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Abstract: We establish the higher fractional differentiability of the solutions to nonlinear elliptic equations in
divergence form, i.e., div.A(x, Du) = div F, when A is a p-harmonic type operator, and under the assumption
that x — A(x, £) belongs to the critical Besov-Lipschitz space B, Ja,q- We prove that some fractional differ-
entiability assumptions on F transfer to Du with no losses in the natural exponent of integrability. When
div F = 0, we show that an analogous extra differentiability property for Du holds true under a Triebel-
Lizorkin assumption on the partial map x — A(x, £).
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1 Introduction

In this paper we study the extra fractional differentiability of weak solutions of the following nonlinear elliptic
equations in divergence form:
divA(x, Du) =divF inQ, (1.1)

where Q ¢ R", n > 2,isadomain, u: Q - R, F: Q —» R", and A: Q x R" — R" is a Carathéodory function
with p — 1 growth. This means that there exist an exponent p > 2 and constants ¢, L,v > 0and O < u < 1such
that
(A1) (A(x, &) = AC 1), & =) 2 v® + 18P + )7 1€ - nl?,
(A2) AWK, &) —AC, M < L + €12 + D)7 1€ -7,
(A3) JA(, &)] < e + 181
for every &, 1 € R" and for a.e. x € Q.
When dealing with p-harmonic equations, regularity results usually refer to the auxiliary function

V,(Du) = (2 + [Dul?) % Du,

which takes into account the p-growth of the operator. Obviously, V,(Du) reduces to the gradient of the
solution for p = 2. Heuristically, thinking of the classical p-Laplace equation

div(|DulP?Du) = 0
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and setting w = |V,,(Du)|?, we have that Dw is a subsolution of a linear elliptic equation (for more details, we
refer to [10, p. 272]). Therefore, the function V,(Du), that takes into account the nonlinearity of the equation,
is the natural substitute of the gradient of the solution when passing from the linear to the p-harmonic setting.

It is well known that the Lipschitz continuity of the partial map x — A(x, -) is a sufficient condition for
the higher differentiability of the solutions when the right-hand side of the equation is sufficiently regular (we
refer again to [10] for an exhaustive treatment). Also, it is clear that no extra differentiability can be expected
for solutions, even if F is smooth, unless some differentiability is assumed on the x-dependence of A.

Recent developments show that the Lipschitz regularity of the partial map x — A(x, - ) can be weakened
in a Wb assumption on the coefficients, both in the linear and in the nonlinear setting, in order to get higher
differentiability of the solution of integer order. In this direction, in [9, 19, 20], the higher differentiability of
the function V,(Du) is obtained from a pointwise condition on A that is equivalent to the W-" regularity of
the map x — A(x, -). More precisely, it is assumed that there exists a non negative function g € L{{ .(Q) such
that

LA &) = Ay, )] < Ix = YI8() + g2 + 1E1%)= (1.2)
for almost every x, y € Q and every & € R". Related results concerning the planar Beltrami equation [3] and
minimizers of non uniformly convex functionals [6—8] can also be found.

It turns out that the higher differentiability of the solutions can also be analyzed in the case of fractional
Sobolev regularity of the coefficients. We mention previous contributions made in [2, 4, 5] for the case of pla-
nar Beltrami systems, and [16, 17] for higher dimensional results with not necessarily linear growth. Closer
to the subject of the present paper, and assuming that A(x, &) has linear growth with respect to the gradi-
ent variable and enjoys either a Triebel-Lizorkin or a Besov-Lipschitz smoothness (roughly speaking enjoys
a fractional differentiability property) with respect to the x-variable, it is proven in [1] that the fractional
differentiability of A(x, - ) transfers to the gradient of the solution with no losses in the order of differentiation.

The aim of this paper is to extend the results of [1] to the case of p-harmonic type operators with p > 2.
More precisely, we will show that a fractional differentiability assumption for the operator A with respect to
the x-variable yields a fractional differentiability for the solutions. In this case, the fractional differentiability
of A(x, -) transfers to V,(Du).

Our first r(nesult concerns the case of Triebel-Lizorkin coefficients, i.e., we assume that there exists a
function g € L® (Q) such that

loc
AG, &) = Ay, O < Ix — yI%(g0) + gy) (2 + €12) T 1.3)

for almost every x, y € Q, and every £ € R".

Theorem 1.1. Let O < a < 1. Assume that A satisfies (A1)—(A3), and that (1.3) holds. If u € Wllo’f(Q) is a weak
solution of
divA(x, Du) =0, (1.4)
2a

then Vy(Du) € Bg’m, locally, and as a consequence Du € Bg o0 locally.

See Section 2 for the definition of By ; and the meaning of locally. It is worth mentioning that there is a
jump between (1.2) and (1.3) when stated in terms of the Triebel-Lizorkin scale Fg ;- The jump appears
in the g index, when the order of differentiation becomes integer. Indeed, condition (1.2) fully describes
equations with coefficients in the Sobolev space W'", that is, the Triebel-Lizorkin space F ,11 ,. In contrast,
condition (1.3), for 0 < a < 1, says that A(x, - ) belongs to F g Ja,00° More explanations about this can be found
in [15, Remark 3.3] and the references therein.

The proof of Theorem 1.1 does not seem to work when the coefficients are assumed to belong to Fy; Jaq
for finite values of g. As in the linear case (see [1]), the Besov setting fits better in this context. To be precise,
given0 < @ < 1and 1 < g < 0o, we assume that there exists a sequence of measurable non-negative functions
gr € Lﬁ(Q) such that

q
;ngkuﬁ @ <o

and at the same time the following holds:
(A4) A, &) = AW, O < Ix = yI%(gk(x0) + k) (? + €127
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for each ¢ € R", and almost every x, y € Q such that 2% < |x — y| < 27%*1, We will shortly write then that
(81K € €9(La). If Ax, &) = a(x)|£P~2¢& and Q = R", then (A4) says that a belongs to Bg/a’q, see [15, Theo-
rem 1.2].

Under (A4), we are able to deal with non-homogeneous equations and we prove that the extra differen-
tiability of the solutions is related to the regularity of the datum and of the coefficients, both measured in the
Besov scale. More precisely, we have the following result.

Theorem 1.2. Letu € Wllo’f (Q) be a weak solution of the equation
div A(x, Du) = div F, (1.5)

under assumptions (A1)—(A4), with u > 0. Then the implication

FeBS, = Vy(Du) e BV
holds locally, provided that0 < f < 1and 1< q < nfgﬁ .

The parameter y in assumption (A1) plays a very important role. When y > 0, the equation is non-degenerate
elliptic while the case u = 0 corresponds to degenerate cases. For instance, a model case for u > 0 is given by

Alx, &) = a0 + 181978,
while a typical degenerate problem is the weighted p-Laplace equation
Ax, §) = a()|EP2¢

for some coefficient v < a(x) < €. In the degenerate case, the ellipticity assumption (A1) is lost when |¢|
approaches zero, and the estimates worsen even in the classical theory (see [22]). Actually, in this case we
are not able to prove an extra fractional differentiability of the function V), (Du) completely analogous to our
previous theorem. Instead, due to the degeneracy u = 0, we have the following weaker result in the sense
that the differentiability of the datum F still transfers to the function V,(Du), but with a loss in the order of
differentiation, even assuming the datum in a Besov space slightly smaller than Bg .q- More precisely we have

the following theorem.

Theorem 1.3. Letu € Wllo’f (Q) be a weak solution of the equation

div A(x, Du) = div F,

under assumptions (A1)—(A4), withpu = 0. LetO < a, B < 1l andp' = %. Then the implication

infa, &2
FeB) ., = Vy(DueByy ™
holds locally, provided that 1 < %" < ;2.

Note that, for p = 2, Theorems 1.2 and 1.3 both recover [1, Theorem 3] at the energy space and in the case
a = f. Actually, when dealing with equations with linear growth, the natural degree of integrability of the
gradient of the solutions as well as of their extra a fractional Hajlasz gradients is 2. Therefore, the higher frac-
tional differentiability results at the energy space are those proving that Du belongs to Bj gOrF 2, g-1n [1], extra
fractional differentiability results for equations with linear growth have been established also in spaces differ-
ent from the natural ones, i.e., it has been proven that Du belongs to Bg‘, g and F' ;’" q for some s # 2 sufficiently
close to 2.

All our theorems rely on the basic fact that the Besov spaces By, Jaq and the Triebel-Lizorkin space F?, Ja00
continuously embed into the VMO space of Sarason (e.g., [11, Proposition 7.12]). Linear equations with VMO
coefficients are known to have a nice L? theory (see [12] for n = 2 or [13] for n > 2). A first nonlinear growth
counterpart was found in [14] for A(x, &) = (A(x)¢, &) #A(x).{ ,2 <p <n,seealso[17, 18]. For proving Theo-
rems 1.1, 1.2 and 1.3, we shall use a result proved in [1] (see Theorem 2.5 in Section 2.2 below), and combine
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it with the Sobolev type embedding for Besov Lipschitz spaces to obtain the higher integrability of the gradi-
ent of the solutions of equation (1.1). Such higher integrability allows us to estimate the difference quotient
of order a of the gradient of the solutions that yields their Besov type regularity.

The paper is structured as follows. In Section 2 we give some preliminaries on Harmonic Analysis. In
Section 3 we prove Theorem 1.1, and in Section 4 we prove Theorems 1.2 and 1.3.

2 Notations and preliminary results

In this paper we follow the usual convention and denote by ¢ a general positive constant that may vary on
different occasions, even within the same line of estimates. Relevant dependencies on parameters and special
constants will be suitably emphasized using parentheses or subscripts. The norm we use on R" will be the
standard euclidean one and it will be denoted by | - |. In particular, for the vectors &, n € R", we write (¢, n)
for the usual inner product and |€| := (¢, & )% for the corresponding euclidean norm.

In what follows, B(x, r) = By(x) = {y € R" : |y — x| < r} will denote the ball centered at x of radius r. We
shall omit the dependence on the center and on the radius when no confusion arises.

For the auxiliary function V), defined for all £ € R" as

-2
Vp(@) = (2 + €)' €,
where u > 0 and p > 1 are parameters, we record the following estimate (see the proof of [10, Lemma 8.3]).

Lemma 2.1. Let 1 < p < oo and O < u < 1. There exists a constant c > 0, depending only on n, p but not on

u > 0, such that
[Vp (&) = Vp(n)I?

T < + P2+ In»)F

L2+ 1§+ D) <
forany &, n € R" such that |£ - n| # 0.
Noticing now that for p > 2, one has
1€ =0l = 1§ = nP1E = P72 < 1E - nPAE1+ InDP ™2 < clg - P (e + 1817 + D)
and combining this with Lemma 2.1, we find that there exists a constant ¢ > 0 such that

1€ —nlP < clVp(&) - Vp(m)I? (2.1)

forevery &, € R™.

2.1 Besov-Lipschitz spaces

Given h e R" and v: R" — R, let 7,v(x) = v(x + h) and Apv(x) = v(x + h) — v(x). As in [21, Section 2.5.12],
given0 < a < 1and 1 < p, g < oo, we say that v belongs to the Besov space B ,(R") if v € LP(R") and

IVilBg ey = IVILe ey + [Vpa  (gmy < 00,

where )
v(x+h) —v)P , \s dh \?
[V]Bg,q(]R”) = ( J( J —lh'ap dX) W < 00.
R" R"
Equivalently, we could simply say that v € LP(R") and |AhL|:‘/ € Lq(ﬁ—ﬁ; LP(RR™)). As usually, if one simply inte-

grates for h € B(0, §) for a fixed § > 0, then an equivalent norm is obtained because

(J [v(x + h) — v(x)|P J )% dh

1
q
|h|txp |h|”) < C(n’ a,p,q, 6)||V||L1’(]R")-

{ln|z6} R™
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Similarly, we say that v € BS,OO(IR") if v e LP(R") and

v(x +h) —v(X)P . \»
Vlge  (rm) = sg}g(mj de) < oo.

Again, one can simply take the supremum over |h| < § and obtain an equivalent norm. By construction,
Bj 4(R") ¢ LP(R™). One also has the following version of the Sobolev embeddings (a proof can be found in
[11, Proposition 7.12], taking into account that L” = F},, with 1 < r < +00).

Lemma 2.2. Suppose that 0 < a < 1.
(@ Ifl<p<fandl<q<p;=:- ap, then there exists a continuous embedding By ,(R") c LPa(RM).
) If p= g and 1 < q < oo, then there exists a continuous embedding B“, (R™") ¢ BMO(R").

Given a domain Q c R", we say that v belongs to the local Besov space Bp aloc if v belongs to the global
Besov space By ,(R") whenever ¢ belongs to the class €2°(Q) of smooth functions with compact support
contained in Q. The following lemma is an easy exercise.

Lemma 2.3. A functionv € LY. (Q) belongs to the local Besov space B if and only if

loc p,q,loc

< 0

“ Apv
La( 1P (B))

1«

for any ball B c 2B ¢ Q with radius rg. Here the measure lifﬁ, is restricted to the ball B(0, rg) on the h-space.

Proof. Let us fix a smooth and compactly supported test function ¢. We have the pointwise identity

Ap(pv)(x) App(x) = Apv(x)
[ =v(x+h) e + TG o(x).
It is clear that Ao ()
X
v(x + h) ’l’;f' < V(x+ DIVl A2,

and therefore one always has Lo ¢ 1a (4. LP(R™M)). As a consequence, we have the equivalence

TRl

|h|n’

pveBy (R") &

dh
q . TP(RN
|h|a<peL (|h|"’L (R )).

However, it is clear that IAthZ NS La(dh AT ; LP(R™)) for each ¢ € CX(Q) if and only if the same happens for every
¢ = xp and every ball B ¢ 2B c Q. The claim follows. O

Asin [21, Section 2.5.10], we say that a function v: R" — R belongs to the Triebel-Lizorkin space Fg’ q(]R")
if v e LP(R™) and
IVIFe ey = VILp ey + [V]ppaggny < 00,

= ([ " o) o)

R* R"

where

Equivalently, we could simply say that v € L?(R") and A’“’ € LP(dx; L9(4 G ny).

It turns out that Besov-Lipschitz and Triebel- leorkm spaces of fractional order a € (0, 1) can be char-
acterized in pointwise terms. Given a measurable function v: R" — R, a fractional a-Hajlasz gradient for v is
a sequence (gx)x of measurable non-negative functions gx: R" — R, together with a null set N ¢ R", such
that the inequality

lv(x) = v(y)l < Ix = yI*(gr(x) + 8k(¥))
holds whenever k € Z, and x, y € R" \ N are such that 27% < |x — y| < 271, We say that (g¢) € €9(Z; LP (R"))
if

Ieoleery = (X Ikl ) < co.

kez
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Similarly, we write (gx) € LP(R"; ¢9(Z)) if
1

gl = ([ g0 dx) < .

R

The following result was proven in [15].

Theorem 2.4. LetO<a<1,1<p<ooandl <q<oo.LetveLP(R").
(i) Onehasv e Bg,q(lR”) if and only if there exists a fractional a-Hajlasz gradient (gx)x € €4(Z; LP (R™)) for v.
Moreover,
IVliBs vy = infll(8i)klleacrr)s
where the infimum runs over all possible fractional a-Hajlasz gradients for v.
(i) Onehasv € F ,q(R") if and only if there exists a fractional a-Hajlasz gradient (gi)k € L¥ (R"; £9(Z)) for v.
Moreover,
IVIiFs vy = infll (g1 kllLr o),

where the infimum runs over all possible fractional a-Hajlasz gradients for v.

2.2 VMO coefficients in R”

In this section, we recall a regularity result, proven in [1], that will be crucial in our proofs. Let n > 2 and
let A: Q x R" — R" be a Carathéodory function such that assumptions (A1)-(A3) hold. We also require a
control on the oscillations, which is described as follows. Given a ball B ¢ Q, let us denote

Ap(&) = ][A(x, £)dx.

B
One can easily check that the operator Ag(&) also satisfies assumptions (A1)—(A3). Now set

V(x, B) = sup M. §) = As()l Af_(f)l
0 (W +181)7
for x € Q and B c Q. If A is given by the weighted p-laplacian, that is, A(x, &) = a(x)|£|P~2¢, one obtains

V(x, B) = |la(x) — ag|, whereag = {a(y) dy,
B

and so any reasonable VMO condition on a(x) requires that the mean value of V(x, B) on B goes to O as
|B| — 0. Our VMO assumption on general Carathéodory functions A consists of a uniform version of this
fact. Namely, we will say that x — A(x, &) is locally uniformly in VMO if for each compact set K c Q, we have
that

lim sup sup }V(x, B)dx =0. (2.2)

R—0 y(B)<R c¢(B)eK 3
Here c(B) denotes the center of the ball B and r(B) its radius.

The following theorem, proved in [1], is a regularity result for weak solutions of p-harmonic equations

with VMO coefficients.

Theorem 2.5. Let 2 < p < nand q > p. Assume that (A1)-(A3) hold, and that x — A(x, &) is locally uniformly
in VMO. Ifu € Wllo’f(Q) is a weak solution of

div A(x, Du) = div F,

_4q_
WithF e L7}

loc » then Du € Lﬁ)c. Moreover, there exists a constant A > 1 such that the Caccioppoli inequality

1
}|Du|q <Cn,A, v, ¢, L, p, q)(l +— }|u|q + }m%)
Bl
AB

B AB
holds for any ball B such that AB c Q.
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2.3 Difference quotient

We recall some properties of the finite difference operator that will be needed in the sequel. We start with the

description of some elementary properties that can be found, for example, in [10].

Proposition 2.6. Let F and G be two functions such that F, G ¢ WYP(Q), with p > 1, and let us consider the set
Qi = {x € Q : dist(x, 0Q) > |hl}.

Then the following hold:
(1) ApF € Wl’p(Q|h|) and D;i(ApF) = Ap(D;F).
(2) If at least one of the functions F and G has support contained in Qp;, then

JFAthx =- J GA_yF dx.
Q Q
(3) We have Ap(FG)(x) = F(x + h)ApG(x) + G(x)ApF(x).
The next result about the finite difference operator is a kind of an integral version of the Lagrange theorem.
Lemma 2.7. If0<p <R, |h| < ?, 1 < p < +oo and F, DF € LP(Bg), then
JlAhF(x)lp dx < c(n, p)|h|P J|DF(x)|p dx.
B, Bg
Moreover,

J|F(X+ h)”P dx < JIF(X)II‘J dx.
B, Br

3 Proof of Theorem 1.1

We first prove that if (1.3) is satisfied, then A has the locally uniform VMO property (2.2). The proof goes
exactly as that of [1, Lemma 17], concerning the case of an operator with linear growth. We report it here for
the sake of completeness.

Lemma 3.1. Let A: Q x R" — R" be a Carathéodory map such that (A1)—(A3) hold. Assume that (1.3) is sat-
isfied. Then A is locally uniformly in VMO, that is, (2.2) holds.

Proof. We have

J:V(X,B)dx: sup A8~ Al 5
B 0 (s 15D
< sup]['f‘x@ A0 4 4
§#0 B (u? +1&12 ) T
sup f(00) + g)lx - y1° dy dx
§40 o

n-a

|x—y|% dydx) !

o —t—

B B

fe

< (ffse0 +s0? ayax) ][
B B

1

B Jg§>”c(a, n)|Bl7 = C(n, a)( Jgg)s,

B B
and thus (2.2) holds. O
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Proof of Theorem 1.1. Let us fix a ball Bg such that B,r € Q, and consider a cut off function n € C3°(Bg),
with 7 = 1 on Bg,2, such that [Vn| < . For small enough |h|, we set ¢ = A_p(n?>Apu) as a test function in
equation (1.4). Using Proposition 2.6 (1), we obtain

J(A(x, Du), A_p,D(n?Apu)) dx = 0,
which is equivalent, by Proposition 2.6 (2), to the following equality:
J(Ah(ﬂ(x, Du)), D(n*Apu)) dx = 0. (3.1)
We can write (3.1) as follows:
I(A(x +h, Du(x + h)) — A(x + h, Du(x)), D(n*Apu)) dx
= J(.A(X, Du(x)) — A(x + h, Du(x)), D(n*Apu)) dx,
and therefore
J(A(x +h, Du(x + h)) = A(x + h, Du(x)), > D(Axu)) dx
=- J(A(x + h, Du(x + h)) = A(x + h, Du(x)), 2nVnApu) dx
+ J(A(x, Du(x)) - A(x + h, Du(x)), n? D(Anu)) dx
+ J(A(x, Du(x)) — A(x + h, Du(x)), 2nVnApu) dx
=1+ +15.
Using the ellipticity assumption (A1) in the left-hand side and Proposition 2.6 (1), the previous equality yields
v j(yz +1DuCOP? + 1Du(x + B2) 7 |AxDun? dx < 1] + L] + |I5].
By virtue of assumption (A2) and Young’s inequality, we have
| <2L j(;P +IDuG)P + DG+ W) | Dul ]|Vl Anul dx
<e J(yz + [Du(x)|? + |Du(x + h)Iz)glAhDulzn2 dx
+C(e, L) j(y2 +1DUGO + 1Du(x + W2) T [Vl Apul? dx.

To estimate the integrals I, and I3, we write ’%1 = ‘Z’ + ’%2, and then we use assumption (1.3) and Young’s

inequality as follows:
|I,| < |n|* j(g(x +h) + g00) (2 + 1DuCO)?) T |DAuln? dx
= |h|® j(g(x +h) + g00) (2 + DU 7 |DARuln? dx
<& [ +1DuCOR) 7 DAyl dx + colh2® [ (g0 + b) + 002 (7 + IDuCO) o dx
and
II3| < 2|h| J(g(x +h) +g0))(u* + IDu(X)IZ)%InIIVnIIAhul dx
=2|h|* I(g(x + 1) + g00) (> + [DUC)P) 5 InlIVliAul dx

<c j(zﬁ + [Du()P) " |Vnl2|Aul? dx + c|h]*® j(g(x + ) + g(0)2 (1% + Du(0)?)* n? dx.
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Collecting the estimates of I, I; and I3, we obtain
v J(yz £ 1DuO + |Du(x + h)?)'7 |AnDul?n? dx
<2¢ J(yz +1DUGOP + [Du(x + W)2)" [ArDulPn? dx

p-2
2

+C j(y2 +|Du(x)[? + |Du(x + h)|*) 2 |Vn|*|Apul? dx
+ clh2® [ (g0 + ) + 002 6% + IDuCOP)fn? di.
Choosing € = g and reabsorbing the first integral in the right-hand side by the left-hand side, we obtain
% I(yz +|Du(x)|? + |Du(x + h)|2)¥|AhDu|2n2 dx
<c J(yz +|Du(x)? + |Du(x + h)|2)¥ V12| Apul? dx

+ clh2e j(g(x +h) + 800)2 (2 + [Du(0)2) i n? dx. (3.2)

Using Holder’s inequality and the first estimate of Lemma 2.7 in the first integral on the right-hand side, and
the fact that supp n ¢ Bg, we get

[0 + 1D + IDuCx + WP) T (9w dx
2 p=2
< PAY J 2 2 NANE
sR2<IlAhu| dx) ( (u* + [Du(X)|* + |Du(x + h)|*) ) dx
BR BR
c|h|?
< R2

| o+ pucory.

Bryjn

Inserting the previous estimate in (3.2), we obtain

3—: j( 2 4 |Du(x)|® + |Du(x + h)|2)%AhDu|2n2 dx
clhl? 2 28 2a 20,2 2,8
< S | 02 +1DuCOPE dx+ clhP® [ (g0c+ by + g00)204% + 1DuGO) dx.

Brn Br

Using Lemma 2.1 in the left-hand side of the previous estimate yields

’1 2 D p
jmh(vp(Du))Pnz dxsc'R—'2 j (342 + 1Du() )} dx + clh?® j(g(x+h>+g<x))2<u2+|Du<x)|2)fdx. (3.3)

Br Brsn| Br

We now divide both sides of inequality (3.3) by |h|?>%, and use the fact that i > XBg,, to Obtain

An(V,p(Du)) 2 : h|2~2 :
J ‘—h( ”’:'(a u))’ dx<c j(g(x +h) +800))* (U +|Du(x)|*)2 dx + “l 1|€2 J (u* +1Dul*)? dx,

Bgj2 Bg Brin

where ¢ = ¢(v, L, p, n). The homogeneity of the equation together with Theorem 2.5 yields that Du € L}, (Q)
for every finite s > 1, and so, in particular, Du € Lo (BR). Therefore, by Holder’s inequality,

n-2a
n

J(g(x +h) +g(0))2 (2 + IDu(x)?)? dx < ( I(g(x +h) +g(X))5>ZTa< J(Hz + |Du(o ) Tm dX>

Br Br Br

n-2a

<o | gﬁ)z"a(j<u2+|Du(x)|2)z<n"”m ax) ",

Brsin| Br
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and so we conclude

AV (D)) P N ST
H—"(lg'(a ”))l dxsc( J gE> (J(y2+|Du|2)qum) +C|h1|32 j (2 + |Dul?)t dx.

Br/2 Brain Br Brn|

Since the above inequality holds for every h, we can take suprema over h € B(0, §) for some § < R and obtain

Ap(Vy(Du))|? P\ w5
sup J ‘Ml dx < C(l +( J g&) >< J (HZ + |Du|2)2(n—p2a)> .
Ihi<s Id

R/2 Bar Bog

In particular, this tells us that V,(Du) € BS _, locally. O

2,00°

4 Proof of Theorems 1.2 and 1.3

We first prove that if A satisfies (A1)—(A4), then it is locally uniformly in VMO. This result is a straightforward
extension to the case of operators A with (p — 1)-growth of [1, Lemma 18], which refers to operator with linear
growth. We report it here for the sake of completeness.

Lemma 4.1. Let A be such that (A1)-(A4) hold. Then A is locally uniformly in VMO, that is, (2.2) holds.

Proof. Given a point x € Q, let us write Ax(x) = {y € Q: 27X < |x - y| < 27%*1}. We have
{V(x,B)dx=][ M. §) —As@)
B B 5“*‘0 W2+
fsup{ A0 D) =AW D g o
p 0y W +IE1)T
! M, § - AW, ©)
form2, )

2 2\t
K Brd() (u2 +1£1%) =

dy dx

SLZJ J Ix = y1*(gk(x) + gx(¥)) dy dx.

The last term above is bounded by

(ﬁZI I lx_y'"n%‘dyd")w(ﬁ;! J (gk(X)+gk(y))3dydx)%=1-H

k' B Bnawo BnA(x)

The first sum is very easy to handle, since

n-a

1 na n a
:<WZJ J |x—y|radydx) < C(n, a)|BI5.

k' B BrAyx)

Concerning the second, we see that

m<c (|B|2 ZlBﬂAk(x)IJgk(x) dx)

B

L a ag-n
(|B|2 Y180 A0 )"

a ag-n

<Z|BnAk(X)|‘“’ )

WC(H’ a, q)|Bl
noq

aq a
n

1 n n
(e[ ar))
IBI? £
B
i1
q a L
%<Zk:"gk|l %(B)) |B|2(%f%
q %
%(;ugku ‘)

= C(n, a, 9)IBI" n(ZugknL )
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thus

1
froepyar<1n<conaa Yied?, , )
2 k
In order to get the VMO condition, it just remains to prove that

1
lim su ( 1, )q =0
lim sup ;ugku ¥ Boon)

on every compact set K ¢ Q. To this end, we can fix r > 0 small enough and observe that the function
x — llgxll (LR Bur)) is continuous on the set {x € Q : d(x, 0Q) > r}, as a uniformly converging series of
continuous functions. As a consequence, there exists a point x, € K (at least for small enough r > 0) such
that

SUDI8kllgar (Bee,r) = 18k Neace t (Bex,,my-
xeK

Now, from ||gll 2
say that

B S gkl 2 (BO.1) and since this belongs to £4, we can use dominated convergence to

I -(Yu 9"y
rl_r)%"gk"eq(L%(B(x,,r))) = rg% 8k .
k B(x;,r)

Each of the limits on the term on the right-hand side are equal to 0, since the points x, cannot escape from
the compact set K as r — 0. This completes the proof. O

Proof of Theorem 1.2. We first assume that a < f. Let us fix a ball Bg such that B, € Q and a cut off function
n € C3°(Br), with n =1 on Bg/, such that [Vn| < %. For small enough h, we set ¢ = A_p(n%Ayu) as a test
function in equation (1.5). Using Proposition 2.6 (1), we obtain

J (A(x, Du), A_yD(n*Apu)) dx = J (F, A_yD(n*Apu)) dx,
BR BR

which, by Proposition 2.6 (2), is equivalent to
j(Ah(A(x, Du)), D(n*Anu)) dx = j(Ah(F), D(n*Anu)) dx. (4.1)
We can write (4.1) as follows:
j(ﬂ(x +h, Du(x + h)) = A(x + h, Du(x)), D(n*Apu)) dx
= J(A(X, Du(x)) — A(x + h, Du(x)), D(nzAhu)) dx + J(Ah(F), D(nzAhu) dx),
and therefore
J(A(x + 1, Du(x + h)) - A(x + h, Du(x)), n>D(Anu)) dx
=- J(A(X + h, Du(x + h)) - A(x + h, Du(x)), 2nVnApu) dx
" j(ﬂ(x, Du(x)) - A(x + h, Du(x)), ’2D(Anu)) dx
+ J(A(X, Du(x)) - A(x + h, Du(x)), 2nVnAnu) dx
+ [ (8P 2 D@nw) dx+ [ (Ba(P), 209n) dx
=hLh+L+I3+1;+1s.
Now, using assumption (A1) in the left-hand side and Proposition 2.6 (1), the previous equality yields

v (M |Du(x)| |DM(X h)| ) ;2|A (Du)l n dx < |I| + || + |I3] + 14 + |1
Br
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The integrals Iy, I, and I3 can be estimated exactly as we did in the proof of Theorem 1.1. After doing this for
27K < |n| < 27%+1, the above inequality reads as

3v

4 J(H +|Du(x)|? + |Du(x + h)|?) 52|Ah(Du)|2;12 dx

2
< el [0 4 1Du0oR)E dx I [ (e )+ gi0)0e% + IDUCOR)E d Il + 1551 (4.2)

Baor Br

Now we estimate I, and Is. By using Young’s inequality, we get

I < j n2|8n(F)|An(Dw)]| dx

Br
< g JIAh(F)lz dx +¢ JlAh(Du)lznz dx
BR BR
An(F) 12 P .
- 2|8 h & 2.p-2,2
G| | 1800202 dx
BR BR
g ”A|’;1(|§)| dx+ —— Jn |ARDul (12 + \Du()? + [Du(x + W)?)'7 dx,
Bg

since p > 0, where € > 0 will be chosen later. Similarly,

2 A (F 2
< £ J|Ah(F)||Ahu|dx<c|}T' jIDu|2+c|h|2ﬁ ” |’}'1(|ﬁ)| dx,
BR Br Br

where we used the first estimate in Lemma 2.7. Inserting the estimates of I, and I5 in (4.2), we have

34—" J(yz £ 1Du()? + [Dulx + hI2)'T |An(Dw)?n? dx

Br
2 p
CllTl j (1P + [Du(x)|* + |Du(x)IP) dx + c|h|** J(gk(x +h) + gr(0)*(u? + [Du(x)|*)7 dx
Byr Br

2 -2
+ Sihpt ”A&ﬁ?‘ dx + u;‘z J n21AR(DW) 2 (12 + 1Du(o)? + [Du(x + W) dx.

Br

Choosing € = 3 ”lgzv, reabsorbing the last integral in the right-hand side of the previous estimate by the left-
hand side, using Lemma 2.1, the fact that = 1 on Bg,,, and dividing both side by |h|%, y = min{a, Bl=a,
we conclude that

An(Vp(Du))|? |h|2~2Y » 2 »
J|T| dx<c R J(y + [Du(x)|” + |Du(x)?) dx
BR/Z BZR
P 2(B-y) 2
@ [ (@us by + 200202 + IDuCOP)F d S j]ﬁ;‘lg)\ dx,
Br
and so
Ap(Vp(Dw) 2 N2 |h|*Y » 2 o\ c|h|ﬁ Y ”Ah(F)r 3
( j|T| dx) <c R (J(y + |Du(x)|* + |Du| )dx) + ,u < P dx)
BR/Z BZR

iV ( [ (ge0x+ by + 8002007 + IDuCOP)S dx) :
Br
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where ¢ = ¢c(v, L, p, n). Taking the L norm with the measure sz}q
we obtain that

( J( I ’Ah(‘le(y]-)u)_) ’ dx)g%); < C( thlq(l—y)( J (uP + [Du(x)|? + |Du(x)|P)dx>g%>;

Bs Bgp Bs Bar )
(1T i)
+ c(B[ (Bj (8ix + h) + k(0 (22 + IDuCOP) dx)% |Z_|h>
=J1++]3,

where ¢ = ¢(v, L, R, p, n, §). For the estimate of J1, one can easily check that

Ji = c< J (4P + \Du()? + |DuG)P) dx>% : ( j|h|<1*m*" dh)é

Bor Bs
1

1 6 7
< c(n)< j (4" + DU + |DuCOP) dx)z : ( Jp“-wq-l dp)
0

Bor

=c(y,n, q, 5)( j (42 + IDu()?)* dx)%,

Bor

sincey < 1. The term J, can be controlled by the B ¢-Seminorm of F, which is finite thanks to our assumption.
Before estimating J3, recall that, by Vlrtue of assumptlon (A4), for every k, one has gk € L(Za Also, since
q < 2;, by Lemma 2.2, we have that F € Ll';)gﬂ, and so, by Theorem 2.5, we have that Du € L, -7 . Now, from
p > 2and a < 8, we easily see that
2n(p - 1) S

n-28 " n-2a’
and so we can proceed as follows. We write the L? norm in the integral J5 in polar coordinates, assuming
without loss of generality that § = 1, so h € B(0, 1) if and only if h = r¢ for some 0 < r < 1 and some ¢ in the
unit sphere S"~! on R". We denote by do(¢) the surface measure on S"~1. We bound the term J3 by

(4.3)

1 q
[ [ ([ @utrsrer+ guoor e +1bucort ax) doe)
0 S"1 By

-2 J [ (st v+ 00020t + 1Ducort ) doy

Tk

Tkv1 Sn=1 Bp

- » dr
<y j [ ierrsen + g0 + DU, ) do)
k:Ork+l Sn-1

_np_ n
where we set ry = % Now, from (4.3), we see that Du € L **. This, together with the assumption g € L=,
gives us that

P 1B
I(regic+ G2 + 10U ey < 162 + DUy - KT8+ 8001 g5
n-2a R
On the other hand, we note that for each & € S*tand ry,1 <r <1y,

I(Tregi + 8l 5 By < 18Kl 2 (pmre) + 18KN L% By < 218Kl L5 ()

where A = 2 + . Hence,

J3 < C(n, a, @l + 1Dul) 7|

[l NTLSY

np By) ||{gk}k”gq(La(AB))-

n=2a (
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Summarizing, we have

Ap(Vp(Du)) v
C(1 + I DullL2(Bg) + IDullf
|| |h]Y Lq(‘;%;LZ(BR/Z)) ( (Br) Lp(BR))
Ap(F) »
+ C||[Du|? » n ,
yp 2“ |h|ﬂ Lq(%;LZ(ZB)) " "Ln—iga(zB)"{gk}k”eq(La(AB))

with C = C(u, a, B, p, g, n, v, L). Lemma 2.3 now guarantees that V;,,(Du) ¢ BY
the proof.

%0 locally, and this concludes

When a > 8, we have the embedding Bn Jang © Bﬁ /pq © VMO. Thus, we can assume that (A4) holds with
a replaced by f3, and then repeat the previous proof. The claim follows. O

Proof of Theorem 1.3. The proof goes exactly as that of Theorem 1.2 until estimate (4.2). We proceed now with
the estimates of the integrals I, and Is. Assume first that a < ﬁ%. By using Hélder’s and Young’s inequalities,
we get

L4l < j 218 (F)]|An(Dw)
Br

<c( [1ner ) ( [ wimwr)’

Br Br
p
_Cg(JlAh(F)lzdx)2+ J 2| A (D) dx
Br Br
< cq|hP*’ AnE) (2 * +e | nF1anuw)r a
< ( [|57| ax) " e [ nianowr ax,
Br Bg

where € > 0 will be chosen later. Similarly, using also Lemma 2.7,

NN

2
L] < _Bj|Ah(F)|n|Ahu|dx< c'%'Bj \Duf? + c|hf??’ (Bj % dx)

Inserting the estimates of I, and Is in (4.2) and recalling that u = 0, we have

3—: j(|Du(x)|l’-2 + [Du(x + h)P~2)|Ap(Du)*n? dx

Bg
c(w + @) IDul? dx + clh?® [ (ge(x + h) + 2200)2 DU dx
SAR "re 8k 8k
Bg Bg
s [1BBR  \F ,
+clhiP? ( ” b | ax)’ +e j P2 An(DW)IP dx
BR BR
and, by the elementary inequality (2.1), we get
j(|Du<x)|2 + [Du(x + h)1?) 7 1Ap(Dw)1?n? dx
Br
|h|2 |h|P p 2a 2 4
<c R + P |[Du(x)|P dx + c|h| (gk(x + h) + gx(x))|Du(x)|P dx
Br Bg
) 2 )
+ c|h|ﬁp’( ”Al}lli(lg)| dx) i clp,v)e J(|Du(x)|2 + IDu(x + W)12) 5 Ap(Dw)1?n? dx

BR BR
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We now choose € = m, use Lemma 2.1, reabsorb the last integral in the right-hand side of the previous
estimate by the left-hand side, and divide both side by |h|2%. We conclude that

Y e (B ) o[ )
. B b
¢ [ (grtx+ b + 800 IDuCoP dx,
and so ’
(JJ%' ax)’ gc('h'; : 'hl'e; a)(Biju(x)W dx) +c|h|'“(B[ ﬁ;ﬁg)lzdx){
+ c(i(gk(x + 1) + (02 IDuCoP dx )
wca( [ownr o) o |57 )

+ o [(grox+ 1 + 800 DuCOP dx)
B,

for a constant c that depends also on R and §, and where we used that p > 2. Taking the L? norm with the
measure ; hl" restricted to the ball B(0, §) on the h-space, we obtain that

( J( J |% ’ dx)% IZI}; )é < c(JIhI(l'“)q( JIDu(x)Ip dx)% |i|}}1 )é

Bs Brp2 5 Br

([ ag*

5

+ c< j( j(gk(x + h) + ge(0)2 [ DuOP dx)% |f1|h )é

Bs Bg

=J1+]2+]3,

where ¢ = ¢(v, L, R, p). For the estimate of J;, one can easily check that

Ji= C( JIDu(x)|P dx)% ( thl(l—a)q—n dh)é

Br Bs
1 8 %
< c(n)( JIDu(x)|P ax)" ( j oy p)
By o
=c(a,n,p,q, 6)( J [Du(x)|? dX)i’
Br

since a < 1. The term J, can be controlled by the B2 a2 -seminorm of F, which is finite thanks to our assump-
tion. In order to estimate J3, we use that gk € L7, by our assumptlon Also, we have that [Du(x)|P € Ll';g“ To
see this, use Lemma 2.2, with ‘“’ < 2; = z;;’ to deduce that F € L% Since

2n(p - 1) S
n-28 " n-2a’

np
Theorem 2.5 implies that Du € Ly **.
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We now write the LY norm in the integral J5 in polar coordinates, assuming without loss of generality
that 6 = 1, so h € B(0, 1) if and only if h = r¢ for some 0 < r < 1 and some ¢ in the unit sphere S"~! on R".
We denote by do(¢) the surface measure on S*~1. We bound the term J3 by

Jl J ([ ko e o) gicoipucor dX>%d0(f)g
0 51 By

) J J (j<gk(X+r£>+gk<x)>2|uu(x)|p dX)%dG(-f)%

k:Ork+1 Sn-1 Bp

© 2 dr
=Y [ [ 1w 07 Dulyp,ydo@)
k:Ork+l Sn-1

LE n . . . .
%. Now, since Du € L*** and gy € L«, Holder’s inequality implies

where we set ry = Toc

P 2
2 ) 2
I(Tre8i + 81)? DullLrByy < DUl ng o N(Tregic + 8Ny -

On the other hand, we note that for each ¢ € S™ ! and ry,1 < 1 < 1y,

I(Tregk + 81,2 By < I8KNLE (yore) + 18K 2 By < 218Kl 2 15>
where A = 2 + £. Hence, ,
J3 < C(n, a, Q)llDullz%(BR)ll{gk}ngq(L%(,13)),
where C(n, a, g) = 21"%log 20(8"‘1)%. Summarizing,

|| An(Vy(Du))
|h|

ApF
< CIDullpr sy + llW

)4
2
+ Cn, @, @)IDullny (BR)II{gk}kIqu(Lg(,\B))-

La(h 512 (Bry2)) La( 512 (Bag)

Lemma 2.3 now yields that V,(Du) € B"‘, 7 locally. 5!

When a > /%, we have the embedding Bg Jarg © BzTn/ﬁp, q C VMO. Thus, we can assume that (A4) holds
with a replaced by B%, and then repeat the previous proof. The claim follows. O
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