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Indications of Phonon Hydrodynamics in Telescopic Silicon Nanowires
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The validity of Fourier’s law in telescopic nanowires is tested by means of molecular dynamics sim-
ulations. We observe that the radial dependence of the heat-flux profile, the temperature jump, and the
appearance of vorticity obtained in molecular dynamics telescopic wires near the contact point acquire
a hydrodynamic character, and we show that they are incompatible with Fourier’s law. We propose the
Guyer-Krumhansl equation as a generalization capable of capturing these hydrodynamic effects. Lattice-
dynamics results show that the thermal average of the confined modes shows no radial dependence of
the vibrating energy inside the wire. This means that hydrodynamic effects could not be related to the

confinement effects in these small systems.
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I. INTRODUCTION

Fourier’s law has been ubiquitously used in the last
decades, with the only caveat that the thermal conductivity
of a sample may depend on its characteristic size. In sim-
ple systems such as nanowires or thin films this means that
the thermal conductivity should be calculated from com-
binations of the intrinsic relaxation times and the sample
size through the use of the Mathiessen rule, which states
the additivity of the collision frequencies. However the
limitations of this Fourier-Mathiessen model (FMM) are
twofold. On the one hand calculations from first principles
do not show the same size dependence as the experimental
measurements [1]. On the other hand, the models cannot
reproduce the time and space evolution of temperature pro-
files using optical setups, even with fitted values of the
thermal conductivity [2].

Recent studies have proposed phonon hydrodynamics as
the generalization of the more-conventional picture based
on Fourier’s law suitable for the description of thermal
transport at the nanoscale [2—6]. Phonon hydrodynamics is
based on the inclusion of memory and nonlocal effects to
describe heat dynamics. These are a direct consequence of
the presence of conservation of momentum in the sample
and can be derived from the Boltzmann transport equation
through the changes that this conserved magnitude has
on the phonon collision term [7,8]. The direct conserva-
tion of momentum in normal collisions [7] or the lack of
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resistive collisions able to destroy it [8] results in the need
to use second-order moments of the distribution function,
giving the transport law a form similar to the Navier-
Stokes equation [7]. The new phenomenology introduced
by these terms enriches the scope and allows deeper insight
in the interpretation of experimental results. The presence
of phonon hydrodynamics has been observed experimen-
tally through the differences in the thermal maps obtained
from heating lines over different substrates and through the
size dependence of the thermal conductivity of nanoscale
samples [2,6].

Having a proper model to describe heat transport is
more important than simply a question of predictability.
The equations that we use to simulate an experiment set
the phenomenology allowed for its physical interpretation.
Fitting a parameter within an incomplete theoretical frame-
work can give wrong information about what is actually
happening in the sample. This is key in the design of cur-
rent nanoscale devices, as the magnitude of properties such
as the thermal conductivity used to fit to the experimen-
tal data are afterwards used to infer information about
individual phonons. Use of a Fourier law when phonon
hydrodynamic effects might be present could lead one to
wrongly attribute to a change in the phonon relaxation
times an effect coming from the presence of memory or
nonlocalities in the heat behavior, with the potential risk of
misrepresention.

Recent experiments using Fourier’s law led to the pro-
posal of an anisotropic thermal conductivity for silicon
[9] or the suppression of phonons in bulk samples [10].
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Both conclusions are difficult to understand if one takes
them at face value, but the new framework offers a way
to understand them as a consequence of adhering to an
effective Fourier framework to interpret hydrodynamic
effects. Despite the presence of hydrodynamic effects being
widely accepted in two-dimensional materials such as
graphene [4,11] or black phosphorus [12], their presence in
three-dimensional materials such as silicon is still debated,
despite recent experimental observations attributed to
Poiseuille flow in SrTiO; at low temperature [13]. Unfor-
tunately, the lack of access to the microscopic information
in the experimental setups does not always allow one to
discriminate between the two alternative interpretations.
Molecular dynamics (MD) studies can be used to bridge
this gap as they have the advantage of providing full con-
trol over the atomic scale geometry and composition of
the nanowires, as well as having direct access to the time-
resolved positions and velocities of the component atoms,
which are known at every time step. This allows com-
parison with theoretical models, which cannot currently
be achieved with experiments, while within the computa-
tional experiments reported here more detailed time- and
space-resolved information such as the local heat flux and
the temperature inside the samples can be extracted in a
straightforward way.

In this paper we use MD simulations to show that prop-
erly accounting for phonon hydrodynamic effects results
in a more accurate theoretical framework than the FMM
to describe nanoscale thermal transport. We do this by
comparing the temperature and heat-flux profiles obtained
from nonequilibrium-molecular dynamics (NEMD) com-
putational experiments in nanowires with the predictions
of theories that allow for phonon hydrodynamics or stick
to the FMM.

II. THEORETICAL BACKGROUND

Fourier’s law using a size-dependent thermal conductiv-
ity is given by

q = —Ker(L)VT, )

where T is the temperature, q is the heat flux, and x.g(L) is
an effective thermal conductivity that may depend on the
sample characteristic length L. To solve this equation, the
only boundary conditions that should be given are those of
the imposed temperature.

Equation (1) is based on a local-equilibrium hypothe-
sis, but it should be generalized when nonlocal effects are
important. The kinetic collective model has been devel-
oped to do this in terms of the number of relevant moments
of the distribution function [14]. When the difference with
respect to equilibrium is reduced to the first moment, the
Guyer-Krumhansl (GK) equation can be used [7]:

q=—«VT+>V3q )

FIG. 1. Heat-flux profiles according to the FMM (p1), the GK
equation with £ < R (p2), and the GK equation with ¢ > R

(P3).

where ¢ is the nonlocal length that describes the spatial
range where momentum conservation has an impact on the
phonon distribution. Unlike Fourier’s law, this equation is
second order in space derivatives and, analogously to the
case of temperature, proper boundary conditions for the
heat flux should also be given. In this work, we use the
Maxwell condition, taken from standard hydrodynamics:

dq

- ™
1 di’

€)

where 7 is the unit vector in the direction perpendicular
to the boundary surface and C is a parameter indicating
a reduction of the flux on the boundary. This parameter
can be related to the surface roughness, but it can also
be related to the enhancement of the anharmonicity of the
surface atoms. When C = 0, the flow in the boundary is
completely suppressed, while for C > 0, a surface flow
parallel to the boundary is allowed. Finally, we note that
the Fourier transform of Eq. (2) is equivalent to a nonlocal
kernel of the thermal conductivity described in Ref. [15].

The FMM given by Eq. (1) and the GK model given
by Egs. (2) and (3) give similar results in large systems
(L > ¢) but yield completely different heat profiles for sys-
tems with characteristic lengths smaller than the nonlocal
length (L < £). The differences are not only in the effective
conductivities but also in the heat-flux profiles obtained.
This can be observed when one is solving the two equa-
tions for a nanowire whose ends are coupled to thermal
baths; see Fig. 1.

We show in Fig. 1 the results for the heat flow along
the axial direction for a cross section of a wire using
Fourier’s law (heat-flux profile pl) and for the hydrody-
namic equation for two different values of the nonlocal
length £ and C = 0 (heat-flux profiles p2 and p3). Notice
that while the FMM profile is completely flat over the
entire cross section, the hydrodynamic profiles are curved,
and thus this feature is one of the characteristic signatures
of a hydrodynamic transport regime.
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The effect of the nonlocal length ¢ in the GK equation
can be understood by comparing p2 and p3. In p2, the non-
local length is shorter than the wire diameter (¢ < R). In
that case an outer shell where the flux is reduced can be
observed, as well as a central flat region in brown where
the flux is the same as that of the FMM. In p3 the non-
local length is greater than the wire radius (£ > R), the
central flat region has disappeared, and the region where
the boundary is noticed covers all the cross section of
the wire, leading to a wholly curved profile. Given that
in bulk Si the intrinsic £ is approximately 180 nm [16],
we expect hydrodynamic effects to manifest themselves
at similar or smaller length scales, which is why in the
present work we address nanowires of small diameters.
Another important effect of the nonlocal term in Eq. (2) is
that it introduces vorticity in the heat flux, meaning that the
flux direction and the gradient of temperature cease to be
parallel. This manifests itself more strongly in situations
where the heat flux must make abrupt turns, such as in
structures with a sudden change of diameter, nanoconstric-
tions, and strong bends. These two considerations lead us
naturally to the study of telescopic one-dimensional struc-
tures [17]. These telescopic one-dimensional systems have
been shown to exhibit some promising features as ther-
mal diodes [18]. Larger-scale telescopic nanowires with
a similar level of complexity and sharpness of diame-
ter changes have also been reported experimentally [19].
The sharpness of the constriction plays a central role with
respect to the phenomenology of the heat flux described
here and this is the reason why the abrupt telescopic junc-
tion that we consider is a suitable system to study these
effects. For these effects to manifest themselves, the curva-
ture radius of the junction should be less than the nonlocal
length £.

Therefore, NEMD simulations are performed on tele-
scopic Si nanowires grown along the [111] direction, with
a steplike variation of the diameter changing from d, =
5 nm to d; = 10 nm and a total length L = 60 nm (see
Fig. 2). We perform NEMD simulations with the LAMMPS
code [20], using a Stillinger-Weber potential [21] repa-
rameterized with a first-principles-based force-matching
method that relies on density-functional calculations of the
restoring forces for atomic displacements [22]. This new
set of parameters increases the predictive power of the
thermal conductivity of the interatomic potential (see Ref.
[22] for more details). The energy per unit time emitted or
absorbed by the hot and cold reservoirs is monitored as the
steady state is approached, considering that the system is
stationary when the two magnitudes are within 0.5%. We
take AT = 400 K with (7¢,q = 100 K), in line with typical
NEMD simulations [23,24]. The use of the large temper-
ature gradients associated with NEMD simulations was
validated against equilibrium Green-Kubo calculations to
obtain lattice thermal conductivity in bulk Si [23] and
more recently for nanoscale Si [25]. A lower temperature

Axis for T plot in Fig.3
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FIG. 2. Axial cross section of the system studied and the
different sections used to study the heat-flux profile.

difference between the hot and cold reservoirs would result
in more-realistic thermal gradients, but at the same time
would require much longer simulation times to equilibrate
the system. Despite this, the qualitative behavior of the
heat flux is not expected to change significantly.

We perform 22 x 10° NEMD steps with a time step of
0.7 fs and average the local heat fluxes over the last 15 x
10° steps. During this interval, the heat flux is sampled on
each lattice site according to the standard definition [26]

J; = evi — S, “)

where e; is the energy per atom (potential and kinetic), v;

is the velocity, and S; is the stress tensor. The heat flux per
atom J; is time averaged for the final interval of 15 x 10°
MD steps and then spatially averaged over eight cylindri-
cal shells (four in the case of the inner wire) centered at
the wire axis each one having a thickness of 0.6 nm. The
spatial average is obtained by our summing J; for all the
atoms belonging to a specific cylindrical shell and dividing
the sum by the corresponding volume.

I1I. RESULTS AND DISCUSSION

The temperature and heat-flux profiles obtained in the
MD simulations are shown in Figs. 3 and 4, where the
error bars represent the standard deviation corresponding
to the time average. To compare the suitability of the
models, we obtain the best-fitting results for these data
from the FMM and the GK equationsolved through the
finite-element method using COMSOL MULTIPHYSICS. For
the FMM we perform fitting with an effective thermal
conductivity for the two different sections, obtaining x =
32 W/mK for the d; = 5 nm section and x = 45 W/mK
for the d, = 10 nm section. For the GK model, we adjust
the values of the three parameters that appear in Egs. (2)
and (3). Two of them (C and ¢) have an effect on the
form of the curved profile, while « has an effect only on
the height of the profile. The results for the fitting are
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FIG. 3. Temperature profiles along the axis. Notice that the

hydrodynamic models have a steeper decrease at the contact
point due to the effect of the nonlocal term.

¢ = 0.5 nm and « = 37 W/mK for the d; = 5 nm section
and £ =2 nm and x = 80 W/mK for the d, = 10 nm
section. A fitted value of C' = 0.4 is used for both sec-
tions, indicating the enhancement of anharmonic effects
at the nanowire surface. Although the kinetic collective
model allows the calculation of £ and « from scattering
rates obtained from first principles, this procedure is not
possible in this case due to the size of the wires, which
is small enough to affect the phonon density of states, so
bulk figures cannot be used, but is too large to be treated
ab initio.

The first evidence of a hydrodynamic behavior can be
observed in Fig. 3. The temperature profile along the axis
is represented near the telescopic contact. The points rep-
resent the MD averaged temperatures on slices of the
structure at different axial positions. The solid lines are the
FMM and GK averaged temperatures on a cross section
and the shaded regions indicate the temperature variation
over them. This variation is a consequence of the spreading
of flux near the contact point in passing from the small-
diameter section to the large-diameter section. It can be
observed that MD results predict a temperature jump at that
point. Using a FMM this behavior can be obtained only
with the addition of a supplementary thermal boundary
resistance (TBR). Without it, as we have here, the solu-
tion passes simply from one slope to another because of
the change in the thermal conductivity, but no transition
is predicted. Notice that in the FMM the variation of the
temperature in the cross direction does not affect its mean
value. In contrast, the nonlocal term in the GK equation
has an effect on the averaged temperature. In the regions
where the heat flux spreads, the Laplacian term in Eq. (2)
becomes important. This term is the responsible for an
increase of the local resistivity, which is understandable
from the observation that in the Navier-Stokes equation
this term introduces a viscous effect. The consequence is
a steeper slope of the temperature, similar to that obtained
with a TBR.
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FIG. 4. Flux profiles obtained from MD simulations, the FMM,
and the GK equation for large (top) and small (bottom) sections
of the telescopic wire.

Of course, a physical contribution to the TBR coming
from the difference in the dispersion relations in the con-
stituent nanowires could also be present in the MD results,
but the GK equation is able to naturally capture a sig-
nificant part of the effect in our system. A dependence
of TBR in terms of the characteristic size has been pro-
posed in some experimental studies to explain, from a
FMM, the observed reduction of the effective thermal con-
ductivity in some devices [27]. Here we propose that the
nonlocal effects appearing in the GK model could offer a
complementary explanation for this observation.

Further evidence can be observed in Fig. 4, where the
obtained average flux as a function of the radial distance
is represented for the different regions. A curved profile
is obtained, where near the axis of the wire the heat flow
is greater than at the wire boundary. The FMM predic-
tions (dotted lines) for the flux are significantly different.
In the central part of the wire (15 nm from the contact
point), the heat profile obtained is flat (i.e., independent of
the radial position). The lack of control over the heat flux
at the boundaries means that the only way to obtain this
result is by use of a thermal conductivity depending on the
radial position. With use of the GK equation (solid lines),
this behavior is naturally obtained. Besides, near the con-
tact, the GK equation and MD simulations give a similar
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FIG. 5. Oscillation-amplitude profile from lattice dynamics.

The amplitudes of the eigenmodes weighted by a thermal occu-
pation factor are summed. It can be observed that the oscilla-
tion amplitude cannot offer an explanation for the reduced flux
obtained in MD simulations at the boundaries. MB, Maxwell-
Boltzmann.

smooth transition of the heat flux from the thin to the thick
wire, while the FMM predicts an increase of the flux near
the boundaries in clear opposition to the MD results.

The usual justification for the radial dependence of
the heat flow is based on the boundary collisions of the
phonons. Heat flow is suppressed at the boundary, and this
is noticed only in a Knudsen layer inside the system. But
in the case that we are studying, this reason is not clearly
justified. The radial size of the wire is small enough for us
to think that we are in the presence of heat carrier confine-
ment, given that it is much less than typical phonon mean
free paths. In that case, modes are stationary in the cross
section and they propagate only along the axial direction.
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250260270280290300310320330340350

x (R)
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To have stronger evidence that the surface reduction of
the heat flux does not come from the vibrational amplitude
profile of the lattice, we calculate the oscillation amplitude
of the atoms as a function of the radial position using lat-
tice dynamics for the wire with d; = 5 nm. For this we start
from a unit cell of 926 atoms, which is the minimal struc-
ture that is repeated along the z direction, where we use
periodic boundary conditions. Once we have the modes
after the diagonalization of the corresponding dynamical
matrix, we sum the rms thermal amplitudes [28] using the
Maxwell-Boltzmann factor. The results are shown in Fig.
5. Notice that the rms-thermal-amplitude profile is fairly
constant along the radial direction, with an increase near
the surface due to the effects of weaker bonding, show-
ing that the reduction of the heat flux at the edge cannot
be expected from the differences in the amplitudes of the
vibrational modes.

Further evidence is the vorticity near the step region.
Figure 6 shows the computed temperature gradient and
local heat flux in region 1 of the structure, where it is
observed that, as allowed by Eq. (2), the two vectors are not
collinear. To have this behavior in a pure Fourier law, one
must resort to a tensor (i.e., anisotropic) thermal conduc-
tivity. This anisotropicity in « has been invoked to explain
the findings of some experiments where fittings for the
in-plane and through-plane thermal conductivities using
Fourier’s law in a Si wafer yielded values as different as 80
and 140 W/mK, respectively [9], but werecently showed
that Eq. (2) can also explain the experimental results while
keeping the isotropic character of the thermal conductivity
in bulk Si at mesoscopic length scales [6].

IV. CONCLUSIONS

We show, by means of molecular dynamics simulations,
that deeply scaled telescopic silicon nanowires feature
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FIG. 6. Averaged temperature gradient (red arrows) and heat flux (black arrows) obtained from the postprocessing of the NEMD

simulations. It is observed that the two are not collinear.
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signatures of hydrodynamic effects; namely, a drag at the
surface in the heat flux, the appearance of a steep slope in
the interface region analogous to a thermal boundary resis-
tance, and a vorticity. These effects are straightforwardly
explained by the GK equation, which adds a hydrodynamic
term to the heat-flux constitutive law. These results could
have a big impact in the engineering and applied physics
communities as the behavior of thermal transport at the
extremely reduced scales of current electronic devices can
be largely influenced by the appearance of viscous and vor-
ticity effects shown in this work. Taking into consideration
these effects in the design stage could be key to improving
the performance of these devices.
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