o) o (20, %0

The solutions of the equation (4) are also defined everywhere and the Poincaré map P : D — D is given by
P = ®,0®;. Here we are using that the equation (47) is autonomous. Some additional computations show
that

2,2
where I(zg,y0) = 1/ ig;’%ﬁ Due to the structure of P it is easy to check that the function I(zg, o) = o¥o
070
is a first integral, meaning that I o P = I. In consequence II is also a first integral and we can compute
explicitly the orbits of P, namely (x,,yn) = P"(xo,%0) = (xoﬂ(xo,yo)”,ﬁ). When ¢ > 1 the

function IT takes values above 1 and so the sequence x(nm) = x,, is a geometric progression going to infinity.
When ¢ < 1 this is also the case of &(nw) = y,. In both cases all solutions are unbounded. ]

7 Appendix: a result on isochronous centers

Next result is concerned with the behaviour at infinity of isochronous center when it presents a single
asymptote and it is based in [4, Lemma 8]. Here we present a more general version by considering the
convexity located at the endpoints of the interval of definition of V instead of the global convexity.

Lemma 7.1. Let V : (a,4+00) — [0,4+00) be an analytic 2w-isochronous potential such that V(0) = V'(0) =
0 and zV'(x) > 0 if © # 0. Assume that lim,_,, V(z) = 400 and limg 1o V(2) = +00. In addition we
assume that there exist (, M > 0 such that V is convez in (a,a + () with a +¢ < 0 and in (M, +00). Then
limg 400 (V/(2) — %) = —a/4.

Proof. Let us denote by V_ and V. the restriction of V' on the negative and positive axis, respectively.
From [7, Theorem B] the fact that V is an analytic 2m-isochronous implies that

Vi(2) = (v — o(2))*/8 (48)

for all z > 0, where o(z) := V" (Vi (z)). Hence, for z positive, V| (z) = 3(z — o(z))(1 — o'(z)). Due to
Vi(x) = 400 as x — 400 and V- (y) — a as y — +oo we have that o(z) — a as x — +oco. On the other
hand, V! is a convex decreasing function in (V"' (a+ (), 400) with limit @ < 0 at infinity so by Lemma 4.5
we have that

lim y(V-1)(y) =0. (49)

y—r+oo
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We claim at this point that mv‘.i*((xx)) is bounded as x — 4o00. Indeed, V, is a positive increasing convex

function in (M, +o0) so for all x,y € (M, 400) we have V (y) > Vi (x) + V| (z)(y — x). Taking > M and
y = 2z we have then

zVi(z)  Vi(2z)
ST S Ve

for all z > M. According with expression in (48) and using o(z) — a as © — 400, we have

-1

_ 2
Vi(2z) 1= Tim (22 —o(22))* 1—3
e Vi@ T e (o o(@)?
which proves the claim.
By the expression of o(x) we have that
xVi(z)

o' (x) = 2(V21) (Vi (2)) Vi (2) = (V2D (Vi (2) Vi (2).
Vi(x)

On account of equality (49) and using V, (z) — 400 as x — +oo we have lim, _, oo (V") (V (2)) V() = 0.

On the other hand, w‘}/:((;)) is bounded as x — +o00. Thus, zo'(z) — 0 as x — +oo (and, particularly,

o'(x) = 0 as © — +00). Consequently,

~ (@)~ 2) = 1 L Lo (@) - Loo'@) = _ ¢
mgrfoo (V+(x) 1) = mgr}rloo ( 40(1’) + 40’(I)O’ (z) kad ()] = 1
and so the result is proved. [ |
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