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PERIODIC SOLUTIONS FOR A CLASS OF DUFFING DIFFERENTIAL
EQUATIONS

AMINA FEDDAOUI!, JAUME LLIBRE? AND AMAR MAKHLOUF!

ABSTRACT. We provide sufficient conditions for the existence of periodic solutions in the class of
Duffing differential equations

2 +e®)z +alt)z +b(t)z® = h(t, z),
where the functions a(t), b(t), c(t) and h(t,z) are C? and T—periodic in the variable t.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Several classes of Duffing differential equations have been investigated by many authors. They are

mainly interested in the existence of periodic solutions, in their multiplicity, stability, bifurcations,

. see the survey of Mawhin [12], and also the articles [?]—[8], [13, 14, 17, 19] without trying to be
exhaustive in the references.

In this work we study the periodic solutions for the class of Duffing differential equations
(1) 4 e(t)r + alt)z + b(t)z® = h(t, z),

where the functions a(t), b(t), c¢(t) and h(t,z) are C? and T—periodic with respect to the variable t.
As usual here the prime denotes derivative with respect to the time ¢.

In [20] the authors used the Leray—Schauder method to prove the existence of periodic solutions
of the Duffing equation

(2) 2 +cx +g(t,x) = h(t),
where ¢ > 0 is fixed, h and g are T-periodic functions in ¢.

During the past three decades the existence and stability of periodic solutions for the equation
(2), or for more general types of nonlinear second—order differential equations have been studied by
many authors, see for instance [4, 8, 13, 17]. Ortega initiated the study of the stability of periodic
solutions of (2) with h(t) = 0 using the relation between topological degree and stability [14]. Besides
the topological degree method, the method of upper and lower solutions is also successfully used to
investigate stability properties. The techniques of these methods are different from the one of our
method.

In [1] Benterki and Llibre studied the periodic solutions of equation (1) with ¢(t) = ¢, h(t,z) =
h(t), ¢ > 0 is a constant, and a(t), b(t) and h(t) are continuous T-periodic functions. These
differential equations were also studied by Chen and Li in the papers [?, 6]. These authors studied
the periodic solutions of the equation

(3) & +cx' 4 a(t)z + b(t)z® = h(t),
with the following additional conditions, either b(t) > 0, h(t) > 0 and a(t) satisfies

2 2

T

T c 1

a(t) < T2 + T and ag = T /a(t)dt > 0,
0
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ora(t)=a>0,b(t)=1and ¢ >0, a and ¢ are constants.

In [10] the authors studied the existence and the stability of periodic solutions of the Duffing

T
1
differential equation (3) with ¢ = eC > 0, a(t) = &2A(t), Agbg > 0 where Ay = T/A(t)dt,
0

1

T
by = T / b(t)dt and ¢ is sufficiently small.
0

In [2] Benterki and Llibre studied the existence of periodic solutions of the two Duffing differential
equations y” + asiny = bsint and y” +ay — cy® = bsint, where a, b and ¢ are real parameters.

In [9] Llibre and Makhlouf studied the periodic solutions of the second-order differential equation

'(t t
with variable potentials of form (1) with ¢(t) = r(¢t) + I;)(i(t))’ a(t) = —%, b(t) = 0 and h(t,z) =
ff;t(’t;c), where the functions p(t) > 0, q(t), r(t) and f(¢,r) are C? and T—periodic in the variable

Instead of working with the T-periodic Duffing differential equation (1) we shall work with the
following equivalent T-periodic differential system of first—order

z = Y,
) y = —c(t)y — a(t)x — b(t)z® + h(t, z).

We define the functions
t

k(t) = /c(s)ds7 m(t) = /a(s)ek(s)ds,
(5) ’
n(t) =

o o
\u-
>
—~
&)

—

a
fin
=
»

2
IS
)

¢
g(t,x) = /h(s,x)ek(s)ds.
0

Our results on the periodic solutions of the differential system (4) are summarized in the next
two theorems. In these two theorems we provide 16 polynomial systems of the form f1(zo,y0) =
f2(xo,y0) = 0, the ones of Appendices 2 and 3, such that, under the assumptions of Theorems 1 or
2, for every simple zero (zf, yg) of one of such polynomial systems the differential system (4) has a
T—periodic solution (z(t),y(t)) such that (x(0),y(0)) is close to (z, ys)-

Theorem 1. We consider the differential system (4) where the functions a(t), b(t), c(t) and h(t,
x) are C% and T-periodic in the variable t. Assume that the functions of (5) are T—periodic in the
variable t. Then for every simple zero (x§, yg) of one of polynomial systems (16)—(23) in the variables
xo and yo giwven in Appendiz 2, the differential system (4) has a T —periodic solution (x(t),y(t)) such
that (z(0),y(0)) is close to (x§,yg)-

Now we define the functions
t t t

(6) m(t) = /a(s)ds, n(t) = /b(s)ds, g(t,z) = /h(s,x)ds.

0 0 0
Theorem 2. We consider the differential system (4) where the functions a(t), b(t), c(t) and h(t,
x) are C? and T-periodic in the variable t. Assume that the functions of (6) are T-periodic in the
variable t. Then for every simple zero (x5, ys) of one of polynomial systems (24)—(31) in the variables

xo and yo given in Appendiz 3, the differential system (4) has a T —periodic solution (x(t),y(t)) such
that (2(0),y(0)) is close to (x§,yg)-

Theorem 1 is proved in section 2.
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The proof of Theorem 2 is similar to the proof of Theorem 1 and we do not provide it here,
otherwise this paper will duplicate the number of pages.

These proofs are based in the averaging theory and in different rescalings of the functions a(t),
b(t), c(t) and h(t,x), and of the variables z and y.

In section 3 we provide differential systems satisfying all the assumptions of Theorems 1 and 2,
i.e. there are differential systems for which every polynomial system from (16) up to (31) provides
limit cycles of those systems.

In Appendix 1 we recall the basic result of the averaging theory that we need for proving our

results.

2. PROOF OF THEOREM 1

We do the following rescaling of the functions and variables which appear in the differential

system (4)

(7)

a(t)
b(t)
c(t)
h(t,x)

X,

em?y,

" A1),
€™ B(1),

e C(t),
e™H(t,X),

where € > 0 is a small parameter, then the differential system (4) becomes

(8)

e™?Y,

—eMOR)Y —e™ T ™A X

—e" T B(H) X €™M T M H(E X)),

where we assume 0 < ng, 0 < my < ny, ma < ng, me < ny, and { ny—ma, no—ma, ng—mo N{1} # 0.

We distinguish the following two cases with their corresponding subcases

CaseI : my =1 and n3 = 0.

Case IT : my = 1 and nz = 1.

We split the cases I
(a.1) ny —mg =0,
) np—mg =0,
) n1—mg =0,
) ng—mg =1,
(a.5) ny —mg =0,
) np—mg =1,
) np—mo =1,
(@.8) ny —mg =1,

where o € {I,II}.

and II into the following eight subcases

ng—mQ:O, n4—m2:0,

207

Ng — Mo
Ng — Mo
Ng — Mo
Ng — Mo =
Ng — Mo =
Ng — Mo =
ng —mg =

Ny — Mo =
Ng — Mo =
nNg — Mo =
Ng — Mo =
nNg — Mo =
Ng — Mo =
ng —Mmg =

We shall prove Theorem 1 statement by statement.
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We assume that the following functions are T-periodic in the variable ¢

K(t) = / C(s)ds, M(t) = / A(s)eX ) ds,

t
N(t) = B(S)eK(s)dS7 G(t, Xo) = /H(S,Xo)@K(S)dS.
0

S — .

Proof of Theorem 1 for the polynomial system (16). For the case (I.1), i.e. for ng =0, mg =ny =
ng = nyg = 1, the differential system (8) writes

() X/' =¢Y,
Y =-C@)Y —A(t)X — B(t) X + H(t, X).

This system is in the normal form (11) for applying the averaging theory described in Appendix 1.
More precisely, we have z = (X,Y),

Folt, o) = ( —C’(t)Y—A(t)X—OB(t)X3+H(t,X) > At ) = < " ) and Fy(t, ) = ( 0 )

Solving the differential system (12) associated to our system (9) we obtain the T—periodic solutions
(X (1), Y (1)) = (Xo, (Yo = XoM(t) — XN () + G(t, Xo))e "),

for all (Xo,Yy) € R?\{(0,0)}. Now taking z = (Xo,Yp) and solving the variational differential
equation (13) corresponding to our system (9) we obtain the fundamental matrix

1 0
M.(t) = ( (=M(t) —3XZN(t) + G.(t, Xp))e KO =K1 ) ’
We compute the average function F(z) = (F1(Xo, Yp), F2(Xo, Yp)) defined in (14) and we get

T T T T
Fi = —XS/N(t)e‘K(t)dt—XO/M(t)e_K(t)dt+/G(t,XO)e_K(t)dt+Yo/e_K(t)dt,
0 0 0 0
T T
Fo= —3X§ / N(t)?e 5 Wat — X3 / N(t)(4M(t) — Ga(t, Xo))e KB dt+
0 0

T T T
3X§YO/N(t)e‘K(t)dt+3X§/N(t)G(t,X0)e_K(t)dt—XO/M(t)~
0 0 0

(M(t) — Go(t, Xo))e KM at + /G(t,Xo)(M(t) — Ga(t, Xo))e KW dt

Yo / (M(t) — Gt Xo))e~ KDt
0

By Theorem 3 the differential system (9) has a periodic solution (X(t,e),Y (¢,¢)) such that
(X(0,¢),Y(0,¢)) — (Xg,Yy) when € — 0, for each zero (X§,Yy) of the system F1 = F5 = 0, whose
Jacobian is different from zero, i.e. (X§,Y) is a simple zero of the system F; = F» = 0. Going back
to the differential system (4) through the rescalings (7) the polynomial system F; = F3 = 0 in the
variables Xy and Yy becomes the polynomial system (16) in the variables 2y and yo. Consequently
the theorem is proved for system (16). O
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Proof of Theorem 1 for the polynomial system (17). For the case (1.2), i.e. for ng =0, mg =n; =
ng = 1, ny = 2, the differential system (8) writes

X' = ey,
(10) Y = —C(t)Y — A(t)X — B(t)X? + eH(t, X).

This system is in the normal form (11) for applying the averaging theory described in Appendix 1.

Solving the differential system (12) we obtain the T—periodic solutions
(X(1), Y (1)) = (Xo. (~XoM(t) — XgN(¢) + Yo)e *),

for all (Xo,Yy) € R?\{(0,0)}. Now taking z = (Xp,Yp) and solving the variational differential
equation (13) we obtain the fundamental matrix

1 0
M) = ( (—M(t) — 3XIN(B))e=KW =K >

We compute the average function F(z) = (F1(Xo, Yo), F2(Xo, Yo)) defined in (14) and we get

T T T
F = fXg/N(t)e_K(t)dtfXo/M(t)e‘K(t)dthYO/e‘K(t)dt,
0 0 0
T T T
Foy= —3X§/N(t)ze*’<<t>dt—4X§/N(t)M(t)e*K”)dt+3X§YO/N(t)-
0 0 0

T T T
e*K“)dt—XO/M(t)Qe*K“)dH/H(t,XO)eK(”dHYO/M(t)e*K(”dt.
0 0 0

By Theorem 3 the differential system (10) has a periodic solution (X (¢,¢),Y (¢,¢)) such that
(X(0,¢),Y(0,¢)) = (Xg,Yy) when € — 0, for each zero (X§,Yy) of the system F; = F, = 0, whose
Jacobian is different from zero. Going back to the differential system (4) through the rescalings (7)
the theorem follows for system (17). O

Proof of Theorem 1 for the polynomial system (18). For the case (1.3), i.e. for ng =0, mg =ny =
ng = 1, ng = 2, the differential system (8) writes

X' = ey,
Y = —C(t)Y — A()X + H(t, X) — eB(t) X>.

This system is in the normal form (11) for applying the averaging theory. Solving the differential
system (12) we obtain the T—periodic solutions

(X(1),Y (1)) = (Xo, (~XoM(t) + G(t, Xo) + Yp)e KM,

for all (Xo,Yy) € R2\{(0,0)}. Now in a similar way to the proof of the previous two systems (16)
and (17) we obtain the fundamental matrix

1 0
Male) = ( (=M (t) + Gat, Xo))e KO KO >
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Computing the average function F(z) = (F1(Xo, Yo), F2(Xo, Yo)) we get

T T
Fi= —XO/M(t)e’K(t)dt—}-/G(t,Xo)e’K(t)dt—f—Yo/e’K(t)dt,
0 0
T T T
Fo= —X3 / B(t)eXMdt — X, / M(t)(M(t) — Gy (t, Xo))e KOdt + / G(t, Xo)

(M(t) = Gy (t, Xo))e KW dt + Y()/(M(t) — Ga(t, Xo))e KWat.

Now the proof of the theorem for the polynomial system (18) follows as the proofs for the previous
polynomial systems (16) and (17). O

Proof of Theorem 1 for the polynomial system (19). For the case (I.4), i.e. for ng =0, mg = ny =
ng =1, ny; = 2, the differential system (8) writes

X' = ey,

Y = —C(t)Y — B{t)X?* 4+ H(t,X) — eA(t)X
This system is in the normal form (11) for applying the averaging theory. Solving the differential
system (12) we obtain the T—periodic solutions

(X(t)7 Y(t)) = (XO’ (*X(?N(t) + G(tv XO) + Yo)e_K(t))v
for all (Xo,Yy) € R?\{(0,0)}. Solving the variational differential equation (13) we obtain the fun-

damental matrix

1 0
M.(t) = < (“3XZN(t) + Gt Xo))e KO =K >

We compute the average function and we obtain

T T T
Fi= —XS/N(t)e‘K(t)dt—|—/G(t,Xo)e_K(t)dt+Y0/6_K(t)dt,
0
T T
Fo= —3X§ / N(t)?e K®at + X3 / N(t)Go(t, Xo)e KW dt + 3X2Y, / N(t)
T T
e~ KWt 4 3X§/N(t)G(t,Xo)e_K(t)dt /A(t yeK®at — /G (t, Xo)
0 0 0

G (t, Xo)e KO dt — YO/Gz(t7Xo)67K(t)dt.

As in the proofs of the theorem for the previous polynomial systems it follows the proof for the
polynomial system (19). d

Proof of Theorem 1 for the polynomial system (20). For the case (I.5), i.e. for ng =0, mg =ny =
1, ne = ng = 2, the differential system (8) writes

X' =ey,

Y = —C(t)Y — A()X +eH(t, X) — eB(t)X>.
We can apply the averaging theory to system (11). Solving the differential system (12) we obtain
the T—periodic solutions

(X(1),Y(t) = (Xo, (—XoM(t) + Yo)e K1),
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for all (Xg,Yy) € R%\{(0,0)}. Solving the variational differential equation (13) we obtain the fun-

damental matrix
1 0
M,(t) = ( _M(t)e—K(t) e~ K@) ) .

We compute the average function
T T
Fi = —XO/M(t)e’K(t)dt—f—Yo/e’K(t)dt,
0 0

T

L T
Fy _XS / B(t)eK(t)dt — Xo / M(t)zeiK(t)dt + /H(t7 XO)GK(t)dt+
0 0 0

T
Y()/M(t)e*K(t)dt.
0

As in the proofs of the theorem for the previous polynomial systems it follows the proof for the
polynomial system (20). d

Proof of Theorem 1 for the polynomial system (21). For the case (1.6), i.e. for ng =0, mg = ny =
1, ny = ng = 2, the differential system (8) writes

X' =¢v,

Y = —C(t)Y — B(t)X? —cA(t)X +eH(t, X).

We apply the averaging theory, so solving the differential system (12) we obtain the T— periodic
solutions

(X(8),Y (1)) = (Xo, (~XGN(t) + Yo)e *),

for all (Xo,Yy) € R?\{(0,0)}. Solving the variational differential equation (13) we obtain the fun-
damental matrix

1 0
M, (t) = < —3X2N(t)e KO K ) '

And we obtain the corresponding average function

T T
Fi = —XS’/N(t)e’K(”dt—i—YO/e’K(t)dt,
0 0
T T T
Fy= —3XJ / N(t)2e KOdt + 3X2Y, / N(t)e KE®dt — X, / A(t)eX D dt+
0 0 0

T
/ H(t, Xo)eKOdt.
0

As in the proofs of the theorem for the previous polynomial systems it follows the proof for the
polynomial system (21). O

Proof of Theorem 1 for the polynomial system (22). For the case (1.7), i.e. for ng =0, ma =ng4 =
1, n1 = ny = 2, the differential system (8) writes

X =ev,
Y = —C()Y + H(t,X) —cA(t)X —eB(t)X3.

Solving the differential system (12) we obtain the T—periodic solutions
(X(1),Y (1) = (Xo, (G(t, Xo) + Yo)e *1),
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for all (Xo,Yo) € R?\{(0,0)}. Now solving the variational differential equation (13) we obtain the

fundamental matrix
1 0
MZ(t) = < Gz(mXO)eiK(t) e~ K(t) > ’

We compute the average function and we obtain
T

/G(t, Xo)e—K(t>dt+Yo/e—K<t>dt,
0

T T
Fo= fXg/B(t)eK(t)dtfXO/A(t)eK(t)dt /G (t, X0)Go(t, Xo)e KB at—
0 0

Y, / Ga(t, Xo)e KM,

As in the proofs of the theorem for the previous polynomial systems it follows the proof for the
polynomial system (22). O

Proof of Theorem 1 for the polynomial system (23). For the case (I.8), i.e. for ng = 0, mgy = 1,
ny = ng = ng = 2, the differential system (8) writes

X' =Y,
Y = —C(t)Y —cA(t)X —eB(t)X? + eH(t, X).

Solving the differential system (12) we obtain the T—periodic solutions
(X(1),Y (1)) = (Xo, Yo~ 1)),
for all (X, Yy) € R?\{(0,0)}. Solving the variational differential equation (13) we obtain the fun-

damental matrix
1 0
M,(t) = < 0 e—K® > -

We compute the average function and we get
T

Fi= Y, / e KM at,
0

T T T
Foy = —Xg/B(t)eK(”dt—XO/A(t)eK(“dt+/H(t,X0)eK(t>dt.
0 0 0
As in the proofs of the theorem for the previous polynomial systems it follows the proof for the
polynomial system (23). d

This completes the proof of Theorem 1.

3. EXAMPLES
In this section we provide examples of each one of the statements of Theorems 1 and 2.

2 1
Example (1.1) : Consider the differential system (4) with a(t) = _(§ + 3 c08 t)sintcost, b(t) =
sint
cost

2 1
(§ + 3 c08 t)cost, c(t) = and h(t,z) = ac( + 3 cos t) cost. These functions are 2r—periodic

2 4+ cost

3 )7 g(t,$) =

¢
in the variable ¢. Then we obtain the functions k(¢ / c(s)d In(
0
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t

¢ ¢
1 1
/h(s,x)ek(s)ds = xsint, m(t) = /a(s)ek(s)ds =3 + —cos?t and n(t) = /b(s)ek(s)ds = sint,
0

2
0 0
are 2m—periodic in the variable t. Now the system (16) of Theorem 1 becomes
1 4 8 19 1
- 4o =0 s — —xg— -yo = 0.
3x0+3y0 5 3%0 ~ 50~ 3Yo

This system has five solutions:

1 1 1 1
(0,0), si:i(é\/%—?)\/ﬁ,—ﬂ\/%l—?)\/ﬁ), ri::t(é\/24+3\/ﬁ,—ﬂ\/24+3\/ﬁ).

We omit the solution (0,0), which corresponds to an equilibrium point. The differential system (4)

for this example is invariant under the symmetry (z,y) — (—x, —y). So since the Jacobian (15) is

26 16 26 16
5 = —\/ for the second and third solution, and o7 + — o v/13 for the fourth and fifth solution,

the dlfferentlal system (4) for ¢ # 0 sufficiently small has two periodic solutions (z(t, ), y(¢,¢)) such
that (x(0,¢),y(0,¢)) tends to s4 or r4 when & — 0.

Example (1.2) : Consider the differential system (4) with a(t) = (1 + (sint)/2)sint, b(t) = (1 +

(sint)/2) cost,c(t) = —cost/(2 + sint), h(t,x) = x. These functions are 2w-periodic in the variable
¢ ¢

t. Then we get the functions k(t) = /c(s)ds = —In((2+sint)/2), m(t) = /a(s)ek(s)ds =1-—cost

0 0
t

and n(t) = /b(s)ek(s)ds = sint¢, which are 27—periodic in the variable ¢. Now computing the
0
polynomial system (17) of Theorem 1 we obtain the system
1 3 4
751‘8 —2x9+ 2y =0, 73x8 — ng + §I(2)y0 —3x9 + 5\/5:50 + 2yg = 0.

This system has only two real solutions different from (0, 0):

\/7 1/4 \/7

sy = (7( 42 + 561/3) vi2

= 42 + 56v/3)3/* + N = (—42 4+ 56V/3)1/4).

The differential system (4) for this example is invariant under the symmetry (z,y) — (—z, —y). So
since the Jacobian (15) is 32v/3/3 — 8 for the second and third solution, the differential system (4)
for € # 0 sufficiently small has one periodic solution (x(¢,¢), y(t,€)) such that (z(0,¢),y(0,¢)) tends
to sy when € — 0.

Example (1.3) : Consider the differential system (4) with a(¢t) = (1 + (sin¢)/2) cost, b(t) =
cost, ¢(t) = —sint/(2 + cost), h(t,z) = (x + 1)(1 + (sint)/2) sint. These functions are 2w-periodic
¢

in the variable t. Then we obtain the functions k(t) = /c(s)ds = —In((2 + cost)/3), m(t) =

0
t

t
/a )ek)ds = sint and g(t,x) = /h(s, x)ek(s)ds = —xcost— cost+x+ 1, which are 2n—periodic
0

0
in the variable t. Now the polynomial system (18) of Theorem 1 becomes

3 3 5
STo4+ 20 +2=0,  —3z0— yo— = =0.
21’0+ Yo + ) Lo = 5% 5

This system has the unique solution z = (—8/15, —3/5). Since the Jacobian (15), for this solution is
15/4, the differential system (4) for & # 0 sufficiently small has one periodic solution (x(¢,¢), y(t, €))
such that (z(0,¢),y(0,¢)) tends to s when € — 0.

Example (1.4) : Consider the differential system (4) with a(t) = sint 4 cost, b(t) = (2 +
cost)cost/3, c(t) = —sint/(2+ cost), h(t,z) = x(2+ cost)sint/3. These functions are 2r—periodic
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¢
in the variable ¢. Then we compute the functions k() = /c(s)ds = —1In((2 + cost)/3), g(t,z) =
0

¢ ¢
/h )e¥ ) ds = & —x cost and n(t) = /b(s)ek(s)ds = sint, which are 27—periodic in the variable
0
t.

For this system the polynomial system (19) of Theorem 1 is
4 s 22
To+ 3w =0,  —2u5— w0+ 4320 — o = 0.

This system has only two non—zero real solutions

V3

si = £( (474 + 288v/3)1/4, — V3

o (AT 288V/3)1/4).

The differential system (4) for this example is invariant under the symmetry (z,y) — (—x, —y). So
since the Jacobian (15) is —316/9 + 64+/3/3 for both solutions, the differential system (4) for € # 0
sufficiently small has one periodic solution (x(¢,¢),y(t,€)) such that (2(0,¢),y(0,¢)) tends to sy
when € — 0.

Example (1.5) : Consider the differential system (4) with a(t) = 3(1+sin?t) sint, b(t) = sin® t(1+

cost), c(t) = —2sintcost/(1 + sin?t) and h(t,z) = (2> + 1)sin?t. These functions are 27—periodic
t

in the variable ¢. Then we obtain the functions k(t) = /c s)ds = —In(1 + sin?t) and m(t) =
0

¢
/ a(s)e"®)ds = 3 — 3cost, which are 2r—periodic in the variable . For this system the polynomial
0

system (20) of Theorem 1 is

153
—920 + 3yo =0, *Tl’o +9y07\/§+2:0.

This system has the unique solution s = ((8 — 4v/2)/45, (8 — 41/2)/15). Since the Jacobian (15) for
this solution is 135/4, the differential system (4) for ¢ # 0 sufficiently small has one periodic solution
(z(t,€),y(t, €)) such that (z(0,¢),y(0,¢e)) tends to s when € — 0.

Example (1.6) : Consider the differential system (4) with a(t) = sin®¢, b(t) = cost(1 + sint),

c(t) = —2sintcost/(1 + sin®t) and h(t,z) = (z + 1)sin®t. These functions are 27periodic in
¢

the variable ¢. Then we compute the functions k(t) = /c(s)ds = —In(1 + sin®¢) and n(t) =
0

t

/b(s)ek(s)ds = sint, which are 27—periodic in the variable ¢. Here the polynomial system (21) of

0
Theorem 1 becomes

21
3yo =0, —Zx8+2—\/§:0.

This system has the unique real solution s = ((—777924+/2 4+ 1555848)/5 /21, 0). Since the Jacobian
(15) for this solution is 5(—777924v/2 + 1555848)%/5 /12348, the differential system (4) for ¢ # 0
sufficiently small has one periodic solution (z(t,¢),y(t,€)) such that (z(0,¢),y(0,€)) tends to s
when € — 0.

Example (1.7) : Consider the differential system (4) with a(t) = sin®¢,b(t) = cost(1 + sint),
c(t) = —2sintcost/(1 + sin?t) and h(t,2) = (x + 1)(1 + sin®t)cost. These functions are 27—

t
periodic in the variable ¢. Then we get the functions k(¢ / c(s = — In(1 + sin®¢t) and
0
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t

g(t,z) = /h(s7 2)e*®)ds = (x+1)sint, which are 27periodic in the variable t. Now the polynomial
0
system (22) of Theorem 1 is
15 7
3yo =0, —Zﬂﬁo-l—\@xo—Z:O-

This system has the unique solution s = (7/(4y/2 — 15),0). Since the Jacobian (15) for this solution
is —3(—15+41/2)/4, the differential system (4) for ¢ # 0 sufficiently small has one periodic solution
(z(t,€),y(t,e)) such that (x(0,¢),y(0,¢)) tends to s when ¢ — 0.

Example (1.8) : Consider the differential system (4) with a(t) = 2cost, b(t) = cos®t, c(t) =

sint/(2 + cost) and h(t,z) = x costsin®t. These functions are 27 periodic in the variable t. Then
¢

we compute the function k(t) = /c(s)ds = —In((2+ cost)/3), which is 2m—periodic in the variable

0
t. For this differential system the polynomial system (23) of Theorem 1 becomes
yo =0, —8V/3x3 4 1223 4+ 20320 — 3320 = 0.

It has the two non-zero solutions sy = +1/7 — 21/3/2, whose Jacobians (15) are 404/3 — 66. Since
system (4) for this example is invariant under the symmetry (z,y) — (—x,—y), it has for ¢ # 0
sufficiently small one periodic solution (x(¢,¢),y(t,€)) such that (z(0,¢),y(0,¢)) tends to s; when
e —0.

Example (2.1) : Consider the differential system (4) with a(t) = sint, b(t) = 2cost, c(t) =

2sint+cost and h(t,z) = xsint. These functions are 2r—periodic in the variable ¢. Then we obtain
t t t

the functions g(t, z) = /h(s,x)ds =z —xcost, m(t) = /a(s)ds =1—cost and n(t) = /b(s)ds =

2sin t, which are 27rfpe1(r)iodic in the variable t. For this di(lgferential system the polynomial (aifferential
system (24) of Theorem 2 is

2yg = 0, —12x5 + 423 = 0.
This system has the two non-zero solutions s1 = #+(1/+/3,0). Since the Jacobian (15) is 16/3 for
both solution, and system (4) for this example is invariant under the symmetry (z,y) — (—z, —y) it
has for ¢ # 0 sufficiently small one periodic solution (z(t,¢), y(¢,€)) such that (z(0,¢),y(0,¢)) tends
to s; when ¢ — 0.

Example (2.2) : Consider the differential system (4) with a(t) = —sint, b(t) = cost, ¢(t) = sint

and h(t,z) = x. These functions are 2r—periodic in the variable ¢. Then we compute the functions
t t

m(t) = /a(s)ds = —1+cost and n(t) = /b(s)ds = sint, which are 2r—periodic in the variable ¢.

0 0
For this differential system the polynomial system (25) of Theorem 2 becomes

2x9 + 2yo = 0, 73558 + xg — 20— 2yo = 0.

This system has the two non-zero real solutions sy = =+(1/6 + 6v/13/6, —\/6 + 61/13/6). Since
the Jacobian (15) is (26 + 2v/13)/3 for both solution, and system (4) for this example is invariant
under the symmetry (z,y) — (—z,—y) it has for ¢ # 0 sufficiently small one periodic solutions
(x(t,€),y(t,€)) such that (z(0,¢),y(0,¢)) tends to sy when € — 0.

Example (2.3) : Consider the differential system (4) with a(t) = —cost, b(t) = cost, c(t) =

sintcost and h(t,z) = (z + 1)cost. These functions are 2r—periodic in the variable ¢. Then we
¢ ¢

obtain the functions g(¢,z) = /h(s,x)ds = (z+ 1)sint and m(t) = /a(s)ds = —sint, which are
0 0
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2m—periodic in the variable t. The polynomial system (26) of Theorem 2 for this differential system
becomes

2y0 = 0, 741‘0 —2=0.
This system has the unique solution s = (—1/2,0). Since the Jacobian (15) at this solution is 8, the
differential system (4) for ¢ # 0 sufficiently small has one periodic solution (x(¢, ), y(t, <)) such that
(z(0,¢),y(0,¢)) tends to s when ¢ — 0.

Example (2.4) : Consider the differential system (4) with a(t) = cost, b(t) = 2sint, c(t) =

sint+cost and h(t,z) = xsint. These functions are 2r—periodic in the variable ¢. Then we compute
t t

the functions g(t,z) = /h(s,x)ds =x —xcost and n(t) = /b(s)ds = 2 — 2cost, which are 27—

0 0
periodic in the variable t. For this differential system the polynomial system (27) of Theorem 2
is
—dad 4 2w+ 290 =0,  —36x) + 228 + 1222y0 — 2w0 — 2y0 = 0.

This system has two non-—zero real solutions s = 4(1/+/2,0). Since the Jacobian (15) is 12 for both
solution, and system (4) for this example is invariant under the symmetry (x,y) — (-, —y), it has
for & # 0 sufficiently small one periodic solution (x(¢,¢),y(t,€)) such that (2(0,¢),y(0,¢)) tends to
s+ when € — 0.

Example (2.5) : Consider the differential system (4) with a(t) = sint, b(t) = cost, ¢(t) = 1+cost

and h(t,z) = sin®(t +z) + cost. These functions are 27periodic in the variable ¢. Then we compute
¢

the function m(t) = /a(s)ds = 1—cost, which is 2r—periodic in the variable ¢. For this differential

0
system the polynomial system (28) of Theorem 2 becomes
721’0 + 2y0 = 0, 721‘0 +1=0.

This system has the unique solution s = (1/2,1/2). Since the Jacobian (15) for this solution is 4,
the differential system (4) for ¢ # 0 sufficiently small has one periodic solution (z(t,¢), y(t,€)) such
that (x(0,¢),y(0,¢)) tends to s when & — 0.

Example (2.6) : Consider the differential system (4) with a(¢) = sint, b(t) = cost, ¢(t) = 1+cost
and h(t,x) = sin?(t + ) + cost. These functions are 27—periodic in the variable t. Then we obtain
¢

the function n(t) = / b(s)ds = sint, which is 2r—periodic in the variable ¢. For this differential

0
system the polynomial system (29) of Theorem 2 we obtain the system is

290 = 0, —3z) —2yo +1=0.

This system has the unique solution s = (3%/°/3,0). Since the Jacobian (15) for this solution is
107231/ the differential system (4) for € # 0 sufficiently small has one periodic solution (z(t, ), y(t, <))
such that (z(0,¢),y(0,¢)) tends to s when € — 0.

Example (2.7) : Consider the differential system (4) with a(t) = 2, b(t) = —sin®¢, c(t) = cost
and h(t,x) = zcost. These functions are 2m—periodic in the variable ¢. Then we compute the
t

function g(t,z) = /h(s7 x)ds = zsint, which is 2r—periodic in the variable t. ¢, (¢,z) = sin¢. For

0
this differential system the polynomial system (30) of Theorem 2 becomes
2y9 = 0, wg —5xg = 0.

This system has two non-zero real solutions s+ = £(+/5,0). Since the Jacobian (15) is —20 for both
solutions, and system (4) for this example is invariant under the symmetry (x,y) — (—x, —y) it has
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for & # 0 sufficiently small one periodic solution (x(¢,¢),y(t,)) such that (2(0,¢),y(0,¢)) tends to
s+ when € — 0.

Example (2.8) : Consider the differential system (4) with a(t) = — cos?t, b(t) = 2, c(t) = cost
and h(t,x) = —x cost. These functions are 2r—periodic in the variable ¢. For this differential system
the polynomial system (31) of Theorem 2 is

Yo =0, —4a3 + 19 = 0.

It has two non-zero solutions sy = (0,+1/2). Since the Jacobian (15) is 2 for both solutions, and
system (4) for this example is invariant under the symmetry (x,y) — (—x,—y) it has for ¢ # 0
sufficiently small one periodic solution (z(t,¢),y(t,€)) such that (2(0,¢),y(0,¢)) tends to s when
e — 0.

APPENDIX 1: AVERAGING THEORY OF FIRST ORDER

In this appendix we recall one of the basic results from the averaging theory that we need for
proving the results of this paper.

The averaging theory here presented provides an answer to the problem of the bifurcation of
T—periodic solutions from differential systems of the form

(11) x' = Fy(t,x) + eFi(t,x) + 2 Fa(t, x, €),

with € = 0 to € # 0 sufficiently small, where the C? functions Fo,Fi : RxQ — R™ and F :
R x  x (—eg,e0) — R™ are T-periodic in the first variable, and the domain of definition of the
differential system is {2 an open subset of R™. We assume that the unperturbed system

(12) x' = Fy(t,x),
has a submanifold of dimension n filled with periodic solutions.

Let x(t, z,£) be the solution of system (11) such that z(0,z,e) = 0. So, in particular z(¢, z,0) is
the solution of system (12) such that z(0, z,0) = 0.

The first variational equation of the unperturbed system (12) along the periodic solution x (¢, z, 0)
is

where y is an n x n matrix. In what follows we denote by M,(t) a fundamental matrix of the linear
differential system (13).

We assume that there exists an open set V with C£(V) C € such that for each z € V the solution
z(t, z,0) is T—periodic. So the set of periodic solutions contained in V' is isochronous for the system
(11), i.e. it is a set formed only by periodic orbits having the same period 7. Now an answer to
the problem: which T—periodic solutions z(t, z,0) of system (12) contained in V' can be continued
to T—periodic solutions z(t, z,¢) of system (11) for & # 0, is given in the following result.

Theorem 3. We assume that there exists an open and bounded set V' with C4(V') C  such that for
each z € V the solution z(t, z,0) is T—periodic, then we consider the average function F : V — R®
defined by

T
(14) Fo) = / MY F(t, alt, 2 0))dt.
0

If there ezists o € V with F(a) =0 and

(15) det((dF /dz)(a)) # 0,

then there exists a T—periodic solution 1(t,e) of system (11) for e # 0 sufficiently small such that
when € — 0 we have that z(0,¢) — a.
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Theorem 3 is due to Malkin and Roseau who proved it independently, see [11] and [15], respec-
tively. For an easy proof of Theorem 3 see Corollary 1 of [3].

For more information about the averaging theory see the books of [16, 18].

APPENDIX 2

We define in this appendix the polynomial systems in the variables xg and yg which appear in
the statements of Theorem 1.

T T T T
—x%/n(t)eik(t)dt—mo/m(t)eik(t)dt—i-/g(t,xo)efk(t)dt+yo/efk(t)dt: 0,
0 0

T T T
343 / ()2 KO ap — 3 / () (4m(t) — go(t, z0))e O dt + 32250 / n(t)-
(16) 0 0 0

T

T
e Pt + 322 /n(t)g(t,xo)efk(t)dt — o /m(t)(m(t) — gt m0))e ¥ at
0 0

+ / 9(t,20) (m(t) — ga(t,z0))e Wt + yo / (m(t) — g (t, w0))e "Vt = 0.

T T T
—xg/n(t)efk(t)dt—xo/m(t)eik(t)dt—i-yo/e*k(t)dt: 0,
0 0 0

T T T
(17) —3x8/n(t)2e_k(t)dt—4;88/n(t)m(t)e_k(t)dt—i—3x§yo/n(t)6_k<t)dt
0

0 0

T T T
—xo/m(t)267k<t)dt+/h(t,xo)ek(t)dt—b—yo/m(t)eik(t)dt: 0.
0 0 0

T T T
fxo/m(t)e_k(t)dt+/g(t,xo)e_k(t)dt+yo/e_k(t)dt: 0,
0

0

(18) —a3 [ b(t)eF D dt — m gu(t,20))e ¥ Odt + [ g(t, z0)(m(t)—
[t oot /

T
gx(t,xo))e_k“)dt+y0/(m(t)—gw(t,xo))e_k(t)dt: 0.

0
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T T T
fmg/n(t)e_k(t)dth/g(t,mo)e_k(t>dt+yo/e_k(t)dt: 0,

0 0 0
T T

—3mg/n(t)Qefk(t)dt—O—xg/n(t)gz(t,xo)efk(t)dt+3:c3y0 n(t)e *dt+

ot~

0

(19) ’
T T T
3x§/n(t)g(t,xo)6_k(”dt7 xo/a(t)ek(t)dtf/g(tmo)gz(tmo)e_k(t)dt
0 0 0
T
—yo/ggc(t,xo)e*k(t)dt: 0.
0
T T
fxo/m(t)e_kmdtJryo/e_k(t)dt= 0,
0 0
(20) T T T T
fxg/b(t)ek(t)dtfxo/m(t)267k<t)dt+/h(t,xo)ek(t)dthyo/m(t)efk(t)dt: 0.
0 0 0 0
T T
—x%/n(t)eik(t)dt—b—yo/eikmdt: 0,
0 0
1) T T T T
—3x8/n(t)267k(t)dt+3x8yo/n(t)eikmdt—xo/a(t)ek(t)dt—f—/h(t,wo)ek(t)dt: 0.
0 0 0 0
T T
/g(t,xo)e_k(t)dtero/e_k(t)dt: 0,
0 0
(22) T T T T
fasg/b(t)ek(t)dtfxo/a(t)ek(t)dtf/g(t, xo)gz(t,xo)efk(t)dtfyo/gz(t,xo) = 0.
0 0 0 0
T T T
—x%/b(t)ek(t)dt—:co/a(t)ek<t)dt+/h(t,xo)ek(t)dt: 0,
(23) 0 0 0

Yo = 0.

APPENDIX 3

We define in this appendix the polynomial systems in the variables x¢ and yy which appear in
the statements of Theorem 2.
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(24)

(25)

(26)

(27)

A. FEDDAOQOUI, J. LLIBRE AND A. MAKHLOUF

T T T
—;rg/n(t)dt—mo/m(t)dt—i—/g(t,xo)dt—l—Tyo _
0 0 0

38 / n()2dt — o / () (4m(t) — gu(t, z0) — ¢(t))dt + 32350 / n(t)dt+

32t [ n(0g(t.z0)dt — 0 [ mE)m(®) = gu(t.20) = cl)d + [ glt,z0)(m(t

—9z (t7

zwwww+m/mw—%wmrdmﬁ:

0,

T T
—z} /n(t)dt - mg/m(t)dt +T yo =
0 0

—3x3 /Tn(t)2dt — a:g/Tn(t)(4m(t) —c(t))dt + 3m(2)yo/Tn(t)dt — o /Tm(t)(m(t

T

i / b(t)dt — z0 / mt)(m(t) — go(t 20) — c(t))dt +

0

—3x0/n(t) dt—i—;vo/n 1) (g (t, o) + c(t))dt + 3z3yo

0

T
g(t, xo)dt — :Uo/a t)dt — /

0

)_

0,

c(t))dt + / h(t,zo)dt + yo /(m(t) —c(t))dt = 0.

T
—mo/m(t)dt + /g(t,mg)dt +T yo =
0

0

dmﬁ+m/W@ ge (t, 70) — c(t))dt

9(t, z0)(m(t) — ga(t, wo)—

T
—wé/n(t)dt-ﬁ-/g(t,x@dt—o—Tyoz
0

T
n(t)dt + 3z /
0

oot~

g@wogﬁtm0+dﬂﬂﬁﬂm/@xtm)+dm

n(t)

L

e

L

e
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T
fxo/m(t)dthTyo = 0,
0

(28)
—zd [ b(t)dt —zo | m(t)(m(t) —c(t)dt + [ h(t,z0)dt +yo [ (m(t) —c(t))dt = 0.
o] [ |
T
—zd [ n()dt +Tyo = 0,
/
T T T T T
(29) 73m3/n(t)2dt+x3/c(t)n(t)dt+3x§yo/n(t)dtfato/a(t)dt+/h(t7xo)dtf
yo | c(t)dt = 0.
/
T
/g(t7wo)dt+T yo= 0,
(30) ’
—ap [ b(t)dt —xo [ a(t)dt — [ g(t,x0)(g=(t, x0) + c(t))dt — yo [ (g=(t,x0) + c(t))dt = 0.
[renn feon=] /
—z3 | b(t)dt — t)dt h(t,zo)dt,= 0,
o x00/<> xoo/ao +O/<xo>
Yo = 0.
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