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INTEGRABILITY OF A CLASS OF N-DIMENSIONAL
LOTKA-VOLTERRA AND KOLMOGOROV SYSTEMS

JAUME LLIBRE!, RAFAEL RAMIREZ2? AND VALENTIN RAMIREZ3

ABSTRACT. We study the integrability of an N—dimensional differential Kol-
mogorov systems of the form

N

i‘j =Ty (aj—O—Zajka:k)+a:j\I!(a:1,...,1:N), j:L...,N,
k=1

where aj, and ajj, are constants for j,k = 1,...,N and ¥(z1,..., zx) is a

homogenous polynomial of degree n > 2, with either one additional invariant

hyperplane, or with one exponential factor. We also study the integrability

of the N-dimensional classical Lotka-Volterra systems (when ¥(z1,...,zN) =
0). In particular we consider the integrability of the asymmetric May—Leonard
systems.

1. INTRODUCTION AND MAIN RESULTS

For the N-dimensional nonlinear differential systems the existence of K < N —1
independent first integrals means that systems is partially integrable. The existence
of N —1 independent first integrals means that the system is completely integrable,
i.e. the intersection of the N — 1 hypersurfaces obtained fixing the N — 1 first
integrals provide the trajectories of the differential system.

Polynomial differential systems of the form
.’I.}j:.’L’jfj(.’L'l,...,.’L‘N), for jzl,,N

is called the N-dimensional Kolmogorov differential equations, where f; = f;(z1,.. .,
xn) is a given function for j =1,..., N.

We develop a method based in the study of the rank of convenient matrices
in order to determine the integrability of a class of N—dimensional Kolmogorov
systems of the form

N
(1) c'cj::vj CLj—FZCijIEk +xj\11(931,...,:rN), jzl,...,N,
k=1
where U(z1,...,2y) is a homogenous polynomial of degree n, with either one ad-

ditional invariant hyperplane, or with one exponential factor.
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When U(z1,22,23) = 0 systems (1) becomes the classical Lotka—Volterra dif-
ferential systems that describe the evolution of N conflicting species in population
biology, and appear in many different topics like neural networks, laser physics,
plasma physics, etc. (see for instance [3, 6, 11, 13]).

For simplicity we shall assume that all the functions which appear below are of
class C*° although most of the results remain valid under weaker hypotheses.

1.1. Integrability of N- dimensional Lotka-Volterra systems with an ad-
ditional invariant plane. We begin by studying the integrability of the N—
dimensional classical Lotka—Volterra systems, i.e. systems (1) with ¥(zq,...,zy) =
0.

We shall study the classical N- dimensional Lotka -Volterra systems.

N
(2) Tj =T (ajN+1+Zajkxk> =X;, j=1,...,N,
k=1
Since populations can not be negative, the vector x = (z1,...,2zx) is taken to be

non-negative, i.e., x is an element of
Rf:{x:(ml,...,m\r)GRN:szO, for j:l,...,N}.

Hence any population might be zero. However if z; = 0 holds at certain point in
time, it holds for all time.

The Lotka -Volterra systems were introduced independently by Lotka and Volterra
in the 1920’s to model the interaction among species, see [11, 13].

Differential system (2) has N invariant hyperplanes g; = 0 with cofactors K; for
j=1,2,..., N namely

N
g; = Ty, szajN+1+Zajkxk, for ]:1,,N
k=1
Clearly that
N N
(3) divX = Z a; +2a;5z; + Zajkxk
=1 k]

N B
h X = X, —.
where ; 9z,

The aim of this subsection is to study the problem on the integrability of system
(2) by considering that (z1,...,7y) € RY, with the additional invariant hyperplane
gn+1 = 0 and with the cofactor K41 such that

N N
4) gN+1 = UN41 + Z vizj, Knyy1=anying1+ Z AN+1kTk-
j=1 k=1

First we introduce some definitions and notions which we will use in this paper.
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Let U be an open subset of RY. We say that a non-locally constant function
H :U — R is a first integral of the differential system

(5) Z.Ej ZX]‘({L‘l,xz,...,.Z‘N),
for 5 =1,..., N, or its associated vector field
0 0 0
X=X1—+Xo—+...+ Xn—
18:51 + 28362 + + NaxN’

if H = H(z1(t),...,xn(t)) is constant for all values of ¢ for which the solution
(z1(t),...,zN(t)) is defined and contained in U. Clearly a C! function H is a first
integral of system (5) if and only if

. 0H OH OH
H=XH)=—X1+—Xo+...+—Xy=0 inU.
(H) o, 1+ 92 2+ + Ere N in
IfH, : U, — Rforr=1,...,K are K first integrals of system (5), we say that
they are independent in Ux := Uy N Us ... N Uk if their gradients are independent

in all the points of U except perhaps in a zero Lebesgue measure set.

First we characterize the integrability of the N—dimensional Lotka-Volterra sys-
tems with N + 1 invariant hyperplanes.

Theorem 1. The Lotka-Volterra systems (2) with the additional invariant hyper
plane gn1 = 0 with cofactor Kn41 given in (4) has the Darbouz first integral

N

(6) H =log ( [gna " [ I |,
j=1

if and only if the rank of the (N + 1) x (N 4+ 1) matriz

aii e an1 AGN+11
a12 e an 2 AN+12
(7) By = )
A1 N+1 --- AN—-1,N OQN4+1N+1
has
(8) rankB; < N.

We say that system (5) is completely integrable in an open set Un_1 if it has
N —1 independent first integrals. In this case the orbits of system (5) are contained
in the curves

{Hl - hl} N {H2 - h2} ..N {HN,1 - hN,l}
where hy, ho ..., hy_1 vary in R.

Let J = J(x1,...,2n) be a non—negative function non—identically zero on an
open subset U of RY. Then J is a Jacobi multiplier of the differential system (5) if

/ J(x1,...,xN)dry ... dey :/ J(x1,...,xy)dry ... dey,
Q P (S2)

for all open subset 2 of U, ; is the flow defined by the differential system (5), and
©(Q) is the image of ) under the flow ¢;.
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Theorem 2. The Lotka-Volterra systems with N + 1 invariant hyperplanes has
N —1 independent Darbouz first integrals Hy, Hs, ..., Hy_1 if and only if rank By =
2. Moreover the independent first integrals are

Hj = log(Ja|™]xo|"*|as[)  for — j=3,...,N,

9)

Hyi1 = log(|y|™ N+t ag] 2N+ gn14]),
where Kn; 15 a convenient constant, forn =1,2 and j =3,..., N.

Moreover completely integrable N —dimensional Lotka-Volterra systems (2) can
be written as

N
‘Z‘J: |gN+1|H“Z‘J| {H17H27"'7HN—laxj}7 fO’I" jzlv"'7Na
j=1
—1
N
where J = | |gn41] H |5 is the Jacobi multiplier.
j=1
N
Theorem 3. Let J = |gny1|7V T H |z;|77 be a non-negative C* function non-
j=1

identically zero defined on an open subset dense in R . Assume that the gny41 = 0
is an invariant hyperplane with cofactor Kny1. Then J is a Jacobi multiplier of
the Lotka-Volterra systems (2) if and only if

(10) rank(B;) = rank(B3) = rank(Bs),
where
N
a1 ...  ang11 —2a11 — E ayj
i#1
N
a1 ... aN412  —2a2 — E az;j
By = J#2
N
Q1 N+1 -+ AN41,N+1 - E aj N+1
Jj=1
ail e an,1 aAN+11 —a11 tan+11
a1 e aN 2 AN+12 —G22 +aN+12
B3 =
aAiN+1 .-+ ONN4+1 OGN41,N+1 AN+1,N+1

Moreover if
(11) rank(B;) = rank(By) = rank(B3) < N,

then differential system (2) is completely integrable.
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Corollary 4. The N-dimensional Lotka-Volterra systems (2) with the invariant
N N

hyperplane gn+1 = Un41 + Zujxj = 0, with the cofactor K41 = Z a;;r; has
j=1 k=1
the Jacobi multiplier

eH

J = ~ .
lgn| [T Il
=1

N
and the first integral H = log H (Jzjllgn+1)™
j=1
Theorem 5. The Lotka-Volterra system (2) has the Jacobi multiplier
1

J = ~ ,
lgn+1l H |51
j=1

and N — 2 Darbouz first integral

Hj = log (|z1]" |ze|" |w3]|" |xs])  for j=4,...,N,
(12)
Hyy1 = log(|zg][™~+t]zg|®2 N4t zg|fs N+t |gn ),

if and only if
(13) rank(B;) = rank(By) = rank(Bj3) = 3.

Moreover this differential system is completely integrable and the complementary
first integral Hy_1 can be determined from the equations

N
(14) {I’Il7 HQ,...,HN_l,.%'j}:J.%'j <ajN+1+Zajkxk>
k=1

where j =1,..., N.
The proofs of these results are given in section 3.

1.2. Integrability of N- dimensional Lotka-Volterra systems with one ex-
ponential factor. We shall study the Lotka-Volterra system (2) with an exponen-
tial factor.

Let g and h be relative prime polynomials in the variables x1,xo,...,xn. Then
the function E = e"/9 is called an exponential factor of the polynomial vector field

0 0 0
X=Xi—+Xo—+ ...+ Xy=—, of degree m if X(F) = LE, where L is
o1 Oxo or N

a polynomial of degree at most m — 1, L is called the cofactor of the exponential
factor E. Clearly the exponential factors do not define invariant hypersurfaces of
the flow of X.

In fact the exponential factor E = e"/9 appears when the hypersurface g = 0 is
invariant. There are exponential factor of the form E = e9, these appears when the
infinity has multiplicity larger then one. For more details see [9, 10].
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Analogously we can to study the problem on the existence of first integrals and
Jacobi multipliers for N- dimensional Lotka -Volterra with the invariant hyperplanes
gi = xj = 0, for j = 1,...,N and with the exponential factor £ = el/9 with

N
cofactor Lyy+1 = byt1n41 + Z bn+1 ;. Since the results of this subsection can
j=1
be proved exactly as the ones of the previous section using the cofactors, we do not
provide their proofs.

Theorem 6. Assume that the Lotka—Volterra system (2) has the exponential factor
E =¢eM9. Let Ty be the (N +1) x (N + 1) matriz

aiy ... an1 bvyi1
a2 ... aN2 bnyi2
T, =
@IN+1 - OGN-1,N bON41N41

Then the Lotka-Volterra system (2) has the first integral
[5)
puny1— | N
H=1log|e g |z |H
31

if and only if rank(T1) < N. Moreover if rank(T1) = 2, then the Lotka-Volterra
system (2) is completely integrable.

Example 7. Three dimensional Lotka-Volterra system

Ao — QoA
T = x<a4+a2y+53a4 2 a2 4)2’),

A2fy
(15) y= y(Ba+pfiz+Psz),
5= 2 ()\4 +510‘2)‘4_O‘4)‘2x+)\2y> )
Bacea
is completely integrable. Indeed in this case we have that
Ay — ag A
0 By 2t %2
Baca
T = o) ) 0 A2 A2
- 044)\2 — OLQ>\4
22 27 )
B3 Mo azf33
ay B4 A4 0

It is easy to show that rank(T1) = 2. Then in view of Theorem 6 we get that
differential system (15) is completely integrable. The independent first integrals are

Hy = log ([P0 s seanaios)
H, = log (‘x|*>\4|Z|ﬁ4e(/ﬁl)\2$*a2)\2hy+a2ﬁ32)/a2) .

Differential system (15) can be written as follows

&= %{HhHme}, y= %{HlaH%y}v zZ= %{HhHQ,Z},

where J = —— and ¢ is a non-zero constant.

olzyz|’
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Theorem 8. Assume that the Lotka—Volterra system (2) has the exponential factor
E = e, Let J be a non-negative C' function non-identically zero on an open

subset dense in RN. Then
(++3)
ON+1— N
J=e I/ fasl
j=1

is a Jacobi multiplier of the Lotka-Volterra systems (2) if and only if
rank(T;) = rank(Ts) = rank(Ts),

where
N
a11 cee anN,1 bN+11 —2a11 — E aj1
Al
N
a21 ce. an 2 bN+12 —2a92 — E aj2
= 72 ;
N
GIN+1 --- ONN+1 ONtiN+1  — E AN+1;j
i=1
and
a1 ... annj bv+11 —a1 +bnyia
a1 ... GN2 bnyi2 —ao +bnyio
T3 =
G1IN+1 --- ON,N+1 ON41,N+1 bnt1,N+1

Moreover if rank(Tq) = rank(T3) = 3, then the Lotka-Volterra system (2) is com-
pletely integrable.

As we observe the proofs of these results can be obtained from the proof of the
results given in the previous section, by putting e<UN+1E> instead of gn41.-

1.3. Integrability of a class of N- dimensional Kolmogorov systems with
one additional invariant hyperplane. Now we shall study the class of Kol-
mogorov differential systems

N

(16) j:j:.rj (ajN+1+Zajka)+Ij\I/($1,...,xN) 5:Xj7 j:]_,...,N,
k=1

where ¥(z1,...,zy) is a homogenous polynomial of degree n > 2, and system (16)

has N + 1 invariant hyperplanes.

Differential system (16) has N invariant hyperplanes g; = 0 with cofactor K for
j=1,..., N, namely
N
g =5,  Kj=ajne+ ) apae+ ¥,
k=1
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where j =1,..., N.

Clearly in view of Euler Theorem for homogenous polynomials we get that

o, 05 ot e (N +n)¥.
Then
N N
(17) divX = Z ay + 2a5%; + Z ajxk | + (N +n)¥.
=1 1]

Theorem 9. The differential system (16) with the invariant hyperplanes z; = 0 for
j=1,...,N, and with the additional invariant hyperplane gny4+1 = 0 with cofactor
K41 given by
N N
gN+1 = VUny1 + Z VT, Kni1 =ansin4+1 + Z any1kTr + 0,
k=1 k=1
has the Darboux first integral

Sl O\
(18) H =log (]>
]1;[1 |lgn+1]
if and only if the matric (N +1) x N
if and only if the R(N 4+ 1) x N matriz

a11 —GN+11 GN1 —aN+11
@12 —AN+12 AGN2 —AN+12
W, = .
A1 N+1 —AN4+1N+1 -+ AN—-1,N —AN+4+1N+1

is such that

(19) rank W; < N.

Theorem 10. Let
N i
H< |25 > ’

. |9N+1|
=1
J="1

N
lgna ™ I T l]
j=1

be a non-negative C! function non-identically zero on an open subset dense in RY.
Then J is a Jacobi multiplier of differential system (16) if and only if

rank(W;) = rank(Wy),

where
1 o 1 1 -n+1
ail aN1 aAN+11 —a11 + aN+11
a2 . anN 2 aAN+12 —a22 + aNt12
Wy =
aN ... GNN AN+1N  —ANN T AN41IN

GIN+1 -+ ANN+1 ANHINH+1 AN+1N+1
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Theorem 11. Differential system (16) with the additional invariant hyperplane
N

gN+1 = VN41 + Z vix; = 0 with cofactor
j=1

N

(20) KN+1 = Zajjijr\Il,
k=1

has the Darboux first integral

and the Jacobi multiplier

(21) J

= N
lgna ™ [T I
j=1

if and only if
rank Wy = rank Wy < N.

Corollary 12. Differential system (16) has a Jacobi multiplier and N —2 Darbouz
first integrals if and only if
rank W; = rank Wy = 3.

Moreover this differential system is completely integrable with the N — 2 first inte-
grals

Hj = log(|z1|™ |wo|™ |xs|™ |25])  for j=4,...,N,
Hyi1 = log (|| V1 |zg|"2 N+t |zg|"e N+t g 4q])
and with the Jacobi multiplier J = ;N
g™ [T I
j=1

The proof of these results are given in section 4

2. PRELIMINARY RESULTS

The following result of Whittaker [15] plays a main role for detecting a Jacobi
multiplier.

Theorem 13. Let J be a non-negative C! function non—identically zero defined
on an open subset of RN. Then J is a Jacobi multiplier of the differential system
(5) if and only if the divergence of the vector field JX is zero, i.e.

9(JX1) I(JXn)

The following result goes back to Jacobi, for a proof see Theorem 2.7 of [5].
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Theorem 14. Consider the differential system (5) and assume that it has a Jacobi
multiplier J and N — 2 independent first integrals Hy,Ho,...,Hy_o. Then the
system admits an additional first integral functionally independent of the previous
ones given by

Hy_i = /g (dem - X1d$2> )

where ~ denotes quantities erpressed in the variables (x1,x2,h1,...,hn_2) with
Hj :hj fO?"jZI,...7N—2 G/ﬂd

8H1 8H1 8H1

8.1'3 8.%'4 o 8951\;

0H, 0H, 0H,

A= 81‘3 81‘4 o 8zN
OHy > OHy o  OHy

Ox3 0xy T Ozy

Then system (5) is completely integrable.

Theorem 15. Suppose that a polynomial vector field X defined in RN admits M
invariant algebraic hypersurfaces g; = 0 with cofactor K; forj =1,...,M, i.e. the
following equations hold

9g; 9g;

dg;
Xgi =X -2 +Xo—=L 4+ Xy—L =K. g,
97 Yo r + 2029 et Norn 393>

forj=1,...,M. If there exist u; € R not all zero such that

M
Zquj +divX =0,
j=1
M
if and only if the function H|gj|’” is a Jacobi multiplier.
j=1

For a proof of Theorem 15 see [4].

The following result is proved in [?].
Theorem 16. A differential system (5) is completely integrable with C? first inte-
grals H; for j =1,...,N —1 if and only if it can be written as

_1

J{HlaHQ,---aHN—laxj}:Xj fOT j=1,2,3,

Zj

where J = J(x1,22,...,xN) is a Jacobi multiplier and {HhHg, .. .,HN,l,*} 18
the Nambu bracket (see for instance [8, 12]), i.e.



INTEGRABILITY OF A CLASS OF N- DIFFERENTIAL SYSTEMS 11

8H1 6‘H1 aI"Il
0z 0z T Oy
OHy  OHy OH,
0x 0xo ozr N
{H17H27"'7HN—17*}:: : . :
OHy_1 OHy_ OHN_4
0x1 0xo ozr N
9 9 9
Oz, Oza oz N

Theorem 16 extends results of [14] and [1]. From Theorem 16 it is immediate to
prove the following result (see [7]).

Corollary 17. Assume that differential systems (5) has N — 2 independent first
integrals Hy, Ho,...,Hy_o and a Jacobi multiplier J, then another independent
first integral Hy_1 can be obtained as a solution of the partial differential equation

(Hy, Ha,... Hy_s, HN,hxj}:JXj, for j=1,...,N.

Theorem 18. Suppose that an N —dimensional polynomial vector field X admits

p invariant algebraic hypersurface g; = 0 with cofactors K; for j =1,...,p and q
exponential factors E; = elil9i with cofactors L; forj=1,...,q. Then there exist
complex numbers p; for j =1,...,p+ q not all zero such that

p q
S K+ gLy =0,
j=1 =1

9j
p Mite
J

e
if and only function H = log H lg;|H H e
j=1

Jj=1

) , 18 a first integral of the
vector field X.
For the proof of Theorem 18 see [4].

3. PROOF OF THEOREMS 1,2 3, 5 AND COROLLARY 4

Proof of Theorem 1. First we suppose that H given in (31) is a first integral of
N41

system (2), then by Theorem 18 we have Z w;K; = 0, with not all the p; are
j=1
zero. Hence
pia11 + peazi + ...+ uvt1an+11 = 0,

piaie + poaz, + ...+ pnt1any12 = 0,
(22)

101 N1 + 202 v41 + -+ pNt1aN i1 N1 = 0.



12 J. LLIBRE, R. RAMIREZ AND V. RAMIREZ
Consequently By = 0 where p = (uy, pio, ..., in+1)7, where By is the matrix
given in (7). Since p is a non-zero vector we obtain condition (8).

Now we suppose that (8) holds and we shall prove that there exists the Darboux
first integral (31). Indeed, if (??) holds then (for example)

AN4+11 = 71011 + Y2021 + ... +YNANT,
GN+12 = 71012 + Y2022 + ... +YNGAN2,
5
AN+1IN+1 = Y1A1N+41 + Y202 N+1 + ... + YNON N+1,
where v1,72,...,7n are convenient constants. Hence we get that the cofactor of

the invariant plane gny4+1 = 0 becomes
N N

Kyi1=anyiNt1 + E AN41KTE = E v K.
k=1 =1

Thus from the equation

0 0
MX1+---+MXN:KN+19N+1 = ﬂX1+--~+’YfNXN IN+1,
01 oz N 1 TN

we deduce that

0 0
( gN+1 9N+1’Yl> Xi4 ...+ ( gN+1 9N+17N> Xy =0,

ox 1 oxn TN
Hence
N N
8logH ;|77 8logH ;|7
dgN+1 j=1 09N +1 j=1
— — | Xi+.. + — —— | Xy =0,
8I1 IN+1 61‘1 ! 81‘]\[ gN+1 aLEN N
oH OH : _
which is equivalent — X1 4...+ — Xy = H = 0, where H = log M
o0x ozrn N
11 I
j=1
Thus H is a first integral. Hence taking v =— Hi_ after some computations we
. HN+1
get H=| H L . In short the theorem is proved. O
Yi= ,uN+1

Proof of Theorem 2. By assumption the Lotka —Volterra system has N +1 invariant
hyperplanes. Then by Theorem 1 the system (2) has a Darboux first integral of the
form (31) because rank By = 2 < N. Thus (22) holds.

Since the rankB; = 2, by the Rouche— Frobenius Theorem the set of solutions of
system (22) form a subspace of dimension N — 1. Then without loss of generality
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we can assume that
(23) a, = —K1pa1 — Kopag, for n=3,...,N+1,

where a,, = (ain,a2n,...,aN41,n) for n = 1,...,N + 1, and k1, and kg, are
convenient constants.

Substituting (23) in system (22) we get
ai(pn — (Fi3ps + ... + Kinpifing1)) +az(pe — (Kasps + .. + Kenrifiv41)) = 0,

where p; for j = 3,...,N + 1 are arbitrary constants. Hence since a; and ay are
independent vectors we obtain

p1 = Kigp3 + ... + KINF1UN+1, o = Kogis + ... + KaN+1UN+1-

Consequently the Darboux first integral H becomes
H = log (Joa[* laalt .. [on]#|gnsa 1)

— 10g <|x1|H11N3+~'~+H1N+1ﬂN+1 |x2|I€23M3+~~~+H2N+1NN+1 |$3‘M3 |xN|HN |9N+1 |MN+1)

n3 KN
= tog (lea | fmal 2t ag]) 4+ log (Ja <o a2 [ )
N+1
1o (fa ¥ ol ¥ g )4 = D .
j=3
In view of arbitrariness of us, ..., un+1 we have that H]Hj forj =3,...,N+1

are independent first integrals (9). Thus, under the assumption rankB = 2 the
N-dimensional Lotka-Volterra systems is completely Darboux integrable.

The reciprocity it is easy to obtain. Indeed, from Theorem 18 and 1 if Hy =
N
log |gN+1|”,fV+1 H |;rj|“? for k = 1,...,N — 1 are independent first integrals,
j=1
then the following relations hold

N-1
p K+ Ky + Y pVR =0, for k=1,...,N-1.
j=1
) is a non-degenerated matrix.

Jik=1,...,N—1
Hence after some computations we prove that

We consider that the matrix ' = ( ugk)‘

Ko =onKN + oNn+1KN11, for a=1,...,N—1.

Consequently if we denote by a,, = (a1n,02n,.-.,aN41,n) forn=1,....N+1, we
get

ap, = KNay + KNy1AN+1, for n=1,...,N—1.
for convenient constants kx and ky41. Hence we easily obtain that the matrix B;
is such that rankB; = 2. In short the corollary is proved. O

Example 19. Three dimensional Lotka-Volterra systems with the invariant plane
not passing through the origin g4 = 11x + oy + v3z + v4 = 0 with cofactor Ky =
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a1 + Boy + A3z, is
oV v — o
&= :zc< 14+a1x+<62—2(61 1)>y+a3z>,
11 151

Ao —
(24) y=y (621/4 + 12+ Poy + (AB _ sl = Bo) B2)> Z> ;
1) 1)
A -
T = z( sl + (al — M) x+/\2y+>\3z>
V3 V3
The matriz By under the conditions o1, becomes
vi(ag — A
o 8 oo las =)
V3
v —a
Ba — w B2 A2 B2
B = ! \
o3 Az — vsde = Bo) As A3
1)
Q1 Vg ﬁgl/4 )\31/4 0
141 Vg %2

By considering that

det (Bl) = —

(mﬁz()\s —a3) + veA3(ag — fr) + vzai (B2 — )\2))2-

viols

we get that if det By = 0, then it is easy to prove that rank (B1) = 2, hence in view
of Theorem 2 differential system (24) has two independent Darbouz first integrals
Hy and Hs. In particular if

aszfla + A3(B1 — P2)

25 V1:V2:V3:71/4:7].7 o] = s
(25) Az — A2+ B2
we get that the first integrals are
Hy = log (‘l‘|—)\3(/\3—)\2+52 |Z‘asﬁ2+)\s(ﬂ1—ﬂ2)|1 —z—y— Z‘(a3+ﬁ2—[31))\3—0zs/\2) ,

Hy = log (‘x|fﬂ2(>\3*>\2+52)‘y|a352+>\3(ﬂ1*52)‘1 —r—y— Z|(52*51)(/\3*)\2+52)) ,

After some computations we obtain that differential system (24) under the con-
ditions (25) can be written as

. 1 . 1 . 1
T = 7{H1aH27x}a Y= 7{H13H27y}7 z = *{H17H2)Z}a
J J J
1

where J = , is the Jacobi multiplier, and o is nonzero con-
olzyz(1 -z —y —2)|

stant.

Proof of Theorem 3. From Theorem 13 we get that system (2) has a Jacobi multi-

plier if and only if
N

dlog J
3 X, 8 1 diva = 0.
813]‘

Jj=1
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N N+1
Consequently, if J = |gn41]|7N+! H |;|% then we get that Z o;K; +divk = 0.
i1 i=1

In view of (3) we get that this equation holds if and only if

N
o1a11 +02a2, + ... +oNy1aN$11 = —2a11 — Zau,
i
N
o1a12 + 0202, + ...+ OoNt1aNt12 = —2a22 — Za2j,
(26) J#2
N
0101 N+1 + 0202 y+1+ ... T ONFIANFIN+L = — Z%w
j=1

After the change 0; = =14 p; for j =1,..., N + 1 we obtain that

p1e11 + p2a2, + ...+ UNy1a0N+11 = —a11 +AN+11,
piaie + peaz, + ...+ UN+1GN+12 = —Q22 +aN412,
(27)
)
pia1 N + p202 Ny + ...+ UNH1AN N1 = —ANN T AN+1N,
H1a1 N1+ p202 y+1 + oo+ UNFIAN+IN+T = OGN41IN+1-

Consequently in view of the Rouché—Frobenius Theorem we get that system (27)
has solution if and only if (10) holds. On the other hand if (11) holds then in view
of Theorem 1 we obtain that there exists the first integral (31), consequently from
Theorem 14 we get that the Lotka-Volterra system is completely integrable. In
short the theorem is proved. (I

Proof of Corollary 4. The proof of this corollary is obtained from the proof of The-
orem 3. Indeed, from (26) we get that if ayy1; = a;;, and an41 v41 = 0 then

N
J=|lgvsloe ] a7
J=1 o1=—1+p1,....oNt1=—1+puN+t1
N
gl T g1
j=1 et

N N ’
lgna| [T Il lgna| [T I
=1 =1
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where i1, ..., iy41 are solutions of (27), i.e.,
prair + peaz, + ...+ pnt1anvy11 = 0,
piai2 + foaz, + ...+ puns1an+12 = 0,
pia1 N + peag y + ...+ puvs1an 41 = 0,
U161 N4+1 + foas g1+ -+ pNnt1aN+1 N+1 = 0.
N
Hence in view of Theorem 1 we obtain that H = log | |gn 41|V +! H |;]#7 ] is the
j=1
Darboux first integral see [?]. In short the corollary is proved. d
Proof of Theorem 5. If rank(B1) = 3 < N, hence
(28) a, = —K1p,a] — Kopdy — K3pas, for n=4,...,N+1.
where a; = (a1j,...,an41;) for j =1,...,N +1, and Kip, Kon and kg, are con-

stants.

From Theorem 1 it follows that there exists the first integral (31). Consequently
inserting (28) into (22) we have that

N+1 N+1 N+1
ar(p — Z K1jpy) + az(pz — Z Kojpy) + as(ps — Z K3j;) = 0.
=4 =4 j=4

On the other hand from (13) we obtain that rank(B;) = rank(Bs) = rank(B3) = 3,
thus in view of Theorem 3 we obtain that there exists the Jacobi multiplier

N
J = lgna | [ a7
j=1 o =—1+4p;
Then from (27) we have
N+1 N+1 N+1
O=ay(u — Y kijy) +as(ue — Y kaj;) +as(ps — Y kajit;) = —an+1 + b,
j=4 j=4 j=4
where b = (aj1, az2,...,ann,0). Hence by considering that a;, a; and a3 are
independent vectors we get that
N+1 N+1 N+1
H1 = Z Rijfg, H2 = Z R2jfg, M3 = Z K3,
j=4 j=4 j=4
and ayy; = b, thus ay41; = a4, for 7 =1,...,N, antin+1 = 0, where

W4, ..., uN+1 are arbitrary constants. Consequently the Darboux first integral H
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becomes
H = log (x| x| ... [N "N |gna[MV)

— 10g (|x1 |/€11M3+~~+N1 N4+1HNA+1 ‘x2|ﬁ23#«3+-~+ﬁ2N+1ﬂN+1 ‘x3|f€33#3+m+1€3 N+1HN+1 ‘$4|”4)

+ .. A log (lzn [ [gna [¥+)
M M5
= log (|a |70zl |55 2a]) " + log (Jan |22 |25 g0 5 )

n
I log (‘I1|K,1N|x2|H2N|Ig‘HSN|xN|) N

N+1

KN+1
+ log (|CE1|K1N+1|:L‘2|'§2N+1\$3|N3N+1|9N+1|) = Z wiHj,
j=4

which in view of arbitrariness pq4,...,un+1 we get the existence of first integral
(12). The proof of (14) follows from Corollary 17. The reciprocity it is easy to
obtain. Thus the theorem is proved. (I

4. PROOFS OF THEOREMS 9,10 11 AND COROLLARY 12

N

Proof of Theorem 9. Let H = log H (| 21 |) be a first integral of (16).
gN+1

Then by Theorem 18 we have

N N N
D oK =Y wiKne =Yy (K — K1) <=

= =1 =1

N N

Zuj (aj N+1 — OGN41N+1 + Z (ajk —an+1k) mk) = 0.

j=1 k=1
Hence
N N N
Doy =0, > (N —angin) =0, Y py(agn —antax) =0,
=1 =1 J=1
N N
for k =1,...,N, which is equivalent to Zp]- =0 and Zuj (ajr —ant1k) =0,
J=1 j=1
for k=1,...,N + 1, or equivalently
(a1 —any1 1)1+ ...+ (anv1 —any11)pn = 0,
(12 —any12)p1 + ...+ (an2 —any1 2)un = 0,
(a1 N+1 —an+1 N1 + .-+ (anv—1 N — ang1 N+1)pN = O,

This system can be written in matrix form Wip = 0, with g = (u1,..., un)T # 0
and 0 = (0,...,0) € R¥*1. So since Wy is a (N + 1) x N matrix. From the
Rouche—Frobenius Theorem we get that this linear system has a nontrivial solution
if and only if rank (W;) < N.
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Now we suppose that (19) holds and we shall prove that then there exits the
Darboux first integral (18). Indeed, if (19) holds then

N
a; —any; = E Aj(aj —any1),
Jj=2

N
—a; + Z )\jaj
j=2

where a, = (@1n,...,aN+1,). Hence ayy g = ———————. Consequently we
N

doa-1

Jj=

N
K1+ ) NK;

. N . N .
j=2 . gN+1 I €
get that Ky41 = , le. Ni—1)] = ——+ Aj—=,
* gN+1 Z / T Z ’

N = j=1
Z )\j 1 J= J=
j=

N

Z/\j -1 N

d ;
After some computations we obtain that pn lgna1|7=t |1 H lzj| ™% | =
j=2

. N _ -
0. Thus the function H = a1 H ( 21 > is a first integral. By choosing
j=2

lgn+1| 5 \[gn+1]
Aj for j =2,..., N, properly we get the first integral (18). O
N
Remark 20. If we suppose that H = log | |gny1|HN+? H |z "9 | is a first integral
j=1

of (16) then

N+1 N+1 N
Z/J,jKj: Zuj ajN+1+Zajka+\I/ =0.
i=1 i=1 i

1

Hence
N+1
> mi= 0
j=1

(29) Nl

Z“jaj"': 0, for k=1,...,N+1.
j=1

Clearly this system can be written in matriz form

WQ,U' = 07
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where = (p1, ..., un+1)7, and 0= (0,...,0) € RV*2 and

1 1 1
ai1 anN 1 GN+11
Wy = @12 N 2 AN+12
A1 N+1 -+ AQN—-1I,N OAN41N+1

From the last equations we obtain the system Bip = 0, where By is the matriz (7)
and = (p1,...,puns1)T, is a non-zero vector, 0 = (0,...,0) € RV Hence in
view of Theorem 1 we get that there exist the fist integral given by formula (31) if
and only if rankB; < N.. Consequently

(30) rankB; = rankW, < N.

N
On the other hand from the firs equation of (29) we get that puyy1 = fz,uj.
j=1

Inserting this relation into the first integral we obtain

N

N Hj
. xX;
H = log ( lgnsa |+ [T |1 y =log H( - )

o L\ g+
Jj=1 I Z’uj Jj=1
j=1

Proof of Theorem 10. From Jacobi’s Theorem we get that (16) has a Jacobi mul-
tiplier if and only if

N
1
ZX.W +divX = 0.

ar-w
= 0x;
N
Consequently, by considering that J = |gn41]|7V+? H |;|%7, where 0 = p; — 1 for
j=1
N
j=1,...,Nand ony1 = —n — Z,uj , from Theorem 15 we obtain that
j=1
N+1
(31) > 0K+ divk = 0.

Jj=1
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In view of (17) and by considering the coefficients of the polynomial (31) we get
that (31) holds if and only if

N+1

E O'j:—’fl—N,
j=1

N
oiai1 + o202, +...+onj1aN+11 = —2a11 — Zalja
i#1
N
o1a12 + 0202, + ...+ oNj1aNF12 = —2a22 — ZCLZja
J#2
)
N
011N + 0202 y + ... + ON11ON N41 = —2GNN — Z aj,
JAN
N
0101 N+1 + 0202 y 41+ - + ONJIONFIN+1 = —20N 41 N41 — Z AN+1 35
JAN+1
After the change o5 = pj — 1 for j =1,..., N + 1 we obtain that
N+1
D #=—n+l,
=1
H1@11 + H2a21 + ...+ UN41GN411 = —aA11 FAN411,
(32) H1a12 + p202, + ...+ UN41AGN412 = —022 +AN412,
)
H1G1 N + 202y + ...+ UN41AGN N4+1 = —ANN +aAN41 N,
H1a1 N41 + f202 N41 + .o+ ANF1ANF1IN41 = GN41N+1

Consequently in view of Rouché-Frobenius Theorem we get that system (32) has
solution if and only if (10) holds. In short the theorem is proved. (]

Proof of Theorem 11. Clearly, by Theorem 9 and (30) it follows that rank B; =
rank W7 < N, then there exists the first integral H (see Theorem 1). Hence (22)
holds. On the other hand from (32) follows that

antin+1 =0, anyi1j=aj; for j=1,...,N
N
and Zuj = 1 — n. Since the cofactor of gyy1 = 0 is (20). From the relation
j=1
rank W7 = rank W5 it follows that there exist a Jacobi multiplier which in view of
Theorem 10 becomes (21). In short the theorem is proved. g
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Proof of Corollary 12. It is analogously to the proof of Corollary 5 and by consid-
N

ering that o; = —1 4 p; and Z,uj =1—n. O
j=1

Remark 21. [t is possible to study the Kolmogorov systems (16) with rankW; = 2
and proved that this system is completely integrable and we can study Kolmogorov
systems with an additional exponential factor, analogously the study the Lotka-
Volterra systems (2) with and additional exponential factor.

Example 22. A three dimensional cubic Kolmogorov differential system with com-
plementary invariant plane g4 = x + y + z = 0 with cofactor s1x + sy + ssz +
Uy(z,y, 2) can be written as

t= x(s17+ (s2+ 51— B)y+ (s51+ 53— A)z) +2¥s(z,y,2),
(33) y = y(ﬁlx+829+ (S3+82 —)\2)2)+y\pg($,y,2),
Z= z(Mz+ Xy + s32) + 2¥a(x,y, 2),

where Uy (z,y, 2) = K122+ Koy + K322+ razy+Ksxz+Reyz 45 such that rank W, = 3.
Hence system (33) has a first integral given by

s2—A2 A1—s1 s1—P1
o ()7 (Y7 (1),
|94] |94] |94]
A1so —
If s1 = 1)5\27&83, then rankWy1 = rank Wy = 3. Therefore system (33) is com-
2 853
pletely integrable with the first integral H and the Jacobi multiplier
J = 1y|7t 271947,

where
(M 4+ A2 —s3)s2 + (A1 + 53 — B1)s3 — A2(253 + A1)

g1 = )
! (A2 — s2) (A2 — s3)
(B H2s2 83— A2) Ao — (253 4+ Ap)s2
g9 )
()\2 - 82)0\2 - 53)
oy = (83 + 289 + A1 — 1 — 3)\2)()\2 — 83)

(A2 = 52)(A2 — s3)
5. INTEGRABILITY OF THE ASYMMETRIC MAY-LEONARD MODEL.
5.1. Asymmetric May-Leonard model with four invariant planes. A par-
ticular 3—dimensional Lotka—Volterra system is
= z(l—z—ay—bhz) =Xy,
(34) y= y(l—y—agz—box) =Xy,
2= z(1—2z—azzr—bzy) = Xs.
This system is known as the asymmetric May-Leonard model (see for instance

[3]). This model describes the competitions between three species and depending
on six non-negative parameters a; and b; for j = 1,2, 3. The state space is the set

]Rf_:{(x,y,z)ERB:mZO y > O0and ZZO,}.
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We shall study the integrability of system (34) under the condition that it has
an additional invariant plane.

Proposition 23. Differential system (34) under the conditions

ag(agf 1)70,2[)34’1 a3b1 7b1b3+b371
35 by = =
( ) 2 ]. — bg ’ “ az — ]. ’

i.e. the differential system

b1 — b1b bs —1 ~
= x(l—x—aBl 193 + 03 y—b1z>:X1,
a3—1
—1) —asd 1 ~
— b3

2= z(1—2z—azz—bzy) = Xs.
has the additional invariant plane

g=g(x,y,z)=(1—a3)(az—z+ (1 —0b1)(bs — )y + (a2 — 1)(by — 1)z =0,

with cofactor K = 1 —x —y — z. Moreover this differential system is completely
integrable with the first integral Hy and the Jacobi multiplier J given by

g g asg ﬁZ [53

(36) lebg(”f z ‘ ) J=]y =gl
g g g
where
o] = (a3 — 1)(1)3 — 1)((12 — 1)7 Ay = (1 — ag)(bg — 1)(b1 — 1),
1—@2—()1 a3(b1+b3—1)—b1b3
= (I1—as)(by —1)(az—b =21 Bi=

az = (1—a2)(bi —1)(as —b3), B2 o1 Bs 0—bs)az—1)

Proof. After some computations we can check that X'(g) = (1 — 2z — y — 2)g, thus
g = 0 is an invariant plane with cofactor K = 1 — x — y — z. The existence of the
first integral and of the Jacobi multiplier given in (36) follows from Theorem 3 by
considering that in this case (see condition (11))

rank((B1)|,) = rank((B2)|,) = 3,

where by o we denote conditions (35), and

-1 *bg —as -1 -1 7b2 —as -1 0

_ —ai -1 —b3 -1 _ —az -1 —b3 -1 0
Bi=1 4 a1 1|0 BT b ay o1 -1 0
1 1 1 1 1 1 1 1 1

5.2. Asymmetric May-Leonard model with five invariant planes.
Proposition 24. Differential system (34) under the conditions
(37) a1:2—b2, a3:2—b1,a2:2—b3
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i.e. the differential system
= z(l—z—(2—-ba)y—b12),
(38) = y(l—y—(2-bs)z—box),
2= z(1—2z—(2—-b1)x —bsy),
has the five invariant planes namely
g1 = =, Ki=1—2—(2-0b2)y— bz,
go = v, Ko=1—y—(2—b3)z — bz,
g3 = 2z, K3=1-2—(2—bi)z—bsy,
g1= l—z—y—2z, Ky=z+4+y+z,
g5 = TH+y+ =z, Ky=1—ax—y—z.

Proof. 1t is follows from the relations

(39)
% (z+y+2) = (1—z—y—2)(z+y+=2), % (1—z—y—2)=(z+y+z)(1—a—y—2).

O

Remark 25. From (39) it follows that

z(t) +y(t) +2(t) =1+ ﬁ.
Hence we get that
Jim (@) +y0) +=0) =1, Tm (@lt) +y() + =(1) =0.

Thus the a-limits are in the plane x +y + z = 0 and the w- limits are in the plane
z+y+z=1.

Proposition 26. Differential system (38) having the invariant plane vy—x—y—z =
0 with cofactor x + y + z + s4, where vy and o4 are constants such that vysy = 0,
is completely integrable if and only if (s3 + (b1 + bz + b3 — 3)?) (1 — s4) = 0.

(1) If by + ba + bs = 3 and s4 = 0, then system (38) has two independent first

integrals
(40)
|z| ||
H = 1 H == 1 .
: OgQM1—z—y—aP%|’ Py =]
(i1) If s4 = 1, then system (38) has the following first integral and the Jacobi
multiplier

H=log (Ja|b>= y|" ~1|z[b2= |z 4 y 4 2[3~01—b2=bs)

_ log I G/ S A E I S
(41) |z 4y + 2| x4y + 2| |z 4y + 2| ’

1

J = ,
lzyz(x +y + 2 — 1)
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Proof. First we observe that the matrix B; and Bs in this case are

-1 —bg —2+b -1
B _ —2+4 by -1 —b3 -1
C —b —24b3 -1 -1
1 1 1 S4
-1 —by —24b -1 0
Bl - —2+4 by -1 —bs -1 0
2l ~by  —2+4+b3 -1 -1 0
1 1 1 1 1
After some computations we obtain that
(42)
-1 —bs 2456 -1
rank —2+ by -1 —by -1 :{ 2, ifsy=0 andb; +by+b3=3
—b —2+4 b3 -1 -1 3, if s4=1.
1 1 1 S4

Hence from Theorem 2 we obtain the proof of the first statement. The indepen-
dent first integrals are given by formula (40). Differential system (38) under the
conditions by + by + b3 = 3, and s4 = 0, can be written as

jj:{HlvH27x}/J7 y:{H17H27y}/']3 ‘é:{HlvHQVZ}/']a
where J = 1/|zyz(z +y + 2z — 1)|.

Now we prove statement (ii). From (42) we get that if s, = 1, then rank (Bl |(37)) =
3. On the other hand

-1 —by 240 -1 0
B 2+ -1 “by -1 0 | _
ranke (ol ) = vk | TP TE T g =8
1 1 1 1 1

Thus in view of Theorem 5 we get that there exits a Darboux first integral and a
Jacobi multiplier which in this case are given in (41). In short the proposition is
proved. [l

Remark 27. Differential system (34) under the conditions
ay=azx=az=a, by =by=0bz=0b,
becomes the so called symmetric May-Leonard model
= z(l—z—ay—0bz2),
(43) )= y(l-y—az—bz),
2= z(1—z—ax—by).

The integrability of system (43) was study in [2] . Condition (35) in this case
becomes a®? +b%> —ab—a —b+1=0 witha # 1 and b # 1, which have not solution
in R. Condition (37) becomes a+b =2 then if s4 =0 and b =a = 1, then the first

integrals (40) can be written as Hy = log% and Hy = log%. Ifa+b=2 and
Y Y
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sq = 1 then first integral (41) is H = log vz and the Jacobi multiplier is
rT+y+z
1
J = .
lzyz(l —z —y — 2)]
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