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ZoZ.y-Additive Cyclic Codes: Kernel and Rank

Joaquim Borges, Steven T. Dougherty, Cristina Fernandez-Cérdoba, and Roger Ten-Valls

Abstract—A 7>7.4-additive code C C ZS x fo is called
cyclic if the set of coordinates can be partitioned into
two subsets, the set of Z> coordinates and the set of 7Z4
coordinates, such that any cyclic shift of the coordinates
of both subsets leaves the code invariant. Let ®(C) be
the binary Gray map image of C. We study the rank
and the dimension of the kernel of a Z.Z,-additive cyclic
code C, that is, the dimensions of the binary linear codes
(®(C)) and ker(®(C)). We give upper and lower bounds
for these parameters. It is known that the codes (®(C)) and
ker(®(C)) are binary images of Z,Zs-additive codes that
we denote by R(C) and K(C), respectively. Moreover, we
show that R(C) and K(C) are also cyclic and we determine
the generator polynomials of these codes in terms of the

generator polynomials of the code C.
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I. INTRODUCTION

Denote by Zs and Z, the rings of integers modulo
2 and modulo 4, respectively. We denote the space of
n-tuples over these rings as Z3 and ZJ. A binary code
is any non-empty subset C' of Z%, and if that subset is
a vector space then we say that it is a linear code. Any
non-empty subset C of Z} is a quaternary code and a

submodule of Z} is called a linear code over Z,.

In 1994, Hammons et al. discovered that some good
non-linear binary codes can be seen as the Gray map
images of linear codes over Z,4, [10]. From then on, the
study of codes over Z, and other finite rings has been
developing and the construction of Gray maps has been

a topic of study.

In Delsarte’s 1973 paper (see [6]), he defined additive
codes as subgroups of the underlying abelian group in a
translation association scheme. For the binary Hamming
scheme, namely when the underlying abelian group is of
order 2", the only structures for the abelian group are
those of the form Z§ x fo , with a+23 = n. This means
that the subgroups C of Z§ x Zf are the only additive
codes in a binary Hamming scheme. Hence, the study
of codes in Z§ x Zf became important. These codes
are called Z-Z4-additive codes. The main properties,
structure and duality of ZyZ4-additive codes are studied
in [3]. In [1], Z2Z4-additive cyclic codes are introduced
and in [4], the generator polynomials and duality are
studied. Conditions for the linearity of the binary images

of ZsZ4-additive cyclic codes are established in [5].
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Let C be a binary code on length n. We define the
rank of C as rank(C') = dim((C)) and the kernel of C
as ker(C') = {v € Z§ | v+ C = C} [2]. When the
binary code is not linear, the rank and the dimension of
the kernel give measures of “nonlinearity” of the code.
It is well known (see [15]) that a nonlinear binary code
containing the all-zero vector is the union of cosets of
its kernel. In general, it is harder to deal with nonlinear
codes than with linear ones. However, the representation
of nonlinear binary codes as the union of cosets of the
kernel allows some efficient algorithms to work with
these codes as it is shown in [17].

Two binary codes, C and Cb, are said to be equivalent
if there is a vector v € Z4 and a permutation of
coordinates 7 such that Co = {v + 7(c) | ¢ € C1}. If
C1 and Cy are equivalent, then they have the same rank
and the same dimension of the kernel. Therefore, both,
the rank and the dimension of the kernel, are invariants
that are used to distinguish between nonequivalent binary
codes and, therefore, to classify them. These invariants
are studied for many different well-known families of
codes, for example, perfect codes in [16] or binary
Hadamard codes in [13]. In fact, for some families of
codes, they are used to give a complete classification as
in the case of Z,-linear Hadamard codes in [11], [14].

Both parameters have been the topic of study for Z,
and Z.Z4-additive codes in several papers (e.g. [8], [9],
[11], [14]) and also for cyclic codes over Z4 in [7]. In
this paper, we study the rank and the kernel of ZoZ4-
additive codes when such codes are also cyclic, taking
into account the known results for general codes over
Z4 and ZoZ4-additive codes [7]-[9].

The paper is organized as follows. In Section II,
we recall the necessary concepts and properties on
ZoZ4-additive codes and ZyZ4-additive cyclic codes.

In Section III, we give the main results of the paper
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about the rank and the kernel of ZsZ4-additive cyclic
codes. We prove that both the binary span and the
kernel are binary images of ZyZ4-additive cyclic codes,
we determine the possible values of the dimensions of
the corresponding binary images, and we compute the

generator polynomials of these codes.

II. PRELIMINARIES
A. ZoZy4-additive codes

A ZoZ4-additive code C is a subgroup of Z§ x Zf
(see [3]). Since C is a subgroup of Z§ x Zf, it is also
isomorphic to an additive group of the form ZJ x Z3
and it has |C| = 27+2% codewords.

Let X (respectively Y') be the set of Zy (respectively
Z4) coordinate positions, so |X| = a and Y| = S.
Unless otherwise stated, the set X corresponds to the
first « coordinates and Y corresponds to the last (8
coordinates. Let Cx be the binary punctured code of
C formed by deleting the coordinates outside X. Define
similarly the quaternary code Cy .

Let C, be the subcode of C generated by all order two
codewords and let x be the dimension of (C)x, which
is a binary linear code. For the case o = 0, we write
k = 0. With all these parameters, we say that a code C
is of type («, 8;7,9; k).

For a vector u € Z§ x Z? we write u = (u |
u'), where v = (ug,...,Uq—1) € Z$ and v =
(uh, ... us_y) € ZY.

In [3], it is shown that a Z,Z,4-additive code is
permutation equivalent to a ZyZ4-additive code with
standard generator matrix of the form

I, Ty |27, 0 0
Gs = 0 0 |2I7y 2, O |, (1)
0 Sy| 8 R Is
where [}, is the identity matrix of size k x k; Ty, Sy, are

matrices over Zso; 11,715, R are matrices over Z, with
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all entries in {0, 1} C Z4; and S, is a matrix over Z,.
A Zs7Z4-additive code C is said to be separable if C =
Cx x Cy. Otherwise the code is said to be non-separable.
Let v = (uf,...,u,_;) be an element of Z} such
that u] = @, +24}, fort = 0,...,n—1 and with @}, @} €
{0,1}. As in [10], the Gray map ¢ from Z} to Z3" is
defined by

S ) = (U, o, Uy g, TG+ Gy, v v Ty _q + Ty ).

The extended Gray map ® is the map from Z§ x Zf

to Z5? given by

O(u ) = (u] ¢(u)).

B. ZsZ4-additive cyclic codes

Cyclic codes have been a primary area of study for
coding theory, [12]. Recently, the class of ZsZ4-additive
cyclic codes has been defined in [1].

Let u = (u | /) € Z§ x Z2, then the cyclic shift
m is given by w(u) = (w(u) | w(u')) where m(u) =

ﬂ-(u07u17"~7ua71) = (ua717u07u17~"7u()¢72) and
m(u') = (ujs_y, up, uj, -

additive code C is cyclic if 7(C) = C.

) ,%72) . We say that a ZyZ4-

There exists a bijection between Z§ x Zf and R, 3 =

Zo[x]/(x® — 1) x Zy[x]/(x® — 1) given by

(U()7’LI,17 o, Ug—1 |’U/6, . ,u’ﬁfl) —>

(up + vz + -+ + U1 2% lug + -+ + u;s_lzﬁfl)'

Therefore, as usual in the study of cyclic codes, any
codeword is identified as a vector or as a polynomial.
From now on, the binary reduction of a polynomial
p(z) € Z4[x] will be denoted by p(x). Let p(z) € Z4[x]
and (b(x) | a(xz)) € Ra,p and consider the following
(p(x)b(z) |

p(x)a(z)). From [1], Ry is a Zy[z]-module with

multiplication p(z) x (b(z) | a(z)) =

respect to this multiplication.
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Let u/(z) = 4/(x) + 24/(x) be the polynomial repre-
sentation of v’ € Z}. Then, the polynomial version of
the Gray map is ¢(u'(z)) = (@' (z), @ (z) + 4'(z)). In
the following, a polynomial p(z) € Za[z] or Z4[z] will
be denoted simply by p.

Using the polynomial representation, an equivalent
definition of Z,Z4-additive cyclic codes is the following.

Definition 2.1 ( [1]): A subset C C R, g is called a
ZoZ4-additive cyclic code if C is a Z4[x]-submodule of
R. 5.

From [1], if 8 is odd, we know that if C is a ZyZ4-

additive cyclic code then it is of the form

(01 0), (€] fh+2f)), 2

where fhg = ” — 1 in Z4[x], b divides z® — 1
in Zo[z], and we can assume that deg(¢) < deg(b).
The polynomials satisfying these conditions are said
to be in standard form. In this case, we have that
|| = 20—deg(b)4deg(9)2deg(h)  From now on, we assume
that 8 is odd. Then f, g and h are pairwise coprime
polynomials. Since h and g are coprime, there exist
polynomials A and g, that will be used later along the
paper, such that

Ah 4+ pg =1 3)

Lemma 2.2 ( [4, Corollary 2]): Let C be a ZoZy-
additive cyclic code of type (o, 8;7, d; ) with C = ((b |
0), (¢ | fh+2f)). Then, b divides fi;l ged(b, €) and b
divides h ged(b, £g).

We can put the generator matrix (1) in the following

form, called the standard form:

I,€1 T Tb1 0 0
0o I, T 2T 0 0
Sl @
0 0 0 [21% 2L, (u4ry O
0 0 S’ S R I

The next theorem relates the parameters of the type

of a ZsZ4-additive code to its generator polynomials.
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Theorem 2.3 ( [4, Theorem 5 and Proposition 6]): Let
C be a ZoZy-additive cyclic code of type (o, 8;7,0 =
0+ 02k =kK1+kK2) withC=((b]0),(¢| fh+2f)),
where fhg = 2P — 1. Then,

v = a — deg(b) + deg(h),

§ = deg(9),

k= a — deg(ged(£g, b)),
and

k1 = o —deg(b), ko = deg(b) — deg(ged(b,£7)),

61 = deg(ged(b, £g)) — deg(ged(b, £)), and
b2 = deg(g) — 01.

It is well known that if C is a ZsZ4-additive code,
then the ZyZ4-linear code C' = ®(C) is not linear in
general. The linearity of these codes was studied in [9].

The key to establish this linearity was the fact that
O(v+w)=D(v)+D(w)+P2vw), (5

where * denotes the component-wise product. It follows
immediately that ®(C) is linear if and only if 2v«w € C,
for all v,w € C.

It is shown in [5] that, for a Zs7Z4-additive cyclic code
C, Cx is a binary cyclic code and Cy is a linear cyclic
code over Z4. Moreover, if ®(C) is linear, then ¢(Cy)
is also linear but the converse is not true in general. The
characterization of linear cyclic codes over Z4 of odd
length whose Gray map images are linear binary codes
was given in [18]. Let p be a divisor of 2™ — 1 in Zs[x]
with n odd and let ¢ be a primitive nth root of unity over
Zs. The polynomial (p ® p) is defined as the divisor of
2™ — 1 in Zy[x] whose roots are the products £°¢7 such
that £° and &7 are roots of p.

Theorem 2.4 ( [18, Theorem 20]): Let D = (fh+2f)
be a Z4-additive cyclic code of odd length n and where

fhg = x™ — 1. The following properties are equivalent:

September 13, 2018

D) ged(f, (5 §) =1 in Zafa);

2) ¢(D) is a binary linear code of length 2n.

This result was generalized for Z,Z4-additive cyclic
codes of type (a, B;7,0; k) with 5 odd.

Theorem 2.5 ( [5]): Let C = ((b ]| 0),(¢ | fh + 2f))
be a ZyZ,-additive cyclic code of length o 4+ 3, 8 odd,
and where fhg = z® — 1. The following properties are

equivalent:

1) ged(ozhiz: (§©§) = 1 in Zs[a];

2) ®(C) is a binary linear code of length a + 2.

As a result, it is completely characterized when a
ZyZ4-additive code C has binary linear image under the
Gray map, just considering its generator polynomials.
The next step is study the rank and the dimension of the

kernel for those codes whose image ®(C) is not linear.

III. KERNEL AND RANK OF ZyZ4-ADDITIVE CYCLIC

CODES

For an additive code C C Z§ X Zf , the kernel of
®(C) is defined as ker(®(C)) = {v e zy™ |
v+ ®(C) = ®(C)}. Define K(C) = {v € Zg x 7} |
®(v) € ker(®(C))}. Let rank(®(C)) = dim((®(C)))
and R(C) = {v | v eZy xZ! ®(v) e (®(C))}. It is
clear that C(C) C C C R(C).

It is known that if C is a ZyZ4-additive code, then
(®(C)) and ker(®(C)) are both ZyZ4-linear codes ( [9]).
Therefore, R(C) and K(C) are both ZyZ4-additive codes.
In the next sections we will see that if the code C is a
Z27.4-additive cyclic code, then R(C) and KC(C) are also
ZoZ4-additive cyclic. Therefore, the following proposi-
tion will be useful to relate the generator polynomials of
C to the generator polynomials of R(C) and K(C).

Proposition 3.1: Let Co = ((b ] 0), (¢ | fh+2f)) and
Cr=((10),(¢ | f'n +2f")) be ZyZ4-additive cyclic
codes with Cy C Cq. Then,

1) f’ divides f;
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2) ged(v,¢') divides ged(b, £).

Proof:  Since Cy C Cy, we have that (Co)y = (fh+
2f) C (C1)y = (f'W +2f"). Therefore, by [7, Theorem
3], f/ divides f.

As Cy and C; are cyclic ZyZ4-additive codes, clearly
(Co)x = (ged(b, £)) and (C1)x = (ged(V', ). Finally,
(Co)x C (C1)x implies that ged(V', ¢') divides ged(b, ¢).

O

In order to study the rank and the kernel of a ZyZ4-
additive code C, it is necessary to consider the code Cp.

Proposition 3.2 ( [5]): Let C be a ZyZ4-additive cyclic
code with C = ((b ] 0), (¢ | fh+2f)). Then, Cp = ((b |
0), (g | 2f)).

Note that, if C = Cy, (5) is satisfied and the code ®(C)
is linear. In this case, § = 0 and, by Theorem 2.3, g = 1.
Therefore C, = ((b ] 0), (¢ | 2f)).

A. Kernel of ZsZ4-Additive Cyclic Codes

In this section, we will study the kernel of ZsZ,-
additive cyclic codes. We will prove that, for a ZoZ4-
additive cyclic code C, the code IC(C) is also cyclic
and we will establish some properties of its generator
polynomials. We will show that there does not exist a
ZoZ4-additive cyclic code for all the possible values of
the dimension of the kernel as for general Z,7Z4-additive
codes.

Let C be a ZyZ4-additive code. By (5), we can give
the following definition of K(C) (see [9]):

K(C)={vel|2vswel,VweC(}.

Lemma 3.3: Let C be a ZoZy-additive code. Then,
K(C)y € K(Cy).

Proof:
(v | v') € C. We have that v € K(C) if and only if

Let C be a ZyZy-additive cyclic. Let v =

2vew e C, ¥Yw = (w | w’') € C. Since 2vx w = (0 |
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2v" x w'), we have that if v € K(C) then v' € K(Cy)

and the statement follows. O

Example 1: Let C be the ZoZ4-additive cyclic code in

Zs[x] Z4[x]
(z—1) (z3—-1)

and h =« — 1. Note that C is of type (1,3;1,2;1) and

generated by ((1 | z+1)), where f =1
the generator matrix of C in standard form, (1), is

112 0
013 1
013 0

= o O

Since f = 1, by Theorem 2.4, we know that C(Cy') =
Cy = {(z + 1)). We have that the generator matrix of
K(C) in standard form is

112 0 0
0j2 2 0
0(2 0 2

and therefore K£(C) =
K(Cy).

The following theorems determine an upper and a

((1 ] 2)). Hence, £(C)y &

lower bound for the kernel of a ZsZ4-additive code
and that there exists a ZoZj-additive code of type
(o, B3y, 0; k) for all possible values of the kernel.
Theorem 3.4 ( [9]): Let C be a ZsyZ4-additive
code with parameters («,f3;7,d;k). Then v + § <
dim(ker(®(C)) < v+ 26.
Theorem 3.5 ( [9]): Let o, 3,7, 0, k be integers satis-
fying
a, B,7,0,k >0,
0<o+y<B+k

a+ >0,

£ < min(a, 7).

(6)

and

Then, there exists a ZsZy-linear code C of type
(o, B;7,6; k) with dim(ker(C)) = v + 26 — k if and

only if
k=0, if s=0,
ke {0}u{2,...,8} and k even, if s=1,
ke{o}u{2,...,8}, if s>2,
where s = 3 — (y — k) — 0.
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We will see that not all possible values for the kernel
of a ZsZ,4-additive code C are possible if C is cyclic.
First, we will determine some properties of the kernel
of a ZyZ4-additive cyclic code.

Proposition 3.6: Let C = ((b|0),(¢| fh+2f)) be a
ZsZ.4-additive cyclic code. Then,

a — deg(b) + deg(h) + deg(g) < [K(C)]
< a — deg(b) + deg(h) + 2deg(g).

Proof:
O

Straightforward from Theorems 3.4 and 2.3.

Note that the upper bound is sharp when the code has
binary linear image, i.e., C = K(C). Moreover, the lower
bound is tight when K(C) only has the all-zero vector
and all order two codewords; that is, C = Cp,.

Proposition 3.7: Let C be a ZyZ4-additive cyclic code,
then £(C) C Cx x K(Cy).

Proof: Let v = (v,v') € K(C). For all w =
(w,w") € C, 2vxw € C since v is in the kernel. Then
v € Cx and 2v' x w’ € Cy, for all w’' € Cy which gives
v' € K(Cy) and v € Cx x K(Cy) and the result follows.

(]

Proposition 3.8: If C is a separable Z-Z,-additive code
then IC(C) = Cx x K(Cy).

Proof: Letv € Cx x K(Cy), then 2v+w = (0 |
20" xw') for all w € C. Since v' € K(Cy ), we have 20’ x
w’ € Cy. Moreover, since C is a separable Z,Z4-additive
cyclic code, 2v«w = (0 | 20’ x w') € C. Therefore,
v e K(C) and Cx x K(Cy) C K(C).

Finally, by Proposition 3.7, we have (C) C Cx x
K(Cy). O

The following example shows that if the ZoZy-
additive code C is non-separable, then the kernel is not

necessarily Cx x K(Cy).
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Example 2: Let C = ((1 | x + 1)), the ZyZ4-additive
code of Example 1, with Cx = (1) and Cy = (z + 1).
We have seen that £(Cx) = Cx, K(Cy) = Cy and
K(C) = {((1]2)). Therefore K(C) C Cx x K(Cy).

Therefore, if the code is non-separable, the equality is
not satisfied in general.

From  Proposition 3.7, we  obtain that
dim(ker(®(C))) < k + dim(ker(¢(Cy))). However, we
can give a bound that is more accurate.

Proposition 3.9: Let C be a ZoZ4-additive code, then
dim(ker(®(C))) < 1 + dim(ker(6(Cy))-

Proof:  Define Co = {v= (v |v)eC|v =0}
We have that Cy C K(C), and dim(ker(Cy)) = k1.

Let v = (v | v') € K(C). If v' = 0, then v € Cy.
Otherwise, v € K(C)y C K(Cy) by Lemma 3.3 and,
therefore, dim(ker(®(C))) < k1 + dim(ker(¢(Cy))).

O
From the generator matrix G of C given in (4), we

have that the code Cy has a generator matrix of the form

2T 0 0
2Ty 20, (niirs) O |- (7
S R Is

By [4, Proposition 1], we know that the code Cy has
type 4°2Y=%1, The minimum value for the dimension of
ker(¢(Cy)) is § + v — k1.

Theorem 3.10: Let C be a ZoZy-additive code. If
KC(Cy) has minimum size, then /C(C) has minimum size.

Proof:
3.9, then dim(ker(®(C))) < k1 +d+v— K1 =7 +6.

O

If K(Cy') has minimum size, by Proposition

In the previous statements, we compute an upper
bound of the kernel of a ZsZ4-additive code C by
considering the kernel of a code over Z;. Now we
shall give the exact value of the kernel of a ZoZ4-

additive code C in terms of Cx and the kernel of a linear
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code over Z4, C'. As we have seen, in the case of a
separable code C, the code C’ is exactly Cy and the value
dim(ker(®(C))) is dim(ker(Cx)) + dim(ker(¢(Cy))),
where Cy is a cyclic code over Z,. If the code C is not
separable, then C’ is not necessarily cyclic.

Let C be a ZyZ4-additive code with generator matrix

in the form of (4) and let C’ be the subcode generated

by
00 O )
0 0 S '

Theorem 3.11: Let C be a ZoZ4-additive with gener-

2Ty 20, (s 1ry) O
S R Iy

ator matrix in the form of (4) and let C’ be the subcode
generated by the matrix in (8). Then dim(ker(®(C)) =
K1 + kg + dim(ker(¢(Cy))).

Proof:  Let C be a ZsZ4-additive cyclic code with
generator matrix G in the form of (4). Let {u; = (u; |
uj)};_, be the first 7 rows and {v; = (v; | v})}_, the
last 0 rows of G. Define the codes C = ({u;}/1]"2),
¢ = <{ui}7znl+n2+17 {Vj}§:1>-

By [9], v € K(C) if and only if 2vsw € C forall w €
C. We have that v € C'is of order 2 and hence 2v*w =
0, Vw € C. Then, C C K(C) and dim(ker(C)) = 1 +ko.
Let v = (v]|v') €C Since 2v* w = 0 for all w € C,
we have that v € K(C) if and only if 2v « w € ('
for all w € C’; that is, v € KC(C’). Finally, 2v * w =
(0| 20" xw’) € C'" if and only if 20" x w’ € Cy,, and
hence dim(ker(®(C"))) = dim(ker(¢(C4))). Therefore,
dim(ker(®(C))) = k1 + ko + dim(ker(¢(C5))). O

Now we will establish the kernel of a Z,7Z4-additive
cyclic code taking into account its generator polynomi-
als. In the following theorem we shall prove that if C is
a ZyZ4-additive cyclic code, then KC(C) is also cyclic.
This result is a generalization of the case when C is a

linear cyclic code over Z, that is given in [7].
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Theorem 3.12: Let C be a ZsZ4-additive cyclic code.
Then KC(C) is a ZyZ4-additive cyclic code.

Proof: ~ We know that KC(C) is a ZyZ4-additive code
so we just have to show that if u = (u | u’) € K(C) then
m(u) € K(C). That is, we want to show that 27 (u)xw €
C, for all w € C.

Let u € K(C),w € C. Then 27(u) * w = 7(2u *
7~ 1(w)). We have that u € K(C) and 7~ }(w) € C,
therefore 2u * m~!(w) € C by (5). Since the code C is
cyclic, 7(2u * 7~(w)) € C, which gives that 27 (u) *
w e, and w(u) € £(C). O

Corollary 3.13: Let C = ((b | 0),(¢ | fh + 2f))
be a ZoZ4-additive cyclic code, where fhg = z% — 1.
Then, KC(C) = ((bx | 0),(k | fuhk + 2fk)), where
frhege = 2% — 1 and

1) f divides fx;

2) ged(b, £) divides ged(by, Lk ).

Proof: By Theorem 3.12, K(C) is cyclic and
therefore K(C) = ((bx | 0), (¢ | frhi + 2fk)), where
frhegr = 2 — 1. Since K(C) C C, the result follows

from Proposition 3.1. O

Let C = ((b|0),(¢| fh+2f)) be a Z2Z4-additive
cyclic code, where fhg = 2% —1. In [5] it is proved that

C=((0]0),(£'| fh), (atg | 2f)), ©)

where ¢/ = £ — [ilg.

Lemma 3.14: Let C = ((b | 0),(¢ | fh+2f)) be a
7Zo7.4-additive cyclic code, where fhg = x” — 1. Let
((b]0), | fhk + 2f)) C C, for k|g. Then ¢, =
k0 + (1 — k)jilg (mod b), for u in (3).

Proof:  Let C = ((b [ 0),(¢" | fh), (inlg | 2f)),
where ¢/ = {— [ilg, as in (9). Since (¢}, | fhk+2f) € C
and (Cx | fhk+2f) = c1(b|0)+co(€ | fh) +es(iulg |
2f), we obtain ¢y = k, c3 = 1 and £, = k' + jilg
(mod b) =kl + (1 — k)iilg (mod b). O
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Theorem 3.15: Let C = ((b | 0),(£ | fh+2f)) be a
ZoZ4-additive cyclic code, where fhg = 2P — 1. Then,
K(C) = ((b|0),(l | fhk +2f)), where k divides g
and ¢, = kl + (1 — k)jilg (mod b), for x in (3).

Proof: By Theorem 3.12, K(C) is cyclic and
then KK(C) = ((bx | 0), (U | frhr + 2fx)). Clearly,
by = b. Since C, € K(C) C C, by Proposition 3.2
and Proposition 3.1, we conclude that fi = f. Since
K(C)y = (fhrp+2f) C Cy, with an argument analogous
to that of [7, Theorem 9] we obtain that h, = hk with
k a divisor of g.

Let ¢ = ¢ — filg. By (9), (¢' | fh), (jilg | 2f) € C.
Therefore, £}, = k¢’ + jilg (mod b) = kf + (1 — k)jilg
(mod b). O

Theorem 3.5 shows that there exists a ZyZ4-additive
code for all possible values of the kernel for a given type
(a, B;7,9; k). Considering the last theorem, the next
example illustrates that this result is not true for ZoZ4-
additive cyclic codes; i.e., for a given type («, 357, 0; k)
there does not always exist a ZyZ4-additive cyclic code
for all possible values of the kernel. Furthermore, it
shows that there does not always exist a ZyZ,4-additive
cyclic code for a given type (a, 8;7,0; k).

Example 3: By Theorem 3.5,
ZoZ4-additive code C of type (2,7; 2,3; k) with
dim(ker(®(C))) = kq, for all kg € {5,6,8}. We will

there exists a

see that there does not exist any cyclic ZsZ,4-additive
code of type (2,7;2,3; k), with dimension of the kernel
in {6, 8}.

Let « = 2 and 3 = 7. We have that 27 — 1 = (z —
1) (23 + 222 + 2 +3)(2® +32% +22+3). Let C = ((b |
0), (¢ | fh+2f)) be a ZyZ4-additive cyclic code of type
(2,7;2,3; k), where fhg =27 — 1.

By Theorem 2.3, deg(g) = 3 and deg(b) = deg(h) <
2. Let {p3,q3} = {(z3 + 222 + 2 + 3), (23 + 32 +
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2x 4+ 3)}. Assume without loss of generality that g = p3
and, since deg(h) < 2, we have that g3 divides f. It
is easy to see that ged(gs, (P35 ® p3)) # 1 and therefore
(g®g)) # 1. Hence, by Theorem 2.5, there

ged( gty
does not exist a ZyZ4-additive code of type (2,7;2, 3; k)
with linear Gray image. Thus, dim(ker(®(C))) # 8.
By Theorem 3.15, K(C) = ((b | 0), (¢x | fhk +2f))
where k divides g. By the previous argument, k£ # 1 and
then we have that k = g = ps and K(C) = ((b ] 0), (¢, |
2f)). Therefore K(C) does not contain codewords of
order 4, thus dim(ker(®(C))) =~y + 6 = 5.
Finally, we will give ZyZ,4-additive cyclic codes of
type (2,7;2,3; k), for different values of . Recall that
k <min{a,v} =2 and kK = a — deg(ged(b, £g)), then
e £=2C={(z—11]0),(1| (2®*+22%+2+3)(z—
D+2(z*+222+2+3))),0or C = ((x—1]0), (1|
(234322 +22+3)(x — 1) +2(23 + 322+ 22+ 3))).

e i=1.C=((x—1]0),(0]| (23 +322+22+3)(x—
1)+2(z3+32%+22+3))),or C = ((x—10), (0 |
(#3422 +2+3)(x — 1)+ 2(23 + 222 + 2+ 3))).

e k = 0: In this case, deg(ged(b,£g)) = 2 and
therefore, ged(b, £§) = 2% — 1. Note that p3 and 3
are not divisors of z2 — 1 over Zs, thus there does
not exist ¢ with deg(¢) < 2 such that g = 2 — 1.
There does not exist a ZoZ4-additive cyclic code of
type (2,7;2,3;0).

The statement in Theorem 3.15 is also true for
any maximal ZyZ4-additive cyclic subcode of a ZoZ,-
additive cyclic code C whose Gray image is a linear
subcode of ®(C).

Corollary 3.16: Let C = ((b | 0),(¢ | fh + 2f))
be a cyclic code, where fhg = 2? — 1. Then, if C;
is a maximal ZyZ4-additive cyclic subcode with ®(C;)
((b]0),(4 | fhk +2f)), where k
divides g and ¢}, = k¢ + (1 — k)jilg (mod b), for p in
3).

linear, then C; =
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The kernel of a binary code is the intersection of all its
maximal linear subspaces. Therefore, if C1, Cs, ...Cs are
all the maximal subcodes of a ZsZ4-additive code C such
that ®(C;) is a linear subcode of ®(C), for 1 < i < s,
then

K@) =()e¢. (10)
=1

In [7] it is proved that if C; = (fhy + 2f) and Co =
(fhe + 2f) are quaternary cyclic codes of odd length
n, then C; NCy = (f lem(hy, ha) + 2f). We will give a
similar result for Zs7Z4-additive cyclic codes.

Proposition 3.17: Let C = ((b | 0),(I | fh+2f)) be
a ZoZy-additive cyclic code. Let C; = ((b | 0), (I, |
fhky +2f)) and Cy = ((b | 0), (I, | fhks + 2f))
be Z-7Z4-additive maximal subcodes of C whose images

under the Gray map are linear subcodes of ®(C). Then,
CiNCy=((0]0),(Iw | fRE" +2f)),

where k' = lem(ky, k) and £y = K€ + (1 — k)il
(mod b), for p in (3).

Let C=((b|0),(l| fh+2f)) be a ZyZs-
fhk; +

2f)) be a ZyZ,-additive maximal subcode of C whose

Proof:
additive cyclic code and let C; = ((b | 0), (I,

image under the Gray map is a linear subcode of ®(C).

We first consider (C1)y N (C2)y. By [7], (C1)y N
(C)y = (flem(hks,hks) + 2f) = (fhk + 2f),
where k' = lem(kq, ko). Since ((b|0)) € C; N Ca, we
have C; NCy = ((b | 0),(lxr | fhE + 2f)), where
by = K0+ (1 — E)alg (mod b), for p in (3) by
Lemma 3.14. (]

Lemma 3.18: Let C be a ZyZ4-additive cyclic code
and let D be a maximal cyclic subcode with linear binary
image. Then, K(C) C D.

Proof: If £(C) ¢ D, then consider the ZoZ,-
additive code D’ generated by K(C) UD U {2u x v |
u,v € K(C)UD}. Since the binary image of X(C) UD
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is cyclic, D’ is a cyclic subcode of C. Moreover, since
2uxv € D/, for all u,v € D', we have that D’ has
linear binary image, leading to a contradiction since we

are assuming that D is maximal. 0

Theorem 3.19: Let C = ((b | 0), (¢ | fh + 2f)) be a
Zo7.4-additive cyclic code, where fhg = x® —1. Assume
that kq, ..., ks are the divisors of g of minimum degree

such that

ng L.., (g & g) = ]_7

fort =1,...,s. Then,

K(C)=((b10), (€, | fhE +2f)),
where k' = lem(ky, ..., ko) and £y = K0+ (1—K')jilg
(mod b), for p in (3).

Proof: ~ Assume that k1, ..., ks are the divisors of g

of minimum degree such that

ng L, (g %] g) = 1’

fori=1,...,s. Let D; be a cyclic subcode of C, where

D; ={((b|0), (g, | fhk;+2f)), for some ¢j,. Note that

®(D;) is linear by Theorem 2.5. Since k; is a polynomial
of minimum degree dividing g, we have that D; is a
maximal cyclic subcode of C with linear binary image.
Then each D; extends to C; which is a maximal subcode
of C, not necessarily cyclic, with linear binary image.
Note that every maximal code with linear image must
contain a cyclic code with linear image, e.g., every maxi-
mal code contains /C(C) that is cyclic with linear image.
By Lemma 3.18, we know K(C) C D; and, therefore
K(C) € n;D;. But N,C; = K(C) € NyD; € M;C;, so
K(C) = N;D;. By Corollary 3.16 and Proposition 3.17,

the result follows. O

Example 4: Let 27 — 1 = (x — 1)p3gs over Zy. Let
C={(11]0),(0]f)) of type (1,7;1,6;1) with f =
(x—1), h=1 and g = p3gs.
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Note that ged (— L2

ma@@g)) =x—1# 1. We have

that all maximal cyclic subcodes of C with binary linear
image are C; = ((1]0), (0| fp3+2f)), and Co = ((1 |
0),(0 | fgs +2f)). Clearly, k" = lem(ps, g3) = psgs
and then K(C) = ((1 [ 0),(0 | fpsgs +2f)) = ((1 |
0), (0 2f)).

B. Rank of Z-7Z.4-Additive Cyclic Codes

In this section, we will study the rank of a ZyZ4-
additive cyclic code C. We will prove that R(C) is
also cyclic and we will establish some properties of
its generator polynomials. However, we will show that
there does not exist a ZsZg4-additive cyclic code for
all possible values of the rank, in contrast to what is
exhibited in the following results for a Z,Z4-additive
code.

Proposition 3.20 ( [9]): Let C be a ZyZ4-linear code
of binary length n = « + 28 and type («a, B;7,0; k).
Then, rank(®(C)) € {v+24,..., min(8+ 5+, v+
20+ (5))}

Theorem 3.21 ( [9]): Let «,f,7,d,x be integers
satisfying (6). Then, there exists a ZoZ4-linear code C'
of type (o, 357, 9; k) with rank(®(C')) = r if and only
if

0
re{y+24...,mn(8+ 4+ x, 7+25+<2))}.

Proposition 3.22 ( [9]): Let C be a ZsZ4-additive
code of type (o, (;7,d;k) and let C = ®(C). Let G
be a generator matrix of C as in (1) and let {u;};_,
be the rows of order two and {v;}J_, the rows of
order four in G. Then, (C) is generated by {®(u;)},_;,
{®(v;), ®(2v;)}5_, and {®(2v; % Vi) }1<j<p<s. More-
over, (C) is both binary linear and ZsZ4-linear.

Corollary 3.23 ( [7]): Let C be a ZyZ4-additive code
of type (a,3;7,0;k) and let C = ®(C). Let G be a

generator matrix of C as in (1) and let {u;};_; be the
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rows of order two and {v; };5:1 the rows of order four

in G. Then,
R(C) = CU ({2v; * Vi }1<j<k<s)-

Lemma 3.24: Let C be a ZoZ4-additive code. Then,
R(C)y =R(Cy).

Proof: Let {w; = (u; | u;)}]_; be the first v
rows and {v; = (v; | v}) ?:1 the last ¢ rows of G. By
Corollary 3.23, R(C) = CU{{2v,;*Vi }1<j<k<s). By the
same argument, R(Cy) = Cy U ({2v] * v} h1<j<k<s)-
Since 2v; * v, = (0 | 211; xvp) foralll <j <k <g,

the statement follows. O

The following theorem shows that if C is ZoZy4-
additive cyclic code, then R(C) is also cyclic. As in
the case of KC(C), this theorem is a generalization of the
case when C is a linear cyclic code over Z,4 [7].

Theorem 3.25: Let C be a ZyZ4-additive cyclic code.
Then R(C) is a ZyZ4-additive cyclic code.

Proof:  Let x € R(C). By Corollary 3.23, R(C) is
generated by C and {2v«w | v,w € C}, then x = u+2vx
w, for some u,v,w € C. As C is a ZyZ4-additive cyclic
code, w(u), w(v),m(w) € C and 27 (v) * w(w) € R(C).
Thus, 7(x) = 7(u) + 2w (v) * m(w) € R(C) and R(C) is

a ZyZ4-additive cyclic code. O

The next proposition is straightforward from Theo-
rems 3.21 and 2.3.

Proposition 3.26: Let C be a ZsZy-additive cyclic
code. Then

a — deg(b) + deg(h) + 2deg(g) < rank(®(C)) <

min (a + B + deg(g) — deg(ged(b, £9)),

a — deg(b) + deg(h) + 2deg(g) + (degQ(g)> )

For a ZsZ4-additive cyclic code C, define C; = ((b |
0)) and C2 = ((¢ | fh +2f)). Since C = C; UCy and
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C1 NCy = {0}, we have that

rank(®(C)) = rank(®(Cy)) + rank(®(Cz)). (11)

If the code C is separable, then ¢ = 0 and
rank(®(Cy)) = rank(Cx). Moreover, C; = ((0 | fh +
2f)), and therefore rank(®(Cs)) = rank(4(Cy)). We
obtain the following result.

Proposition 3.27: If C is a separable ZoZ,-additive
cyclic code, then R(C) = R(Cx) x R(Cy) and
rank(®(C)) = k1 + rank(4(Cy)).

Note that, if C is not separable, rank(®(C)) is not
necessarily equal to 1 4 rank(¢(Cy)) as it is shown in
the following example.

Example 5: Consider the Z,Z4-additive code gener-

ated by the following matrix.

12)

o O O O =
o o O = O
S O = O O

[ =\ B en R e
o R O O O
= o O O O

In [5, Example 2] it was proved that ¢(Cy) is binary
linear whereas ®(C) is not binary linear. In this ex-
ample we have that k1 = 2. Since ¢(Cy) is linear,
rank(¢(Cy)) =
linear and rank(®(C)) =8 > 5+ 2.

5. Nevertheless, ®(C) is not binary

In fact, rank(®(C)) is always greater or equal to x1 +
rank(¢(Cy)).

Proposition 3.28: Let C be a ZyZ4-additive cyclic
code, then rank(®(C)) > k1 + rank(¢(Cy)).

Proof:  Let C be a ZyZ4-additive cyclic code. By
(11), rank(®(C)) = rank(®(Cy)) + rank(®(Cy)) =
k1 + rank(®(Cs)) . By Proposition 3.22, in order to
determine the rank, we have to consider the set of vectors
2vxw, for v=(v|v)w=(w]|w) eC. Since
for all v € C if w € C; we obtain 2v x w = O,

we just have to consider v,w € C,. We have that
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if 20" xw’ ¢ Cy then 2v x w ¢ C. Therefore,
rank(®(Cz)) > rank(é((C2)y)) = rank(¢(Cy)) and,
therefore, rank(®(Cy)) > k1 + rank(¢(Cy)). O

Now we can determine the rank of a Z,Z,-additive
code C as the rank of Cx and the rank of a linear code
over Zi, C'. As in the case of the kernel, when C is
separable we have seen that C’ = Cy, but if C is not
separable such a code C' may not be cyclic over Zj.

Theorem 3.29: Let C be a ZyZ4-additive cyclic code
with generator matrix in the form of (4) and let C’ be

the subcode generated by the matrix in (8). Then,
rank(®(C)) = k1 + k2 + rank(¢(Cy)).

Proof:  Let C be a ZsZ4-additive cyclic code with
generator matrix G in the form of (4). Let {u; = (u; |
uj)}_, be the first 7 rows and {v; = (v; | v})}_, the
last § rows of G. Define the codes C = ({u; }{17"*) and
= <{ui}7=m+n2+1a {Vj}§:1>-

By Corollary 3.23 we have that

R(EC) = ({wly, {vi}o {2v) * vihi<jcn<a),
R(C) = ({u;};27"2), and
R(CI) = <{ui};y:nl+lm+1’ {Vj’ 2vj}?:1’

{2v; * vihi<j<k<s)-

Note that R(C) = R(C) UR(C"). Moreover, R(C) N
R(C") = {0} due to the fact that for all 1 < j < k <9,
2vjxvg = (0| 20 xvy) & C. Therefore, rank(®(C)) =
rank(®(C)) + rank(®(C')) = k1 + ko + rank(®(C’)).
Finally, by Lemma 3.24, rank(®(C’)) = rank(4(Cy))

and the statement follows. |

Theorem 3.30: Let C = ((b | 0),(¢£ | fh+2f)) be a
ZoZ4-additive cyclic code, where fhg = 2? — 1. Then,
R(C) = {((br]0), (£ | fh+ 2%)), where 7 is a divisor
of f and b, divides b.
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Proof: By Theorem 3.25, R(C) is a Z2Z4-additive
((by 1 0),(Cr | frhs +
2fr)). Since (b | 0) € R(C), it is clear that b, divides b.

By [9, Lemma 3], C and R(C) have the same number of

cyclic code, therefore R(C) =

order four codewords and since C C R(C) we have that
frhy = fh. Then g, = g. By Proposition 3.1, we know
that f, divides f and hence there exists r € Z4[x] such
that f, = 1i and h, = hr. Therefore, R(C) = ((b, |
0), | fh+2L)y. O

Let C{(b|0), (¢ | fh+2f)) be a ZyZ,-additive cyclic
code. In the following example, we will see that R(C) =
((by 10), (4 | frhe+2f)), where b, # b, if we consider
the generator polynomials of R(C) in standard form.

Example 6: Let 27 — 1 = (x — 1)p3qs over Zy. Let
C={(z=1)10),1 ]| (x—=1)+2)), with f=1,h =
x—1 and g = p3qs3. If we compute R(C) we obtain that
R(C)=((110),(0] (z—1)+2)).

As it is shown in Theorem 3.21, there exists a ZioZ.y4-
additive code for any possible value of the rank. Nev-
ertheless, the following example gives a particular type
(a, B;7,0; k) such that it is not possible to construct
a ZsZ4-additive cyclic code with a specific, and valid,
value of the rank.

Example 7: Let C = ((b | 0),(¢ | fh + 2f)) be
a ZsZ4-additive cyclic code of type (2,7;2,3;k). By
Theorem 3.21, rank(®(C)) € {8,9,10,11}. We will see
that there does not exist any cyclic ZsZ,-additive code
of type (2,7;2,3; k), C, with rank(®(C)) € {8,9,10}.

Let 27 —1 = (x—1)p3qs over Zy4, with p3 and g3 as in
Example 3. By Theorem 2.3, deg(g) = 3 and deg(b) =
deg(h) < 2. Assume without loss of generality that g =
ps and, since deg(h) < 2, we have that ¢ divides f.
We have already proved, in Example 3, that there does
not exist a ZyZ4-additive code of type (2, 7; 2, 3; k) with
linear Gray image. Thus, rank(®(C)) # 8.

September 13, 2018

12

By Theorem 3.30, R(C) = ((b ] 0), (£ | frhr+2f;))
where r divides f and h, = hr. Since rank(®(C)) €
{8,9,10,11}, we have that deg(r) < 3 as |R(C)| =
4392+dee(r) < 211 Since ged(gs,p3 @ P3) # 1 we
have that g3 must divide r. Therefore deg(r) > 3, and
by the previous argument, we know that » = g3. So,
rank(®(C)) ¢ {9,10}.

Finally, we will give ZsZ,-additive cyclic codes of
type (2,7;2,3; k), for different values of «, such that
rank(®(C)) = 11. Recall that x < min{«,~v} = 2 and
k = a — deg(ged(b, £3)), then

e k=2C={(x—1]0),(1| (z®+22%+2+3)(z—

D+2(z*+222+2+3))),0or C= ((x—1]0), (1|
(234322 +22+3)(x — 1) +2(23 + 322+ 22+ 3))).
e k=1:C={((x—110),(0]| (3+322+22+3)(z—
1)+2(23+32%+22+3))),or C = {(x—10),(0 |
(@3 +222 +2+3)(x — 1) +2(23 + 222 + 2 + 3))).
e © = 0: As in Example 3, there does not exist a
Zs7Z4-additive cyclic code of type (2,7;2,3;0).

Proposition 3.31: Let C = (fh+2f) be a cyclic code

over Z, of length n, with fhg = ™ — 1. Then,

f
v
where r is the Hensel lift of gcd(f, I®g).

Proof:  From [7], we have that R(C) = (fh + 2%),

R(C) = (fh+2

where r divides f.

Since R(C) is the minimum cyclic code over Z,
containing C whose image under the Gray map is
linear, we have that r is the polynomial of minimum
degree dividing f satisfying that (fh + 2%) has linear
image. This is equivalent, by [18], to the condition
ged (L5 @ g) =
minimum degree dividing f satisfying this condition is

the Hensel lift of ged(f,§®§). O

1. Therefore, the polynomial r of

Proposition 3.32: Let C = ((b | 0), (¢ | fh+2f)) be
a ZoZ4-additive cyclic code, where fhg = z” — 1, such
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that ®(C) is not linear and ¢(Cy) is linear. Then,
R(C) = ((br [ 0), (4 | fR+2[)),

where b, = ged(b, igl), 1 is as in (3), and £, = ¢ — ig¢
(mod b,.).

Proof: Let C

(0 | 0),(¢ | fh+2f)
(fh + 2f).

Let G be a generator matrix of C as in (1) and let

be a ZsZy-additive cyclic code, Cy =
{u; = (u; | u})}}_, be the rows of order two and
{vj = (v; | U;)}?Zl the rows of order four in G.
By Corollary 3.23, R(C) = C U ({2v; * Vi hi<j<k<s)-
We have that ®(C) is not linear, therefore there exist
i,k € {1,...,0} such that 2v; vy = (0 | 2v}xv} ) & C.
Since ¢(Cy) is linear, 20} vy, € (2fh,2f). Moreover,
((0 | 2fh)) € C and therefore R(C) = C U ((0 | 2f)).
Considering the generator polynomials of R(C) and p

as in (3), we have

R(C) ((010), (€= pgt| fh),(age|2f),(0]2f))

((0]0), (gt | 0), (£ — gt | fh+2f))

((ged(b, ige) | 0), (€ = gl | fh+2f)).

Therefore, considering the generator polynomials of
R(C) in standard form, we have that b, = gcd(b, ig¢)
and £, = ( — gl (mod b,). O

Theorem 3.33: Let C = ((b | 0),(£ | fh+2f)) be a
ZoZ4-additive cyclic code, where fhg = 2P — 1. Then,

f

where r is the Hensel lift of ged(f,§ ® §), by =
ged(b, 1gl), p is as in (3), and £, = £ — figl.

Proof:  LetC={((b]0),(£| fh+2f)) be a ZyZy-
additive cyclic code. By Theorem 3.30, R(C) = ((b, |
0), (4 | fh+ 2%)), where r is a divisor of f and b,
divides b.
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Consider the quaternary code Cy (fh + 2f).
By Lemma 3.24, we have that (R(C))y R(Cy).
Therefore, by Proposition 3.31, R(Cy) = (fh + 2L),
where 7 is the Hensel lift of ged(f,§ ® §). Note that
R(Cy) = Cy U (2L).

From Corollary 3.23, C = C U ({2v; * Vi }i<j<k<s)s

where {u; = (u; | u})}]_, are the rows of order four
of the generator matrix of C as in (1). Note that, for all
uj,ug, 1 < j < k<6 2uxu, = (0] 2u;*u;€),
where 2u} * uj, € R(Cy) = Cy U <2£> and, therefore,
(0 [ 2u} %) € CU((O | 2£)> Hence, we have that
R(C) =CU((0]2L)).

Therefore, for w as in (3),

R(C) ((b10), (€~ gt | fh), (gt | 2f), (0] 2L))
((b]0), (gt | 0),(¢— gl | fh+2L))

((ged(b, igl) | 0), (¢ — gt | fh+2L)).

From the last equation, and considering the generator

polynomials of R(C) in standard form, we have that b,

ged(b, figl) and £, = € — figl (mod b,). O

Example 8: Let a = 3 and § = 7. Consider, as in

Example 3, C = ((x — 1] 0),(0 | = — 1)) where f

z — 1 and h = 1. As we have seen, C does not have
linear binary image. Then, by Theorem 3.33, we have
that R(C) = ((1]0),(0 | (x — 1) + 2)) where r = f =
z—1.

Example 9: Let « = 3 and 8 = 15. Consider C =
{((x=110),(1| fh+2f)) where f = z*+222+3z+1
and h = (v — 1)(z* + 23 + 22 + 2 + 1). Then, by
Theorem 3.33, we have that R(C) = ((1]0), (0| fh +
21)) where r = f = 2% + 22 + 3z + 1.

IV. CONCLUSIONS

Given a ZyZ4-additive cyclic code C, we have shown

that the codes K(C) and R(C) are also ZoZ4-additive
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cyclic. We have computed the generator polynomials
of these codes in terms of the generator polynomials
of C. Using these results, we have concluded that the
dimensions of the binary images of /C(C) and R(C), i.e.
the dimension of the kernel and the rank of C, cannot
take all the possible values as for a general ZyZ4-additive
code. In other words, if a Z.Z,-additive code is cyclic,
then the set of possible values for the rank and the

dimension of the kernel becomes more restrictive.
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