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LIMIT CYCLES OF DISCONTINUOUS PIECEWISE QUADRATIC
AND CUBIC POLYNOMIAL PERTURBATIONS OF A LINEAR
CENTER

JAUME LLIBRE! AND YILEI TANG?

ABSTRACT. We apply the averaging theory of high order for computing the
limit cycles of discontinuous piecewise quadratic and cubic polynomial pertur-
bations of a linear center. These discontinuous piecewise differential systems
are formed by two either quadratic, or cubic polynomial differential systems
separated by a straight line.

We compute the maximum number of limit cycles of these discontinuous
piecewise polynomial perturbations of the linear center, which can be obtained
by using the averaging theory of order n for n = 1,2,3,4,5. Of course these
limit cycles bifurcate from the periodic orbits of the linear center. As it was
expected, using the averaging theory of the same order, the results show that
the discontinuous quadratic and cubic polynomial perturbations of the linear
center have more limit cycles than the ones found for continuous and discon-
tinuous linear perturbations.

Moreover we provide sufficient and necessary conditions for the existence
of a center or a focus at infinity if the discontinuous piecewise perturbations of
the linear center are general quadratic polynomials or cubic quasi-homogenous
polynomials.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The interest on the dynamics of piecewise linear differential systems essentially
started with the book of Andronov et al [1], whose Russian version appeared around
the 1930’s. Due to the rich dynamics of the piecewise linear differential systems,
and their applications in mechanics, electronics, economy, neuroscience, ..., these
systems have been studied by researchers from many different fields, see for instance
the books of Bernardo et al [4] and of Simpson [27], the survey of Makarenkov and
Lamb [24], and the references mentioned in all these works.

For the planar continuous piecewise linear differential systems with two zones
separated by a straight line, Lum and Chua [22, 23] in 1991 conjectured that such
differential systems have at most one limit cycle. In 1998 Freire, Ponce, Rodrigo
and Torres [10] proved this conjecture. For other results in continuous piecewise
linear differential systems see [21] and the references quoted there.

While for the planar discontinuous piecewise linear differential systems with two
zones separated by a straight line Han and Zhang [12] obtained differential systems
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having two limit cycles and conjectured that the maximum number of limit cycles of
such class of differential systems is two. Huan and Yang [13] provided a numerical
example of one of those differential system having three limit cycles. Inspired in
this numerical example Llibre and Ponce [20] gave a proof of the existence of such
three limit cycles in the class of these differential systems. Later on other authors
also provide other discontinuous piecewise linear differential systems with two zones
separated by a straight line also exhibiting three limit cycles, see [6, 7, 17]. More
discussion about limit cycles of discontinuous piecewise differential systems can see
references [29, 31].

Recently the averaging theory has been developed for studying the periodic so-
lutions of the discontinuous piecewise differential systems. Thus Llibre, Mereu,
Novaes and Teixeira [18, 19] extended the averaging theory up to order 1 and 2
for studying the periodic solutions of some discontinuous piecewise differential sys-
tems using techniques of regularization. Later on Itikawa, Llibre and Novaes [14]
improved the averaging theory at any order for analyzing the periodic solutions of
discontinuous piecewise differential systems.

We consider planar discontinuous piecewise differential systems having the line
of discontinuity at y = 0 of the form

(1) &= Fi(i&yyf%
y‘ = Gi(I.’ y7 E)’

where

& =F*(z,y,e) =y+ Z ' (ajo + ajiz + ajoy + aj3a® + ajuzy + ajsy”
=1
+aj6x3 + aj7a:2y + ajgny + ajgy?’)7
n

y = G+($, Y, E) = —x+ Z Ej(bjo + bjlﬂf + bjgy + bj3$2 + bj4:ry + bj5y2

j=1
+bjex3 + bjrx?y + bjszy® + bjoy?),
if y >0, and

n
T = F_(I, Y, 8) =Y + Z €j(Aj0 + Ajl.r + Ajzy + Aj3$2 + A]-4xy + Aj5y2
j=1
jL-A]G.TB + Aj7.%'2y + Ajsxy2 + Ajgys),

y=G (v,y,e) =-x+ Z el (Bj() + Bjix + Bjoy + Bj3x2 + Bjary + Bj5y2
j=1
+Bjex® + Bjra?y + Bjszy® + Bjoy?),
if y <0, and where n € N, all parameters a;;, bj;, Aj;, Bji,e € R, and the pertur-
bation parameter |¢| is small enough. Here N is the set of positive integers and
R is the set of real numbers. Notice that system (1) is a discontinuous piecewise
differential system with the discontinuity straight line y = 0. As usual the dot
denotes derivative with respect to an independent real variable t.

In this paper we study the limit cycles of the discontinuous piecewise quadratic
(i.e. when all the cubic monomials in (1) are zero) and cubic polynomial differential
system (1), which bifurcate from the periodic orbits of the linear center & = y,
y = —x. A classical problem for smooth differential systems is the weak 16th
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Hilbert problem, which essentially asks for the maximal number of limit cycles
that bifurcate from the periodic orbits of a center when this is perturbed inside
a class of polynomial differential systems with a fixed degree, see for more details
[2, 3, 15, 28]. Here we are extending this problem to the non-smooth differential
system (1).

We denote by Lao(n) and Ls(n) the mazimum number of limit cycles of the
discontinuous piecewise polynomial differential system (1) with degree 2 and 3
respectively which can be obtained using the averaging theory of order n described
in section 2. Then we have the following results.

Theorem 1. For n = 1,2,3,4,5 we have that La(n) = 2,3,5,6,8, and Ls(n) =
3,5,8,11, 13, respectively.

Tliev in [16] studied the maximum number of limit cycles Lj(n) coming from
the perturbation of the linear center & = ¢, y = —x when this center is perturbed
inside the class of all polynomial differential systems of degree n. Buzzi, Pessoa and
Torregrosa in [7] found the maximum number of limit cycles L;(n), that bifurcate
from the periodic orbits of the linear center £ = y, y = —x when this center is
perturbed inside the class of all discontinuous piecewise linear differential systems
separated by a straight line. Their results for n = 1,2,3,4,5 together with the
results of Theorem 1 are given in Table 1.

Order n | L1(n) | La(n) | Ls(n) | Li(n)
1 1 2 3 0
2 1 3 5 1
3 2 5 8 1
4 3 6 11 2
) 3 8 13 2

TABLE 1. Maximum number of limit cycles bifurcating from the
periodic orbits of the linear center using averaging theory of order
n.

If there exists a neighborhood of the infinity in the Poincaré disc [9, Chapter
5] filled of periodic orbits, then we say that system (1) has a center at infinity. If
there exists a neighborhood of the infinity in the Poincaré disc where all the orbits
spiral going to or coming from the infinity, then we say that system (1) has a focus
at infinity. We shall investigate the problem of the existence of a center or a focus
at infinity under small perturbations, but before we need some definitions.

A planar polynomial differential system

(2) &= P(x,y), J=Q(,y),
where P(z,y) and Q(z,y) are non-zero polynomials, is quasi-homogeneous if there
exist s1, s2,d € N such that for all positive number « they satisfy

P(a®z,a®y) = M7 P(z,y),  Q(az,a®y) = a?TTIQ(x,y),
Then as usual (s1, s2) are the weight exponents, d is the weight degree with respect

to the weight exponents, and w = (s1,s2,d) is the weight vector of the quasi—
homogeneous polynomial differential system (2).
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By Proposition 19 of Giné, Grau and Llibre [11], an irreducible quasi-homogeneous
but non-homogeneous cubic ordinary polynomial differential system can be written
in one of the following forms:

(I z =y(larx + blyz), § = c1x + dyy?, with by # 0.
(IT)
(I11)
(IV) & = z(agz + bay®), § = ylcax + dyy?), with agdy # 0.
)
)

asz? + b2y3, U = caxy, with agbace # 0.

azy®, § = bsx® with azbs # 0.

8
I

8
|

xT

(Vv
(VI) & = agxy®, §=bex + cey®, with agbgcs # 0.
(VII) & = azx + by, § = cry, with azbrer # 0.

a5xy2, y= bsa® + C5y3, with asbscs # 0.

Perturbing the linear center by discontinuous cubic quasi-homogenous but non-
homogeneous polynomials, we obtain the following 7 systems:

3) & =y+ eylmr+by?), y=—z+ elaz+diy?) ify >0,
i=y+ ey(Aix+ B1y?), y = —z+ e(Cra+ D1y?) if y <0

where byc; B1C1 # 0,

(4) & =y+ caxa’ +by’, y=—x+ ecrry ify >0,
i =y+ eAwr®+ Boy?, y=—x+ eComy ify <0,

where a2b262A2B202 7é 0,

) T =1y+ easy®, y=—x+ ebsa? ify >0,
& =y+ eAsy3, y=—x+ eB32x? ify <0,

where agbgAgB3 75 0,

(©) & =y+ ex(asr +bsy?), §= -2+ ey(car +day®) if y > 0,
i =y+ ex(Asx + Bay?), = —x+ ey(Cax + Dyy?) if y <0,

where a4dy Ay Dy # 0,
T =y+ easxy’, y=—x+ ebsx® +cs5y° if y >0,

(7) T =y+ eAszy?, = —x+ eBsz? + Csy3 if y <0,
where a5b5C5A5B5C5 7& O,
(8) & =1y+ eagry?, = —x+ ebgx + cey® if y > 0,

& =y+ edgry?, y=—x+ eBexr + Cey® if y <0,
and a6b606A6B606 7& 0, and
) i =y+ elarz +bry®), y=—x+ ecry if y >0,
& =y+ e(Arz + Bry®), y=—z+ eCr, ify <0,
where a7b7C7A7B7C7 7é 0.
A center is called a global center when the periodic orbits surrounding the center
filled the whole plain except the center itself.

Theorem 2. Assume n =1 in system (1).

(i) System (1) has neither centers nor foci at infinity if the discontinuous poly-
nomtal perturbations are of degree 2 (i.e. if aj; = bj; = Aj; = By =0 for
i=6,..,9).
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(ii) The unique systems from (3) to (9) which can have a center or a focus at
infinity are the systems (3) or (9).

(iii) The infinity of system (9) is a focus. System (3) has a focus or a center
at infinity if —bie < 0 and —Bie < 0, and it has a center at infinity if
—b1e < 0, =B1e < 0, a1 = —2dy and A1 = 0 = D1, which is a global
center.

2. AVERAGING THEORY AND THE DESCARTES THEOREM

Using the polar coordinates (r,6) such that © = rcosf and y = rsiné, the
differential system (1) in these coordinates becomes

dr {P*(O,r,a) if 0<0<m,

10 — =
(10) do P=(O,re) if —7<60<0,

where PE(0,7,¢) = Z?Zl Eiji(H,r) + eF1Q*(0,r,e) with k € N, § € S* and
r € Ry, the functions P;* : S' x Ry — R for j = 1,2,...,k, and Q* : §* x Ry x
(—€0,€0) — R are analytic. Here ¢g > 0 and Ry = [0, 00).

The averaged function f; : Ry — R of order j for the differential equation (10)
is defined as

r,r) —y; -, T
an iy = DB D

where y]i for j =1,2,3,4,5 are

) j:1727"'7k7

0
w0 = [ PE.r)do,
00
i 0.0) = [ (2PF(0) +20PEG.r )y 0) ) do,

0
0.0 = [ (6PE(0) +60PF (G110 0.1)
+ 302 P (0, 1)y (6,7)? + 3OPF (6.7 yi (607) ) do,

0
(12) ufr) = [ (24PE.r) + 240PF 0 (001)
+120° Py (¢, 7)yi (9,7)° + 120557 (¢, 1)y3 (6,7)
+120° P (6, m)yi (6, 7)ys (6,7)
+ 40P PE(6,1)yE (6.7)" + 40PF(9, 1)y (6,1) ) do,

0
E0.1) = [ (1207 (6.) + 1200PE Gy (607)
+ 6002 PiE (6, 7)yi (6,7)2 + 600 P (6, 7)y5 (6, 7)
+ 6002 P (¢, 1)y (6, 1)y (6, 7) + 200° Pit (6, 7)yit (¢, 7)°
+200P5 (¢, 7)y3 (¢,7) + 200° P (¢, 7Yy (6,7)y3 (6, 7)
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+150° P (¢, 7)ya (9,1)° + 300° P (o, 7)yi (9,7) w2 (6,7)
+50* P (6, 1)y (607)* + 50P (9, )y (6,7) ) do.
From [14] we have the following result.

Theorem 3. Suppose that j is the first integer such that the averaged function
fi=0fori=1,2,...,5—1 and f; # 0. If there is r* € Ry such that f;(r*) =0
and fi(r*) # 0, then for |e| # 0 small enough there is a 2w —periodic solution r(0, )
of (10) such that r(0,e) — r* when ¢ — 0.

Note that the simple positive zeros of the averaged function f; provides limit
cycles of the differential equation (10).

We shall use the following version of the Descartes Theorem as it is proved in
[5].

Theorem 4 (Descartes theorem). Consider the real polynomial p(z) = a;z™ +
Qi @2+ a; @' with 0 =iy <idp < ...<ip. Ifaiai,,, <0, we say that we have
a variation of sign. If the number of variations of signs is m, then the polynomial
p(x) has at most m positive real roots. Furthermore, always we can choose the
coefficients of the polynomial p(z) in such a way that p(z) has exactly r— 1 positive
real roots.

3. PROOF OF THEOREM 1

We write the discontinuous piecewise cubic polynomial differential system (1) in
polar coordinates, obtaining a differential system (7, 0) After taking 6 as the new
independent variable we get a differential equation dr/df, and doing Taylor series
expansion of dr/df with respect to the variable € at ¢ = 0 we obtain the differential
equation (10) associated to system (1).

Since system (1) is a polynomial differential system, the functions Pji(e, r) and

jS(H, r,€) are analytic. Moreover the differential equation dr/d# in the form (10) is
27 —periodic because the variable € appears through the sinus and cosinus functions.
In order to apply Theorem 3 to our differential equation dr/df it suffices to take
an open interval D = {r : 0 < r < ro} C Ry, where the unperturbed system can
have periodic orbits r(6) such that r(0) = r with 0 < r < 9. Here we only give the
explicit expressions of

Pt (agj,bij,0,7) :% (7‘3 (4b19 cos(20) — 2byg sin(20) + aq9 sin(40) — aq7 sin(40)
— 4aye cos(20) — 2a17sin(20) + big sin(40) + a1 cos(46)
— 2a19 8in(20) + b7 cos(40) — a16 cos(46) — 2b16 sin(26)
— byg sin(46) — big cos(40) — a1g — 3a16 — 3b1g — b17)
+ 72 (2b15 sin(360) — 2a14sin(36) — 2b14 cos @ — 2a14 sin 6
— 2b138in(36) — 6a13 cos O + 2b14 cos(360) — 2a3 cos(36)
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+ 2&15 COS(39) - 2b13 sin 6 — 2&15 cosf — 6b15 sin 9)
+ r( — 4a128in(20) — 4aq1 cos(20) — 4ay1 + 4b1a cos(26)
— 4b11 s8in(26) — 4b12) — bigsinf — aig cos 9> ,
P;(aij, bij,0,r) = — agocos — by sinf — (b22 — (bya — ag1) cos? O + (aga + ba1) sin 6 cos 9)7‘
+ ( — bos sin@ — (boy + ass) cos O — (azq + bag — bas) sin @ cos? 0

+ (agz5 — agg + b24) cos® 0) r+ ( — bag — (ag9 + bog) sinf cosd

+ (2b29 — ags — bar) cos? 0 4 (bag + agg — agy — bog) sin 6 cos® 6

+ (bay — bag — ang + asg) cos? 9) 3 - (bm sin@ + ajo cos 6

+ (b12 4 (b11 + a12) sin @ cos O + (a11 — b1a) cos® O)r + ((a15 + bra) cos @
+ byssinf + (byz + aiq — bis) sinf cos® 6 + (a13 — big — ays) cos® O)r?

+ (bro + (big + a19) sinf cos O + (a1g — 2b1g + by7) cos? 6

+ (brg — a1g — b7 + aig) cos @ + (ar7 + byg — a1g9 — big) sin @ cos® 9)7"3)

(blo cosf — ajpsin @ + (—aiz2 + (b12 — a11)sinf cosf + (a2 + b11) cos? o)r
+ (—a5sin 60 + (bys — a14) cos O + (a5 + b1y — a13)siné cos® §
+ (blg — b15 + a14) COS3 9)7”2 + (—(llg + (b18 + 20,19 — a17) COS2 9
+ (19 — a18) sinf cos @ + (byy — arg — brg + aig) sinf cos® @
+ (b1g — big + a17 — aig) cos? 0)r3)/r.
We omit the explicit expressions of P (a;j, bij, 0,7) for k = 3,4,5 because they are
quite large. Moreover, we have
P (Aqij, Bij,0,7) =P (aij,bi5,0,7),
for k =1,2,3,4,5.

From (12) we compute the functions y;' (0,7) and y; (0,r) for j =1,...,5. After
we compute the averaged functions f;(r) for j = 1,...,5 by using formulas (11).
Thus the averaged function of first order is

fi(r) = Mmar® + mar? + mar + o,

where
i
M3 Zg( — Ayg — Bi7 — 3416 — 3B1g — b1y — a1s — 3b1g — 3ass),
2
N2 :g( — bis + A1s 4 2B15 — 2b15 — ans + Bis),
v
M1 25( — B1z — a1 — bz — A11),

Mo = — 2b1g + 2B1.

The rank of the Jacobian matrix of the function My = (m3,m2,m1,M10) wWith
respect to the parameters aq;, b1;, A1i, B1i, @ = 0,1,..,9 is maximal, i.e. it is 4.
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Then the coefficients 713, 712, 711 and 119 are linearly independent in their variables.
Clearly fi(r) = 0 has at most three solutions in D. Thus, by Theorems 3 and 4
it follows that at most 3 limit cycles can bifurcate from the periodic orbits of the
linear system using the averaging theory of first order, and from the last part of
Theorem 4 there are systems (1) with three limit cycles.

Solving m3 for Aig, ms for Biys, m1 for Bis and 19 for Big, we obtain that
f1(r) = 0. Applying the averaging theory of order two, we get the second averaged
function

Ja(r) = N257° + N2ar® + 137> + ma2r? + N217 + 20,

where

17;_8 (187ra16a18 - 2A16318 - 30A16316 - 6B17Blg — 1OB17BIG - 3A%8ﬂ'

— 18B17B1gm — 18A16A18m — 54 A16B19m — 6 A18B17m — 18 A18B1g7

+ 18maisbig + 6maishir — 3B, — 2TBigm — 2T Afgm + 3mais + 27Tmals
— 6bigbig + 277mbig + 3mbT, — 2B17A17 + 2B17A1g + 6a1sair — 2a1sbie
+ 6aiga1g + 2b17arg — 2birarr — 10b17b16 — 6b17b18 + 2b19a17 + 2a18b18
+ bdmaiebrg + 18maigb17 — 10b19b1s + 10a18a19 + 30b1gaig — 30a16b16
— 2a16b1s + 10a16a17 + 187b17b19 — 18 A16B17m — 2A18B16 + 6A18A17
+10A18A19 — 6B19B16 + 2B19A17 + 2A18B18 + 10416 A17 + 6A16A19
+ 30B19A19 — 10B19Bis),

25 =

124 :% (16314317/45 — 8a17b15/15 + 8aigb14/45 + 16a19b15/15 — 4b13b16/3
— 8A15A416/15 + 8B13B1s/15 — 16b15b16/15 — 16b14b17 /45 — 8bizbis /15
+4B13B16/3 — 8A15B17/45 + 8A17B15/15 + 8 A17B13/15 + 8a14a19/15
— 4A13B17/45 — 28A13A16/15 — 8A13A18/9 — 8arabig/15 + daizbir /45
4 4A16B14/15 — 32A15B1o/15 — 16A19B15/15 + 16B15B16/15
+ 8ai5a16/15 + 8aisbig/5 + 4ar4a17/15 — 8A13B19/5 + 8A14B16/15
— 8A15B14/45 — 8A14A10/15 + 16B15B1s/15 — 32A15A15/45
+ 32a15a15/45 + 28a13a16/15 + 8arzas/9 + Sarsbir /45 + 32a15byg /15
— dargbia/15 — 16b15b1s/15 — Saizbis/15 + 5raisbis/12 — 4414 A7 /15
+ 5mb15b19/2 + 5wb13b17/12 + bmaysars/4 + Smaighis/6
+ 57b13b1g/4 + 57b15b17/6 + Brwarsais/12 + 5A16Bisw/4
+ 5A18B157/6 + 5A14B177/12 + 5A14 A187/12 + 5 A16 B157/2
+5A414B1gm /4 + 5A14A167/4 + 5B15B19m/2 + 5A18B13m/12
+ 5B15B177/6 + 5B13B1om /4 + 5B13B177m/12 + 5maiabiz /12
+ B5maiabig/4 + 5maiebiz/4 + 57Ta16b15/2),

1
23 =, (32a14b15/9 — 32B7;/9 — 8A43,/9 — 8B13/9 + 16a14b13/9 — Barm /4
— 32313315/9 + 32b13b15/9 — 16A14Bl3/9 — 321414315/9 — A2871'/4
— 33297‘&'/4 — 3A267T/4 — b277T/4 — a287T/4 — 3(12677/4 + 37r2a16b12/4
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— 3bogm /4 + 32b%5 /9 — ma11b1g /16 + 3w2ay1b1g/4 — 1141, Bigm/16
+ m2a1gbio/4 — A1 B17m? /4 — 3A11 Bron? /4 — 3A16Ban? /4
—3A11A167% /4 — 3B12B197* /4 — B1aBi7m? /4 — A1gBiam? /4

— Ay A1 /4 4 Aa By /8 + A1gByim/8 — BiyBizmw/4 + 8a3,/9

— A11B1gm/16 — TA17B1am/16 + 3A13 A1om /8 + 3A11 A7 /16

+ m2a11a18/4 + T2a11b17/4 + 3a16a127/8 — birbii /8 + 8b25/9

+ 72b1ab17/4 + 372b1ob19 /4 + Ta1ab17/8 + Taigbi1 /8 + A1s Az /4
— Twai7b12/16 — 11b12b167/16 + 3A16A12m/8 + A11 A177/16

+ A4 Arsm/4 — A13Bi137/2 + 9b19a12m/8 — biabism/4 + 3bi2arom/16
— 11B12B167/16 + 3B12A197/16 — B17B117/8 + 3B19B117/8
—9B12B187m/16 4+ 9B19A127/8 + 3aisa1am/8 — 11a11b167/16

+ a11a177/16 — 3a16b117/8 + 3b19b117/8 + a15a147m/4 — B1aBism/4
+ a15b157/2 — b14b1sm/4 — bisa13w/2 + arsa137/4 — 9b12b1s7/16

— 3416B117/8 + BisA157m/2 + 3mar1a16/4 + 3ai1a10m/16),

722 :% (4323/3 — 4ag4/3 — 4baz /3 — 8ba5/3 + 4A24/3 + 8Bas /3 — 4b11b13/3
—4A19A14/3 — 16b12b14/9 + 8a12b15/3 — 20a13b12/9 — 8A12B15/3
+ 8ai1a15/9 — 4a11b14/9 — 8A15B12/9 — 8a17b10/3 + 4ai1a13/9
— 8b1ob1s/3 — 4b1obie + 8a10b19 + 4a12a14/3 + 8aipais/3 + 4aiobi7/3
+ 8A17B10/3 + 16B12B14/9 — 4A19B17/3 — 8 A19B1g + 4B11 B13/3
— 8A10A18/3 + 8B10B1s/3 + 4B19Bis + 4411 B14/9 + 20A13B12/9
—8A11A15/9 — 4A11A13/9 — 4A10A16 + 8a15b12/9 + 4aroais + Ta11a14
+ ma11b13 + Ta1ab12 + whi2b1s + 3a1sbio7/4 + Ya16b107m/4 + 3b1obi7/4
+ 2mb12b1s + 9b10b19m/4 + 2ma11b1s + BiaBiam + A1aBiam + A1 Biam
+ A1 A1am + 3B1oB17m/4 + 3A18Biom/4 + 9A16B1om/4 + 9B19gB1om/4
+ 2B12B157 4 2A11 Bi57),

N1 :% (16b10b15/3 — 16 B19B15/3 + 8b1ob13/3 + 8a14b10/3 — B19B138/3
— 8A414B10/3 — Boam — A}y /4 — B, JA + n°bly /4 + wPad, /4
— A1 — a1 — baom + 2B15A107 + a10a147 + 2a10b157 — b1abio7
— 2b19a137T — b1oby17/2 4 110127 /2 4 bizaiom/2 + T2 a11b12/2
—a11b117/2 4+ A1 A127/2 — BiaBiom — 2A13B1o7 + BiaAja7/2
— B1aB11m/2 4+ A1 A1om — A1y Bram? /2 — A11B117T/2),

N20 = — 2bgo + 2B20 — 2A10A11 + b1ob127/2 + ar1biom/2 + A1 Biom/2
— 2A10B12 + 2a1pa11 + B10B127/2 4 2a10b12 + 2B10B11 — 2b1ob11.

Because the rank of the Jacobian matrix of the function My = (925, 24, N23, 22, N21,

120) with respect to its variables ay;, by;, A, Bii, | = 1,2, = 0,1,..,9 is maximal,
i.e. it is 6, the functions nes, N24, M23, M22,M21 and 7y are linearly independent in
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their variables. Hence by Theorem 4, the equation f2(r) = 0 has at most 5 roots in
D and therefore at most 5 limit cycles of system (1) can bifurcate from the periodic
orbits of the linear system using the averaging theory of order two, and there are
systems (1) having 5 limit cycles.

Solving nas, 124, 1123, 22, 21, N20 for Aa1, Asa, Bao, Baz, A17,a17, we get fa(r) =0,
and we can use the averaging theory of order three. Then the third averaged
function is

rf3(r) = 38T 4+ n37r” + M36r" + M35 + n3ar® 4+ n3ar® + ma2r? + M3 + N30-

The functions 73; for j = 0, ..., 8 are linearly independent in their variables, because
the rank of the Jacobian matrix M3 = (130, . ..,738) with respect to its variables
is maximal, i.e. it is 9. We do not provide their explicit expressions, because they
are very long. Therefore the equation f3(r) = 0 has at most 8 zeros in D and at
most 8 limit cycles of system (1) can bifurcate from the periodic orbits of the linear
system using the averaging theory of order three, and again there systems (1) with
8 limit cycles.

By choosing conveniently some variables to cancel the coefficients n3; for j =
0,...,8 we do the third order averaged function identically zero. So we can compute
the fourth averaged function f4(r). And by doing this f4(r) identically zero we also
can compute the fifth averaged function f5(r). These two averaged functions have
the form

P fa(r) = manr't +naor™ 4+ naor® + nasr® + narr” + uer®
1457 + naar® + nasr® 4+ naor® + naar + Mo,

r2fs(r) = 51" 4 nsier'? + nsurtt 4 ms1or® + msor? + mssr® 4 nser”
+n567° + 1557 + N5ar® + ns53r® 4 Ms2r® + M517 + 1Ms0.

We can prove that the coefficients 7;; are linearly independent in their variables.
Their expressions are very long so we do not give them here. As a result of these
calculations it follows that f4(r) = 0 (resp. fs(r) = 0) has at most 11 (resp. 13)
solutions in D, and therefore at most 11 (resp. 13) limit cycles of system (1) can
bifurcate from the periodic orbits of the linear center, and there are systems (1)
having 11 (resp. 13) limit cycles.

Now we consider the discontinuous piecewise quadratic polynomial perturbations
in system (1). Doing in the previous averaged functions fi(r) for k = 1,2,3,4,5
the coefficients a;; = bj; = A;; = Bj; = 0 for ¢ = 6,...,9, we obtain the averaged
functions for the quadratic polynomial perturbations in system (1). From these
averaged functions we obtain the numbers La(n) for n = 1,2,3,4,5 in Theorem 1.
This completes the proof of Theorem 1.

4. PROOF OF THEOREM 2

Consider system (1) having the linear center # = y, y = —z and being perturbed
inside the class of discontinuous piecewise quadratic polynomial differential systems
& =y+ el (z,y),

(13)
y = -+ anlt(‘Tvy)v
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where
Fli(x, y) = aOi +afz+ aQiy + a3i332 + affxy + aSin7
Gli(x, y) = b(:)t + blix + b;cy + bgcxz + bfxy + bgtyz,

are defined in the regions {y > 0} and {y < 0}, and all parameters ajt,bj‘ eR
for j =0,1,..,5. It is not difficult to find that systems (13) have not a center at
infinity because first the equation

(b3 a® + bizy +b3y%) — ylaya® + afwy + a3y®) = 0
has at least a real solution because it is a cubic homogeneous polynomial, and
therefore system (13) has singularities at infinity. Moreover, by the analysis of the
local phase portraits of the infinite singularities of quadratic systems in [8] or [26],
it follows that the infinity of system (13) cannot be a center or a focus, because

always some orbits have their a— or w-limits at some infinite singularity. Hence
statement (i) of Theorem 2 is proved.

Perturbing the linear center by discontinuous cubic quasi-homogenous but non-
homogeneous polynomials, we obtain

i=y+ eFi(z,y),

(14) j=—z+ eGE(z,y),

where F (z,y) and G5 (x, ) belonging to one of systems (I)— (VIT) in the Section
1, are defined in the regions {y > 0} and {y < 0}. Notice that system (14) has not
a center or a focus at infinity if F5"(z,y) and G5 (x,y) have the forms (I1T) — (V)
because one of singularities at infinity of these systems is a saddle, node, saddle-
node or a nilpotent equilibrium by Poincaré transformations

(15) r=1/z,y=u/z, andz=v/z,y=1/z
together with the time variables dr = dt/z2. For simplicity, we only give the

compactification systems for (14) when ch(x, y) and G;E (z,y) belonging to system
(IV). System

T =y+ ex(asw + byy?),

(16) y=—x+ ey(caw + dgy?),

around the equator of the Poincaré sphere can be written respectively in

= —e(ay — cq)uz — 2% — e(by — dg)ud — u?2?,
2 = —z(eagz + ebygu® + uz?),

and

(17) U =e(by — da)v+ 22 + e(as — ca)v?z + v

2 = 2(—edy — ecqvz + v2?),

after changes (15), where asqds # 0. Notice that the origin of (17), which is located
at the end of the y—axis and is a singularity at infinity of system (16) of hyperbolic
type if by — d4 # 0 or of semi-hyperbolic type if by —d4 = 0. Then by Theorems 2.15
and 2.19 of [9] this singularity can only be a saddle, node or saddle-node. Hence
there exist no centers or foci at infinity of systems (16).

When Fi(z,y) and G5 (z,y) have the forms (I), (IT), or (VII), systems (14)
becomes

(18) & =y+ eylmz +biy?), y=—r+ elcz +diy?),
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(19) i =y+ elax® +by?), § = —x+ ecomy,

(20) i=y+ elarz+bry’), §=—x+ ecyy,

respectively, which have no singularities at infinity at the endpoints of the y-axis
from simple calculations. By the first change of (15), systems (18)-(20) can be
transformed into

(21) = (c1e — 1)2% —u?2? — e(ay — dy)u?z — breu?,

2 = —uz(a1ez + ebju® + 22),
(22) U= —e(as — co)uz — 22 — u?2? — boyeut,
2 = —z(cagz + ebau’® + uz?),
and
(23) = —2%—e(ar — c7)uz? — ebrut — u?2?,
2 = —z(earz? + ebru® + uz?),

respectively. Note that all systems (21)-(23) have a unique singularity at the end
points of the z-axis, which corresponds to the origin denoted by C; = (0,0) for
j=1,1I,VII. We will analyze the local phase portrait of the singularity C;.

First we consider the properties of Ct for system (21). Notice that the vector field
of (21) is invariant under the change of variables (u, z,t) — (—u, z, —t). Therefore,
system (21) is symmetric with respect to the z-axis. Thus, we only need to consider
the right half-plane u > 0 for studying the local phase portrait of C;. Using the
change u; = u?, z; = z, system (21) becomes
Uy = —2ebju? — 2e(a; — dy)urz + 2(cre — 1)22 — ug 22,

(24) 2 = —z(ebyuy + a2z + 22).

We need to use the following notions. Consider the analytic differential system
T = Xm(xay) + (I)m(may) = X(x,y),
y = Ym(.’E,y) + \I/m(x,y) = Y(.’L‘,y)7
where X,,,(z,y) and Y,,(x,y) are homogeneous polynomials of degree m > 1 such
that simultaneously do not vanish, and ®,,(z,y), ¥, (z,y) = o(r™) when r =
V2% +y?2 — 0. Let the origin O be an isolated singularity of (25). In order to see

when there exist orbits connecting with O, by Lemmas 1 and 3 in [25, Chapter 2]
we only need to discuss the orbits along exceptional directions of system (25) at O.

(25)

Applying the polar coordinate changes © = rcos and y = rsinf, system (25)
can be written in
Ldr  Hw(6) +o(1)

(26) rdb  Gm(0) +o(1)’

as r — 0,

where
G, (0) = cos Y, (cosf,sinf) — sin X, (cos b, sin b).
H,,,(0) = sin 0Y,,,(cos 0, sin 0) 4 cos X, (cos 0, sin 9).

Hence a necessary condition for § = 6 to be an exceptional direction is G, (fy) = 0.

For our system (24) we calculate

G2(0) = sin9(b15 cos® 0 + (—a1e + 2e(ay — dy))sin 6 cos 0 + (—2c1e + 2) sin® 0).
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When —bie < 0, the equation G2(6) = 0 has only two zeros 0 and 7 if 6 € [0, 27).
When 6 — 0 equation (26) has the form
Ldr  Hs(0)+o(1) 2

rd8 = G 1o~ g oW

Then r = rlef:o _%Jro(l)dt? — +00 as § — 0. Thus, by a similar proof of Theorem
10.1 and Theorem 10.5 in [30], we obtain that the u-axis is the only orbit connecting
with the origin of system (24) if —bje < 0. Therefore the discontinuous piecewise
cubic polynomial differential system (3) has a center or a focus at infinity when
—bi1e < 0 and —Bje < 0, where byc; B1Cy # 0.

Second we consider the local phase portrait of Crr = (0,0) for system (22). By
the blow-up u = wusz along the u-axis together with a time scaling dt = dt1/z,
system (22) becomes

1 = —1+4 coeu,

(27) 2 = —z(age + uz? + byeu3z?),

where we still write us as u for simplicity. The u-axis system (27) has only one
singularity (1/(cq€),0), which is a saddle or node if agcoe # 0. Therefore there
exist neither centers nor foci at infinity of systems (4).

Finally we consider the local phase portrait of Cyr = (0,0) for system (23).
By the blow-up u = u7z along the u-axis together with a time scaling dt = dt7/z,
system (23) becomes

1 = —1+4 creuz,

(28) 2= —2%(are + uz + breudz),

where we still write u; as u for simplicity. The u-axis system (28) has no singu-
larities. Notice that the w-axis is an orbit of system (28) and no other orbits can
connect with the u-axis. Furthermore for system (23) we calculate Go(6) = sin® 0
in (26), implying that all possible orbits connecting with Cy r; must be along the
direction of u-axis. Therefore we obtain that no orbits can go to or come from the
singularities at infinity of system (20), consequently no orbits can go to or come
from the singularities at infinity of system (9)

This completes the proof of statement (ii) in Theorem 2.

Now we shall study the existence or not of a center or a focus at infinity for the
discontinuous piecewise cubic polynomial differential systems (3) and (9), for this
we shall use the averaging theory for proving statement (iii) in Theorem 2.

We claim that the infinity is a focus for system (9). In fact, from the formula
(11), we can compute the averaged functions of order < 4 for system (9). The
averaged function of first order is

fi(r) = —rm(ar + e + A7 + C7) /2.

Then we solve a; = —c7 — A7 — C7 from fl(r) = 0. Applying the averaging theory
of order two, we get the second averaged function

fo(r) = 371 (Br — by)(A7 + C7)/32.
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Solving fa(r) = 0, we obtain by = By or A7 = —Cy. We use the averaging theory
of order three and get the third averaged function

~ 35 3 1
fa(r) = ’/T(A7+C7)7‘(—m(B'?—bg)TA'f'3—27T(B7—b7)(A7+C7)7‘2+Z(C7+C7)(A7+C7)).
When A7 = —C7 we have fg(r) = 0, and when b; = B; we have fg = m(C7 +
C~7)(A7 + C7)(A7 + 07)7”/4. Hence we get (07 + C7)(A7 + C7)(A7 + 07) = 0 from
f3(r) = 0. We compute the averaged function of order 4 for system (9) and we get

- 3 33
fu(r) = Bymr® ( ~ 125 (247 +3C1)(=Cr + A7)? — B3 (247 + 507)7”4>

1024
if by = By and A7 +¢7 =0, or

. 3
Jialr) = S5 Brmr® (f (1643 —8A2C; — 324,02 +24C3) — (224, B2 +55B$c7)r4)

if b = By and C7 + ¢7 =0, or

~ . 99 3
— B.C 3(__32 4__02)
Jas(r) = BrCrmr{ = qop Brr” = 535G
if Az = —C7. Therefore, the functions f41(r), f42 (r) and f43(r) cannot be identically
zero, otherwise we have a contradiction with the fact that B7C7 # 0. So there are
no periodic orbits, and we can obtain some isolated spiral orbit as close as we want
to infinity. Therefore the infinity is a focus for system (9) and the claim is proved.

For system (3) we can compute the averaged functions of order < 5. Here we omit
the tedious calculations and only show the results. Doing all the averaged functions
of order less than 5 identically zero, we obtain a; = —2d; and Ay =0 = D;. Then
system (3) becomes

i=y+ ey(—2diz +b1y?), §=—z+ e(cz+diy?), ify >0,

(29) & =1vy+ eBiy3, §=—x+ eCizx, ify <0,

where —b1e < 0, —Bie < 0 and byc1 B1Cy # 0. System (29) has the polynomial
first integral

2 2

eb 1—cc)x
Hy(z,y) = y—+—ly4+7( ) —adlxy2

2 4 2
if y > 0, and the first integral
€Bl 4 (1 — 801){[2

1V T

if y < 0. Let arbitrary |y| > 0 and Ry > 0 such that Hy(y,0) = Ry. From this last
equality we get y1 = +1/2Ro/(1 — ec1). Substituting z = v4,y = 0 into Ha(z,y),
we have that Ha(y4+,0) = Ha(v—,0), as shown in Figure 1. Notice that the origin
O is the unique singularity of system (29) if || is small enough. Therefore we have

a global center at the origin and consequently the infinity is a center if —bje < 0,
—Bie <0 and b1c13101 75 0.

y2
H2($7y) = 7 +

Statement (iii) is proved and the proof of Theorem 2 is completed.

We can illustrate the existence of a global center at the origin in Theorem 2 by
taking e =0.1,b1 =2, ¢1 = 0.6, d; = —1, By =1 and C7 = —0.6, as it is shown in
Figure 2.
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FIGURE 2. Existence of global center for system (29).

From the proof of statement (iii) in Theorem 2 and the averaging theory, we
have the following results because f41(r) or f42(r) has at most two positive zeros.

Proposition 5. At most 2 limit cycles of system (9) can bifurcate from the periodic
orbits of the linear system using the averaging theory of order four, and there are
systems (9) with 2 limit cycles.
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