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We compute hadronic transitions between heavy quarkonium states with two, or one, pion/eta particles
in the final state. We use the multipole expansion but not the twist expansion. The latter cannot be justified
for the energy release of hadronic transitions between heavy quarkonium states with different principal
quantum numbers. Instead, we use a counting based on the dimension of the interpolating field of the
hybrid. This alternative counting allows us to still use chiral low-energy theorems to compute the pion
production by local gluonic operators. We explore the phenomenological impact of this counting.
Remarkably enough, for the two-pion transitions, we obtain the same predictions for the normalized
differential decay rate as those obtained assuming the twist expansion. We implement this computational
scheme using the hadronic representation of the effective theory potential NRQCD. We assume that the
inverse Bohr radius of the heavy quarkonium is much larger than Agcp but do not impose any constraint on
the relative size of Agcp and the typical kinetic energy of the bound state.
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I. INTRODUCTION

Hadronic transitions between heavy quarkonium states
have been studied since the middle seventies. Particular
attention has been devoted to the transitions with one or two
pions in the final state. The relatively small energy of the
outgoing pions makes the analysis of these transitions ideal
for the implementation of (the nonlinear realization of)
chiral symmetry. This was first implemented by Cahn and
Brown in Ref. [1]. Using current algebra, they parametrized
the amplitude of the two-pion transition in the strict chiral
limit. The observation of the small variation of the width
distribution with respect to the helicity angle of one of the
pions led them to an approximated simple one-parameter
description of the decay width spectrum. The implementa-
tion of chiral symmetry using chiral Lagrangians and the
incorporation of the leading light-quark mass corrections
was made in Ref. [2]. This gave a good description of
the width spectrum and also of the pion helicity angle
distribution [3,4].

Alternatively, in Ref. [5], Gottfried realized that these
transitions could be though as a two-step process: first a
short-distance gluon emission by the heavy quarks, and
then the hadronization of the gluons into the light-quark
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hadrons at a relatively long distance. This picture follows
from the use of the multipole expansion of the gluon-heavy
quark interaction. This allowed Gottfried to give selection
rules and decay width rate estimates beyond the approaches
based solely on chiral symmetry. The work of Ref. [6]
connected these nonlocal gluonic matrix elements with
chiral symmetry by parametrizing them according to chiral
symmetry. This was used to obtain constrains for higher
angular momentum channels.

At leading order (LO) in the multipole expansion,
the intermediate heavy quarkonium state is in a color-
octet configuration. In Ref. [7], Voloshin introduced an
additional expansion consisting of an operator product
expansion of the nonlocal heavy quarkonium color-octet
two-point function. As a result, the transition amplitude can
be written as a series of matrix elements of local operators,
which we will refer to as a twist expansion. As before, these
local matrix elements can be hadronized and parametrized
using chiral symmetry but the implementation of the axial
[8,9] and energy-momentum tensor anomalies [10-12]
constraints their general structure. Since then it has become
quite customary to describe the two-pion transitions using
the multipole, twist, and the chiral expansion. See, for
instance, Ref. [13], where the local gluonic matrix elements
were obtained up to next-to-leading order (NLO) in the
chiral expansions. Unfortunately, this computational
scheme is not a model independent derivation of QCD.
The reason is that there is no kinematic regime where the
twist expansion can be justified, as shown in Ref. [14],
because the transfer energy between heavy quarkonium
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whereas
as well

states in these transitions, E, is of order va
the twist expansion requires that E < mgyv?,
as AQCD < mUz.

We want to retake this discussion within the context of
effective field theories (EFTs), which allows us to make a
systematic analysis of the scales involved in the problem.
We will do the analysis using the weak-coupling version of
potential NRQCD (pNRQCD) [15,16]. This allows us to
obtain the multipole expansion in a controlled way, since
we assume that myv > Agep. The resulting EFT has the
multipole expansion built in the Lagrangian. The LO
Lagrangian will also have spin symmetry, which follows
from the heavy quark mass expansion. To simplify the
problem further, we will also organize the computation
within a 1/N, expansion. If we hadronize this EFT, we
obtain a Lagrangian in terms of the singlet (standard heavy
quarkonium), hybrids, and pion fields. B/D mesons and
possible tetraquarks are, a priori, subleading in the large
N,., as we will discuss in more detail later in the paper.
Therefore, we will not consider these degrees of freedom
(d.o.f.) in this paper and their possible incorporation will be
relegated to future work. As their effect could be important
for hadronic transitions of states close or above to open
flavor thresholds, we focus on states below threshold in
this paper.

We then write the most general hadronic representation
of the weakly coupled pNRQCD Lagrangian made of the
singlet, hybrids, and pions fields in a combined expansion
in the chiral counting and the multipole, 1/m, and 1/N,
expansions. It is formally possible to obtain the coefficients
of the Lagrangian by matching to suitable Green functions
in the pNRQCD theory in terms of quarks and gluons.
Nevertheless, these coefficients endure a complicated
relation with the elementary fields of the theory, and to
determine them would require quite costly lattice simu-
lations. Nevertheless, no all hope is lost. In Ref. [16], it was
observed a correlation between the dimensionality of the
interpolating operator of the hybrid/gluelump and its
position in the spectrum. Though not equivalent, we
hypothesize in this paper that there is also a correlation
between the dimensionality of the interpolating operator
and the strength of the interpolation with the hybrid, such
that higher dimension operators are subleading (in this
respect, it would also be interesting to study whether this
approximation can be related with the analysis made in
[17]). We will see that such hypothesis plus the chiral low-
energy theorems (generated by the axial and energy-
momentum tensor anomalies) lead to the same predictions
for the normalized differential decay rates of the two-pion
transitions as using the twist expansion. Moreover, we do
not need to impose extra conditions on Agcp, except the
one we already imposed for the multipole expansion
mov 3> Agcp. In other words, our computational frame-
work would still be valid even if Agep > va We
explore the implications of this computational framework

for a series of observables. Finally, we want to mention that
the pure quarkonium hybrid sector of this theory has
already been developed in Refs. [18-21] for small energy
fluctuations (much smaller than the energy transitions we
consider in this paper).

We organize the paper as follows: in Sec. I, we discuss
the hadronization of the pNRQCD Lagrangian. In Sec. III,
we apply it to describe the QQ(2S) - QQ(1S)zx tran-
sitions and compare the results for the decay width
spectrum with experiment and the purely chiral description.
Extending our Lagrangian beyond LO we use our approach
to study one-pion transitions, QQ(2S) - QQ(1P)z in
Sec. IV, and QQ(2S) — QQ(18)x in Sec. V. Certain
uncertainties of our approach cancel out for specific ratios
of the decay widths. We compute and study them in
Sec. VI. Finally, we give our conclusions in Sec. VII.

II. HADRONIZATION OF THE pNRQCD
LAGRANGIAN

The pNRQCD Lagrangian at LO in 1/m, (except for the
kinetic term) and at NLO in the multipole expansion reads

Lonroep = /d3R{/d3r(Tr[ST(i00 — hy)S
+ OT(iDO - h(})o]

——G“ G”””—I—Zq, iD—m;)

+ gV A(r)Tr[O'r - ES + S'r - EO]

+gVBT(r)Tr[o*{r-E,0}]}. (1)

S and O are the quark singlet and octet fields, respectively,
normalized with respect to color as S = S1./,/N, and
O = 0°T%/+/Ty. They should be understood as functions
of ¢, the relative coordinates r, and the center of mass
coordinates R of the heavy quarks. The trace should be
understood as a double trace in color and spin. The singlet,
octet, and hybrid fields in the Lagrangians that appear in
this paper are organized in SU(2) spin multiplets. For
instance, S = %(S -6+ S,Z). All the fields of the light
d.o.f. in Eq. (1) are evaluated at R and t; in particular,
G" = G"*(R,t), q;=q;(R,t), and iDyO = i9)0 —
9[Ao(R.1),0]. hy and h, are the singlet and octet
Hamiltonian densities. They read as

b= =V, @)
0

h, =— V% + V()(I"), (3)
Mg
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where V(r) and V,(r) are computed in perturbation
theory. Note that we have spin symmetry. Unless stated
otherwise we will work in the isospin limit m; = m =
% with i = u, d. Atleading log [22] and next to leading
log [23] accuracy V, = 1.

We next aim to construct the hadronic version of the
above Lagrangian. We first need to characterize the
hadronic d.o.f. relevant to our case. We first work in
the static limit. In the short heavy-quark-antiquark distance
limit, the gluonic excitations can be characterized by the so-
called gluelump operators. They organize themselves in
irreducible representations of the O(3) ® C group. The LO
Hamiltonian density in the 1/m ¢, and multipole expansions
corresponding to the Lagrangian in Eq. (1) is given by

H= /d3R/d3rTr[sThsS+oThoo]

1
+/d3R<§(E“-E“+B“-B“)

—Z@i[iD‘}’—mi]%‘) 4)

For later convenience, we will restrict the discussion to
L =1 gluelump states. We define the gluelump operators,
G, as the color-octet gluonic operators that generate the
eigenstates of H in the presence of a local heavy-quark-
antiquark octet source

HO (R,r)Gi(R)|0) = (V) + A, )0 (R,r)G(R)|0),
(5)

where a is the color index, k labels the quantum J¥¢
numbers of the gluelump, and i labels its vector compo-
nents. At this stage, we do not have to make explicit the
spin content of O“. We normalize the gluelump operators as

0[GI (R)O“(R'.¥) 0" (R.¥) G} (R)[0)
= 605, 5(R' ~ R)S(r' ). (6)

Going beyond the LO in the multipole expansion the
system is no longer spherically symmetric, instead it is
cylindrically symmetric around the heavy-quark-antiquark
axis.' Representations of the cylindrical symmetry group
can be constructed by projecting the gluelump operators on
various directions with respect to the heavy-quark-anti-
quark axis. Therefore, we work with states with good
transformation properties under the cylindrical symmetry

group

R.x:k ) = PLO(R.AGER)0).  (7)

'"The symmetry group is D, with P replaced by CP.

where summation over index i is implied. P, is a projector
that acts onto the gluelump angular momentum and
projects it into an eigenstate of K-+ (where K is the
angular momentum operator for the gluelump) with eigen-
value A.

It is useful to project the pNRQCD Lagrangian onto the
Fock subspace spanned by the |R,r;k, 1) states

/ Prd®RY IR, 13k, )W (t.r.R), (8)
kA

where W, (r,r,R) will represent the hybrid field in the
hadronic version of the EFT. As we have already men-
tioned, the case of most interest to us is that of the spin 1
gluelumps. The projectors for this case are

Py =) =#, (9)
Pl =7, =F(0" £id")/V2, (10)

and the discrete symmetry transformations for the S, O, and
Wi fields are given in Table 1.

Besides the singlet and hybrid fields, we will incorporate
pions to our Lagrangian. As a basic building block for the
Goldstone bosons, we use the unitary matrix U(t,R),
which [for SU(3)] may be taken as

A+ Vart o V2KY
U = e®F, o=| V2= -a° +% V2K° |,
— 10 2
V2K V2K - AN

(11)

although final results for observable quantities do not
depend on this specific choice. F' = 92.419 MeV is the
pion decay constant. Under chiral symmetry, U transforms

as USRUL, where R € SUg(N) and L € SUL(N).
Related useful matrices are u, defined from u? = U, and

w, = i(u (9, — ir,))u—u(d, = il,)u’)  (12)
v =u"yut £ uytu, (13)

where y = 2Bdiag (7, fir, my), with B being related to the
vacuum quark condensate. In the isospin limit, the pion
mass is m2 = 2Bin. The transformation properties can be
found in Table II.

We now construct the hadronic Lagrangian. It is fixed
by the d.o.f., the symmetries, and the parameter expansions
we have: 1/N_, r, E, 1/mg, m;. We emphasize that, at this
level, we do not integrate out extra d.o.f. when going to the
hadronic representation of Eq. (1). Therefore, it is not a
different EFT but the very same pNRQCD, including the
same d.o.f. and scales. Instead what we do is to write the
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TABLE I. Transformation properties of the heavy quarkonium and gluonic fields, and the projection vectors,
under discrete symmetries. The octet field O has the same transformation properties as S. The Wi transform as O
combined with the k7€ of the gluelump. The transformations of the projected fields can be obtained by further
adding those of the projection vectors; however, these are actually not relevant for the construction of the Lagrangian
since the projection vectors always appear in pairs, one explicit in the operator and another implicit in ¥}, = 7; - ¥,.
For this reason, we give the transformation properties of the unprojected fields Wi. Note that the difference in the
transformation of 7; with respect to Ref. [18] are due to the different definition of 7, .

P T C
S(t,r,R) =S(t,-r,—R) 6,S(—t,r,R)o, 6,87 (t,-r,R)o,
i _(t,r.R) Wi _(1,-r,—R) -0, V!, _(~t.r,R)o, —02(‘P’i+_)T(I, -r,R)o,
Pi__(t,r,R) Yi__(t,-r,—R) ¥ (—t,r,R)0, —0,(Pi)T(t,-r,R)o,
E(t,R) —-E(t,-R) E(-1,R) -ET(1,R)
B(1.R) B(1.—R) _B(~1,R) _BT(1.R)
7, 7, 7 7,

most general Lagrangian consistent with the symmetries
made out of the heavy quarkonium, hybrids, and pions. We
write this Lagrangian at LO in the chiral counting and the
1/mg expansion (except for the kinetic term) and at NLO
in the multipole expansion. For the interaction between
heavy quarkonium, hybrids, and pions, we also incorporate
the large N . expansion, and consider only the leading terms

|

L}IIJZ.}sRQCD = /d3Rd3I‘TI‘ [ST (iat - Vs(r) +

in it. Strictly speaking, one should also include glueballs,
which may interact with the hybrids at LO in the multipole
expansion, but at NLO in the 1/N_. expansion. Such effects
would be subleading in our computation of the decays.
Therefore, we neglect them. The hadronic version of
the pNRQCD Lagrangian projected onto the subspace of
Eq. (8) reads

M R O)

mo

V2
+ Z Z‘P,&{(ia, - (VE;()) + Ak)>5,w + r;m—Qri,}‘PM/

KPC=1t=1— A

+ (r * i‘/{STTl——A + h.C)t(rl ) + r- 5£(lpk/1, lPk//{l)

+(r 7S, +he)(dy

Note that for each hybrid channel one should also include
the excitations. The fields S and ¥;, should be under-
stood as depending on ¢, r, and R. The pion fields depend
on t and R. Note that Tr[] now only stands for the trace
over spin indices. (A) stands for the trace of A in the
isospin index.

Since at NLO in the multipole expansion the singlet can
only mix with k = 1 gluelumps, we only include hybrid

TABLE II. Transformation properties of the basic chiral build-
ing blocks under discrete symmetries.

u u, X+ D/l
P ut —u# +ys D
C u' u; ;(l D;
T u ut ya D+
h.c ut u, +y. D,

VF2 (uguo) + 17 P2 (wuly + tﬁ,fl__>F2(;(+>)} . (14)

|

states that can be generated by such gluelumps in the
Lagrangian. According to the operator analysis of Table II
in Ref. [16], they correspond to X, I, %, II,, and
associated excitations with bigger gluelump masses. The
mixing between hybrids at NLO in the multipole expansion
is more complicated. It is encoded in r- 6L (W, Pry),
where 6L (W, ¥y y) is bilinear in the hybrid fields and
transforms as a 17~ vector. Note that in general k # 1 states
may contribute to this term. Fortunately, we will not need
the details of this interaction for the analysis of this paper.
Note also that at NLO in the multipole expansion we do not
have hybrid bound states but plane waves. We will need to
iterate the O(r) vertices to obtain bound states in the hybrid
sector.

The last line in Eq. (14) encodes the interaction of the
hybrids with the singlet and pions at NLO in the multipole
expansion and at the leading nonvanishing order in the
large N, and chiral expansions. The interaction with two
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pions scales with N, as 1/N2. One may consider the
incorporation of subleading operators in the chiral counting
but still leading in the 1/N. expansion. Since for the
process we consider in this paper, the typical energy of the
pions will be of O(mv?) or smaller (which in general we
will consider them to be smaller than Agcp); this will not
be necessary. This is also the reason we do not include
interactions of the pions with the hybrids that are not
suppressed by the multipole expansion. The contribution of
these operators to heavy quarkonium hadronic transitions
would be suppressed by a power of mv?/ Agcp compared
with the contributions considered in this paper.

In the above discussion, we have not included tetra-
quarks (like the Z, or Z,), nor 0g-Qgq states, in the physical
spectrum. One may wonder whether we should do so. Here
we will guide our discussion by the 1/N_. counting. The
inclusion of tetraquarks is delicate. They are not stable in
the large N .. If the decay width grows like N, then I" > E
and diagrams with intermediate tetraquarks become effec-
tively local and 1/N, suppressed relative to the accuracy
for the physical processes we consider in this paper. The
same happens for the Qg-QOgq loops. The suppression of
tetraquark effects can only be bypassed if, for some reason,
I' is much smaller than what is expected by the N,
counting. This could happen if the channels that would
contribute at leading order in N, are closed because they
are below threshold. This is the situation discussed in
Ref. [24]. Then, indeed, the scaling in N, of I" is, at most, of
order 1/N.. However, we are not in this situation. For
instance, Z, states are above threshold, albeit very close to
it. Therefore, there is little phase space free, effectively
producing that I" is very small. In this scenario, the mixing
with Qg-Qq loops is expected to be very large and it does
not make much sense to consider one without the other.
In this respect, it is interesting to note that in Refs. [25,26]
it has been advocated that tetraquarks and Qg-Qgq loops
may play an important role for some observables like
the QQ(35/4S) - QQO(1S) decays. Nevertheless, in this
paper, we want to specifically study the effect associated
to the inclusion of hybrids within a context where the
multipole expansion can be applied. Therefore, the possible
incorporation of tetraquark and Qg-Qq states will be
postponed to future work.

In this paper, we will generally consider that the
quarkonium binding energies fulfill va2 < Agep- This
allows us to write the static singlet potential up to O(r?) as

Ve (1) = lim L 1n ((0]S (2,7, R)S' (0,7, R)[0))

=0 t

= V) + bgsr® 4. (15)

The coefficient by can actually be determined in terms of

rl=—

the coefficients 7"'") from the Lagrangian in Eq. (14),

since O(r?) terms in the Lagrangian do not contribute to the
static energies of the singlet.

In the case of hybrid bound states, myv? < Aqcp is also
the natural hierarchy between the scales since the bound
states are small energy fluctuations around the minima of
the hybrid static energies. Therefore, we can also generi-
cally write

Vi (r) = lim “In((0]0% (1.7, R') P,
- G{'(1,R) 0" (0,r,R) Py - G{(0,R)[0))

= (A + V(ao) + br? + )0, + O(1/myp).
(16)

Nevertheless, in this case, we cannot guaranty that O(r?)
terms in the Lagrangian will not contribute to the hybrid
potential. Therefore, we cannot determine by, from the
O(r) coefficients of the hadronic Lagrangian alone. We
will determine this coefficient by fitting the potential to the
lattice data for the static energies.

The LO singlet and hybrid spectrum and wave functions
will be obtained from solving the Schrodinger equation
with different variants of the singlet and hybrid potential
based on Egs. (15) and (16). The details of these solutions
can be found in the Appendix B.

Let us now discuss the vertices of the hadronic
Lagrangian. To obtain the coupling in the hadronic
Lagrangian, we match equivalent correlation functions
computed in both representations of the theory. The
equalities are obtained in the static limit. The singlet-hybrid
mixing term in the hadronic theory is given by

<0|T1”/1(ta r’,R/)ST(O, r»R)|0>amp =1ir- ’A'jlrt(rlﬁ)7 (17)

which is matched to the following correlator of pPNRQCD
in term of quarks and gluons:

(0! - GY-(¢,R")O%(t,¥ ,R")ST (0,7, R)|0)

amp
Te .. . . .
= iy [ 7 (O1GT (R)gE (R)]0). (18)

where amp. signals that only amputated contributions are
considered [overall 6(r' —r) are also factored out]. To
evaluate the matrix element, we consider the interpolating
field for G{-- to be given by a sum of all possible local
gluonic operators with the same quantum numbers,

Go =7, PgE* + Z,) (D x gB)* + - (19)
Now, we then hypothesize that there is a correlation

between the dimensionality of the interpolating operator
and the strength of the interpolation with the hybrid, such
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that higher dimension operators are subleading, so the
series can be truncated at LO. Though not rigorous, one
may consider counting Zal/ 2~ Agcclli)m(o), where dim(O) is
the dimension of the operator O, and the size of the operator
to be given by ~(mv?)%m(©), 5o the series can be truncated
at LO up to corrections of O(mv*/Aqgep). Using this

truncation and Eq. (6) in Eq. (18), we obtain

TiZg
N,

[(rl__) =

. (20)

The operators with an even number of pions in
Eq. (14) are matched in a similar way. In the hadronic
pNRQCD,

/ d4x+d4x_eip+'x+ eip_-x_

X (0" (x )™ (x2)S (8.7, R) ¥}, (0.7, R)[0) g

) (r17)

o
pep +1y ' m2),

= i4r- fa(—f%i Py P-—1lm "My

(21)

and the corresponding correlator in the partonic pPNRQCD
reads

(m* (p)a” (p-)IS(t.r . R)?; - G1-—(0.R) O (0.7, R)[0) 1y

- igﬁm 7 (p )r(p ) ER) - G (R)0)

1 TF 871'2
= — 7 - 2_Z 0,0
s\INze " (( 2'()”*’)‘
3 2
- 2—|—§K py-p-+3my |, (22)

where in the last step we use Eq. (19) truncated at the first

term and hadronize the resulting gluonic matrix element

using Eq. (D15), which uses the anomaly relation of the

energy-momentum tensor of QCD [11,27]. The derivation

of this equation is reviewed in Appendix D 1.
Comparing Egs. (21) and (22), we obtain

2
(rl“) 27[ TF 9
t =-" R 23
@ 360 NCZE< 2K> )
[(rl__) 27[2 TF 2 + 3 (24)
. = —_—— —K s
di 3P0 \| N.Zp 2
i 222 | T
') = - L, (25)
3130 NcZE

IIL. 0Q(2S) — QQ(1S)nx HADRONIC
TRANSITIONS

The two-pion quarkonium transitions are well described
using chiral perturbation theory and spin symmetry. The
most general amplitude for the two-pion transitions at
O(p?) in the chiral counting reads

A, =—a;pp +ap, -p_ —azm3, (26)

where p,, p_ are the momentum of the z* and #~,
respectively. The coefficients a; can be thought as linear
combinations of Wilson coefficients of an effective chiral
Lagrangian made only by heavy quarkonium and pions.
Such effective Lagrangian can be found in Egs. (4) and (6)
of Ref. [2]. Imposing heavy quark spin symmetry sets the
g» low-energy constant of Ref. [2] to zero.

Alternatively, we can use the computational scheme
developed in this paper. Using Eq. (14), we can compute
the leading nonvanishing contribution to the two-pion
transitions between quarkonium states. The diagrams are
drawn in Fig. 1. One vertex mixes singlet and hybrid fields
whereas the other produces a two-pion emission vertex.
The amplitude for this process reads

iA= By Il Pt =i e p o md),
(27)

with

n'n N 1
B = 38,7 -r|le>(

1
+
m my — My, My — My,

X (¥, [7} - 11S,). (28)

The index m sums over all states solution of the
Schrodinger equation and also for the gluelump excitations.
For the second term in the brakets of Eq. (27) (correspond-
ing to the right diagram in Fig. 1), we have used that
m, = m, + p% + p°. It is remarkable that the normaliza-
tion factors Zj cancels out, which allows us to completely
evaluate Eq. (27) except for the parameter « that appears in
the couplings in Egs. (23)—(25) and has its origin in the
hadronization of the gluonic operator. In the next section,
we will fix « by fitting the normalized differential decay
width spectrum.

For the case at hand, the quarkonia states are n’ = 13,
and n = 23S,. The intermediate hybrid has 1=~ quantum
numbers. Expressions for the hybrid-quarkonia matrix
elements that appear in Eq. (28) are given in Appendix C.

FIG. 1. Single and dashed lines represent quarkonia and pions.
The double line with a curly line inside represents hybrid states.
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1dr

I' dx
30F
25F  — VRS- I rtam
Y(2S)- Y(1S) ntn~
2.0r
151

1.0}

0.5F

0.2 0.4

0.6 0.8 1.0

FIG. 2. Plot of the normalized differential decay width spectrum. The dots are the experimental data for y(2S) — J/¥Pz+ 7z~ [28] and
T(28) - Y(1S)z" 7~ [29] in blue and yellow, respectively. In the same color scheme, the continuous lines are the fits of the theoretical
expression obtained from the amplitude in Eq. (26) computed from an EFT incorporating chiral and spin symmetry. The variable x is

My =20,
Moyg—myg—2m,"

defined as x =
The wave functions of the bound states that appear in those
matrix elements can be found in Appendix B. The matrix
elements in Eq. (28) are diagonal in the spin state of the heavy
quarks. Thus, only spin triplet hybrid states are allowed as
intermediate states. Furthermore, the matrix elements in
Eq. (28) only receive contribution from the A = 0 component
of the hybrid state, which leads to the selection rule [ = ¢
for the angular momentum eigenvalues. Therefore, the only
possible hybrid intermediate states correspond to m3>S,;
states.

Equation (27) yields the following prediction for the
chiral parameters a;:

SHZTF (12) 9
—_ -2 2

al 3ﬂ0NcﬂrQ 2K ’ ( 9)
82°T (12) 3

= - 24— 30

ay 3ﬁONCﬂr,Q +2K ’ ( )

87°TF ,12)
G ﬂONc ﬁr’Q . (31)

We now confront the above predictions with experiment.
Since the experimental data on ﬁ"{m (where m,, = (p, +
p_)? is the dipion invariant mass) are normalized to an
unknown constant, it is convenient to fit the theoretical
expressions to the normalized differential decay width

1 dr
——. 32
'dm,, (32)

As we will see there is also a strong theoretical motivation
to consider this ratio. This object is only sensitive to ratios
of the theory parameters. The overall normalization can be

obtained from the total decay width. Therefore, in the
following subsections, we fit the normalized differential
decay width and total decay width using the formulas
discussed above. Detailed formulas can be found in
Appendix A. Here we will analyze the transitions y(2S) —
J/¥rnta~ and Y(2S) - Y(1S)ztz~. The experimental
data for the former are taken from Ref. [28], and for the
latter from Ref. [29].2 The total decay widths are taken
from Ref. [31].

A. Line-shape analysis

The chiral fit to %dffTF produces the following ratios of
parameters:

aj 303 05 378

a_§ = -0.20% 4, a_g =3.1250s. Xiop =0.13, (33)
aj _ 0.261329 al _ 1.84+848 2 =014, (34)
alz’ = V.20_530> ag = 1.0% 5043, Xdof = VY- 19,

where the superindex ¢ and b label the results for the
w(2S) - J/¥rtz~ and T(2S5) —» Y(18)z" z~ transitions,
respectively. These fits are performed using the relativistic
kinematics [see Eqs. (A4) and (AS)]. If instead we use
nonrelativistic kinematics [see Egs. (A6) and (A7)], fits of
very similar quality are obtained. The results are shown in
Fig. 2 together with the experimental data. Note the small

’In the first version of this paper, the more recent data from
Ref. [30] was used. However, these data appear to have some
problems. This reflects in an strange behavior of the angular
distributions. We acknowledge conversations on this issue with
the authors.
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FIG. 3.

aé’/aé’

aflal

Correlation between the parameters of the fit of the normalized decay width spectrum. Results for charmonium and

bottomonium transitions in the left and right sides, respectively. The blue areas indicate the parametric space regions with 3 ; < 1, and
the black dots the best fit whose values are given in Egs. (33) and (34).

X3¢ obtained in the fits to both transitions. The uncer-
tainties quoted in Eqgs. (33) and (34) correspond to the
range of parameter values with x5 < 1, which is shown
in Fig. 3. In this figure, it can be appreciated that there

is a strong correlation between a?/af and af/dS.
Therefore, it would be wrong to consider the error of
a?/af and af/af independently. Instead, the allowed
region of parameter space is given by the dashed region in
Fig. 3. This corresponds to a particular linear combination
of af/a$ and af/a$. We conclude then that, with the
present data on the width spectrum, we cannot simulta-
neously fit both parameter ratios with high accuracy.

If we compare these fits with the ones in Ref. [2], we
observe some differences. The authors in Ref. [2] report
that the best fit yields a3 = 0 (g3 in their notation). This
does not coincide with our best fit, but is consistent with the
uncertainty. The ratio a/a, corresponds to 1 + ¢;/(2g) in
the notation of Ref. [2], and their best fits correspond to
a$/as ~1.2 and a?/ab ~ 1.1. This is compatible with our
fits considering the uncertainty. One should keep in mind
that the experimental data source in Ref. [2] is Ref. [32],
whereas we use more recent data [29].3

We now use the amplitude in Eq. (27) to obtain the nor-
malized differential decay width and fit it to the exper-
imental data. Equation (27) is equivalent to Eq. (26)
with the parameters a; taken as in Eqs. (29)—(31). The

normalized decay width is independent of ﬁ%), and its

3Very similar results to those in Ref. [2] were obtained in
Ref. [33] using more recent experimental data [4,29] including
pion final state interactions through an unitarization of yPT.

functional form depends only on the parameter x. Thus,
the hadronic pNRQCD, which incorporates the multipole
expansion, and a dimensional counting for the overlap of
the hybrids with gluonic operators, is more predictive
than the EFT relying on chiral and spin symmetry only,
since the number of free parameters is reduced from two to
one. Note that our approach yields the same normalized
decay width line shape, as the one obtained using the twist
expansion.

We fit the line shapes of the charmonium and bottomo-
niun data independently. Since the value of x should be
independent of the heavy quarkonium dynamics, we also
perform a simultaneous fit to both data sets. Using the
nonrelativistic kinematics, we obtain the following values
for «:

K. = 0243:())(())11?’ )(éo.f = 018’ (35)
Ky = 0.2197001¢, 2ior =014, (36)
Kioint = 0.233 £0.013, iop =018 (37)

The range of values correspond to the range with
x* = x2: < 1. If we use the relativistic kinematics, the fits

yield slightly different values,

k. = 0.277 + 0.015, 2. =0.17, (38)
K, = 0.229 + 0.016, 2iop=0.14, (39)
Kioint = 0.24710013, 2o =025 (40)
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FIG. 4. Plot of the normalized differential decay width spectrum. The dots are the experimental data for w(2S) — J/¥Pz+z~ [28] and
T(2S) - Y(1S)z" 7~ [29] in blue and yellow, respectively. In the same color scheme, the continuous lines are the fits of the theoretical
expression obtained from the amplitude in Eq. (27) computed with the hadronic pPNRQCD Lagrangian. The variable x is defined

My—2m,

as x = e
Myg—Mmjg—2m,

The differences with the nonrelativistic fit are of the
order of the difference between the charmonium and
bottomonium fit. This is reasonable, as they both measure
relativistic effects. We will take the difference between
Egs. (37) and (40) as a measure of the size of subleading
effects. We then combine it in quadrature with the statistical
error quoted in Eq. (40) and give

k = 0.247(20) (41)

as our default value. In any case, it is remarkable that all fits
yield similar values for «, which we take as a confirmation
of the independence of x of the heavy quarkonium
dynamics. For illustration, we show the plots of the fit
using relativistic kinematics for charmonium and bottomo-
nium data in Fig. 4. Actually, we can also observe in Figs. 2
and 4 the similarity of the experimental data for the line
shapes of the charmonium and bottomonium spectra. This
can be taken as a reflection of the independence of this
observable on the heavy quarkonium dynamics, which is a
prediction of the effective theory.

Previous fits of the decay width spectrum of y(2S) —
J/wrn have been carried out in Ref. [4] using the transition
amplitude from Ref. [11], and in Ref. [34] in which the
pion final state interactions were taken into consideration
through an Omnes function. The reported values are x, =
0.186(3) and «.=0.135(5), respectively. We have
checked that the main source of this discrepancy is that
the transition amplitudes used in those references do not
include the complete O(p?) pion mass contribution: in
Ref. [34], the coefficient a5 is set to zero, and in Ref. [4],
terms proportional to the pion mass have been set to zero.

B. Total decay widths

The expressions for the total decay width in terms of
the chiral coefficients a; can be found in Egs. (A10) and
(A11). Inserting the values from Eq. (33) or Eq. (34), the
remaining free parameter, a,, can be adjusted to reproduce
the experimental value of the total decay width. In fact,
since the total width is a quadratic function in a,, two
solutions are possible,

a5 = —25.88 GeV~3, a5 =25.52 GeV=3,  (42)

ab = -1098 GeV3,  ab=10.78 GeV3.  (43)

In our EFT, the total decay width is proportional to

(ﬂ%))2 (note that it is at this level where there is a dif-
ference with predictions using the twist expansion). This
object is dependent on the wave functions of heavy
quarkonium and hybrids, as well as on the energy difference
among them. Typically, this quantity will suffer from rather
large uncertainties, as we are forced to make strong
approximations to compute this object. We neglect the effect
of higher gluelump excitations with the same quantum
numbers. We expect that higher gluelumps will give smaller
contributions, as they are suppressed by larger energy
differences. Still, this is an approximation. In some circum-
stances, it can be compulsory to sum all of them to recover
some high energy logarithms. Nevertheless, compared with
other uncertainties, this effect will be small. Therefore, in
this paper, we neglect the error associated to neglecting
higher gluelump channels. We account for the error asso-
ciated to the energy splitting between singlet and hybrid
states using the error of A, the lowest gluelump mass (for
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further details, see Appendix B). For the lowest hybrid, we

compute ﬂ(,m with the m>S; hybrid intermediate states
m =1, ...,4 (we observe that the effect of introducing three
or four hybrid states is comparatively small compared with
other uncertainties). For the static potential of the singlet and
hybrid, we take two possible parametrization that we explain
in further detail in Appendix D 1. One aims for a good
description at all distances of the lattice-evaluated static
singlet and hybrid potentials, but constrained to have the
right behavior at short distance. The other parametrization
keeps the shape of the potentials predicted by the multipole
expansion in the whole fitted range. Throughout the paper,
we will take the former for our central values and the
difference with the latter as an estimate of the error
associated to the approximate knowledge of the singlet
and hybrid wave functions and binding energies. We obtain

the following values for ﬁ(r}é)

P = 11.46(713) , (£3.03),, GeV™,  (44)

Py = 345(353), (£0.97),, GV (45)
The uncertainties are labeled according to the source: A (the
lowest lying gluelump mass), and s.p. (the different para-

metrization for the singlet and hybrid static potentials).
At this point, it is worth mentioning that ﬂg_lé), relevant
for heavy quarkonium-nucleon interaction and the chiral-
associated heavy quarkonium energy shift, has also been
analyzed using hybrid potentlals in Ref. [35].

Introducing these values of /3, Q), and x = 0.247(20), in
Egs. (29)-(31), the expressions for the total width in
Egs. (A10) and (Al1) read (the experimental values are
taken from [31])

Lyes)—ipynta = 46-2(111%%)/\1(% De(£21 2) keV,
e*P = 102.1(2.9) keV, (46)

Tras)mr(s)z = = 3.08( 1%'%%)1\,(1%12232)K(i1~49)s.p. keV,
o = 5.71(48) keV. (47)

Our numbers differ from the experimental ones by about
a factor 2. One should keep in mind however that our
estimates suffer from large uncertainties. We find a sig-
nificant dependence on variations of the wave function of
the hybrid and singlet states. The error generated by the
uncertainty on the energy difference between singlet and
hybrid states is somewhat smaller. These error estimates
are of the right magnitude, though not large enough, to
completely account for the difference with experiment. One
should keep in mind, however, that besides those errors
already estimated, one error that has not been incorporated
in this analysis is due to the uncertainties associated to the
hadronization of the local operator: on the one hand, we

have O(a;) corrections to Egs. (D14) and (D15) due to the
beta function. These O(a,) corrections are generated at a
low-energy scale, which makes their evaluation not fea-
sible. On the other hand, these effects factor out and could

be reabsorbed in (ﬁﬁlQ )2 if we let this object to be a free
parameter, not fixed by theory. Alternatively, these effects
are independent of the heavy quarkonium dynamics and
would cancel in the ratio I',25)-s/yxt 2 /Tr(28)-1(15)74 7

We will discuss this ratio later in Sec. VI. Other corrections
to Egs. (D14) and (D15) are due to O(p*) chiral correc-
tions. We expect those not to be very important due to the
limited phase space available. Other source of error comes
from neglecting the anomalous dimension of the light-
quark mass. These two sources of error would affect the
determination of the line shapes. As we have obtained a
pretty good fit for them, we will neglect these sources of
error in the following.

The other error we have not incorporated in this analysis,
nor in those we will perform later, is the error due to the
working hypothesis we use in this paper (saturation of the
interpolating field by those with smaller dimensionality).
The reason is that we want to see whether such hypothesis
is feasible, and if so what is the expected error, by
comparing our predictions with experiment.

IV. 0Q(2S) — 0Q(1P)x HADRONIC
TRANSITIONS

The QQ(25) - QQ(1P)x hadronic transition® is zero
with the LO Lagrangian in Eq. (1) considered this far. The
first nonzero contribution is generated by spin-isospin
breaking effects. The leading spin-dependent operators
originate from the following pNRQCD operators:

gc
OLyNrQCD = / d*RPr (szQ >

x Tr[{S",6} -BO+ O'B - {6,S}]. (48)

We remind that the singlet, octet, and hybrid fields in the
Lagrangians that appear in this paper are organized in
SU(2) spin multiplets. An alternative representation of
Eq. (48) in terms of the spins of the quark and antiquark can
be found in Eq. (105) of [37]. This last representation is the
one we will customarily use for the computation of the
matrix elements.

The renormalization group improved expression for the
matching coefficient ¢y is known with next-to-leading
logarithmic accuracy [38,39]. In order to include the
leading isospin violation effects, we should no longer con-
sider the light-quark masses degenerate in Eq. (1): we take
m, =2.118 MeV and m, = 4.690 MeV instead [31].

“Let us note that this type of transition was first considered in
Ref. [36] for the Y(2S) — h,(1P)z° decay. However, this
particular case turned out not to be kinematically allowed.
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Adding the operator in Eq. (48) to the leading pNRQCD
Lagrangian in Eq. (1) and considering isospin violation
effects produces the following new terms in the hadronic
Lagrangian at LO’:

had
oL p[;\/RQCD

/ngd3rTr[(r P8, + he) T iF ()

+ (86 -7, Wy} +he)eST]. (49)
Terms that break spin and isospin symmetry simultane-
ously are not considered, since they produce subleading
contributions to the transition we are considering.

Let us match the parton and hadronic description of the
spin-dependent mixing operator. In the hadronic EFT, the
correlator reads
51%7)

(O|W,+-,(t,r,R)ST(0,r,R)|0) i(6) —6,) - F) TS,

amp
(50)
and in the partonic version of pPNRQCD, we have
(07] - GY1_(t.R)O(t.r,R)ST (0,7, R)|0) oy
ger T ai aj
= 9o [ = o] OIGE (RBUR)0). (51

where amp. signals that only amputated contributions are
considered. Now we consider G{._ to be given by a sum of
all possible gluonic operators with the same quantum
numbers

G = Z3'?gB* + Z;\ 2 (D x gE)* + (52)
Similarly, to the previous section, we hypothesize that there
is a correlation between the dimensionality of the inter-
polating operator and the strength of the interpolation with
the hybrid, such that higher dimension operators are
subleading, so the series can be truncated at LO. Using
this truncation and Eq. (6) in Eq. (51), and matching to
Eq. (50), we arrive at

_ Cr TFZB
t(Sl+ ) = % N . (53)

A2 = Z((hc(llPl)lfz W) m, —m,

m

+(h(1'P))|F; - (6

1 _62)|\Pm>

FIG. 5. Single and dashed lines represent quarkonia and pions.
The double line with a curly line inside represents hybrid states.

Let us now match the operators with an odd number of
pions in the Lagrangian in Eq. (49). In the hadronic theory,
we have

/ d*xeP*(US|z°(x)S(t.r, R)¥]. (0.7, R)|US) sy

= —it""p p2m2 Ma = M (54)
m, + md
and in pNRQCD,

p)|S(t,r,R)F, - (0 R)O“T(O r, R)|0>dmp
w%#ﬂOWJGﬁUM
: ,/ 7+ r{a’|’E - B0)

_ Ly | TE L (55)
37 mg+m, \INzg* "

where in the last step we have made use of the results of
Appendix D 2 for the hadronization of the gluonic operator
through the axial anomaly. Comparing Eqs. (54) and (55),
we arrive at

_ 272 T
() = 2 L 56
3 N.Zg (56)

We are interested in investigating the decay w(2S) —
h.(1P)z°, which is given in the hadronic pNRQCD EFT
by the diagrams in Fig. 5. The matrix element reads

2
271' cFTFmd—

. (12)
— , 57
with
i X
—— (Yu[f} - (61 —62)[w(2°5)))
i .

W, |7 - rlp (23S ) 58

o alP L (2°81) (58)

There is another possible pseudoscalar operator of the same order as (y_): (D,u*). However, they are both related through the

leading order equations of motion D, u* = i(y_ — (y_)/2)/2.
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In the first term, the w(2S) mixes into a hybrid state with
JP€ = 17~ but in a spin singlet, then the hybrid decays into
a h. conserving the spin but changing the angular mo-
mentum. The intermediate hybrid states fulfilling these
conditions are m'P;. This term turns out to be small
because the second vertex only has contributions from the
A =0 piece of the hybrid state, which is small for 'P,
states. In the second term, the order is switched; in this case,
the allowed hybrid intermediate states are m>S;. Note that
all the hybrid states appearing as intermediate states in this
transition are associated to the 17~ gluelump. As in the
two-pion decays, the normalization factors Zp cancels out.
The matrix elements are given in Appendix C.

We compute the amplitude for up to m = 4 for the S,
and up to m = 2 for the 'P; hybrid intermediate states. We
use the renormalization group improved expression of
cp(1 GeV) = 1.12155 up to next-to-leading logarithmic
order, where we have used the values a,(1 GeV) = 0.4798
and a,(1.496 GeV) = 0.3522. The decay width can be
obtained using the amplitude of Eq. (57) in Eq. (A12),

Uy s)=n (1720 = 104(T30)a, (£21)14 (1), €V,
e — 255(39) eV. (59)

The error analysis has been performed similarly to the
previous section. In this case, we do not have error
associated to k, but still have a dependence on A; (the
lowest lying gluelump mass), and s.p. (the different para-
metrization for the singlet and hybrid static potentials). We
also estimate the error due to the value of the light-quark
(1.g.) mass ratio, which we take as

my

Ma =M _ 35 +0.07, (60)
my+m,

with the value of m,/m, from the PDG.

This observable is interesting. Unlike previous decays, it
does not suffer from the uncertainties associated to the
hadronization of the local operator: The axial anomaly
does not get O(a) corrections, nor there are O(p*) chiral
corrections. We also observe a very weak dependence on
variations of the wave function of the hybrid and singlet
states. The major error is generated by the uncertainty on
the energy difference between singlet and hybrid states.
Once this error is taken into account, the result is roughly
compatible with experiment.

In principle, for QQ(2S) — QQ(1P)x transitions, the
energy release is small so one can use the twist expansion
with no fear if one assumes that Agcp < mv>. We then
would have an alternative determination with which one
can compare. In this respect, let us note that the only
previous theoretical estimate was I (55 (1p)20 ~ 15 €V,

from Ref. [27], using the twist expansion (Agcp < muv?
and E < mv?).

V. 00(25) — 00(18)x" () HADRONIC
TRANSITIONS
We now turn our attention to QQ(2S) = 00(15)z%(n)
hadronic transitions. Since these transitions break spin

symmetry, they are zero at LO in the EFT. The leading
contribution to these decays is generated by

9Cer
5L NRQCD — /d3Rd3r—
P 4mQ

x Tr[[S",6] - (¥'D,B)O + O' (r'D,B) - |5, S]],
(61)

which has to be added to Eq. (1). In the hadronic EFT, these
operators correspond to

5L;a1\(/iRQCD - /d3Rd3rTr[ST [0, -] + h.c]

% (t(dal“)i;irj + t(dbl“);J};ri

+ V), 8 iFY (). (62)

To determine the Wilson coefficients, we compute the
transition amplitude both in the hadronic and partonic
versions of the effective theory. Nevertheless, there is one
extra subtlety to be taken into account. The z° and # fields
in Eq. (11) mix, and to obtain the physical states, the mass
matrix needs to be diagonalized. The physical states
correspond to

Tongs = 70+ €1, (63)
Mphys = N — 677"0’ (64)
with e the mixing angle
\/g(md - mu)

— . 65
¢ dmg +2(m, + my) (65)

To compute the decay amplitudes, the physical states must
be considered. In the transitions with # emission, the
contribution due to the mixing is subleading, but in the
case of 7° emission both contributions are of the same
order. In practice, this amounts to an extra factor 3/2 in the
7Y decay amplitude. In the hadronic EFT, we have

/d4xei”'x<0|7z0(x)‘111l(t,r,R)ST(O,r,R)|0>amp

- mg—my, 5 (dal=")3
= _3j—4 - |t :
lm,, +my ot o) | i)
+ tTp(F) - p) 4 19 (- 7)), (66)

and in the partonic pNRQCD,

054021-12



NOVEL IMPLEMENTATION OF THE MULTIPOLE EXPANSION ...

PHYS. REV. D 100, 054021 (2019)

(2°(p)|F] - G4 (¢, R)O%(t, 7, R)ST(0,7,R)|0)

amp
Triger . y B
=\ w01 0 )] G D BI0)

_ Tr cp2n*my—m,
- ZENC mQ 15 mu —I—md
x mzF[3(6) +6,) -#;r-p— (6, +6,) 17 -p.  (67)

where in the last step we have used Eq. (19) truncated to the
first term and the anomaly relation in Appendix D 3 [note
that this relation does not suffer from O(a,) corrections].
Matching Egs. (66) and (67), we obtain

2
fldal™™) — _ Tr iziF’ (68)
ZENL' mQ 15
2
ga—y — | Tr CJZLF (69)
ZENC mQ 45

(de17) = 0, (70)

We are interested in investigating the decays y(2S) —
J/wr®, Y (28) — Y(15)x°, as well as the decays y(2S) —
J/yn, Y(2S) - YT(18)n. The diagrams involved in the
decay are drawn in Fig. 5. These contain the /"1 vertex
from Eq. (14) mixing the quarkonia into a hybrid associated
to the 17~ gluelump, and the P-wave pion emission vertices
from Eq. (62). The former vertex conserves the spin state
and is only nonvanishing for / = Z. Therefore, the inter-
mediate hybrid states for the transitions we are considering
must be *S;. The amplitude for a pion emission then reads

2
-TF Cr 87 mg—m, 2

A=~ L~ ¢ " up * s pp12
A s e e Fami s )

(71)

Note that the factor involving the sum over intermediate
hybrid states: ﬂ(r’lé), given in Eq. (28), is the same to the one
appearing in the two-pion transitions. €,,¢ stands for the
polarization of a m>S, quarkonium state. The decays
amplitude to one 7 is

T cp 8%

A= - ——
N.mgy45./3

(m% — m,%)F(e’fS X €55) pﬁizé)
(72)

We have computed the decay widths by summing over
final polarizations and averaging over the incoming ones
the square of the amplitudes in Eqgs. (71) and (72) and
inserting the result in Eq. (A12). We use relativistic
kinematics for the outgoing quarkonium state in the phase
space calculation and the renormalization group improved

expression of ¢ with next-to-leading logarithmic accuracy.
The expression for charmonium can be found in the
previous section. For bottomonium, we have ¢z(1 GeV) =

0.87897 using o, (4.885 GeV) = 0.2148. p}) is computed

considering up to four hybrid intermediate states. The
results obtained for the decays are the following:

Fy/(ZS)—»J/y/;zO = 40( 1914)A1 (ig)l.q.(ils)s.p. ev,
[exr = 373(14) eV, (73)

Fy/(ZS)—»J/y/q = 119( :-(())%171)/\] (ios)sp keV,
[ =9.91(30) keV, (74)

FT(2S)—>'I‘(IS)71O = 021( :L(())(()J‘é)Al (:l:OOS)lq (iOIO)bp eV,
e < 1.28 eV, (75)

Cris)-r(sy = 1.58( 7052 a, (£0.76),, eV,
e = 9.3(1.5) eV. (76)

The subindices label the source of the uncertainty. The error
analysis is equal to the one performed in the previous
section. Again we do not have error associated to k, but still
have a dependence on A; (the lowest lying gluelump mass),
and s.p. (the different parametrization for the singlet and
hybrid static potentials). We also estimate the error due to
the value of the light-quark mass ratio.

As in the previous section, these decays do not suffer
from the uncertainties associated to the hadronization of the
local operator: the axial anomaly does not get O(aj)
corrections, nor there are O(p*) chiral corrections. On
the other hand, unlike in the previous section, we find a
significant dependence on variations of the wave function
of the hybrid and singlet states. Indeed, the dependence is
the same as the one we had in Sec. III B. The error
generated by the uncertainty on the energy difference
between singlet and hybrid states is of the same order.
Nevertheless, these error estimates are not large enough to
account for the difference with experiment, particularly for
the charmonium case. We later retake this issue when we
consider ratios of decay rates.

VI. RATIOS

So far we have seen that the hadronic S- to P-wave heavy
quarkonium transitions are roughly compatible with theory
within errors. For decays to S-wave heavy quarkonium, we
have seen that the overall magnitude of our predictions is
smaller than experiment, specially for the QQ(2S) —
Q0(18)7°(5) decays. Nevertheless, the normalization of
the decays are the most uncertain object in our predictions.
Therefore, we expect several uncertainties to cancel for
ratios. In fact, we have already seen in Sec. Il A that the
normalized differential decay rates are well described by
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theory. Going further in this direction, we may try to
explore the magnitude of the corrections associated to the
different approximations we have made in this paper by
studying different ratios. This we do in the following.
The ratios of the QQ(2S) — QQ(15)x° () transitions do
not depend on ﬂg?g and are completely determined at LO
by chiral symmetry. Indeed, the same result is obtained using
a pure chiral approach or by using the twist expansion
(though the use of the latter suffers from the same drawback
as its use in QQ(2S) - QQ(1S)zx transitions [14]), as
studied previously in Refs. [40—42]. What changes is the
overall coefficient, which cancels in the ratio. The only
uncertainties affecting the ratios are the ones associated
to the light-quark mass values and possible chiral correc-
tions to the amplitude affecting the ratio F,/F, and the
mixing angle e. Generically, we expect these to be of
O((my, mg)/A,) ~ 14-50%. We can check this by compar-
ing the theoretical and experimental ratios (for these and for
the experimental ratios below we add the error quadratically)

28) — J)yn°
R, = R<M> = 3.34(£0.67),, x 1072,

(28) = J/ym
RSP = 3.76(18) x 1072, (77)
T(25) = T(18)7°
R, =R = 13.5(£2.7),, x 1072,
bt (T(ZS) ~T(18) (2
RE? < 13.8(22) x 1072, (78)

Since the theoretical values are compatible experiment, we
conclude that chiral corrections are not needed at this level of
precision.

It is also interesting to compare the theoretical and
experimental ratios of the two-pion transitions of Sec. III
over the one-pion or eta transition computed in Sec. V,
since this set of ratios is also independent of ﬂ(r Q>, or, in
other words, of the heavy quarkonium dynamics (which is
also the case with the twist expansion). The hadronization
of the two-pion production using the energy-momentum
tensor anomaly has corrections of O(a;) at a low-energy
scale, as well as contributions of the anomalous dimension
of the light-quark mass operator, both of which could be
potentially lal.rge.6 On the other hand, the determination of
the one single pion or eta matrix element through the axial
anomaly only has chiral corrections, as discussed in the
previous paragraph, and, in the case of one pion in the final
states, the uncertainty on m,/m,. Hence, we explore
whether comparing the ratios of the two- and one-pion
(or eta) transitions to their experimental values allows us
asses the size of the corrections to Eqgs. (D14) and (D15).

®In principle, there are also O(p*) chiral corrections. Never-
theless, we expect those to be comparatively small due to the
limited phase space available.

- T~
Rew = RV ) — 1161(3232) ()
RSP = 274(13), (79)

28) = J/wrntn
”ERC@@QA%Wn)=%mc%%

RSP = 10.3(4), (80)

_(Y(2S) > Y(1S)xta
Rb”:R( T(2S) = Y(15)2° )

= 14.4(F2.9)4 (71, x 10°,

RS > 4.5(4) x 107, 1)
Y(2S) = Y(18)z "7~
Rpy =R = 1.94(7014 103
" ( T(2S) = Y(1S)n 94(To1s)e X 107,
R =0.61(11) x 10°. (82)

The differences with experiment are large, of the order of
75%—-60% for the charmonium and bottomonium, respec-
tively. In principle, we expect the most important uncer-
tainties of these ratios to be due to the effect of higher order
operators in the interpolating function of the hybrids and of
the neglected O(a) corrections in the hadronization of the
local operators (this latter source of error only applies to the
Q0(2S) - Q0O(1S)zz transitions). In this respect, it is
interesting to note that we expect the O(a) corrections in
the hadronization of the local operators to be largely
independent of the bound state dynamics. Along this line
of thought, it is rewarding that we can roughly get agree-
ment with experiment (within errors) both for charmonium
and botttomoniun using the same correcting factor ~1/3.5.
This factor could be understood as evaluating the f(a,)
_ 21f(ay)

Boas
to draw any conclusion out of this. Note also that these
estimates are significantly affected by the uncertainties of «,
and, for the 7° case, by the uncertainty of m,/m,. On the
other hand, the strong dependence on the light-quark
masses makes these observables interesting for possible
determination of the light-quark masses.

For the ratios considered so far, Eqs. (77)-(82), the
prediction of the twist expansion is the same to the one we
have found here. This is not so for the following ratio:

function at a low scale: ~ 3.5. Still, it is premature

T(2S) - Y(1S)ztn~
Rbc = R —
’ w(2S) - J/yn'x
= 6.65(1039)A, (F0.02),(£0.31), , x 1072,
Ry . =559(0.50) x 1072, (83)

In principle, we expect that for this ratio most of the
neglected O(a,) corrections in the hadronization of the
local operators vanish. This observable can be considered a
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rough measure of ﬂ% ) / ﬂ&?j). The agreement with experi-
ment is remarkable: below 20%, and could be accounted for
by the quoted errors.

We can also consider the following ratios:

_(T(28) = Y(18)2°
Kb = R< w(2S) = Iy >

=5.3(103)a, (£0.25) , x 1073,
Ry <3.4(1)x 1073, (84)
RMER( (2 )—>T(15)n)
w(2S) = J/yn
= 1.33(1508) 4, (£0.06), , x 1073,
RyP = 0.94(15) x 107>, (85)

Again, the twist expansion would yield a different pre-
diction for these ratios, and again these ratios can be
considered a measure of ﬂ /ﬂ” The agreement with
experiment is quite reasonable with difference of the order
of 30%. In order to assess whether this error and the error of
Eq. (83) are really related to ﬂ /ﬂrc or to something
else, one may consider the double ratios

Ry, R or
Dbex _ Zex _ o8 —axp < 0.06(1),  (86)
Rbc.zm Rb” Rb’”
R 3 RC Rixp
bey ;7_2OX10— %:17(3))(10_2
Rbc.mr Rb'? Rb.n

(87)

These double ratios are independent of [}r b / ﬂrzcl We also
expect several other uncertainties to cancel: the dependence
on the light-quark masses cancels; in principle, we would
also expect most of the effect due to unaccounted for O(a;)
corrections in the hadronization of the local operators
vanish, since the phase space is similar. An indirect
reflection of this is that the dependence on « nearly
vanishes. Nevertheless, this should be studied with more
detail to make this statement more quantitative. For
instance, for the QQ(2S) — QQ(1S)n transition, there is
little phase space free. As a result, the phase space
computation yields very different values for the bottomo-
nium and charmonium transitions. Overall, we consider
these double ratios as the cleanest objects to perform
dedicated studies of the computational scheme discussed
in this paper (and of the twist expansion, which yields the
same prediction for these double ratios). For now, we just
want to highlight that we find remarkably good agreement
with experiment. This may indicate that the overlap of
higher dimensional operators with the hybrids is small. In
this respect, the possible incorporation of B, transitions to
these analyses could be of much help.

VII. CONCLUSIONS

We have studied one- and two-pion transitions between
quarkonium states below threshold. We have used the
weakly coupled version of pNRQCD, which assumes that
muv 3> Agcp. On the other hand, our analysis does not need
to constrain the relative size of Agcp with respect to muv?.
For definiteness, we have generically considered the sit-
uation mv? < Aqcp- This EFT of QCD for heavy quark-
antiquark systems incorporates the 1/mg, and multipole
expansions systematically. We then write the hadronic
representation for this EFT in terms of the singlet, repre-
senting the heavy quarkonium, hybrids, and pion fields. In
weakly coupled pNRQCD, the hybrid states consist of a
color-octet heavy quark-antiquark field and a gluonic
excitation operator, called gluelump, characterized by a
JPC. In order to explicitly compute the matching between
both versions of the theory, we assume that the gluelump
operators overlap predominantly with the lowest dimension
gluonic operator with the same J”¢. The matching is
completed by making use of low-energy theorems gen-
erated by the axial and energy-momentum tensor anomalies
to obtain the local matrix elements for pion production by
gluonic operators.

In this framework, we have computed the QQ(2S) —
QO(18)zr transitions and compared with the description
obtained solely from chiral symmetry, as well as with
experimental data. We do so for the normalized decay
width spectra and for the total widths of charmonium and
bottomonium. In the case of the normalized decay width
spectra, both our approach and the purely chiral description
fit the data well. However, the chiral description depends on
two parameters that cannot be strongly constrained from
the experimental data, whereas our approach only depends
on one parameter x. Our best fit to the combined charmo-
nium and bottomonium data yields the value quoted in
Eq. (41) for «.

Our computational scheme produces the same theoretical
expression as the twist expansion [7] for the normalized
decay width spectra computed in Sec. III A. Note, however,
that the twist expansion requires that Agcp < mv?, and
that the energy release E < muv?, the latter condition is
never fulfilled for two-pion transitions. Lower values for «
than the ones in Eq. (41) are found in [4,34]. The main
source for the discrepancy is due to O(m2) terms not
included in these analysis.

Our prediction for the total two-pion transition decay
width depends on x [which we take from Eq. (41)] and

on ﬂg.lg. The latter coefficient suffers from large uncer-
tainties. It involves a double sum: one over the gluelump
states with the same quantum numbers and, for each
gluelump, other sum over the states solution of its asso-
ciated Schrodinger equation. In this paper, we have made a
first estimate considering only the first gluelump and, for it,
summing the first few states solution of the Schrodinger
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equation. Moreover, the states solution of the Schrodinger
equation have a significant overlap with long distances.
This makes the result quite dependent on the shape of
the potentials. We have estimated this dependence consid-
ering different fit functions for the singlet and hybrid
potentials. Overall, our estimates for the total decay widths
Lys)—spynta and Dyogv(is)z+,- can be found in
Egs. (46) and (47).

Enlarging our Lagrangian to include spin-dependent and
isospin breaking operators we can use the same procedure
to compute the width for QQ(2S) - QQ(1P)z° transi-
tions. Our prediction for the total width Iy, 555, (1p)0 can
be found in Eq. (59). This observable is interesting. Unlike
previous decays, it does not suffer from the uncertainties
associated to the hadronization of the local operator: the
axial anomaly does not get O(a) corrections, nor there are
O(p*) chiral corrections. We also observe a very weak
dependence on variations of the wave function of the hybrid

and singlet states: this object depends on ﬁf,lz). The major
error is generated by the uncertainty on the energy differ-
ence between singlet and hybrid states. Once this error is
taken into account, the result is roughly compatible with
experiment.

Finally, we considered QQ(2S) — QQ(18)z°(5) tran-

sitions. Our results for the total decay widths Iy, 55, /205

Ly 28)=7/ym> Tr28)-1(15)20 @nd T'ya5) 1 (15), can be found
in Egs. (73)—(76).

Overall, we find that the S-wave hadronic transitions to
P-wave heavy quarkonium are roughly compatible with
theory within errors. For decays to S-wave heavy quarko-
nium, the magnitude of our predictions is smaller than
experiment, especially for the QQ(2S) — QQ(15)z°(n)
decays.

We have also computed the ratios of the above transition
rates in Sec. VI. We expect a more solid prediction for
them. Depending on the ratio, different qualitative infor-
mation on the theory can be obtained. The ratios of
Egs. (77) and (78) can be considered to be a test of chiral
symmetry, as they are independent of the bound state
dynamics, and there is no error associated to the hadroni-
zation of local gluonic operators. Good agreement with
experiment is found. This may indicate a good behavior of
chiral symmetry for these decays. Alternative ratios one
may consider are Egs. (79)—(82). These ratios are also
independent of the bound state dynamics but on the other
hand suffer from unquantified errors due to the hadroniza-
tion of the local gluonic operators. Large differences with
experiment were found, which however could be accom-
modated by a single constant for bottomonium and char-
monium. This agrees with expectations that the main
corrections are independent of the bound state dynamics.
These ratios and the ratios Eqs. (77) and (78) are inde-
pendent of the bound state dynamics, i.e., they are
independent of ﬂ%) and yield the same result as the twist

expansion. On the other hand, the overall coefficients
which, in principle, are calculable in both cases, are
different for the total transition rates.

One may consider ratios that yield different predictions
than the twist expansion. These are Eqgs. (83)-(85). We
expect these ratios to be quite independent of the error
associated to the hadronization of the local gluonic oper-
ator. On the other hand, they depend on the bound state
dynamics through the ratio ﬂ(rf ) / ﬂ5‘3 ). For Eq. (83), good
agreement is found (below 20%) and is quite reasonable for
the other two ratios of the order of 30%. This may indicate
that our evaluation of ﬂgf )/ ﬁ&? ) s quite reasonable.
Finally, we have considered double ratios in Eq. (86). In
principle, these are the cleanest objects to compute [leaving
aside Eqs. (77) and (78)]. They are independent of the
bound state dynamics, and we also expect them to be rather
independent of the uncertainties associated to the hadro-
nization of the local gluonic operator. The agreement with
experiment is quite good for them.

We believe there is room for improvement, and leave for
future work more dedicated analysis, in particular of the
ratios and, specially, of the double ratio discussed in
Eq. (86). This last object may allow a quantitative analysis
of the validity of our computational scheme (and alter-
natively of the twist expansion). It would also be interesting
to apply our computational scheme to the two- (or one)
pion hadronic transition of the B.. On a later stage, the
possible incorporation of tetraquarks and B-meson loops
for heavy quarkonium states near, or above threshold,
should also be studied in greater detail. Actually, if enough
precision is reached, discrepancies with experiment may
hint at the need of incorporating those states.
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APPENDIX A: DIFFERENTIAL DECAY WIDTHS

The most general amplitude for the two-pion transitions
at O(p?) in the chiral counting and using spin symmetry is
given in Eq. (26). It is convenient to write it as

a
Aﬂ'ﬂ = (d2 - al)p(?kp(l - lmzzm + (a2 - a3)m72r’ (Al)

2
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where m,,,r = (p,. + p_)? is the dipion invariant mass,  With
and p_, p_ refers to the momentum of the z* and #~, P
respectively. In the reference frame of the decaying o =\/1—=4mz/mz, (A3)
quarkonia, we find

1 o iy M (Ad)

pip° = i (A2 — p%6° cos? 0), (A2) B 2my, ’
|
1
P= S \/m‘}ii oy Mg, = 2mpy my = 2miy m, = 2myy g, (A5)
[

where my and my are the masses of initial and final 1 2 29 9 a) 5
quarkonium, respectfively. In the nonrelativistic approxi- Aun = 4 (a2 = a,)(A7 = pZo7cos’d) — 2 Man
mation of the final quarkonium momentum, the above + (ay — a3)m (A8)

expressions reduce to

Anr = (mH,- - me)z, (A6)

P =\ (g, = g, )? = iy, (A7)

Using Eq. (A2) in Eq. (A1), we can write

drﬂﬂ
dm,, 4(2z)°
1

<2—@x2—amﬁff(1

3

To obtain the total decay width, we integrate numerically

My =My drrm
I, = dmg, ——.
2

m, dm;m

(Al1)

In the one-pion transition, the momenta are fixed by
momentum conservation, in particular the final pion
momentum is |p,| = p(m,), and the decay width is given by

r _Plmg)
2

T

(A12)

with p(m,) is given in Eq. (A5) replacing m,, by m,.

APPENDIX B: SINGLET AND HYBRID
BOUND STATES

The heavy quarkonium wave function reads

chm,sm Y[ml 9 ¢) Smg

mymg

=g (r)‘l’ng, (6.9).

Sn]mjlf

(B1)

2
= &2 {2(02 — az)’my (1 -2 2
a, —az 4m;

The differential decay width is

r pom,, |1
s = (32 442~ @) (8 = peleost)
4 2 |?
- ?mzm =+ (aZ - a3)mﬂ ’ (A9)
and after integrating 6, it reads
mfztﬂ a, —a A%\2 + (02 - 01)2p464
a, — dj 4-}7172Z 40
2 2 — A?
@ M D270 2 (A10)
ay — aj 4m,, a, — daj 41’}17[

|
where ¢")(r) is the solution of

I(1+1
{— ! 0,r20,+( 2)
mor? mor

+%ﬂﬂwwm=awww

(B2)

It is not our aim in this paper to make a detailed analysis
and optimization of the solutions of the bound states but
rather to make a qualitative analysis. For the numerical
evaluations of the hybrid and quarkonium spectra, we use
the values m (1 GeV) = 1.496 GeV and m,(1 GeV) =
4.885 GeV [44] for the heavy quark masses in the RS’
scheme [45]. To explore the sensitivity of the matrix
elements to the shape of the potential, we have considered
two versions of the potentials. The first is the potential in
Eq. (15) with the nonperturbative constant by obtained by
fitting to the lattice data from Ref. [43] up to r =1 fm
together with a free energy offset, b"ffset The second

version of the potential is a fit of the same lattice data
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FIG. 6. The static singlet potential in Egs. (B3) and (15) fitted to
the lattice data of Ref. [43] (blue dots) as solid and dashed lines,
respectively.

to a function constrained to reproduce Eq. (15) in the short
distance and a to have a linear behavior in the long distance,
while overall adjusting well to the data. The function
chosen is

Ve = V) + (e + el + ),

(B3)
For the perturbative static singlet potential, we take the
O(ad) result’ evaluated at v=35.6 GeV (the shortest
available scale). The parameters obtained from the fits
are the following:

bsy =407 x 107 GeV?, byt = 0.695 GeV,  (B4)
¥ =0222 Gev4,  cll) =691 x 107 GeV®,

2 _ -3 8

) =3, .
cyer =3.54x 107 GeV (BS)

In Fig. 6, we plot the lattice data together with the fitted
Eq. (15) (with the offset) and Eq. (B3) potentials as dashed
and solid lines, respectively. The spectra obtained are
displayed in Tables III and IV for the potential in
Egs. (15) and (B3), respectively. The origin of energies
is chosen in order to reproduce the experimental spin
average of the ground state.

The hybrid wave functions are obtained following the
procedure described in Ref. [18], by solving the coupled

Schrodinger equations involving the potentials V(Z%)(r) -

V<0)( ) or V(Zf,( r) — VI(%)(r) generated by the 17~ and 17~

gluelump at short distances, respectively [see Eq. (16)].
There are two types of solution of ¥, corresponding to

m}m,zfs)/1 ( m}mjfs)b

states with opposite parity (¥

"The (’)( ) term was computed in [46], the O(a?) in [47,48],
the O(a}) logarithmic term in [49], the light-flavor finite piece in
[50], and the pure gluonic finite piece in [51,52].

TABLE III.  Quarkonium spectrum obtained from the potential
in Eq. (B3) fitted to the lattice data Ref. [43]. The origin of
energies is chosen in order to reproduce the spin average of the
ground state. All dimension-full entries are in GeV.

cc bb
nl Jre my  (1/r) Egy, my  (1/r) Egy
1S {0=F, 17} 3.068 0.66 0.31 9.442 1.15 0.28
2S {0=F, 177} 3.686 043 048 9916 0.67 0.36

1P {177,(0,1,2

)+ 3464 037 0.39
ID {27+,(1,2,3)"

-1 3.775

9.779 0.59 0.30
0.27 0.48 10.009 0.42 0.35

TABLE IV. Quarkonium spectrum obtained from the potential
in Eq. (15) fitted to the lattice data Ref. [43]. The origin of
energies is chosen in order to reproduce the spin average of the
ground state. All dimension-full entries are in GeV.

cc bb
nl Jre my  (1/r) Ega mg  (1/r) Eun
1S {0-F, 17} 3.068 0.73 0.38 9.442 1.36 0.38

28 {0,177} 3.847 051 0.67 10.015 0.76 0.45
1P {177,(0.1,2)**} 3.553 042 050 9.873 0.64 035
ID {27+,(1,2,3)"} 3.949 032 0.65 10.145 046 041

y/(()m) (r) U(;mf (07 ¢>
Ly ()i, (0.6) | ion,
Ly (107l (0.9)
[//((}m) (I’)(I)g)x+ll,(e’ ¢)

mjm;ts - Jm;
lP+ (r) - § :Clmfsms

menmg

= | Hv e, ©0.9) |, (B6)
%1,,@ (@t (0.¢)
0
WOy = S e (00, 0.0) |,
et — 5w (1)vz,, 0. ¢)
0
_ | S )CDILL,, 0.9) (B7)

~ Ly (@3, (0.9)

The parity and charge conjugation of these states
corresponding to the W, solutions are
P =+(-1)Pg, C=F(-1)"Cs  (B8)
with Ps and Cg the parity and charge conjugation of the
gluelump associated to the states.
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The angular wave functions of the hybrid states are the
eigenfunctions of

22 cos
2 , P
(LQQ e " 24 sin? @ 109> Veme

= (¢ + 1)k,
(B9)

which for 4 = 0 corresponds to the usual differential equa-
tion for spherical harmonics and, therefore, Uzm Yim,

Note that we have chosen to represent the angular
momentum quantum numbers of the hybrids and quarkonia
by ¢ and [, respectively, to highlight the difference in
angular wave functions. When using spectroscopic notation
to specify the quarkonium states, we use the usual
S,P,D,... for [=0,1,2,..., and for hybrid states, we
use S,P,D,...for£=0,1,2,....

The A**!¢; spin-angular hybrids wave functions can be
shown to be

1 1
CD’}SO(& P) = \/—47755107 (B10)
(9 ¢> \/4—71_6;/651] 5/107 (Bll)
3.4 1
(0.) = \/%fféin, 7 (B12)

1 [t +1)+2
’,.2

! 6r0
mQr ¢+ 1)

For the special case £ = 0, the equations decouple and in
fact z//(f’) becomes irrelevant since v does not exist. The
radial wave function in Eq. (B7) is obtained from the

uncoupled radial Schrédinger equation

f(f+ 1)
mQr

1
mQr

0,20, + + Vi |y

=&,y
(B20)

The hybrid static potentials, Vy; , Vy-, Vn,, and Vs,
match to the NRQCD heavy quark anthuark static ener-
gies, which have been computed on the lattice [53-55] and
are given up to NLO in the multipole expansion by the
potential in Eq. (16). As in the static potential for the
singlet, we have considered two versions of the potentials
in order to assess the sensitivity of the matrix elements to
the shape of the potential. The first is the potential in
Eq. (16) with the nonperturbative constant b;, obtained by
fitting to the lattice data from Ref. [53] up to r =1 fm
together with a free energy offset. The second version of

—2m>+<vz 0>
0

26 +1)

[,
@1, (0.¢) = N o (B13)
36-(Fxe,)
0, —t Bl14
5 0.0) = iy g (B14)
/ 3 i st
(9 ¢P) = ’hzjmlr’ (B15)
where ¢ are the polarization vectors
éo = (0,0,1), (B16)
. Fl
ey = ﬁ( ,+i,0), (B17)

and the tensors h'/

om, are traceless, completely symmetric,

and normalized as

h*z/ hl/ —5

2m; " 2m, mym', - (BIS)
The #*1/; spin-angular wave functions for quarkonium
correspond to the 2 = 0, >**!#; hybrid wave functions.
The radial wave function in Eq. (B6) is obtained by
(numerically) solving the following coupled radial
Schrodinger equations:

(m) (m)
<W?m>> _ g,,,("’?m)). (B19)
vy v

the potential is a fit of the same lattice data up to r < 2 fm
by a function constrained to reproduce Eq. (16) in the
short distance and a to have a linear behavior in the long
distance while overall adjusting well to the lattice data.
The function is

Vn

Vg = V& (1) + () + /P + e (B21)
The perturbative static octet potential is taken at O(a?)
from Ref. [56] and evaluated at v = 2.6 GeV (the shortest
available scale). The results for the hybrid spectrum for
Vi,V ass001ated to the 11~ gluelump are discussed at
length in Ref. [18].* The parameters obtained from the fits
are the following:

bsi = 1.26 x 107 GeV?, b;ff,set =122 GeV, (B22)

*In Ref. [18], the choice of Eq. (B21) was different but the
resulting potentials are completely equivalent in practice.
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FIG. 7. Lattice data for the static energies X/’ and IT, from
Ref. [53] associated to the gluelump k”¢ = 17~ plotted as blue
dots and orange squares, respectively. The blue (orange) solid and

dashed lines are the X'(IT,) potentials of Eqs. (B3) and (15)
fitted to the lattice data, respectively.

by, = 1.93x 1072 GeV?, bgfgfse‘ =122 GeV, (B23)
) =158Gevt,  cll) =129% 1072 GeVS,
¢ = 1.94 % 107 GeV?, (B24)
o) = 177 GeV*,  cff) = 10.6 x 102 GeV®,
cl(-lzq) = cg),. (B25)

The fits of the potentials an—VZ;/, associated to the 17~

gluelump are shown in Fig. 7 in solid and dashed lines, and
the corresponding spectra in Tables V and VI for the
potentials in Eqgs. (B21) and (16), respectively. The origin
of energies is chosen, as in Ref. [18], such that the short
distance limit of Vy; and V- tend to VY 4+ A+ with the
value of Aj+- = 0.87(15) GeV computed in Ref. [57].

TABLE V. Heavy hybrid spectrum for k"¢ = 17~ obtained from the fit of Eq. (B3) to the lattice data of Ref. [53]. All dimension-full
entries are in GeV. P = f d3r|1//5r"})_|2 is the integral over the square of the wave function associated with the IT, potential. It can be
interpreted as the probability to find the hybrid in a I, configuration, thus it gives a measure of the mixing effects.

cc bb

Multlplet | JPC A;; my <1/r> Ekin PH my <1/r> Ekin PH

H,(1P) (1+,(0, 1,2)++} S+ 4.51 0.42 0.15 0.57 11.14 0.55 0.09 0.44
H|(2P) | B 9% 4.86 0.27 0.33 0.20 11.33 0.40 0.19 0.27
H,(1P) (17+,(0,1,2)=} n 4.74 0.27 0.22 1.00 11.30 0.38 0.13 1.00
H,(2P) B g 5.01 0.24 0.37 1.00 11.51 0.34 0.26 1.00
H;3(1S) 0 0=+, 1} 1 4.63 0.29 0.25 0.00 11.19 0.40 0.15 0.00
H(2S) ’ g 5.01 0.25 0.40 0.00 11.41 0.35 0.24 0.00
Hf(lD) 27+, (1,2,3)} SHL, 4.70 0.28 0.24 0.50 11.24 0.38 0.14 0.39
H,(2D) ’ g =9 5.06 0.23 0.42 0.24 11.44 0.32 0.25 0.26
Hs(1D) (2+-,(1,2,3)+1 n 4.92 0.22 0.32 1.00 11.40 0.30 0.18 1.00
H{(2D) T g 5.27 0.19 0.47 1.00 11.61 0.28 0.28 1.00
TABLE VI. Heavy hybrid spectrum for k”¢ = 1=~ obtained from the fit of Eq. (15) to the lattice data of Ref. [53]. All dimension-full

)|2

entries are in GeV. Py = [ d3r|1//<+";

is the integral over the square of the wave function associated with the I1, potential. It can be

interpreted as the probability to find the hybrid in a I1, configuration, thus it gives a measure of the mixing effects.

cc bb
Multiplet 1 Jre Ay my (1/7) Eyin Py my (1/7) Eyin Py
H,(1P) L2y g, A% 04 015059 ILIB 057 008 058
H|(2P) | B g 9 4.87 0.28 0.32 0.20 11.36 0.37 0.18 0.19
H,(1P) (17+,(0,1,2)—) N 4.79 0.31 0.28 1.00 11.32 0.41 0.15 1.00
H,(2P) B g 5.24 0.28 0.51 1.00 11.57 0.37 0.28 1.00
H;(1S) 0 (0,1} S 4.68 0.28 0.23 0.00 11.26 0.37 0.12 0.00
H(2S) ’ g 5.05 0.25 0.41 0.00 11.46 0.33 0.23 0.00
H4(1D) _ __ " 4.74 0.29 0.26 0.46 11.29 0.39 0.14 0.46
H)(2D) ) {277 (1.2.3)7} Zy -y 5.06 0.23 0.42 0.25 11.47 0.30 0.23 0.25
Hs(1D) (25, (1,2,3)+) I 5.02 0.25 0.39 1.00 11.44 0.33 0.22 1.00
H{(2D) B g 5.47 0.23 0.62 1.00 11.69 0.31 0.34 1.00
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APPENDIX C: MATRIX ELEMENTS

We now compute the matrix elements that appear in the hadronic transitions. We suppress the labels k”¢ = 17~ and
kP€ = 17~ on the hybrid fields since it does not affect the calculation. For simplicity, we denote the quarkonia and hybrid
wave functions just as S, and ¥,,, respectively,

(Pul#)rlS) = > ij'fn’,,ym/cﬁfn";m 8y B / drry™ (Hg™ (r) / dQuy!, (0.4)Y (0. ), (C1)

memlmymg

where we have used that i'z r=r6y. ForA=0) =Y, ,» 0 we can use the spherical harmonics orthogonality relations

(C1) =3 3 o Clnton, / ey (g ()

mmlmA
=04610 ) (Cinymom, / dry" (g () = 8,05, / drry" (R (1), (c2)

Let us work out some specific matrix elements necessary for the y/(2S) — h.z° transition,

A \/§ AJ* AT AT AT m
(P(mS))[#] - (o1 = 0)|S(n'Py)) = dsz—efn/r{)rae:n, / drry " () (r)

/ D). (©3)
s
Q-2

(B(m'P)IF] - (61— )| S(nS))) Z PR, / drry " () (r)
A

52, [ Al (), (c4)
A
where we have used that hybrid states in £ = 0 must have 4 = 0 and also that

/ dOFTF, = ?611 (C5)
For P-wave pion (or eta) emission, we need the following matrix element:
(¥(nS))| (61 +02) - i [S05)) = 2k, 2, Tilo’, o4

y / AR / drey (P () = i (&, x &) / drru™ (1)) (r)
3\ J

X 2,,, ) (P(m3S,) IR - rS|S(nS,)). (c6)
and due to the symmetry of the angular integral with respect to the indices [see Eq. (C5)], we can also derive

(W(m38))|(61 +62) - 1] 1S(n°S))) = i%(é;g X &, ) (P (M8 )|F] - F|S(n3S1)). (C7)

APPENDIX D: HADRONIZATION OF LOCAL GLUCONIC OPERATORS
1. Two-pion production through the anomaly of the energy-momentum tensor

The traceless part of the energy momentum tensor for QCD is

1 1 ) B 1 )
Qﬂy - Zg,uﬂg = gﬂDGaﬂaGa — Ga G + zZqiyﬂqui - Zzgﬂymiqiqi. (D])
i i
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The trace of the energy momentum tensor reads

1p(a 7,
Qﬁ ﬂ( S) GG, + Z m;q,q;, (D2)
where the y; are the anomalous dimension of the g;q;

operator and S is the QCD pS-function

ﬁoa?

IINC 4Tpl’lf
27 '

+ O(a3). po = 3 3

ﬂ(as) =
(D3)

The first term in Eq. (D2) is generated by the conformal
anomaly, and the second by the explicit breaking of the
scale invariance due to the quark masses.

The matrix element (z*(p. )z~ (p_)|6,,|0) can be deter-
mined up to quadratic order in p ., p_ and m, from [11,27]

(i) Conservation on the mass shell: (p, + p_)¥x
<”+(p+)”_(p—>|9/w|0>pi:p3: » =0.
(il) Normalization: <ﬂ+(p)ﬂ_(—p)|9 0) 22 =2p,p,.

(iii) Adler zero condition: (z* (p)n~
and reads as

(0)l6 D|0> 22 =0.

(7t (p ) (p)10,u10) = [(ps - p- + P23+ p2)
- m%]g/w —P+uP— — P+vP—p
(D4)
(n*(py)a (p)|0ul0) = 2(py - p-) +4m;.  (D3)

The square of chromoelectric and chromomagnetic fields
can be written as

E? = v"1"6), —%G“ﬂ“Ggﬁ, (D6)
B? = "' 0, +%Gaﬂ“Ggﬁ, (D7)

with v, = (1,0) and
05, = % GGGy — Gla G (D8)

We can rewrite the chromoelectric and chromomagnetic
fields in terms of &,

2 _ 9
E- = v""0,, —

< Zm nqq,) (D9)
A

The problem of computing the matrix elements (7™

7~ (p-)|E*|0) and (z*(p. )z
into the computation of (z* (p_ )z~ (p_

7~ (p-)16ul0), and (z*(p, )z (p-
can be evaluated

B? = v"1"0), —|—

) (D10)

(py) %
(p_)|B?|0) is transformed
)|0]0), (x* (p4)x
)I>_2imigq;10). These
in yPT except for a possible

normalization, and they correspond to the traceless part
of the energy-momentum tensor, the trace of the energy-
momentum tensor, and the scalar current, respectively. Let
us start by the trace of the energy-momentum tensor

(" (p1)m™(p-)164]0)

=V, (y) {_F;@UWU) - FQU + Uy') + ..
=Vi(w)2(ps - p-) +4mz + ). (D11)

If we compare with Eq. (D5), we determine that V' (u) = 1.
The matrix element of the scalar current reads

F? ;
<7T+ p+ |thq ‘It|0 __TO(UT—'—U)H)—F

=m:+ ..., (D12)
where one can think the parameter B (y = 2B 1) as taking

the role of the normalization parameter. Finally, for 8;,, we
have no way to determine the normalization

(@ (p)a~(p-

F2 t9. U~ oruto, U +}
= V2 (k) [4<%U*0»U+aﬂU 205 >

)16.10)

1
= _VZ(M) |:p+/4p—1/ +p—;4p+v _Eg/wp-&- p-+ :| .
(D13)
Adding everything together, we arrive at

Poag

(7 (p)a (P )=~ E2(0)

3
(2—1—21<>p+ -p_+3m2, (Dl14)

B

— (@ (p)n~(p-)| 3 B*0)

9 3
= <2+§K>p9rp9— <2—§K>p+~p_+3m,2,, (D15)

where we have defined k = a3y V, (1) /(67) as in Ref. [11],
and we arrive at the results of Refs. [27,58]. We emphasize
that in this relation we have neglected higher order a;
corrections to the beta function. These «, corrections are
computed at a low-energy scale, which makes their
computation unfeasible. Still, they could be parametrized
as an overall coefficient (redefining «) of the equation. In
Eq. (D15), we have also neglected the anomalous dimen-
sion of the gg operator. Otherwise, the coefficient propor-
tional to m2 becomes arbitrary. Whereas this is customary
done, this should be further investigated.

054021-22



NOVEL IMPLEMENTATION OF THE MULTIPOLE EXPANSION ...

PHYS. REV. D 100, 054021 (2019)

2. Single pion creation from the axial anomaly

The axial current matrix elements are defined as

(00075 2 4(0)|x,(p) = iFp'3,.  (DI6)

with 4 the Gell-Mann matrices and ¢ = (u,d,s). The
divergence of the axial current reads

. _ a ~
0, (fty,ysu) = 2im,iiysu + ﬁGZ,,G“*"”, (D17)
with
Gt = 1 eHvap
) aff

(9123 = 1), (D18)

and the same holds replacing u# by d or s. Then, we have
_ A
0,(0lar"ys= alz°)

—0,,(0iy*ysu— dy*ysd|z®) = i(0|m, ity su—mydysd|z°)

which is the result from Ref. [8]. Finally, we note that

1 my—m
—E-B —~ w70y = ———=Fm?,.
012 E-Bl#") = 4 02 G, 6 la") = "
(D22)
A similar analysis for the # produces
(015G G ) = V3Fm}. (D23)

We remark that, compared with the prediction of the
previous section, these results do not have neither O(a;)
nor O(p*) corrections.

3. Single P-wave pion anomaly

We first consider the matrix elements of following
gluonic operators:

) - /-0 a a
:%(0|(mu+md)(ﬁy5u—dy5d)|ﬂ0> :mezo. (D19) i({7°(p)|G(D,G ) |0)
= XP/;ewao + Y(p/le,uu/)o' - pﬁe;wp/l)’ (D24)
Since the diagonal flavor current does not interpolate the
70, we have L
i{m"(p)|(D,Gp )" G5,10)
_ T A" 0
0 = 0, (Oluy*ysu + dy'ysd|a”) = X'Ppio + Y (Pu€iopy = Po€iopu): (D25)
= (0]2im, fiysu + 2imydysd + zﬁG G| 20)
where we have used the Schouten identity
= (Oli(m, — mq)(aysu — dysd) +2~ - ~Gu G ),
(DZO) Po€uic = Pi€uvpe — PoC€uvps — Pu€upic + Pu€upic- (D26)
and using Eq. (D19) in Eq. (D20), we obtain Due to the Jacobi identity
ag ~uv| 0\ . — 7 0
(O] 2 Cm 0" |7°) = —i(m, — md)<0|u}’5u — dysd|n”) D,G,, + D,G,; + D,G,, =0, (D27)
— B M2 (D21)
my, +my we have
|
0= i(z"(p)|G},(D,G,)|0) + i’ (p)| Gy, (D5G2)10) + (2 (p)|Gii (D3 Gop)*10)
= X(ppeywlrr + p(reyppl + pﬂeﬂv()—p) + Y(pﬂelw/)(r + ppemm-ﬂ + paeﬂuﬂp) - Y(p(reyyp/l + pleﬂmf/) + p/)eyy}m-)
= (X - 2Y) (ppelwia + paeyupl + pleﬂmfp) =X = 2Y7 (D28)
and similarly X' = 2Y’.
The sum of the two matrix elements is proportional to the pion momentum
i<ﬂ0(p>|qu(DpGla)a|0> + i<ﬂ0(p)|(DpGﬂu)aGgo|O>
= i(n%(p)|9,(G,G4,)10) + (2°(p)|f* 9A} G G, + G f*P 9A} G5, |0)
= i/d4xe_i”'x<0|7r°(x)0 (Gi,G3,)10) = —p,(n°(p)|G},GS,10). (D29)
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The sum of the matrix elements in Egs. (D24)—(D25) is

i(7°(p)|G1i(D,G)10) + i7" (p)|(D, G )* G5, 10)

= (X + X' + Y/)ppe;w/la + (Y - Y/)(pie/wpo - paeuupi)7

(D30)

where we have used Eq. (D26) to reexpress Eq. (D25). In order for Eq. (D30) to be compatible with Eq. (D29), the relation

Y = Y’ must hold. Therefore, we arrive at

o a a - a a 5
l<ﬂ0(p)|Guu(DpG/16) |O> + l<”0(p)|(DpG;w) Gﬂa|0> = 7pr€;wio'

Contracting both sides of the last equality with e#*47/2,

1 ~
X = -~ (z"(p)|G;,G"|0),

30

the matrix element is precisely the one given in Eq. (D21).

2

= —p,(7"(p)|G}. G5, 0). (D31)

(D32)

Now we can write the matrix elements we are interested in,

: a a i m a a 1
’<”0(P)|Ei (DjBk) 0) = EGOH <”O(P)|Gio(DjG1m) 0) = _EX[3pj5ki - Pi‘skj],

. ajpra i m agca 1
i(2°(p)|(D;B,) Ef|0) = 5™ (x°(p)|(D;Gim)*G}y|0) = =5 X[3p 81 = pidi].

We note that

i(n°(p)|E¢(D;By)" + (D;By)"E¢|0) = —=X[3p;01; — piSy].

differs from Refs. [27,59] by a factor 1/2.
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