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Abstract. We study the asymptotic development at infinity of an integral operator. We use this
development to give sufficient conditions to upper bound the number of critical periodic orbits that
bifurcate from the outer boundary of the period function of planar potential centers. We apply the main
results to two different families: the power-like potential family & = «? — z9, p,q € R, p > ¢; and the
family of dehomogenized Loud’s centers.

1 Introduction

Consider a continuous family of planar potential systems

where 1 € A is a parameter, A is an open subset of R%, d > 1, and V,, is an analytic function defined in an
open interval [, C R containing x = 0. In the case when V,,(0) = V;(0) = 0 and V;/(0) > 0 equation (1) has
a non-degenerate center at the origin for each value of the parameter and so the point (0,0) has a punctured
neighbourhood that is entirely foliated by periodic orbits surrounding it. The largest neighbourhood with
this property is the period annulus of the center and we shall denote it by &2,,. If we consider the embedding
of &, into RP?, its boundary, namely 0%, is divided in two connected components: the origin itself, which
is called the inner boundary of the period annulus, and the outer boundary of the period annulus defined
by II,, ;= 02, \ {(0,0)}. When the center is a potential oscillator the natural parametrization of the closed
orbits inside the period annulus is given by the energy level of the Hamiltonian H (z,y;u) = %yz + V. (2).
Since V,,(0) = 0 by convention, we have that H(Z,) = (0, ho(n)), where ho(n) € Rt U {+00} denotes the
energy level of the outer boundary II,,.

The object under study in this paper is the period function of the center. The minimal period T, (h) of
the periodic orbit 73, inside the energy level {H (z,y; 1) = h} can be written as the Abelian integral

dx
T,.(h) :/ —.
g Yo Y

This function is analytic on (0, ho(r)) for each value of the parameter and it can be extended analytically
to h = 0 due to the non-degeneracy of the center. The derivative T),(h) can also be written as an Abelian
integral and its zeros correspond to critical periodic orbits of the system. This paper is concerned with the
bifurcation of such critical periodic orbits from the outer boundary II,,. That is, for a fixed g € A, we aim
to control the number of critical periodic orbits of system (1) that may emerge or disappear from II,, as
we move slightly the parameter u = pg. This number is called the criticality of the outer boundary.

Definition 1.1. Consider a continuous family {X,},ca of planar analytic vector fields with a center and
fix some py € A. Suppose that the outer boundary of the period annulus varies continuously at pg € A,
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meaning that for any ¢ > 0 there exists § > 0 such that dg(II,,II,,) < e for all p € A with ||ju — poll <6
Then, setting

N(9,¢) := sup{#critical periodic orbits v of X, in &2, with dg(v,II,,) < € and ||p — poll <},

the criticality of (II,,,, X,,,) with respect to the deformation X, is Crit((IL,,, X,,), X,) := infsc N(6,¢). O

In the previous definition dy stands for the Hausdorff distance between compact sets of RP2. Notice that
according with this definition the criticality may be infinite but, in the case it is not, it gives the maximal
number of critical periodic orbits of X, tending to the outer boundary II,, in the Hausdorff sense as the
parameter 1 approaches fi9. The requirement of the continuity of &7,, with respect to the parameters of the
system ensures that the possible changes of &2, do not occur abruptly. We refer to [8] for details illustrating
the necessity of this extra assumption.

Definition 1.2. A parameter pg € A is called a local regular value of the period function at the outer
boundary of the period annulus if Crit((H“O,X ), X, ) = 0. Otherwise the parameter is called a local
bifurcation value at the outer boundary. O

The present paper is a contribution that follows the spirit of the series of works [5,6,15]. In these papers,
we develop analytical tools which allow to give an upper bound of the criticality at the outer boundary of the
period annulus of families of planar potential systems (1). The key idea is to find a collection of functions

t(h), i =1,2,...,n, verifying that there exist §,& > 0 such that (¢}, ¢, ..., ¢p,T},) form an Extended
Complete Chebyshev system (ECT-system for short, see Definition 2.10) on the mterval (ho(p) — €, ho(p))
and [|p — poll < 6. This fact implies that 7),(h) has at most n zeros in (ho(n) — €, ho(p)), counting
multiplicities, uniformly on the parameters p =~ po. In particular, Crit((HuO,X o)s X“) < n. According
with Lemma 2.12, to give an upper bound of the criticality is reduced to guarantee that the Wronskian
(see Definition 2.11) W(¢},,¢2,...,¢%, T, ](h) does not vanish for all (h,pu) ~ (ho(uo), o). The tools of
the previous works, and also the ones we present here, allow to tackle this problem in the following two
situations: either ho(p) = 400 or ho(p) < 400 for all u & py. That is, the case in which there exist p; and
2 in any neighbourhood of pg with ho(p1) = 400 and hg(p2) < +o00 is not considered.

Roughly speaking, the results in the previous papers relate the first term in the asymptotic develop-
ment of the potential V,, at the endpoints of I, with the first term of the asymptotic development of
Wlg,, é%, ..., o5, T,](h) at h = ho(u). This allows to control the sign of the Wronskian under consideration
for (h ,u) (ho(po) 0); that is, uniformly on the parameters u ~ po. However, there are some situations
where these first terms of V,, are not enough to compute the first term of the Wronskian at h = ho(u)
and so more terms in the asymptotic development must be employed. Theorem D and E in Section 3 aim
to generalize the results in [5,6, 15] in this direction. To accomplish the desired results, we will employ a

generalization of [6, Proposition 2.16] and [15, Theorem D] (see Theorem C in Section 2.)

As an illustration of these generalizations we recover the study of two different families of planar centers.
The first application is on the two-parametric family of potential differential system given by

r= -y,
{y'_(z+1)p(as+1)q, (2

which has a non-degenerate center at the origin for all u:= (g, p) varying in A:= {(¢,p) € R? : p > ¢}. As
far as we know, the period function of this center was originally studied by Miyamoto and Yagasaki [14],
giving a monotonicity result for ¢ = 1 and p € N. This result was improved later by Yagasaki [18]
showing that the period function of (2) is monotonous for ¢ = 1 and any p > 1 real. Motivated by
those results, we considered the whole family (2) with p > ¢ and performed an exhaustive study of the
period function in [7]. Concerning the criticality at the outer boundary, the family (2) became our testing
ground for the techniques mentioned before. In these works, see Figure la, we proved that parameters
po € A\ (PpU{g+1=0}U{(—3,p1)} U{(—3%,p2)}), with p1 &~ 1.20175 and p, ~ 1.15685, are local regular
values of the period function at the outer boundary. In addition, Crit((HHO,X o)s Xu) > 1if yg € I'p and
it is exactly one for parameters pg = (qo,po) satisfying either go = 0 and py € (0,400) \ {1}, po = 1 and
go < —3,0r po+2¢o+1=0and qp € (—3 £, 77) \{— } Using the tools in the present paper, the bifurcation
diagram in Figure la is improved by the following result. (See Figure 1b.)
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Figure 1: On the left, bifurcation diagram of the period function of the family (2)
at the outer boundary of the period annulus according with [5,6,15]. On the right,
improvement of the bifurcation diagram according with Theorem A. In both figures,
I'p stands for the union of the bold lines. In black the parameters with criticality
at least one. In blue the parameters with criticality exactly one. Black squares are
parameters that correspond to isochronous centers. Crosses are parameters where
techniques do not apply. The g-axis do not preserve the scale for the sake of space.

Theorem A. Let {X,},en be the family of analytic potential systems (2) and consider the period function
of the center at the origin. If 1o = (qo, po) with either po = 1 and qo € (—3,—1)\ {2}, or po+290+1=0
and qo € (—1, —%) \ {—%} then Crit((H#O,X#OLXu) =1.

The proof of this result is presented in Section 4.1.1 (see Proposition 4.2) and Section 4.1.2 (see Propo-
sition 4.6). The result finishes the bifurcation diagram of the period function at the outer boundary of
the family (2) except for the line {g + 1 = 0} and four points in the parameter space. (See Figure 1b.)
We point out that the line corresponds to parameters such that the energy at the outer boundary ho(u)
changes from infinite (¢ < —1) to finite (¢ > —1). The points correspond to parameters that do not satisfy
the technical hypothesis to apply the analytic tools. The bifurcation diagram in Figure 1b agrees with the
global bifurcation diagram conjectured in [7].

The second application is on the family of quadratic polynomial planar centers. The literature clas-
sify quadratic centers in four families: Hamiltonian, reversible Q¥, codimension four @4, and generalized
Lotka-Volterra Q%Y. Chicone [2] conjectured that reversible centers have at most two critical periodic or-
bits whereas the centers of the other three families have monotonic period function. Regarding quadratic
reversible centers, by an affine transformation and a constant rescaling of time, they can be brought to the
Loud normal form

{ & = —y + Bzy,

=2z + Dx? 4 Fy?.
In [3] the authors show that if B = 0 the period of the center at the origin is globally monotone. When
B # 0 one can reduce the system, by means of a rescaling, to B = 1. That is,

{9’6=—y+wy,

3
§ =x + Dx? 4+ Fy?. (3)

This family is known as dehomogenized Loud’s centers and it has a center at the origin for all parameters
p:= (D, F) € R%. The bifurcation of critical periodic orbits from the outer boundary of the period annulus
of system (3) has been extensively studied in the recent years. (See Figure 2.) We refer to the series of
papers [8,10-12,16,17] and references therein.

Our contribution to the bifurcation diagram at the outer boundary of the dehomogenized Loud’s centers
is to show that almost all parameters in the bifurcation curve D = G(F') have criticality exactly one. Up to
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Figure 2: Bifurcation diagram of the period function at the polycycle of system (3),
where p, = (—Fy, Fy) with Fy &~ 2.34. The union of the bold curves correspond to
the set of bifurcation parameters at the outer boundary. The union of dotted straight
lines correspond to the set of unspecified parameters. The complementary of those
two sets correspond to regular parameters.

now, this have been proved for parameters in that bifurcation curve with F' € (%, %) In order to state the
result properly, let us consider the parameter space

. 2.
A={(D,F)eR*:1<F<2D<-1D+F>0}

Moreover, let o Fy (a, b; ¢; z) be the Hypergeometric function (see [1, Section 15]), a:= (p2 —1)/(p2 — p1) with
p1 and pe defined in (15), and let ¢(u) be the function in the statement of Lemma 4.3 using the expression
of V,, in (18).

Theorem B. Let {X,,},.ca be the family of analytic potential systems (3) and consider the period function
of the center at the origin. Let pg = (Do, Fo) € A satisfying Dy = G(Fp). Then Crit((H#O,Xuo),Xﬂ) =1
in the following situations:

) 2o, )

The proof of the result is given in Sections 4.2.2 and 4.2.3. In that last Section, also a numerical
manifestation that condition (4) seems to be fulfilled for F € (1,2] is given. The condition c(pg) # 0 is
a technical requirement for the techniques involved in the proof and it is conjectured to be non necessary
for the criticality to be also exactly one for those parameters satisfying c(up) = 0. Regarding the equality
¢(po) = 0 we also show numerically that the equation has a unique solution (Dy, Fy) ~ (—0.56996, 1.00781)
in Section 4.2.3. The parameter Dy = Q(%) is conjectured to have criticality exactly two at the outer
boundary of the period annulus.

In the forthcoming paper [13] the authors also obtain (4) as a sufficient condition for bifurcation param-
eters in D = G(F) to have criticality exactly one using a completely different approach. In that work the
authors study the asymptotic development of the Dulac time function near hyperbolic saddle singularities of
meromorphic planar centers. They also use the dehomogenized Loud’s centers as testing ground and reach
6

the same result in Theorem B without the technical restriction c(ug) # 0 and allowing Fy = .



The rest of the paper is organized as follows. In Section 2 we study the asymptotic behaviour of an
integral operator that will be useful for the proof of the dynamical results in the paper. In Section 3 we
use these techniques to obtain two results that gives sufficient conditions in order to bound the criticality
at the outer boundary of planar potential centers. Finally Section 4 is dedicated to the application of such
sufficient conditions and so we prove Theorems A and B. The work is complemented with an Appendix that
contain the more technical proofs.

2 Asymptotic behaviour of a certain integral operator

Let ¢ € RT U {+00} and consider the integral operator
F :C0,¢) = C[0,¢)
defined by )
ZUf(2) = /05 F(wsin 0)do.

Here, and in what follows, C[0,c) stands for the set of continuous functions on [0,¢). In the collection of
works [5,6,15] the previous operator is studied because of its relation with the bifurcation of critical periodic
orbits. Indeed, the derivative of the period function of system (1) satisfies the equality

V2RPTy (B?) = Z(fu](h), h € (0,ho(w)) (5)

with f,(z) = x(g; )" (z) —2(g;,")"(—x) and g,,(z) := sgn(z)/V,(x). Roughly speaking, the main objective
in these works is to give sufficient conditions to the first term of the asymptotic development at x = ¢ of
the function f,, in order that the first term of the asymptotic development at @ = ¢ of F[f,] is obtained,
uniformly on the parameters. These conditions are formulated using the following notions.

Definition 2.1. Let {f,},ea be a continuous family of continuous functions on (a(u), b(x)), meaning that
the map (x, ) — fu.(x) is continuous on {(z,n) € Rx A : x € (a(p),b(p)) }. Assume that either b: A — R
is continuous or b = 400 in A. Given po € A we say that {f,},.eca is continuously quantifiable in po at b(u)
by a(p) with limit ¢(p) if there exists an open neighbourhood U of pg such that for all g € U,

(i) Tf b(po) < +o0, then Ny ) (b(a),a) fu(2)(b(p) — 2)*H) = £(f1) and £(f1) # 0.
(i) If b(po) = 400, then limy ) (fo0,p) 2~ W fu(x) = £(7) and €(f1) # 0.

For the sake of shortness, in the first case we write f,(z) ~p(,) £(1)(b(1) — ) =) at p0, and in the second
case f, () ~ioo L(1)x*M) at py. We use the analogous definition for the left endpoint a(s). O

We point out that the map o : U — R in the previous definition is continuous at p = po (see [5,
Remark 2.6]).

From now on let us assume that f, € C[0,+00). The purpose of this section is to deal with an specific
situation that was not contemplated in the previous works. With this aim in view we first recover the main
results in [5, 15].

Definition 2.2. The function defined for all x > 0 and o € R by means of

{r(’;ll if o # —1,

wle, a)i= log x ifa=-1,

is called the Roussarie-Ecalle compensator. For the sake of brevity, we also define

_ VT T (5% _
Y(a):= TF(lijg) and Q(z,a):= (a+ 1)¥9(a)w(z, @),



where I' is the Gamma function. Following the notation in Definition 2.1, we write f,, () ~400 £(1t)2(z, (1))

at pg if
lim _Jul®) 0.
B o) Dz, a)) ) F

Definition 2.3. Let f € C[0, +00). We call

+oo
M,[f]:= /0 2?72 f (z)dx

the n-th momentum of f, whenever it is well defined. If n = 1 we simply say that M|[f]:= M;[f] is the
momentum of f. O

The next result gathers Theorems 2.13 and 2.17 in [5] together with Theorem C in [15].

Theorem 2.4. Let A be an open subset of R? and consider a continuous family {fu}nen of continuous
functions on [0,+00). Suppose that f,(z) ~4oo a(p)z®® at po. The following assertions hold:

(a) If a(po) > =1 then F[f](x) ~too a(p)¥ (a(p))z*™) at po.

(b) If alpo) = —1 then F[fu](x) ~1oo alp)z, a(p)); at po.

(¢) If o) < —1 let us take m € N such that a(o) + 2m € [—1,1). In this case:
(cl) IF M;[f,] =0 fori=1,....0— 1 and My[f,,,] # O for some 1 < £ < m, then

Fful(x) ~poo Me[fulz' ™2 at po.

(€2) If My[f,] =0 fori=1,...,m and a(uo) + 2m ¢ {—1,0} then

m

ap) + 21 o
Fful(@) ~qo0 alp H oln) 121 1%(a(u) + 2m)z®W at pg.
i=1

(e3) If Mi[f,] =0 fori=1,...,m and a(uy) + 2m = —1 then

" a(p) + 2i
o —————Q(x, 2 —2m=1 ot pp.
Fful(@) ~to0 alp };[1 a(n) _|_ % 1 (z,a(p) +2m)zx at flo

In the previous result the first term in the asymptotic development at infinity of the function .7 [f,](x)
is provided as soon as f,,(x) ~yoo a(p)z*) at 1y except in the case when a(ug) = —2m for some m € N,
m > 1, and M;[f] = 0 for i = 1,...,m. In this special situation the hypothesis of f,, to be quantifiable
by «(p) = —2m is not enough to quantify .Z[f,] at infinity. The following three functions exemplify this
phenomena for n = 1 even in the non-parametric scenario:

x*Q—i—x*g r>1 2427 r>1 24273 r>1
xTr) = ’ xTr) = -5 h ) = . 6
/(@) {23%—136 ze,1), 4@ By 9 gelo1), @=1_5  sep1. 9
All these functions are quantifiable by o = —2 at infinity and it is a computation to show that their momenta

vanish. One can verify that .#[f] and .#[g] are quantifiable at infinity by —3 and —3 respectively, and that

lim v Fh)(z) _1
z—+oo logx 2

These three examples subscribe the idea that more information on the asymptotic development of the
function f, is needed to quantify .%[f,] in this situation. To address this problem we generalize Definition 2.1
as follows.



Definition 2.5. Let {f,}.ca be a continuous family of continuous functions on (a(u),b(p)). Assume that
either b : A — R is continuous or b = +o00 in A. Given py € A we say that f, has uniformly development

at x = b(p)

n

Ful@) ~ao Y () (b(p) — )~ in prg

i=1

if there exists an open neighbourhood U of pg such that for all 1 € U,

k—1
lim - (b() = @) (f,xz) =2 ailw)(blp) - as)a*”) = ax (@) #0

(@)= (b(R), )

for each k =1,...,n. If b = +o00 then

7) ~roe D ai(u)e™ W in g
i=1

if for all o € U,

S

-1

ook () <fu( ) —

We use the analogous definition at a. O

lim a; @il | = qp(f 0.
()= b)) () ) k() 7

i=1

Similarly as in Definition 2.1, the functions pu — aj (1) are continuous at p = pg.
Definition 2.6. Let f € C[0,400). Setting [f]o:= f, we define
()= a0+ [ s (51
for all m > 1. O

The functions .Z|[f] and .Z [[f],] are related by the following result.

Lemma 2.7 (see [5]). Let f € C[0,+00). For any m > 1,

1
<gf[f](x) = x27ny[[f]m:| (IE) fOT’ all x > 0.
In the following statement the assumption M|[[L,]o] = --- = M][L,]¢—2] = 0 in assertion (a) is void in

case that £ = 1.

Proposition 2.8. Let {f.}.en be a continuous family of continuous functions on [0,+00) satisfying
ful®) ~ Zfil ai(p)z=2" 4 b(p)z? W at po with 1 < ny < ng < -+ < ny positive integers and
Buo) < —2npn. The following holds:

(@) If M[[fulol == M[[fule—2] =0 and M([[fy,]e—1] # 0 with 1 < € < ny then, form=1,2,...,0—1,
i Z2m—2n +25 [3(u)+2m
o ;]1_[13727171 +H5 +2]71b() at po
n;>m

and [£,](x) ~o M{[fulem1]e at po.

(b) If M[[fulo] =+ = M[[fulny—1] = 0 then [fulny (z) ~oo TT12 1%“ YaPUO+20N gt .



Proof. We shall prove the result by induction on m. To do so, we shall first assume m € {1,...,ny — 1}.
(In the case n; = 1 this assumption is void and we move to the next step.) Let us start considering m = 1.
By definition of [f]; and elementary manipulations, we have

[fu]l(l‘) - Zf;ll f:gﬁz ai(ﬂ)$2_2ni _ xQ[fu}O(w) - Zf;f ?:3& ai(u)x2_2"i + xfox[fu]o(s)ds

x272nk - x2727’bk

- k—1 a; —on;
_ [fulo(@) - Y ai(p)z fo [fulo( i %223:1 2

x—QTLk 1‘1 2ny,

for any k = 1,..., N. The hypothesis M[[f,]o] = 0 together with n, > 1 imply that the numerator of the
second quotient tends to zero as x tends to infinity. Therefore the second quotient is a 0/0-indeterminacy
as (x,n) = (400, ft) for any fi &~ py. We apply the Uniform Hépital’s Rule in [5, Proposition A.1] to deduce

that
k=1 2-2n; —2n;
lim [fu]l(x) - Zi:l ?—gm ai(:u)x2 2 _2—2ny
(1) = (+00,2) w22k 1 —2ng

ar(f)

for any k=1,..., N. Similarly,

[fuli(@) = 0.5, 3550 a; ()2 ™2™ B(p) + 2

li = b(Q).
(.1 (ho0,5) zP)+2 Blp) +1 @
Therefore,
N
2- L2 2ni Bluw) +2, o 5
~oo e MF2 at .
; 1— 2nl T By e ab o

This proves the result for m = 1. If m € {2,...,ny — 1} the result follows identically changing [f,.]o by
[fu]1. So we have

N m
2n; 2m 2n; +2j B(p)+2m
i b K t
;1;[2]—27%—1 +H5 +2g—1(“)x ab Ho
for m =1,...,ny — 1. Let us consider now that m € {ny,...,ny — 1}, and let us start by taking m = n;.

The same procedure as before can be applied taking into account that the fist term in the asymptotic
development disappear. Indeed, we have

N ny .
; w) + 27
[filna( Z H 23 —2n; _Z 1 a;(p)a®m 4 H ﬁ + 2 — 1b(u)xﬁ(#)+2nl at po,
1=2 j=1

where now the sum starts at ¢ = 2 instead of the previous ¢ = 1. Now using the first procedure the
result follows for m = ni,...,ne — 1. Inductively the result holds for m = 1,...,¢ — 1 provided that
MI[fulol = --- M[[fu]e—2] = 0. To finish the proof of (a), let us assume that M|[[f,,]¢e—1] # 0. Then

[fule(z) - ’ _ )
@moroos) T (w,mg?ioo,m (x[f"]ll(x) +/o [f“]“(s)ds> = M{lfalea] 70

for all i = pg. Here we used that

1

N —
ulea(e) e 3 H (e

>El

and, since £ < n;, x[fule—1(z) — 0 as (z,u) = (400, ft). This proves (a). To show (b) let us assume that
M{[[fulo] = -  M[[fulnx—1] = 0. The procedure holds for all m = 1,...,ny in this case. For m = ny all



the terms in the asymptotic development associated with even powers disappear and so the only remaining
term is the one with betas. Then,

W)+ 25 ”
[f,u nN ~oo H 5 + 2 — 1b(u)z5(ﬂ)+2 Noat po.

This ends the proof of the result. [ |

Remark 2.9. A very useful tool for the computation of momenta was introduced in [5]. If f is quantifiable
by a < —2n+1,n € N with n > 2, and M[[f];] =0 for i =0,...,n — 2 then

M{[flas] = C, / T2 (n)de = CuM, )

for some constant C,, # 0. We point out that this result do not contemplate the case when a = —2n and
M][[f];] =0 for i =0,...,n — 2. Therefore this simplification can not be used in Proposition 2.8. O

From now on, for the sake of simplicity, we shall assume that the functions are analytic on [0, 4+0c). The
reason is that in Section 3 the differential system (1) is assumed to be analytic and so the functions involved
also are. However, the reader may notice that weaker regularity is allowed in the forthcoming definitions
and results. Let us recall at this point the notions of Chebyshev system and its relation with the Wronskian,
which are both key ingredients for our purposes.

Definition 2.10. Let fy, f1,... fn_1 be analytic functions on an open real interval I. The ordered set
(fo, f1,--- fn—1) is an extended complete Chebyshev system (for short, a ECT-system) on I if, for all k =
1,2,...n, any nontrivial linear combination

ao fo(r) + a1 fi(x) + -+ ag—1fr—1(x)

has at most k—1 isolated zeros on I counted with multiplicities. (Let us mention that, in these abbreviations,
“T” stands for Tchebycheff, which in some sources is the transcription of the Russian name Chebyshev). O

Definition 2.11. Let fy, f1,..., fn—1 be analytic functions on an open interval I of R. Then

folw) o faa(2)
(0 fow) - fia(x)
W (fos fiy- s fuo1)(z) = det (fj @))0 = _

¢ )
is the Wronskian of (fo, f1,..., fn—1) at x € I. O

These two notions are closely related by the following result (see for instance [4]).

Lemma 2.12. (fo, f1,..., fn-1) is an ECT-system on I if and only if, for each k =1,2,...,n,
Wlfo, f1,-«s fe—1](x) #0 for all x € I.

In the study of bifurcation of critical periodic orbits from the outer boundary the main objective is
to bound the zeros of the derivative of the period function for energy levels h & ho(p) uniformly on the
parameters close to a fixed pg € A. Invoking equality (5), this problem is tackled by completing .#|f,,]
with a collection of analytic functions gbb, ..., ¢y, in order that (¢} o Oy F L fu]) form an ECT-system on
(ho() — &, ho(u)) for some € > 0 and all u = ug. Note that guarantee the uniformity with respect to the
parameters of the system is mandatory to obtain the desired upper bounds. With this aim in view, and
on account of the characterization in Lemma 2.12, given v1,vs,...,v, € R, we consider the linear ordinary
differential operator

Ly, + C¥(0,+00) = C¥(0, +00)



defined by
Wiz a2, ... a", f(x
Lo fl(z):= [ 2o i) <

Here, and in what follows, for the sake of shortness we use the notation v,, = (v1,va,...,,). Furthermore
we define ., = id in order that forthcoming statements contemplate the case n = 0 as well. We also
denote by C¥(0,400) the analytic functions on (0,4o0c) and by C*[0,+00) the functions on C*(0,+o00)
that can be extended analytically to x = 0.

Proposition 2.13 (See [6]). For any f € C¥(0,+00) and v1,...,v, € R, the following recurrence holds:

2, A1) = cn (x4, [f] (@) = vl [f)(@))

n—1

where ¢1:=1 and ¢, :=[[;_; (vn—1;) forn > 2. In particular, if f € C*[0,+00), then £, [f] € C*[0,4+00).
Moreover, # o %, = .4, oF.

In the statement of the following result the assumptions M[[L,]o] = --- = M|[L,]¢—2] = 0 in assertion
(a) and M;[[Lu]ny] =0fori=1,...,£ -1 in assertion (d1) are void in case that £ = 1.

Theorem C. Let A be an open subset of R and {fu}uen be a continuous family of analytic functions on

[0,4+00). Assume that, in a neighbourhood of some fized po € A there exist n = 0 continuous functions
V1, V2, ..., Vp pairwise distinct at = po such that the function L, := %, ()[f.] satisfies

o Y @i 4 b)) at pg

with 1 < ny <ng < --- < ny positive integers and B(uo) < —2npy. The following holds:
(a) If M[[Ly)o) = --- = M|[[L,]¢—2] =0 and M[[L,,le—1] # 0 for some 1 < £ < ny then

(L) © Pl (@) ~oo M[[Lyle—1]z' 2 at po.

() I M{[LuJo] = - = M[[LuJuy—1] = 0 and Blsio) + 20y = —1 then
) +2j Q(z, () 4 2ny)
(f (;L)OJ f# oo HB _|_2]_1 (/J“) $1+2nN at:u’(]
(¢) If M[[LpJo) = -+ = M[[L,]ny—1] =0 and B(po) + 2nn > —1 then
(Lot © Z)ful(@) oo F(B) + 20) H S b)) at o
vy (1) I oo /8 + 2] —1
(d) If M[[L,]o] = = M[[Lulny—1] = 0 and B(po) + 2ny < —1, let us take m € N such that B(po) +
2ny + 2m € [ ) and let us assume additionally that 5(po) + 2ny + 2m # 0. In this case,

(dl) If Mi[[Lu]ny] =0 fori=1,...,0 —1 and My[[Luylny] # 0 for some 1 <€ < m, then
(gvn(u) ° 9)[‘]0”](1:) ~oo Mé[[Lu]nN]x172nN72Z at po-

(d2) If Mi[[Lu]ny] =0 fori=1,...,m and B(po) + 2ny + 2m # —1 then

ny+m

w) + 25
(XVW(#)OJ f# H B ! TR I

+ 2 —1 (1)YB(p) + 2ny +2m)2P W) at .
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(d3) If Mi[[Lylnn] =0 fori=1,...,m and B(uo) +2nn + 2m = —1 then

ny+m

) + 23 Oz, B(p) + 2nn + 2m)
(Lo o F)ful(z H 5 + 2 — 1b(“) p2nN +2mt1 at fio-

Proof. Let us start by considering n = 0. In this case L, = f, and the assumptions of Proposition 2.8 are
satisfied. Moreover, if (a) is satisfied then by (a) in Proposition 2.8 we have

[fule(w) ~oo M[[fu]e—1]z at po.

Therefore, using Lemma 2.7 and Theorem 2.4 with [f,]¢, since (1) =1,

FUE) = g F 1) ~ro MIFJe]r = at o,

This proves (a). Let us show (b), (¢) and (d). By hypothesis we have M([f,];] = 0 for i =0,...,ny — 1.
Therefore by (b) in Proposition 2.8,

©) +2j
oo _2\ 2y B(u)+2nN t .
~+ H 5 +2J 1 (1) at fio

The result follows using Theorem 2.4 with [f,],, and Lemma 2.7 again. This ends the proof for the case
n=0.

Let us consider now n > 1. By Proposition 2.13 L, = %, (,»[f,.] is an analytic function on [0, 4+-0c) for
each p € A and

(Zonwy © P)ful(@) = (F 0 Ly, () ful ().
Then the result follows by applying the case n = 0 to the family {-Z,, (.)[ful}uea- ]

Remark 2.14. Let us recover at this point the examples in (6). The function f satisfies the assumptions
of Theorem C with n =0, ny =1 and 8 = —5/2. Since 8+2 = ' > —1 then assertion (b) of the Theorem

states that )
Val(3) s
Yoo gL 2.

6T(3)

The function g satisfies the hypothesis with n =0, ny =1 and 8 = —5. In this case § +2 = -3 < —1 and

o _3_ ifr>1 3
M _ 43 ! - doe = ——.
[[g]1] /O ({igﬂ(mx —-12) ifx €0, 1)) ST

That is, g satisfies the hypothesis in assertion (c1) of the Theorem with j = 1. Therefore,

F[f)(x) ~

3
Tz -~ _ 9 -3
F9)(z) ~4oo 16x :

Finally, the function h satisfies the hypothesis with n = 0, ny = 1 and 5 = —3. In this example assumptions

in assertion (b) are satisfied and
log
213

F (@) ~ oo
(]

We point out that Theorem C together with Theorem 2.4 cover all possible situations of the uniform
asymptotic development of f,, except the case when all powers are negative even numbers at ;1 = pp. The

last result of this Section is a recursive formula for the computation of a certain momentum that will be
useful in the applications.
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Lemma 2.15. Let f € C¥[0,+00), n > 1 and v1,va,...,v, € R. Then,
w + 1)R2 [T v, +5 [T
M[[%, [fIl] = cn lim (R?’zunlmmw(”” [ 2o nwae - 22 z%nl[f](:c)dz)
R-54o00 2 0 2 Jo

where ¢; =1 and ¢, 1= H;:ll(yn — ;) forn = 2.

Proof. By Definition 2.6 we have

R—+oc0 0

M (1) = [ (e = i " (#0110 +o [ 0 17)e)as ) as

Using the recursive expression in Proposition 2.13,

R
M[[Z,[f]1] = e lim (/0 (@° L, () (@) = v 2, [f](2))d +

R—+o00
+ /OR ( / (5L L L11(5) — v, 1F)(5)) d5> dm) |

The result then follows integrating by parts. [ ]

3 Ciriticality of the period function at the outer boundary

In this section we apply Theorem C in order to obtain sufficient conditions to bound the number of critical
periodic orbits that may bifurcate from the outer boundary of the period annulus in families of planar
potential centers. We consider analytic differential systems (1) depending on a parameter y € A C R?
and we assume that the origin is a non-degenerate center for all . We denote by Z,, = (z¢(p), z,(1)) the
projection of the period annulus on the z-axis, zy < 0 < z, and by ho(u) the energy level at the outer
boundary of the period annulus.

Definition 3.1. We say that the family (1) verifies the hypothesis (H) in case that:

(a) For all k > 0, the map (z, u) —> Vﬂ(k)(aj) is continuous on {(z,p) e R x A:z € I},

)

(b) p— x,(p) is continuous on A or z,(p) = +oo for all u € A,

¢) pr— xo(p) is continuous on A or z4(u) = —oo for all u € A,
)

(
(d) p+—— ho(p) is continuous on A or hg(p) = +oo for all u € A. -

Lemma 3.2 (See [5]). Let {X,}.en be a family of potential analytic differential systems verifying (H).
Then the map (z, ) — g, ' (2) is continuous on the open set {(z,p) eERx Az € (—v/holp), Vho(1)) }-

This section is divided in two parts according with the dichotomy produced by hg. First, Section 3.1
deals with the case hg = +00. Second, Section 3.2 is dedicated to the case hg finite.

3.1 Potential systems with infinite energy

In this section we present sufficient conditions to bound the criticality at the outer boundary for potential
systems satisfying ho(p) = +oo for all u € A. Following the strategy in [5,6,15], we find sufficient conditions
such that f77, can be embedded into the ECT-system (A" () pra(w) pn (W) where f is an analytic non-
vanishing function. Next result is a combination of [6, Lemma 3.5] and [15, Lemma 3.3], and it is the key
piece that connects the analytic tools studied in Section 2 with the dynamical results we are looking for.
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Lemma 3.3. Let {X,}.en be a family of potential analytic differential systems verifying (H) and such that
ho = +o0o. Assume that there exist n > 1 continuous functions vy, v, ..., v, in a neighbourhood of some
fized po € A, a continuous function o : A — R with a(pug) = —1 and an analytic non-vanishing function f
on (0,4+00) such that

h¥n (1)

lim 7W hl/l(’u)a"'ahynil('u)a h T/ h :K 0
oy A | FT, ()] = £ #

with m € {0,1}. Then Crit((I1,,, X,,,), X,) <n—1.

The assumption requiring the existence of functions vy, vo, ..., v, in the following statement is void in
case that n = 0. The same happens to the assumptions M[[L,]o] = --- = M[[L,]¢—2] = 0 in assertion (a)
and M;[[Ly]ny] =0fori=1,...,£—1 in assertion (cl) in case that £ = 1.

Theorem D. Let {X,},ca be a family of potential analytic differential systems verifying (H) with hy =
400 and that there exist n > 0 continuous functions vy, vs, ..., v, in a neighbourhood of some fized pg € A
such that

N
Lu@)i= Ly lag") (@) = 200 ") " (=0)] ~ioe S ()™ + b)) at g

with 1 < ny < ng < -+ < ny positive integers and B(ug) < —2ny. Then Crit((H#O,Xﬂo),X“) < n if one
of the following assertions hold:

(a) If M[[Ly)o) = --- = M|[[L,]¢—2] =0 and M[[Ly,le—1] # 0 for some 1 < £ < ny.
(b) If M[[Lu)o] =--- = M[[Lu]ny-1] =0 and B(po) + 2ny > —1.
(¢) If M[[L,]o) = --- = M[[Lylny-1] = 0 and B(po) + 2nn < —1, let us take m € N such that B(uo) +

2ny +2m € [—1,1) \ {0}. In this case:

(cl) If Mi[[Lylny]) =0 fori=1,...,0 =1 and My[[L,olny] # 0 for some 1 < €< m.
(e2) If Mi[[Ly)ny] =0 fori=1,...,m.

Proof. For the sake of shortness let us denote f,(x):= z(g,")"(x) — x(g,"')"(—x). Lemma 3.2 and the
hypothesis (H) imply that {f,}.eca is a continuous family of analytic functions on [0, 400). According to
equality (5) the result will follow once we show that there exist M,e > 0 in such a way .Z|f,] has at most
n isolated zeros for h > M and ||p — po|| < €, multiplicities taken into account.

Let us assume that L, := £, (,)[f.] satisfies one of the hypothesis of the statement. Therefore L,
satisfies one of the hypothesis in Theorem C, so we can assert that either

(L © Z)Ful(h) ~soe C(REW at pig

or

(L) © Pl (h) ~soe C()QUR, a(p))hEH) at pug

for some functions C, &, o with C(ug) # 0 and a(ug) = —1. Taking into account the definition of the
operator .Z,, (), we have that either

W) pen ) Z (L) (h
lim [ — ,.[f“]( ) = C(mo),
(2,p1) = (400, p10) hE W) +327 (vi(p)—i)

or
V[/[hm(li)7 e h'/”(u),y[fu](h)]

(@)= (fooui) HEWTZ =D (R, o))

= C(po)-

Therefore, on account of equality (5), by Lemma 3.3 we have that Crit((IL,,, X,,), X,) < n as desired. B
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3.2 Potential systems with finite energy

We assume in this section that the energy at the outer boundary of system (1) is finite for all parameters
p € A. As in the previous works [5,6,15], in order to embed the function le’L into some ECT-system for an
appropriate non-vanishing function f, the spirit of this section is to “translate” the case hy < 400 to the
case hy = +00 so we can take advantage of Theorem C. This translation is given by the operator

B: C¥[0,1) — C[0, +00)

defined by
Blf)(x):= (1 - ¢*(x))(f o 0)(2) = 52 2(f ¢) (@), (7)

where ¢(x) := \/1‘17 Given vq,...,v, € R, % conjugates the operator ., with the linear ordinary

differential operator
Dy, : C¥(0,1) — C¥(0,1)
defined by
%W[wulw")qbunaf] (Z)
IT= ¢ ()

D 1f1(2) = (2(1 = 2%)

Definition 3.4. Let f € C¥[0,1). We call

)

the n-th momentum of f, whenever it is well defined. If n = 1 we simply say that N[f]:= Ni[f] is the
momentum of f. O

Lemma 3.5. Consider vy,va,...,v, € R. Then the following hold:

(a) Bly,](x) =a¥ fori=1,2,...,n

(b) BoD,, =L,,0%H8.
)
)

(¢) (F oB)[fl(x) = V1+a2(BoF)[fl(zx) for any f € C¥(0,1).
(d) N, =M,o2RB.
Definition 3.6. Given a continuous function f on [0,1) we define [f]™(2):= =5 [DB[f]lm (¢ (2)). O

Lemma 3.7. Let {f,}.ca be a continuous family of analytic functions on [0,1). Then

~y—1 Zaz )1 — 22 —il) at pg if and only if B [ful(®) ~4oo Za, 22 =2 g .

Proof. By definition Z|[f](z) = Tlﬂf(gb(m)) with ¢(z) = Therefore, for a fixed pp € A,

x
Vitz2®

i 2@ S a0 f(0@) = S i) (L a?) )

(z,p1)—(+00,10) g0k (1) —2 (z,1) = (+00,10) (1+ $2)a’°(“)

Denoting z = ¢(x), since ¢(z) — 1 as & — +o00, we have that

Bl,)(x) = iy ai(p)a? 0 ful2) = ST ai(u)(1 — 22~

lim = lim
(@)= (400, 10) x2an(1)—2 ()= (1,0) (1 — 22)—x()
Consequently the result follows on account of Definition 2.5. [ ]
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The following is an analogous version of Lemma 3.3 for the case hg finite. It gathers [6, Lemma 3.10]
and [15, Lemma 3.8].

Lemma 3.8. Let {X,},en be a family of potential analytic differential systems verifying (H) and such
that p — ho(p) is continuous on A. Assume that there exist n > 1 continuous functions vi,va,...,V, in
a neighbourhood of some fized py € A, a continuous function a : A — R with a(pg) = —1 and an analytic
non-vanishing function f on (0,1) such that

_ Vn()
lim O W sy (2)s- st 10 (s F T (R0 (p))] = £ £ 0
(z)— wo)Q( = zwa(u))

with m € {0,1}. Then Crit((I1,,, X,,,), X,) <n — 1.

In the same way as in the main result of the previous section, we stress that the assumption requiring
the existence of functions vy, v, ..., v, in the following statement is void in case that n = 0. Also are void
the assumptions N[[D,]°] = - = N[[D,]*"%] = 0 in assertion (a) and N;[[D,|"¥]=0fori=1,...,0—1
in assertion (cl) in case that ¢ = 1.

Theorem E. Let {X,},en be a family of potential analytic differential systems verifying (H) with ho(u) <
400 for all p € A and that there exist n > 0 continuous functions vi,vs, ..., v, in a neighbourhood of some
fized pg € A such that the function

Fulz):= 2V ho(1) (g )" (2 ho (1)) = 23/ ho (1) (9. 1)" (= 2/ ho (1))

satisfies

Dyu(2):= Dol ful(2) ~2= 12% )L = 22"+ () (1 = 2)7®) at g

with 0 < np < ng < -+ < ny integers and B(ug) > ny. Then Crit((HHO,X o) X ) < n if one of the
following assertions hold:

(a) If N[[D,]°] = = N[[D,]*"2] =0 and N[[D,,]*"] # 0 for some 1 < { < ny.
(b) If N[[D,]°) =--- = N[D,]" '] =0 and B(po) — nn < 3.
(¢) IfN[[ W0 = = N[[D,]" 1 =0 and B(po) —nn > 3, let us take m € N such that B(po) —ny—m €

(=3
(c1)
(c2)

5} \ {0}. In this case:

If Ni[[D,]"™] =0 fori=1,...,0 —1 and Ny[[D,,|"V] # 0 for some 1 < < m.
If Ni[[D,]"™] =0 fori=1,...,m

Proof. According with Lemma 3.2 and the hypothesis (H), the family {f,},.ca is a continuous family of
analytic functions on [0,1). On account of equality (5), after the appropriate rescaling,

ZUL,)(z) = VEho(1)2>T} (ho(p2)2?) for all = € (0, 1), (9)

Therefore the result will follow if there exist ¢ > 0 and a neighbourhood U of pg such that .#[f,](z) has at
most n zeros for all z € (1 —e,1) and p € U, multiplicities taken into account. To this end, we shall use
that the operator % commutes the linear differential operators 2, (,), defined for functions in C[0,1),
with .7, (., defined for functions in C“[0, +00). Then, as we proceeded in Theorem D, we aim to apply
Theorem C in this case to the family 2][f,].

First, by hypothesis we have that

N

Wl (2) ~am1 Y ai(p) (1= 2%)" + b(p) (1 — 22)P*) at pu,

i=1
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so, on account of Lemmas 3.5 and 3.7, we have

N
(Lo © BN ul(@) = (B 0 Do () fu) (@) ~ oo Z ai()z~ 2" 72 ()22 at g,

Moreover, on account of Lemma 3.5 and Definition 3.6,
Ny [[Du]m] =N, [ﬁ[%[Du]]m(Cb_l(z))] = M, [%[ﬁ[%[l)u“m@rl(z))” = M, [[%’[Duﬂm]

That is,
Nn, [[D;L]m] = M, I:[(jyn(/l') °© f%)[f#]]m]

Therefore, if D, satisfies one of the hypothesis of the statement, the function L, := (£, (,)0%#)|f,.] satisfies
one of the hypothesis in Theorem C. It turns out then that either

(Lo © F 0 B)[ful(@) ~so0 Clu)a) at prg

or
(L) © F © Bl (@) ~ioo C)QAx, ()2 ™) at g

for some functions C, &, a with C(u9) # 0 and a(uo) = —1. Let us note that

(L © F 0 B)[ful(x) = zw [W (20 F)|f(2)]
)[(1 - 22 %3? fu](Z)] (x)
(B0 -@ o) [(1 =27

with z = ¢(x) = , where we use (¢) in Lemma 3.5 in the first quality, the identity 1 + 228]p](x) =
Bl(1—22)"20(z } = Z|[f,] in the second equality, and (b) in Lemma 3.5 in the third equality. So
we have

(2 0 D) [(1 = 2) 2 Z[[u)(2)] (@) ~oo C0)QUa, ()" 2 ) at pg
with m € {0,1}. Using the definition of %, the previous equation yields to
1 _1 m
P00 [(1 = 8@ B G()] ~ro0 CHONAw, ()2 at .
Setting x = ¢~ 1(2) = —= the previous identity implies that
&) 1
1-=2)"" 9, [(A -2 2.7[£,](2)]

lim . =
(z,p)—(1,10) Q(ﬁ,a(ﬂ/))

= C(po).

Thus, on account of the definition of 2, in (8),

im (1 —Z ) ( (1 -z ))"("+1) [le /t)( ) s 7wun(u)(’z)a (]- - 22)7%9\[.}[#](2)] B
(Z,H)1—>(1,Ho) Q(\/ﬁ’ a(,u))m H?:l d}yi(p)(z) = C(mo)

which, since ¥, (z) = VHU/Q, implies that

=)

(1- 2’2)”(”) \—3% o
mW[ql}Vl(,u)(z)v s 7wun(,u)(z)7 (1 -z ) 27 [fu}(z)] = C(MO)

im
(z.1)—(1,10) Q(\/jz,a(,u))

with k(p):=1+ % + w + 23" vi(n) and m € {0,1}. The result follows then by Lemma 3.8 and
taking the identity (9) into account. [ |

16



4 Applications

In this Section we present the results obtained applying Theorems D and E to the two-parametric families
of centers introduced in Section 1.

4.1 The family &+ (z+1)? —(x+1)7=0

The family of vector fields (2) is an analytic potential system with potential function

x+1
Viu(z) = /1 (uP — u?)du. (10)

According with the dichotomy that produces hg in hypothesis (H), in order to prove Theorem A we split the
parameter space in two parts: Aj:= {(¢,p) € A:¢q > —1} and As:= {(¢,p) € A : ¢ < —1}. As mentioned
in the Introduction, the line {¢ +1 = 0} correspond to parameters such that in any neighbourhood of
them hg = +o00 and hg < 400 coexist. This scenario is out of reach with the current techniques. If
i € A; system (2) has a non-degenerate center at the origin and the projection of the period annulus on

1
the z-axis is Z,, = (=1, p(p) — 1) with p(p) := (Z%) »=7. Moreover, the energy at the outer boundary is

ho(p) = % < 400 for all 4 € Ay. On the other hand, if ;1 € Ag the origin is also a non-degenerate
center but in this case Z,, = (—1, +00) and ho(p) = +o00. (For more details in this direction we refer to [7].)
In particular, in both cases hypothesis (H) in Definition 3.1 is fulfilled. The proof of Theorem A follows
directly from Propositions 4.2 and 4.6.

4.1.1 The criticality is at most one in A,

The purpose of this Section is to apply Theorem D with n = 1 on family (2) to parameters g = (go, 1) with
qo € (—3,-1), go # —2. According with the Theorem, we first need to compute the asymptotic expression
of the function .Z,,(,,)[z(g, )" (x) — (g, ")" (—x)] at 2 = +00. To this end, we follow the same strategy used
on the proof of [6, Theorem A]. Since the function (g, ')”(x) is analytic on R, we can write

Wz"W), 2 (g, )" (x)] N Wz" W), —a(g, ") (~a)]

gu(u)[m(g;jl)“(x) _x(g;jl)u(_x)} - () —1 () —1 (11)

for all z € (0,+00). On account of the equalities (¢7!)"(z) = 2%2(g~(x)) with Z := % and

V(g~Y(z)) = 22, equality (11) reads
Ly [2(g:)" (@) = 2(g;1)" ()] = 4(Su(gy " (@) + Sl (=), (12)

where
v(p)—1

_ _vw)
Su(@):= V() Wu(2)> F W[V, =, 2] (2).
Lemma 4.1. Let S, be defined as above with V,, defined in (10). Taking po = (qo, 1), the following hold:

(@) Su(g7 (%)) ~ 4o P(1+3q+)1(?*q)(p+ 1)7%3371;31? + (3p72q71)(§i*1p+q)(p*q) (p+ 1)%xl_sﬁ2q at 1o,
1Y (p— _243¢ 1-g
(b) Su(g;l(*l’)) ~ 4o %(*q — 1) eFr gt at pg.

Proof. By means of some algebraic manipulations the function S,, writes

_ V(@)
SH(.%‘) = qu(x)7

where ¢ := —(V"2 = 2VV")((v — 1)V"2 + 6V V") — AV2V'V"". Using the expression in (10) we can assert
that 1, is the sum of 12 monomials of the form c(p)(z + 1)™P+"20+"s with n; € Z for i = 1,2,3 and ¢
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a well defined rational function at 4 = ug. The biggest exponent for u ~ pg is (x + 1)* with coefficient

(p‘”(’(’;j;“)’;(p“)). Let us notice that, since the coefficient vanishes at p = py = 1, 1, is not continuously
p—1

quantifiable at infinity in g = pg unless we fix v = ran With this choice of v, the following two largest

exponents for p & g are (x + 1)%?~! and (z + 1)3P9. More precisely, we have

(@) mrog PAEIDO =) gy —yassy) B =20 =D +a=p)p =)

x —%(3p—2q—1)_
1+p) 0+ Cepiirg 7Y

The result in (a) follows using that g, '(z) — +00 as  — 400 and g, (2)? = V,(z) ~ioo (w;ffﬂ. The

assertion (b) follows similarly now looking for the smallest exponent for p = pug. ]

Proposition 4.2. Let {X,},en be the family of analytic potential systems (2) and consider the period
function of the center at the origin. If po = (qo, 1) with qo € (=3, —1)\ {2} then Crit((IL,,, X,,,), X,,) = 1.

Proof. From [5] we already know that Crit((H#O,XMO),X“) > 1. Let us prove the opposite inequality.
According with equality (12) and Lemma 4.1, the function 2, [x(g,")" (x) — (g, ")"(—2)] satisfies

- — p(1+3p)(p—q) _ 143p  _ 1+43p
Ll ))" (x) — (g5 )" (~3)] ~opoo o PP T D) ) 4 1) 50 5 B ()P
() 8 (p+D3(g+1)

at up = (o, 1), where

ﬁ(ﬂ)::max{1—3p—|—2q 1—q}: = if g € (-3,-2),
uR o p+1 Tqg+1 1_p3iJ{Qq if g € (-2,-1),
and ais
—1 — — g .
T e el e if g€ (-3,-2),
= q—4p—2
(3p—2q—1)(§1+—1p+Q)(P—Q) (p+ 1)+ ifge(—2,—-1).

We point out that S(u) is continuous but b(u) changes sign at ¢ = —2. On account of the previous

computations, the quantifier at infinity of £, [x(g, )" (x) — x(g,")"(—x)] at p = po is —2. In addition,
the first momentum M|[[L,]o] on Theorem D vanishes identically. Indeed,

vl = [~ ety = [ (5 @) a= 22 2

oo -1

for all p € Ay. Moreover, B(u) € (—3,—2) and b(p) is continuous for p = pg. Therefore, condition (b) in
Theorem D holds. This proves that the criticality at g is at most one. [ ]

4.1.2 The criticality is at most one in A,

The energy at the outer boundary of the period annulus for parameters p € A; is finite. Accordingly we

shall use Theorem E with n = 1 to parameters puo = (qo, po) with po+2g0+1 =0, g0 € (—1, f%) in order to

prove the second assertion of (b) in Theorem A. A similar argument as in the previous section shows that

D2V ho(g,)" (2 ho) — 2v/ho(g, )" (—2v/he)] = hio (Su (95" (z/ho)) = Sy, (9;1(72\/%))) . (13)

where

W khﬁ%)é (ho — V”)V“%'@"] (=)

(ho = Viu(@)) =2 Vyu(2) 2~ Vi(2)

Here, and in what follows, we omit the dependence in p of hg for the sake of simplicity. Next result is
general for any potential function V,, with finite energy at the outer boundary.

Sy(z):=
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Lemma 4.3. Let S, be defined as above and fix 19 € A. Assume that, for all v in a neighbourhood of po,
ho(u) is finite and the right endpoint of the projection of the period annulus x, = x,(u) is also finite and
satisfies V,(x,) # 0. Then

. hi (24 1) (2ho VY (2,) — Vi(2,)?)

Sy (9;1(2\/%)) PTACHE H +c(u)(1 = 2%) at po
with
(1) = h§ (1203 (4 + V)V, (2,)? — 4h§(4 + v)V,) (2, )V/ (2, ) — 8ho(5 4+ v) V! (2 )V, (2,) 4 (8 + 1)V (1))
= AV (2, ) :

The analogous result is true for xy.

Proof. The function S,, can be written, after some algebraic manipulations, as

_ Vu(x)
B 2Vlj(x)5

Su() Yu(2), (14)

where ¢ := —((V')2 = 2VV") (V)2 (ho(v — 1) + 3V) + 6(hg — V)VV") — 4VZ(hg — V)V'V"". Since the
function V() is analytic at # = x, the result follows by considering the Taylor’s expansion at = z, of
the previous expression and using the change of variable z = g,,(z)/v/ho. [ ]

Lemma 4.4. Let S, be defined as above with V,, defined in (10). Taking v(n) = —1 and po = (qo, po) with
po+2q+1=0and g € (-1, —%) then

14+3q 4+5q
3 h_2(1+q) p_q2q1+q71+Tq 1+3q
G o)) e 0 000+ 0 (1 3

(1- 22)7% at fip.
(1+p)?

Moreover, the asymptotic expression in Lemma 4.3 holds with ¢(ug) # 0.

Proof. The first assertion of the result can be proven similarly as Lemma 4.1 so we skip the details for
the sake or brevity. We only prove that ¢(ug) # 0. Indeed, using the expression in (10) and substituting
po = —2qp — 1 some tedious but elementary computations show that (see Lemma 4.3)

q 3 _ _4g
16750 he (14 3¢)% (=1 + ) ( o "
— —7q1+3q2+41+3qq1—|—q 1+ 3¢ —1 4+ L )T+

2(144q)
+9 x 2755 (1 4 ¢)% (1 + =) e > .

c(po) =

We stress that each term inside the parenthesis is positive for go € (—1, —%) Also the multiplicative term
is non-vanishing so ¢(ug) # 0. ]

The following result is the version of [6, Lemma 3.12] for { =n = 1.
Lemma 4.5. Let f € C¥[0,1) and v € R. Let us assume that f is quantifiable at z =1 by &. If £ < % then
N[Z1f]] = —(1+ »)Nf]
Proposition 4.6. Let {X,},ca be the family of analytic potential systems (2) and consider the period

function of the center at the origin. If puo = (qo,po) with po + 290 + 1 = 0 and qo € (—1, f%) \ {f%} then
Crit (I, Xu,), X)) = 1.
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Proof. From [5] we already know that Crit((HHO, X)), Xﬂ) > 1. Let us prove the opposite inequality. Let
us denote f,(2):= 2vho(g;,")" (2v/ho) — 2v/ho(g;; )" (—2v/ho) for the sake of simplicity. In [6, Lemma 4.4]
it was shown that f,, satisfies the hypothesis on Lemma 4.5 for all u ~ po. Applying Lemma 4.5 with
v(n) = —1 we have then N[Z,,)[f.]] = 0 for all p ~ py. Moreover, on account of the equality (13) and
Lemma 4.4,

hé (2heV!(p) — VI(p)?)

Do ful (z) ~1 +0(p) (1 — 22)PW) at pg,

2V, (p)?
where
. 1+29)  [1 ifge(~1,-2),
= 1,— = 3
/B('u) ‘Egl'ﬂ){ 1+q } {_1;;25 ifqe(_%7_%)7
and
C(M) if qc (_17 _%)a
_ _143q g
D=9 he ™ (p — g)%q(1 +9)~ T (1 + 39) 2 1
- fqge (_§7_§)a
(1+p)?

due to ¢(ug) # 0 by Lemma 4.4. Let us apply now Theorem E with n = 1. According with the previous
discussion, if pg+2qp+1 =0 and ¢ € (—%, —%) then assertion in (b) of Theorem E is satisfied with N =1,
ny =0and ¢ =1due to N[D,(,[fu(2)]] =0and B(u)—1 < 5. Then Crit((IL,,, X,,), X,,) <1 in this case.
On the other hand, if gy € (=1, —2) we apply Theorem E with N =2, n; = 0 and no = 1. By Lemma 5.4

3
we also have

N [2l5)]'] # 0.

Then assertion (a) in Theorem E states that Crit((IL,,, X,,), X,) < 1 also in this case. [ |

1o

4.2 The family of dehomogenized Loud’s centers
Through all this section we consider parameters u = (D, F') inside the open set
A={D,F)eR*:1<F <2 D<-%:D+F >0}

The Loud system (3) has a first integral given by

Hu(o9) = (1= 0 (357 - )

for all F' ¢ {0,1,3} (see for instance [11]) where g, (z) = a(u)2? + b(u)x + c(p) with

D D—-F+1 F-D-1
a4 = —F—— =—————— andc=

251-F) "~ (1-F)(1-2F) 9F(1— F)(1 - 2F)’

and integrating factor x(z) = (1 — z)~2Y~1. The line at infinity L., the line {x = 1} and the conic
Cu = {%y2 — ¢, (z) = 0} are invariant curves of the differential system and, for parameters p € A, 6, is a
hyperbola intersecting the z-axis at

—b—Vb? — dac —b+ Vb?2 — dac
v = i)=Y 0 ()= VA (15)

with 0 < p1 (1) < p2(p). The outer boundary of the period annulus of the center at the origin of system (3)
consists of the branch of the hyperbola %), passing through (p1,0) and the line at infinity L,, joined by two
hyperbolic saddles (see Figure 3.) Although it is not relevant at this moment (but it will be nearly soon)
we point out that there is a bifurcation on the phase portrait at D = —1 due to the fact that the branch of
hyperbola passing through (p2,0) crosses the invariant line {x = 1}. In particular, po(p) > 1 if and only if
D> —1.
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F——

Figure 3: Phase portrait of (3) in the Poincaré disc for = (D, F) € A with D < —1
(left) and D > —1 (right). The center at (0,0) is placed on the left of the centered
invariant line {x = 1} for convenience. The invariant hyperbola %), is in boldface type.
(Figure extracted from [11].)

In [11] the authors give an implicit expression of the bifurcation curve D = G(F) in A. More concretely,
for each € A and s > 0 small let P(s; ) be the period of the periodic orbit of system (3) passing through
the point (p1(p) — $,0). Then, for parameters in A, the derivative of the period function P’(s; u) tends to
A(p) as s tends to zero uniformly on compact subsets of A, where

B 1 B 1 ot (e 1_p2u_ 2F—1_ ’
A<”)"m<p2—pl><1—p1>{2 fa-v ( (impew-n+1) 1>d}'

The bifurcation curve D = G(F') is given by the zero set of A(u) and the following properties are deduced:

(a) —=F <G(F) < -1 forall F € (1,3).

(b) lim G(F)= -2, and

F%%
(C) limFﬁl Q(F) = —%.

For the proof of these results we refer to [11, Theorem 3.6 and Proposition 3.11]. In particular the curve

D = G(F) is analytic on A and joins the parameters p = (—32,2) and p = (—3,1). The following result
gives a more compact expression of the zero set of A(u) and an additional property. The proof is given in

the Appendix.

Proposition 4.7. For parameters u € A the zero sets of A(u) and mgﬂ (—%, %; % — 2F, ﬁ)

coincide. Moreover, hmF_& G(F)=-1.

The Loud system (3) is not a potential system and, at first glance, is not suitable to use the techniques
developed in this paper to study the criticality at the outer boundary of its center. However we recall that
it has a first integral quadratic in y and its integrating factor depends only on . These two properties are
the requirements of [3, Lemma 14], which shows that the change of variables

_ . 2 F 1
(w,0) = (91 — ), (1 = 2)~"y), with §():=
transforms system (3) to the potential system
v (16)
o = (Fu+1)((Fu+1)"F —1)(D(Fu+1)"% — D —1).
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The potential system above has a non-degenerated center at the origin and all the properties that we derive
of its period function are directly transmitted to the period function of the Loud’s center. In these new
variables, the projection of the period annulus is Z,,:= (—%, ur(p)), where

I—p)" -1

up (1) = $(1 = pr(p)) = -

(17)
Let H,(u,v) = 3v* + V,(u) by the Hamiltonian function associated to system (16) with V,(0) = 0. If
we set 2 = ¢~ H(u) = (Fu+ 1)~Y¥ the following expressions will be useful to simplify the forthcoming
computations:

Vi(u) = ho(p) — 272 Vo (z; ) with Vo(z3 ) = 555727 + 55282 — B,
Vi(u) = 2 FVi(2; ) with Vi(z;p) = (z —1)(D(z—1) — 1), (18)
V”(u) ‘/2(21 1) with Va(z; ) = D(F —2)2% — (2D + 1)(F — 1)z + F(D + 1),
V;”(u) = 2"Va(2; 1) with Va(z; ) = —2D(F — 2)% + (2D + 1)(F — 1)=.

Here ho(p) = % denotes the energy of the outer boundary of the center for all p € A. In

particular, ho(u) is finite in A.
4.2.1 Quantification of the functions involved
With the aim of applying Theorem E with n = 1 to parameters p = (D, F) € A satisfying D = G(F),

we need to compute the first terms of the asymptotic development of D,(z) at z = 1. We recall that the
previous is reduced to study the asymptotic development of

W[(hov“vﬁ(h Vi)Vt 2, (u)

(ho = V()™ 2 V() 2~ Vji(w)

S, (u):=

at u=—+ and u = u,(p) due to equality (13). Here, and in what follows, we omit the dependence in y of
ho and v for the sake of brevity. Moreover we use u instead of = to be consistent with the notation in (16).

Lemma 4.8. Let S,, and V), be defined as above. Taking v = —1 we have that

S (g5 (—2v/ho)) ~1 ax(p)(1 = 22) 733 4 an(p)(1— 22372 at pig

where

_ 1 1
Dizfzp (1 +D— F)2(2 _ F)(ZF . 3)h0 e Dﬁ(l +D— F)(S _ F)hS(F_l)
a:= and ag:=

AF2(2F — 1)2(F = 1)3(2 - 2F) %~ =0 AF(2F — 1)(F — 1)3(2 — 2F) 517

Proof. In order to get the desired asymptotic expression of S ( Y-z 0)) at z = 1 we study the

asymptotic expression of S, (u) at u =uy = —1/F. The result Wlll follow then on account of the change of
variable z = —g,,(u)/v/ho. To do so we invoke the expression in (14) and perform the change of variable

z = ¢ Yu) = (Fu+ 1), Taking advantage of the relations in (18) we can write S, (4(z)) in terms
of the polynomials V;(z; 1) and some powers of z depending on the parameter F. Due to the fact that
¢(2) = —1/F as z — 400, we are concerned about the asymptotic expression of S, (¢(z)) at z = +00. An
analogous study than the one done in Lemma 4.1 shows in this case that

(2= F)(D+1-FPRF 3 ypy  B-F)D+1-F)Vhy .y
Su(#(2)) ~oo AF2D2(F — 1)3(2F — 1)2 S AFD(F —1)3(2F — 1)0Z T at o

The result follows undoing the change of variable. [ ]
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4.2.2 Proof of Theorem B

From the results in [11] we already know that Crit((H#O,X 0)s X ) > 1 for parameters ji satisfying Dy =
G(Fp). The strategy for showing the opposite inequality is to apply Theorem E with n = 1 to the family (16).
To do so, let f, be defined as in the statement of the Theorem. The first thing to notice is that f, satisfies
hypothesis (H) with ho(p) < 400 for all p € A. Let us fix v(u) = —1. On account of equality (13) and
Lemmas 4.3 and 4.8 we have that

hé (2hoV" (p) = V1 (p)?)

Do ful(z) ~1 TADE : +b(p) (1 — 2P0 at p,
where
3 1 1 if Fe(1, Q)
= 1 1 — = —_— = 5
Bw) ;fgﬁ{’ 2+2(F—1)} {§+2(Fl_1) if Fe(83),
and

b(j1) = {c(u) it Fe(l,

6
15/
a(p) i Fe (2.

If Fy € [2, %) then B(po) < 1/2 and assertion (b) in Theorem E is fulfilled with N =1, ny = 0 and £ = 1.
Therefore, assertion (a) in Theorem B holds.

If Fy € (1,2) then B(po) > 1/2. Let us split this interval in two parts, namely (1,2) and (£, 3).
The parameter Fy = £ is excluded due to the noncontinuity of the function B(u). If Fy € (£,3) then
the coefficient of (1 — 22)P() in the previous asymptotic expansion is the nonvanishing function a(p) on
Lemma 4.8. Moreover, by Lemma 4.5, N[Z,(,,)[f.]] = 0 for all ;1 = p19. Consequently, we apply Theorem E
with N =2, n; =0 and ne = 1. Using Lemma 5.5 we have that

2F1( 3’2’2 AFy; a(pe ))
(3 —4Fo)

N[[@,,[fﬂo]]l} = 0 if and only if =0.

Proposition 4.9 ensures that the previous Hypergeometric function do not vanishes for F € (8, 4) Con-
sequently, hypothesis of Theorem E are fulfilled and so the criticality at the outer boundary for those
parameters is exactly one.

Let us finally consider Fy € (1, 2). In this case the coefficient of (1—22)” (1) on the asymptotic expansion
above is ¢(p) given in Lemma 4.3. Here then we invoke the assumption in the statement of Theorem B
regarding ¢(ug) # 0. As before we can apply Theorem E with N =2, n; = 0 and ny = 1 and the hypothesis
are satisfied whenever condition (4) is fulfilled. That is, whenever the hypergeometric function above do
not vanish. Again Proposition 4.9 ensures that this is true for parameters Fy € (87 Z) Consequently, the
result in assertion (b) of Theorem (B) holds. For parameters Fy € (1, 2] condition (4) is required and so the
result follows if it is satisfied. This ends the proof of the first assertlon in Theorem B.

4.2.3 Some additional comments

This section is devoted to discuss some technicalities involved in the proof of Theorem B. More concretely,
we show that condition (4) is fulfilled when Fy € (£,2) and we also give some numerical intuition to the
fact that the condition should be fulfilled for every Fy € (1, %)

Proposition 4.9. If = (D, F) satisfy D = G(F) with 2 < F < 2 then

Proof. From the fact that the parameters u = (D, F) satisfy D = G(F) with § < F < 2 it follows that

D > —1 and so pa(p) > 1. Moreover p; < 1. Consequently, a(u) = ;’;:pll € (0,1).
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Consider the function

oo (or) s 2P EE 35 —4F2)
= (% - 4F)

From [1] the derivative of ¢(z, F') with respect to z writes

dy 15

—(z,F) = ——+——

gz ) AU (% —4F)
Using the series expression of the Hypergeometric function it turns out that all its coefficients are positive
for F € (3, 2). Consequently, for each F € (3, 2) we have that

d
d—j(z,F) > 0if 2 > 0.

Hence for each F € (2,2) the function ¢(-, F') is increasing for z > 0. In addition,

ga(o,F)F(iM) >0

[NJEN)

if F € (2,2). Therefore, for cach F € (3, 2), the function ¢(z, F) is positive for all z > 0. Taking z = a(y)
and on account of 0 < a(p) < 1 for all parameters under consideration, the result follows. ]

Figure 4a exhibits the curve D = G(F') together with the two connected components of the zero set level
of the function

i (19)

(3 —4F)
As the previous result states, there is no crossing of the zero set with the curve D = G(F') for parameters
with F € (2,2). Indeed Proposition 4.9 shows that condition (4) is satisfied in this situation. Numerics

seems to show that the non-crossing property is still verified till F' = 1. However, we have not been able to
prove it analytically.

We end this section with also a numerical intuition about the equation c¢(ug) = 0 in the statement
of Theorem B. Although again no analytical prove is provided, it seems that this equation has a unique
solution with is approximately (Dy, Fy) = (—0.56996, 1.00781).

5 Appendix: Computation of momenta

The purpose of this section is to compute the momenta used to apply Theorem E on the two-parametric
potential family and the Loud’s family (see Proposition 4.6 and Section 4.2.2.) In both cases the momentum
we are interested in is

N([2,11,])"] with v = 1.

Lemma 3.5 together with Definition 3.6 imply that

N[[2.1£,])"] = M[[(Z 0 DS, -

Using the formula in Lemma 2.15 on the right-hand side of the equality above, we get the equality

N{[Zlf]])'] = lim <R3ﬂ[fu]<R) - /0 "’ m%[fu]m)dm) :

R—+00
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Figure 4: (a) The curve joining the points (—2,2) and (—3,1) correspond to the

bifurcation parameters D = G(F'). The other two bold hnes are the two connected
components of the zero set of the function (19). (b) Zoom of the previous figure in the
parameter region (D, F) € (—1,—1) x (1,2) and the curve c(u) = 0.

Finally, the change of variable R = ¢~ 1(r) = == vields to
1 " 22 fu(2) )
N||2, = lim — | =—de
|:|: [fu/]:l :| r—1 ( /1 — T2 /0 (1 _ 22),

" fu®) )
1722%dz+/0 (1722)%dz

. %U O
‘ﬂ%(ﬁ_ﬂ O(Lw%d>+NWL

Let f.(2) == zv/ho() (g, )" (2v/ho(n)) — 2y/ho(1) (g ") (—2v/ho(p)) with g, == sgn(@)/V,(2). In both
families, for parameters pu = pog under cons1deratlon the momentum N|[f,,] vanishes. We point out that
this fact is not a coincidence. Indeed, in both cases we are interested to bound the criticality of bifurcation

parameters such that limp_,p(.0) T;/m(h) = 0. In other words, the bifurcation occurs in such a way that

limy, p () T, L(h) is convergent for all y &~ pg and changes sign at u = pg. From the definition of the period

function, it turns out that

i T, (h)
Nl = h—>ho(u) \[ho( )

and so we have N|[f,,] = 0 (we refer to [5, Corollary 3.12] for more details in this direction.) Hence, for
parameters in such situation,

W%WW—M%Qﬁlnﬂﬂ%ﬂ0~ (21)

Next two lemmas are useful for the forthcoming computations. See for instance (6.2.1) and (6.2.2) of [1]
for the first one. The first assertion of the second lemma was proved in [5, Lemma A.3]. The second assertion
follows similarly.

(20)

Lemma 5.1. Let o and 8 be any complex numbers with strictly positive real part. Then

1ua—1 WP gy = Ooua—1 W)@ 5)u:F(a)F(5)
Jo = [ = B
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where T' denotes the Gamma function.
Lemma 5.2. Let a and 3 be real numbers such that o+ 8+ 1 # 0. Then

B

/ua(1+u)ﬁdu:7a+ﬁ+l

/uo‘(l—ku)ﬁ_ldu—k w1+ )P,

a+pB+1

and
1

« _ B _ & a—1 _ B _ o _ B+1
/u (1—w) du_ia—i—ﬁ—i—l/u (1—w) 7@—}—54—1“ (1 — )Pt

Lemma 5.3. Let ®,(x):= ho — V,(x). The following hold:

(a) If V,, with p = (q,p) is defined by (10) and q € (—1,—2) then

s 2 1)3 1)s~3Ba+D) 2 DEA=1) [+
/ (I)“(I)igdx: S )512 u(s)~H + - )2(+1 /\)/ y2 N1+ y) " 2dy,
and
s 2 1 3 1 —1(5¢+3) 4 1 1 1D2(w — 1 —1(5q+3)
/ (I)u(x)igdx: (p+1)=(g+1)s72 U(S)ing (p+1)>(g+ 1) (w )5 u(s)7%
0 3(p—1q) 3(p—q)
Ap+ 13w —1)w—2) (5
+ (bt 12w p+)1(ci )/ Y2 (1 +y) 3 dy,
3(p_Q)(q+1) 0
where u(s):= B} — 771, k(s)i= o™, Ai= 2L and i 252,

(b) If V, with p= (D, F) is defined by (18) then

s o 39 _ 12ng . 1 5 5
/ 0, (2) tdy = 2020 = 1) <2<v<s>2—1>+ / yz((l—y)mu—ay)z—l)dy)

= D3(po —p1)3 (s)

and

s 2 —2F)3(1—py)4F-3% /2

/ @M(x)_%dm‘:( E)Q( pl?j ’ ((v(s)—i ~ 1)+ (8F — 8+ 5a)(v(s)"t — 1)
-+ D2 (py —p1)2 3
! - 4—4AF -5 5
+ LY 2((1—y) (1 - ay) 2—1—(4F—4+§a)y)dy

where v(s):= %, = ﬁ and p1, p2 are defined in (15).

Proof. Let us compute the integrals in (a). Using the expression of V,, in (10) we have that

3
S . Ej 1 -3
/ (e)~tdr = (p+ 1)} / o3t (“_xp—q) iz,
0 0

q+1

P4

We perform the change of variable y = k(z) = Then the integral above writes

.,

T e L
JRCR (p_q)(pﬂ)A/O y

q+1

|-

M1+y)Mdy,

13p+1 1

where \:= 3 Pt This improper integral is divergent as s tends to p = (%) p=4 which will be the case

under consideration. We shall make explicit the order of the singularity of this function using Lemma 5.1.
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In order to apply it, we note that the power of y in the integrand should be greater than —1 and the power

of (1+ y) negative. The first condition is satisfied for ¢ € (—1,—2), p > ¢, but A —1 = 1;('51';)‘1 is positive

for some parameters. (In fact vanishes for the bifurcation parameters.) To overpass this situation, we apply
Lemma 5.2, getting

s % 5 % _ (s) 1
/ d(z) 3da = PR 2p+ 1) k(s)2 M1+ k(s) ™ + 2p+1)>(A—1) /k Y2 M1+ y) 2y
0 E 0

L1\ A +1\A
»—a)(%7) (r—a)(5)
Using u(s):= %} — $P=7 we can write k(s) = spfqﬁ and 1+ k(s) = Z’Tiu(ls) S0,
s 2p+1)3(q+ 1)s2Ba+D) 2p+1)T(A—1) [FE)
/ o(z) -ty = 2P H D2+ )512 u(s)~t + 22F )2(+1 A)/ Y2 M1+ y) Py
0 (P—a)p+1) (p-a) ()" Jo

as desired. Similarly we can obtain the expression for the second integral in (a). In this case, we need to
apply Lemma 5.2 twice in order that the power of (14 y) of the integrand is negative. We omit the details
for the sake of brevity.

Let us now prove (b). Using the expression of V,, in (18) together with the change of variable z =
¢~ 1(x) = (Fz + 1)~ F the first integral on item (b) is written as

+oo 3
L/’ 2F L (o () — Vi(o(2)) " Fde.
o~1(s)

By definition of p; and ps in (15) the difference on the integrand above decomposes as

ho(i) — Vi(9(2)) = gz = 1+ p1)(= = 1+ pa).

Let us now consider the change of variable y = v(z) = 2 1=l dflﬁ{tﬁ’ )171. In this new variable, we have

that . s
: 3 2-2F)3(1—p)*F2 (1 - _3
| autey e = EE2EUSPI 2 [t yeer g ay
—% D> (p2 = p1)? v(s)
with o := 22=L As in (a), we point out here that v(s) tends to zero as s tends to z, (see (17)) which
P2—p1

will be the case under study. In particular, the above improper integral is divergent as v(s) tends to zero.
To deal with this situation, we add and subtract the value at y = 0 of (1 — 4)272F(1 — ay)~* inside the
integral, which turns out to be exactly 1. That is,

s _3 (2_2F)%(1_p1)2F_% -1 ! _3 2_9F _3
S, (z) 2dx = = = 2(v(s)" 2 -1 2((1— 1—ay) 2 —1)d
e T ((() R I ) >y>

as desired. Similarly we obtain the expression for the second integral in (b). In this case, we need to add
and subtract 1+ (4F — 4+ 2a)y to the function (1 —y)?~2F(1 - o)™, which turns out to be its Taylor’s
development up to degree one. [ |

Lemma 5.4. Let V), be defined as in (10) and ho(u)
v =—1 then

= %. If uw = (q,1) with q € (—1,—%) and

_ 1+45q 5943
2v/=2g ( —Qq) s VI T (‘2(qu))
(¢+1)Bg+1) \g+1 I‘(l, 5q+3> '
2 2(p—q)

Proof. For the parameters under consideration the equality deduced in (21) holds. For the sake of simplicity
we shall omit the dependence on the parameter p from now on. We stress that although the dependence on

N[[@u[fﬂul} = q
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the parameters is not shown all the limits in the proof are uniform with respect to the parameters. Using

the definition of f, that is
f(2) = 2/ho(g71) (2/ho) — 2/ b "(—=2~/ho)

with g(z) = sgn(x)y/V (z), and the change of variable z = g(z)/+/ho, the following equality holds

1
/ IEE o, / P _mln_,
0 (1-22)2 o1 (-rvRg) (ho = V(2))2

~1(—rv/hg) tends to zero as r — 1. Moreover, 11 (x)(ho — V(x))~2 has

with g = 3 — (VV)/ The function g
a singularity at z = 0 of order =~ 2(‘”1), which is integrable since g < —g. Consequently,

-1
g~ " (rvho) m(z)

g~ (rvho)
lim @) g gim M) g
r=1 g1 (—rvia) (ho — V()2 r=1Jo (ho =V (2))?
Let us define L
, h(x)= ho®(z)"2 — B(z) 3. (22)

O(z):=hog — V(x), l(z):= V)
We have 71 (z)(ho — V(z))~% = 3®(x)~% — I'(z)h(z). Denoting s = g~'(rv/ho) and integrating by parts,
the previous discussion leads to the equality
T d s S
/ SEd / O(x) " Fda + 2h0/ I(z)l (z)dz — 2hol(s)h(s).
0o (1—22)2 0 0
Here we used that lim,_,ql(x)h(x) = 0, which is a direct computation. By definition

3
2,

l(z)W (x) = —ghoq)( )_7 + <I>( )

Then,
I d S S
SEE o ey tdw — 302 [ @(x)~Fdw — 2hel(s)h(s). (23)
0 (1—22)2 0 °Jo
From now on let us denote u(s):= 2% — sP~49. Using the expressions of I and h we have
pEm &
2 (3¢+1) _ 14— 3(5¢+3)
(p+1)2s20 -3 _podpr VTR TRy (24)

Hs)h(s) = a0 (g+1)(sP71—1)

Substituting (24) and the integrals in assertion (a) of Lemma 5.3 into (23), and taking into account that

2ho(p — @)(p+ DEs™ 200D 2h3(p+ 1)Hg+ DsTEOHDN oy 2ho(p+ DEsTECHD
(g+1)(sp—2—1) pP—q " N sP—e4—1
we obtain
/T flz)dz  dho(p+1)3(\ - )/k(S)yé—A(1+y)A—2dy
- =
o 1=2F p-o(k)" Yo
4h2p+ D3 (w—1)(w—2) [ 3, o
( <( . ))( ) [ et gtay
1 0
at
+1 _ g+l 2, —
+2h0(p+ )%57%(5(14{)’) <2(q+1)5‘1 1 s B 2h0(q+1) (w 1))/“(5);
P—q sPm1—1 P—q
(25)
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Let us now compute \/% f(r). Using again the expression of f the previous function writes

Bi) Vi) VEe)  rVe(g™) (—1/Ao) 26)

First, the change of variable s = g~ (—7rv/hg) on the second quotient of the previous equality yields to

rVho(g )" (=rvho) _ 2V (s)*(V'(5)* = 2V (s)V"(s))

vV 1—1r2 hoV’(S)B ho — V(S)

The function s = g=(—rv/hg) — 0 as 7 — 1 and the function in the right hand side of the previous equality

has a singularity at s = 0 of order s~2(54%3) Since ¢ € (-1, —3) we have that

rVho(g™")"(=rvho) _ . 2V (s)*(V'(s)* — 2V (s)V"(5))

lim = lim =0.

r—1 V1—r? 50 hoV'(s)3/ho — V (s)

Second, the change of variable s = g~1(r\/hg) yields to the same expression as before,

rVho(g!)"(rvhe) _ 2V (s)*(V'(5)* = 2V(s)V"(s))

Vi—r2 hoV'(5)3y/ho — V(s)

o1 sP~4 we have that

On account of the expression of V', expanding in series on u

2V32V/S2_2vsvlls 2h 1%5—%(5114-3) ) . . . B
(201(/'(2)3 ho —(V)(s)( = 0(])(;3 —yp (T )7 = 2ho(ps” — ))un o+ ofu

Nl
N

1

Let us recall p:= (’q%) 7T At this point we claim that

Nl=

(sq+1(3p7q _ 1)2 _ 2h0(psp7q _ q))u(sr

s—p

[ 2ho(p+1)zs~3(a+3)
lim
(=i =17

2 1s?tl 1 —g2tl 2 12 (w—1
—Qh()(p—‘r 1);8—21,(5q+3)< (Q+ )S S . hO(Q+ ) (UJ ))u(s)—;> -0

P—q sP=a—1 P—q

Indeed, the previous expression writes

2ho(p + 1)2s~ 203y ~3 ( 2q+ s 2holg + 1w 1) 2ho(ps” " —q) L > .

(p—q)(sP=7—1) pP—q (sp=1 —1)3 sP—1 — |
Using the expression of hg and w appearing in Lemma 5.3,

2ho(g +1)*(w—1) 2ho(ps? 9 —¢q) 1 _ u
p—q (spma—-1)% 71 —1  (p—q)lp+1)

(cl + cosPT1 4 0352(p_Q)) )

for some ¢y, ¢q,c3 € R[p,g|. Substituting the previous equality on the limit above and taking into account
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that u(s) = 2L — sP~9 — 0 as s — p the claim follows. Therefore,

q+1
N]ll)'] =t (L - e

iy [ LW 2OV ) ot DEAD) [0 sy ey,

s—p hoV'(5)3y/ho — V(s) (p— q)(gii) 0
4h, + 1)3 _9) R
O(p ) (wp+1 )(w )/ yi_w(l +y)w—3dy
q)(q+1) 0
1 1 q+1 _ eqtl 20, .
— 2ho(p+1)7s~20+3) (2(q+1)s 1= 2ho(g+1)*(w 1)>u_2>
p—q sl P=q
A2 (p+ D3 (w0 — 1w —2) [*)
= lim ( ho(p +1) (wp+1 Jw—2) / A1 4 )Py
s (r—a)(57) 0

dho(p+1)3(A—1) [*&) _
_ 0( )pf-l . )/ Yz )\(1+y))\ 2dy
(p—Q)(ﬁ) 0

Let us now fix p = —2¢ — 1. On account of the expression of A we have that A — 1 = 0. Finally, using the
expressions of w and hg, the fact that k(s) — +oo as s — +00 and Lemma 5.1 we obtain

Nimn)] = 2T () R )

qlg+1)(B3¢g+1) \g+1 I‘(%_Q?qt?))
P—q)

as we desired. ]

Lemma 5.5. Let V), be defined as in (18). The following holds:

(a) If p= (D, F) satisfies F € (1,3), D€ (=3,—1) and D+ F > 0 then

3
ho(2 — 2F)2 (1 — py)*F'~2 /7T (3 — 2F)
D%(szpl)% F(%—2F)

(b) If p= (D, F) satisfies D = G(F) and F € (1,2) then

N|[2.50]'] = -

N[fll«]: QFl(%,—%;g—QF;O(>.

4h2(2 — 2F)3 (1 —py)*F~3 /7 (5 — 4F)
5 5
D> (pa —p1)> (5 —4F)

2Fi (=3, 353 — 4F ).

p2—1 F—D-1

Here a:= po— ho = FE—DEF=T) and p1, p2 are defined in (15).

Proof. The proof of the assertion in (a) follows the same lines as the proof of (b) using that

_ " fulz)dz
Nlful = }LH} A m

Since the proof of (b) is richer in subtle technicalities, and for the sake of brevity, we decided to prove (b)
and omit the proof of assertion in (a).

Let us show (b). For the parameters p = (D, F) with D = G(F') the equality in (21) holds. Again
we omit the dependence on parameters for the sake of simplicity although all the limits are uniform with
respect to the parameters. Following the same discussion as in the proof of Lemma 5.4 we arrive to the
equality

' f(z)dz = ) x_%x— 2 ) x_%x— s)h(s
/0(3—2h0/ ba) Fdo =35 [ @) Fdz - 2hol(5)h(s), (27)

1-22)2 —+ *
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where the functions ®, h and [ are defined in (22). The only difference lies on the interval of integration
due to g~ (—=rvho) — —% as r — 1 in this case.

Let us denote u = u(s):= ¢~ (s) —1+p; = (Fs+1)"F — 1+ p;. From the expressions of h and [ in (22)
and the definition of V' and V; in (18) we have
ho(u+1—p1)*F (2 —2F)2
DEVi(u+1—pi)(u+p2—p1)?

_ (w+1-p)PFe-2p)
DEVi(u+1—pi)(u+ps—p1)t

u

u

(M
o

1(s)h(s) (28)

Moreover, equality (26) also holds and the limit of the second quotient of the right-hand side of the equality
tends to zero as r tends to one. Therefore

N7 0 NV, 7 V) (4 2V
T—)lm r—1 m '

The change of variable s = g~ (rv/hg) yields to

rVho(9~)"(rv/ho) _ 2V(s)*(V'(5)* — 2V(s)V"(s))

v1-— r2 hOV’(s)3\/ ho - V(S)

On account of the expressions in (18), if z = ¢~1(s) = (Fs + 1)~ 7 we have

rivho(g™)"(rvho) _ 221 (ho — 271 Vo(2))* (227 VA (2)? — 2(ho — 272 Vo (2))Va(2)).

Vi-o hoVi(2)3Vp(2)

Finally, using the factorization Vo(z) = 52=(2 — 1+ p1)(z — 1+ po) and u = u(s) = z — 1 + p; defined
above, after some algebraic manipulations we arrive to
r*Vho(g™)" (rvho) B 2ho(2 — 2F)% ((u +1—p) 2 Vi(u+1—p1)? —2hoVo(u+1— pl)) u—t
V1—r2 D%Vl(u—&—l—p1)3(u+p2—pl)%(u—i—l—pl)—‘“’

At this point we substitute the previous equality and (27) into (21), and we use the equality (28) and the
integrals in item (b) of Lemma 5.3 to have an explicit expression for the momentum under consideration. On

account that v(s) = ¢_1q§f)f(;)+p = o715, (see Lemma 5.3), we can collect the expression of the momentum
as follows

3 T

1 (T f0) f(z)dz
N[[@u[fuu } _}E( 12 o (1722)%
L 2ho(2 - 2F)3 (1 —py)2FE
= lim a(u)u_% +b(u)u"2 + o - )2 p31) : I (u)
u—0 Dz (p2 — p1)§
3h3(2—2F)3 (1 — py)*F-3
, 3hil 2 )2 ( P;) L) |,
Dz (p2 —p1)?

where

1 P P
nw=2- [ =g ag) -y,
wFiopr
22 ! -3 4—4F -3 5
Ir(u):= —§+8F+5a— Yy~ 2 ((l—y) (1-ay) 2—1—(4F—4—|—§a)y)dy,

_u
u+1—pq

and both a and b are analytic functions at u = 0. Here a = Ii 2__;1 . First, from the first part of the proof of
Lemma 4.6 we know that N [[@V [fMH 1] exists and so the previous limit is finite. (This can also be deduced

from the fact that at the moment when certain momentum in Theorem E needs to be computed, such
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momentum exists and it is finite.) The previous fact, together with the analyticity of a and b, implies that
a(u)u=2 +b(u)u=2 — 0 as u — 0. Second, we point out that I;(0) is the expression of the curve D = G(F)
found in [11] which vanishes for bifurcation parameters we are considering. Consequently, taking the limit
on the equality above,

3h2(2 — 2F)3 (1 — pp)*F 3
D%(p2 —Pl)%

N[2l5])'] =

The result will follow once we prove that

15(0).

44/m T'(5 — 4F)
1(0) = _W 2F1 (=3, 3 % —4F; ).

To do so we shall show that the power series of the functions at both sides of the equality coincides. We
notice that for parameters under consideration, |a| < 1 and so the Hypergeometric function is analytic
and well defined as a power series (see [1, Section 15]). First notice that using the Newton’s binomial the
integrand of I5(0) writes

1+ (1—y)*4F (4 —4F 5(1—y)*4F —5 = /3
+ (1 -y) + ( )er (1-y) 4—4F Z(g‘é‘k) aF gt (29)

at+(l—y)" "y
Y 2y k=2 2

[N
Nlw

By the assertion in Lemma 5.1 and on account that F' < 5/4, for each k > 2 we have

/1(1 _ y)4—4Fyk—gdy _ I - 4F)F(_% + k)
0

[(I—4F +k)

Since the function inside the integral is positive for each k > 2, Tonelli’s theorem states that summation
and integral signs interchange. Thus we obtain

34 >, /3 (5—4F)(-2 +k)
5 aF(1—y 474Fyk <2 + ) 2 ok
/0k2< 3 > 4=y 2% T(I—4F + k)

:kg 574F) (-3 4+ WT(5 +5) o (30)
2T TG 4R i Rr(E) K

Let us now integrate the second term in (29). The integration of the first term follows similarly and we
omit the computation for the sake of shortness. Taking ¢ > 0 small we have

/1 5(1 _ y)474F -5

Qy%

5 1
ady = ia/ y*%(l — ) Fdy + 5a(1 - 5*%).
1>
With the aim of applying Lemma 5.1 in view we need the powers of y and (1 — y) to be greater than —1.

Indeed, since F' € (1, g) we already have 4 — 4F > —1. On the contrary, the power of y do not satisfy the
assumptions of the lemma. To overcome this we use Lemma 5.2 and we get

1 1
/ y~i(1— )t dy = —2(2 — 4F) / y 31— y) P dy +2e75(1 —¢)P 1,
g €
Substituting this equality on the previous expression, tending € to zero and using Lemma 5.1 we get

1 4—4F 1
1- — I'(b—4F
0 0

2y2 F(% — 4F)
As we noticed before, the same procedure shows that
1 4-4F
—14+(1- + (4 —4F 22 4/7'(5 — 4F
[y, 2 g 1A T)
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In this last case Lemma 5.2 must be applied twice. Summing these two last expressions together with (30)
we have that

4/70(5 —4F)  5a/7(5 — 4F) iFS—AlF)F( S+E(S+k) b

EO= S * r(——4F AFRE(E) M

k=
_ 4y70(5 —4F) NT(=2+k)T(3 4+ k)T(§ —4F) oF
~3r(L-4F) <+ 2(8F — 7JFZ D(-2)T(C)T(L —4F +k) k')
_ 4/aT(5 — 4F)
30(I —4F)

k=2

2Fl (_%7315_4}77&)7

where on the first equality we use common properties of the Gamma function and on the second equality
we use the definition of the Hypergeometric function 5 F} as a power series on account that |«| < 1. |

Remark 5.6. The Hypergeometric function oF} (a7 b; c; z) can be continued analytically for any complex
number with |z| > 1 along any path in the complex plane that avoids the branch points 1 and infinity. For
parameters p = (D, F) satisfying F € (1,3), D € (=3, —1) and D + F > 0 the property |o(z)| < 1 do not
hold. However, it holds that «(u) < 1. Thus the function

1

- E (2. -1.5_9op.
F(%—QF)Q 1(2 2 7a(/j/))

2
in the statement of Lemma 5.5 is well defined as a power series. O

Proof of Proposition 4.7 As it is shown in (20) the bifurcation curve D = G(F') must coincide with the
zero set of N|[f,]. For the parameters under consideration, the first assertion in Lemma 5.5 shows that this
zero set coincide with the zero set of the function 2F1( , 2, 5 — 2F; «) where a:= p’?:pll. This proves the
first assertion of the result. To show the second assertion notice that

li F(3,-3;5 -2F; =1
(D7F)—1>I(Ill75/4)2 1(2’ 2179 ’a(:u))

since a(p) — 0 as D — —1. Therefore the result follows by the limit lim(p gy, (—1,5/4 #

: QF) =0. ]
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