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INTEGRABILITY BY SEPARATION OF VARIABLES

JAUME LLIBRE! AND RAFAEL RAMIREZ2

ABSTRACT. We study the integrability in the Jacobi sense (integrability by
separation of variables), of the Hamiltonian differential systems using the Levi-
Civita Theorem.

1. INTRODUCTION

The study of the integrability by separation of variables of the Hamilton-Jacobi
equations is a classical problem in Mechanics, dating back to the foundational works
of Jacobi, Stéckel, Levi-Civita and others.

In 1904 and in a letter addressed to P. Stackel and published in the Matematische
Annalen [19], Levi-Civita deals with the problem of the integration by separation
of variables. In the introduction of this letter he writtes: Ho notato che si possono
facilmente assegnare (sotto forma esplicita di equazioni a derivate parziali . . . )
le condizioni necessarie e sufficienti cui deve soddisfare una H affinche lequazione

ow ow
(1) H((Zl,...,ZM, 8217"'782M>_ha

ammetta un integrale completo della forma
(2) W = Wl(Zl,Oél, . ,aM) + - —|— WM(ZM,Oél, e ,O[M),

dove aq,...,ap and h sono le costanti arbitrarie. Da queste condizioni scatur-
iscono alcune conseguenze di indole generale, che mi sembrano abbastanza interes-
santi, per quanto il dedurre da esse la completa risoluzione del problema apparisca
ancora laborioso, e non vi sia nemmeno - oserei affermare - grande speranza di
trovare tipi essenzialmente nuovi, oltre a quelli da Lei Stdckel scoperti. Indeed,
Levi-Civita shows that

Theorem 1 (Levi-Civita Theorem). Hamilton-Jacobi equation (1) has a first in-
tegral of the form (2), if and only if the Hamiltonian H satisfy the M(M — 1)/2
second-order partial differential equations
OH 0H 0°H . OH 0H 0°H
8Pj (9Pk (9Zj(92’k 8Zj 6zk (9Pj(9Pk

OH 8H 9°H  OH O0H 9°H

an 8zk 8zj6Pk 8Pk aZj 6P]8zk o

ij(z, P) =
(3)
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forjk=1,..., M with j # k.

The application of this criterion to the investigation of the integrability of the
Hamiltonian systems is a non-trivial problem. Levi-Civita‘s result provides a crite-
rion for deciding when a given Hamiltonian H independent of the time is separable
or not, it does not give an effective method for finding the separable coordinates for
a given Hamiltonian. To find such coordinates it is in general a difficult problem
which has only been solved for particular Hamiltonians.

The integrability by separation of variables of the Hamilton-Jacobi equations has
recently received a big attention due to its applications to the theory of integrable
partial differential equations of Korteweg de Vries type and to the theory of quan-
tum integrable systems (see for instance [8, 21, 25]). In the review Separation of
Variables. New Trends see [21] Sklyanin argued that separation of variables could
be the most universal tool to solve integrable models of the classical and quantum
mechanics.

The question of separation of variables for Hamiltonian systems was studied
intensively in the second half of the last century (see for instance [1, 4, 5, 7, 9, 13,
12, 26, 21]). For an outline of the theory of separation of variables we refer to the
book of Kalnins [15].

There exists an equivalent definition of separability, originally due to Jacobi and
recently widely used by Sklyanin and his collaborators (see for instance [21]).

Consider a Hamiltonian mechanical system defined by the Hamiltonian H = H;
with M degrees of freedom and integrable in the Liouvilles sense, i.e. there exist a
family of M — 1 first integrals Ha, ..., Hps such that

(a) they are in involution with respect to the Poisson bracket, that is
M
OH; OH, O0H; 0Hj
H,; H,} = J - = =0
{H;, Hie} jzl(apj 0z 0z apj> ’

for j,k=1,..., M,
(a) they are independent, i.e. the rank of the matrix formed by the gradients
of Hy,...,Hp is M except (perhaps) in a set of zero Lebesgue measure.

An integrable Liouville Hamiltonian system with M degree of freedom and M first

integral Hy = H, Hs, ..., Hps is separable in the canonical coordinates (21, ..., zar,
Py, ..., Py) if there exist n non-trivial relations
(4) q)j(Zj,Pj,Hh...,H]w):(L for j:17...7M,

connecting single pairs (z;, P;) of canonical coordinates with the M first integrals
Hy,...,Hy. Note that the knowledge of the separation relations (4) allows to
reduce the problem of finding a separated solution of the Hamilton-Jacobi equation
to quadratures. Indeed, one can solve the relations (4) with respect to P; then we
get that P; = f;(z;, Hi, ..., Hyr) and then we can define the generatrix function

M 2
S(Zh...,ZM,Oél,.--,OéM):Z/ fj(ujaHla'"7H]VI)‘H1:O¢1,...,HM:O¢Mduj’
j=1" %o

of the Hamilton-Jacobi equation (see for instance [11, 22]).
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The aim of this paper is to study the problem of separation of variables by
using the classical approach, i.e. the Levi-Civita approach. In particular we give
new properties of the Levi-Civita conditions (see section 3), and we establish the
relations between the integrability in Jacobi and Frobienius sense (see Theorem
10).We determine a new equivalent expression for the Levi-Civita conditions (see
Theorem 13). We obtain all the Hamiltonian vector fields admitting a two or three
dimensional Lie algebra (see Theorem 18 and Propositions 24 and 25). Finally we
prove the integrability of some new Hamiltonian vector fields (see Propositions 26
and 31).

2. PRELIMINARY RESULTS. ON THE HAMILTON-JACOBI EQUATION

Let H = H(z1,...,2m, P1,...,Py) be a Hamiltonian. We study the Hamilton-
ian vector field

M M
OH 0 O0H 0
5 Ty = T, = _— = .
associated to the Hamiltonian system
d dP;
(6) %Z{HVZIC}? T::{Hapk}a for k:177M

The transformation of the R** space
(7) (z1y- oy 2m, Pryoo oy Py) — (27, oo 20y, Py P
under the condition

d(zf, .., 25, Pf7...,P;(4)>
8 det 0,
() <6(21,...,ZM,P1,...,PM) 7&

is called canonical transformation if the Hamiltonian system (6)

is transformed into the Hamiltonian system

dz}, _ . % ar;
9) e {H", 2}, p

The Hamilton-Jacobi theory wants to find the canonical transformations which
writes system (6) in its simplest form.

={H*,P;}, for k=1,....M

The following theorem is well known (see for instance [2, 10]).
Theorem 2. Transformation (7) satisfying (8) is canonical if and only if there

exists a function F and a constant ¢ such that

M
(10) > (Ppdz; — Peday) — (H* — cH)dt = —dF(t,z1,...,2m, Py, ..., Pup),
k=1

here F is such that det 0°F £0
wnere 18 suc at de .
8zj8Pk

Among the group of canonical transformations there exists a subgroup which is
determined by the condition

O(zf,...,2%)
det(a(Pl,...,PM) 70,
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Under this condition it is possible to choose (t,z1,...,2Mm, 27,...,25;) as Hamil-
tonian variables. In these variables the function F' is usually denoted by S, i.e.
S, z1, .oy 2m, 27,y 2y) = Ft, 21, .o 2m, Pry ooy Pu) | p s

Under these conditions from (10) we get that

oS oS oS

— =chPy, — =P, — =H" —cH.

oz " 0z k ot
The most interesting subcase of canonical transformations is when H* = 0. Clearly
that in this case from (9) it follows that

2 = g, P = B.

Hence to construct a canonical transformation it is necessary and sufficient to de-
termine S as a solution of the so called Hamilton-Jacobi equation

o s a8

(11) at+cH<t7zl>~~'7ZM’6'zl"“732M>_07
. 025

with det (aZjaak> 70

Theorem 3 (Jacobi Theorem). The integration of (6) is equivalent to solve (11).

For more details of Jacobi Theorem see for instance [2, 10].

A solution S of the Hamilton-Jacobi equation, contains M + 1 undetermined
constants, the first M of them denoted as oy, s, ..., apr, and the last one coming

aS
from the integration of T If the Hamiltonian does not depend on the time ex-

plicitly, then the derivative — in the Hamilton-Jacobi equation must be constant,

usually denoted by —h, consequently

(12) SZW(Zl,Zg,...,Z]\/[)—ht.
If the function W can be separated completely into M functions of the form
Wi (zm, 01, @g..capg) form=1,..., M, i.e.

S =Wi(z1,01,a0...apn) + ... + War (2, a1, aa...apn) — ht,
then we say that the Hamiltonian system is integrable by separation of variables or

integrable in the Jacobi sense.

When the Hamiltonian H does not depend on ¢ from (11) and (12) the Hamilton-
Jacobi equation reduces to the equation (1).

3. PROPERTIES OF THE HAMILTONIAN SYSTEMS SATISFYING LEVI-CIVITA
CONDITIONS

The aim of this section is to prove some properties of the Hamiltonian systems
which admit a separation of variables. Differential system (3) has the following
properties.

(I) Partial differential system (3) can be written in the following equivalent
forms
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2H 0?H o

82’j62k 0 _8Pj62k 8Pk

0°H OH

on om o omN| Y Y THop  ° oF;
8f’]f af)] (‘)zk (‘)zj 82H aiH a

0 0 8zk

dP;0P, on

0 0 0 0 9z,

(ii) By considering that (3) can be rewritten as

OH O°H__OH OPH \OH _(0H O°H _OH 0°Hy \ OH _
8Pk 8zk8Pj azk 8Pk8Pj aZj (9Pk azkazj 3Zk aPkaZj an a

0,

and introducing the vector field I'y, = — —— — — —— (see formula

aPk azk 3zk 8Pk

(5)) we easily deduced that equations (3) can be written as

OH\ 0H OH \ 0H
1 Tp( =) 25 —Th (== | =— =
( 3) k <82]> aP] k (aP]) 8zj 0

(iii) Denote by
0H ;0H
14 Rj=—— /-5,
( ) J 82]' 8PJ
then differential system (3) can be written as
(15) I'vR; =0, where k,j=1,....,M, j#k.
Indeed, after some computations we can show that

OH 0 OH 0
= b, o2, 1)~ g 0m, ()

__(OHNT(p (9H\OH . (OHNOH\ _
- aP] k 8zj 8PJ k aPJ 82’]‘ -

Proposition 4. Let H = H(z1,...,2m, P1,...,Pyp) be a solution of (3).
Then H=H(Py,...,Py,21,...,20m) 18 also a solution of (3).

FkRj

Proof. Tt is evident. O

We observe that this property is important because if we have a Hamil-
tonian which is integrable in the Jacobi sense, then the same Hamiltonian
under the change z; <— P; is integrable in the Jacobi sense.

(II1)

Proposition 5. Let H be a solution of (3). Then F(H) satisfies (3) for
arbitrary C? function F.
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Proof. After some computations it is easy to show that
OF(H)  OF(H)0H O0F(H) O0F(H)O0H

OP; OH 0P, 0z OH 9z
OPF(H)  OF(H) 9*°H  0*°F(H)9H OH
dP,OP; OH 0P, OP; ' OHOH OP; 9P,
O*F(H)  OF(H) 9°H  0*F(H)OH 0H
dP9z; OH 0Pydz; OHOH 8z 0P
0*F(H)  OF(H) 0*H  0*F(H)OH 0H
0z,0z; OH 0z,0z; OHOH 0zj 0z’

Hence after some computations we get that
OF(H)OF(H) 0°F(H) n OF(H) OF(H) 0°F(H)
8Pj 8Pk 82’j82k 8zj 8Zk 8PjaP]§
_8F(H) OF(H) 0°H B OF(H)OF(H)9*F(H)
8Pj 8Zk 8zj8Pk 8Pk 8Zj 6Pj6zk
_ (9FU)N (Zon H_ OHOH 0N
o o0H an 8Pk 82’j82k aZj 8Zk 8Pj6Pk
OH 0H 90*H OH 0H 0*H )

OP; 0z, 02;0P, 0Py 0z; OP;0z
Consequently in view of (3) we obtain that
OF(H)OF(H)9*F(H) OF(H)OF(H)0*F(H)
OP; 0P, 0z;0z 0z; Oz, OP;0P;
_OF(H) OF (H) 0*F(H) _ 9F(H) OF (H) 0*F(H) _
OP; 0z, 0z;0P, dP,  9z; O0P;0z ’

i.e. since the function H satisfies the Levi-Civita conditions, then the new
Hamiltonian F'(H) is integrable in the Jacobi sense. O

(V)

Proposition 6. Consider the functions

U=Y a;(z,P), V=Y BizP),
Pt i=1

where aj(z;, Pj) and Bj(z;, Pj) are C? functions which satisfy the conditions
L 8aj 861 3aj 65]
{aj, B} = ap, 02, 0z, 0P, # 0.
Let F and G be C? functions.
(i) Then the Hamiltonian vector T'y with H = F(U) + G(V) is integrable
in the Jacobi sense if and only if

(16) F(U)=-Xlog|U +al, G(V) = Alog|V +1],
where a,b and \ are are arbitrary constants. Consequently
Vb
HU, V) =log| ——
(U V) =log |
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(ii) Then the Hamiltonian vector Ty with H = F(U)G(V) is integrable in
the Jacobi sense if and only if

(17) FU)=U+a), GWV)=(V+b "
where a,b and A are are arbitrary constants. Consequently
U+a\*
HU, V)=
wv = (v5)

Proof. For statement (i), we insert H = F(U) + G(V) into the Levi-Civita
conditions (3) after some computations we get that

OF\? 8*°G  [0G\® 9*F
@%@H%ﬂ”(ﬁm)awv*Qn)&@)“
for j,k=1,...,M and j # k. Hence, from the previous equation we obtain
9*G 0?F
_ovov_ _ auou_ _ L

0G\? " (ory? TN
ov ou

or equivalently

0%G
_awv_ _ 0 (9G\ T _1
acN2 _oaviav) T x
(5v)
P F
uoU 0 (9F\T' 1
A AC RN
(&)

After integration of these partial differential equations we obtain (16). So
statement (i) is proved.

For statement (ii), we insert H = F'(U)G(V) into the Levi-Civita condi-
tions (3) after some computations we get that

o ton 0 (25 (G~ (55) )+ (58) (e (36))) =o.

Thus
GG (9GNT 1 (0G\
ovov ov) — x\ov) "’
p OPF (OFN' 1 (OF\T
ouoU ou) A\OU )
Consequently
%G G 0’F oF
ovov _ (. Yav  oguou _ (y_1\oUu
0G A G oF AN F

v oU
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Hence after integration we get (17). Thus the proof of the proposition is
done. (I
+a,

is
V+b
integrable in the Jacobi sense, then from Proposition 5 we get that any func-

By considering that the Hamiltonian system with Hamiltonian

U
tion F (Vj—Z) is integrable in the Jacobi sense, where F' is an arbitrary

C? function.

Problem 7. Assume that the Hamiltonian systems with Hamiltonian
F:F(Zl,...,Z]w,Pl,...,P]\/[) and G:G(Zl,...,Z]w,Pl,...,PM)

are integrable in the Jacobi sense. FEstablish the conditions on F' and G
under which F'+ G and FG are integrable in the Jacobi sense.

(V) The Lie algebra is a vector space g together with a bilinear map gx g — g;
(X,Y) — [X,Y] = XY -YX, called the Lie bracket, satisfying the Jacobi
identity

[Zv [Xv Y]] + [X7 [Y7 Z“ + [}/7 [Zv XH =0,
for arbitrary X,Y, Z € g. In particular the set of vector fields on a manifold
M is a Lie algebra.

M

Proposition 8. Assume that the Hamiltonian vector field T'y = ZF]-
j=1

gwen in (5), is integrable in the Jacobi sense, then [I';, I'p](H) = 0. In

other words if the Hamiltonian vector field Uy is integrable in the Jacobi
sense then I';, 'y and [I';, T'y] are tangents to the hypersurface H = h.

Proof. Consider

OH 0 0H 0 OH 0 OH 0
.. T = _— _
[ 7 k](f) <3P] 6zj 6zj 8Pj) <8Pk 8Zk 6zk 6Pk> (f)

OH & OH o \ (0H & OH 9

~(oros ~onom) (505 508 )

OH 9°H  OH 0*H \ of (0H &*H  9H 8°H \ Of

(apj POz azjapkap) 0z (apj 02,025 azjapjazk> P,
OH ©°H  OH 0*H \ of (0H 9°H OH O*H \ of

a <apk d2,0P; azkapjapk> 8z (apk 02,0z M@Pk82j> P’

where f = f(z1,...,%m, P1,..., Py) is an arbitrary C2 function, or equiv-
alently

(18)
, _(p. (OH\Of L (OH\ Of \_ OH\ of . (9H\ of
L5 TWl(F) = (FJ (apk> Do Lk (azk) apk> (Fk <apj> 0z Lk <azj) op; )"
Hence taking f = H from (13) we get that
OH\ 0H OH\ 0H OH \ OH OH\ OH
e ) = (v (5 ) 52 -1 (52 )~ (0 (o) 0 () om) =

Since clearly T';(H) = I'y(H) = 0, from the definitions of T'; and I'j, the
proposition is proved. (I
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4. INTEGRABILITY IN THE JACOBI AND FROBENIUS SENSE

Let ® be a differential system in a manifold 9t and V(D) be the set of vector
fields X such that X (y) € © for all y € 9 (see for instance [24]).

Theorem 9 (Frobenius * Theorem). Differential system © is completely integrable
if and only if V(D) is a Lie algebra, i.e. [X,Y] € V(D) for all vector fields
X, Y € V(D), or what is equivalent if Xy, ... XM generate V(D). Then there

exist functions Cj’-“n = C’lC such that [ X, X,) ZC]’?,LX;C.

Let T'; be the Hamiltonian vector fields given in (5). We say that the Hamiltonian

M
vector field I'y = er is integrable in the Frobenius sense if and only the vector
j=1
M
fields T'; for j = 1,..., M are such that [I';, ;)] = ZCnt‘k, The Hamiltonian
k=1
M
vector field 'y = ZF]- is integrable in the Jacobi sense if and only the vector
j=1

fields I'; for j = 1,..., M satisfy (15).

The next result show that a hamiltonian is integrable in the Jacobi sense if and
only if is integrable in the Frobenius sense.

M
Theorem 10. The Hamiltonian vector field I'y = Z I'; is integrable in the Jacobi

j=1
sense then if and only if it is integrable in the Frobenius sense.

OH 0 0H 0
Proof. From the relation I'; = 6?872'] 37238? it follows that

r,+ o8 oH 0
(19) 9 _ dz; OP;
0z; oH
oF,

0
Inserting B into (18) we obtain
Zj

OH OH
[Fj, Fk} = (Fk log 8P ) Fj - (F] log 8Pk‘> Fk

OH\ OH OH\ 0 0
(20) <(F’“6P)a <F 6zj>6 j)apj

((p, QH N\ OH ([ OH)\OHN O
J813}c 6Zk Jazk 8Pk 0 k.
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E

Thus assuming that I' g is integrable in the Frobenius sense, i.e. [I';, I'y] = Z kf‘m

H H H H
gpk) Z—Zkf ; <g%> S—Pk = 0. Hence in view of Remark 77 (see formula

(13)) we get that T'y is integrable in the Jacobi sense.

then I'; (

The reciprocity it is easy to obtain, indeed from (20) it follows that if I'y is
integrable in Jacobi sense then (13) holds, consequently we obtain that

(21) [T, Tkl =T, (log oH >F -1y (log D ZO

8P
Hence we get that the functions C7j are such that Cj) =01if n 7é jorn#kand

OH & OH
(22) C’Jk =T} <10g aP ) Cip=— <log P, >
In short the proposition is proved. O

Remark 11. The proof of Theorem 10 also can be done using

) + aii

g J OP; 0z;
oP; oH
0z

instead of (19). Indeed inserting 8% into (18) we obtain
J

11l = 1 (1og 12 ) 1 =1 (gl o) 0
(D)
an (9Zj 82’]‘ OP; 82’]‘
-(r, <3H> OH 1. <3H> 9y 2
3Pk 8Zk J 3Zk 5Pk 8Zk
Thus if I'y is integrable in the Frobenius sense, then [I';, I'y] = CH.T, and conse-

wenity T, ((OH\ OH (O o
7 Y 6Pk 8zk (9Zk aPk

= 0, i.e. I'y is integrable in the Jacobi

sense. Hence we obtain that
OH OH

23 I';\,Tp] =Tk log|—| | T, =T, (log|=—1| | T

(29 0. 7] = (tog 52| ) 75 = 5 (1o | 52 )

Consequently the functions CTy are such that Cjj =0 if n %jorn#k and

OH OH
J =T = =T (log|==|).
Cjr =Tk <log o, > Ol = T <Og 9o )
Proposition 12. System
OH OH OH OH
Ii|— )= -Ck— L= )=-0k—-——
J <8Pk> JkaPk’ J <8zk> Jkazk,
@ 0 0 0 0
H . OH H H
Tk pp— Ty =—
(ap > Civ o, g <6Pj> Cﬂfaz]
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can be written in the matriz form

(25) WéE=0,
where ,
2 .
0‘H B 0‘H CJ'}@ 0
8Pk82j aPkan J
0°H _ 0°H 0 o
W= 02,0z OP;0z, ik
ok 0 0’H B 0’H
gk OP0z. 0RO
H 2H
0 _ka 0 0

0210z,  OP0z

H OH OH O0H \"
and £ = (SPJ’ gzj’ S—Pk, ng,> . Moreover the differential system (25) has
non-trivial solutions if and only if det(W) = 0, or equivalently
O°H_ H _ 0°H 9H \*_
c’)Pj@Pk 8zkazj 8Pk8,zj 8zkan

<—C§kcjfk +

Proof. From (25) by considering that the vector £ is a non-zero vector, then in view
of the relation

. 2 2 2 2 2
detW—<_CJI;kC;k+ 0°H 0°H 0°H 8H>’

OP;OP, 02,0z, 0Pz, 02,0P;
we obtain the proof of the proposition. O

Theorem 13. Assume that

2\ 2 27 \ 2
(26) (smom) * (g ) #0. Jor i#h
then the Levi-Civita second order partial differential equations (3) are equivalent to
the equations
0’H 9°H O’H 9°H
OP;0P; 02,0z;  0P,0z; 02,0P;
forj k=1,...,M and j # k.

(27) —ChCl + 0,

Proof. The following identities hold

O°H (|, (0H\OH | (0H\OH
op,0pP; \" "\ oz ) op, " \oP; ) oz

_ 0H 0H 0*H 9°H  9°H *H
o 3Pk 8P7' 8P76Pk 821@32.7 8Pkazj c’)zkc’)Pj ’

PH_( (O OH . (0Io
020z, \ "\ 0z, ) oP; "\ oP; ) 0z
_ OHOH (i .,  OH PH  PH PH
T 0z, 02 \ IFTIR T QPjOP, 021,025  OPy0z; 021,0P; )’

(—CJ’?ijfk +
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for j # k. Indeed, from the relations

O (. (OH\OH (0 oM
op.opP; \" "\ oz ) op;, " \oP; ) oz
_ 0OH 0H 0’H  0°H B 0’H  0°H T, 0H I 0H
" 0P, OP; \OP;0P, 02,0z; OP,0z; 02,0P; op,) *\op;
and in view of (22) we get that
OH OH OH OH
' | =— r
J (am) ( ’“ap> Cﬂkcﬂkapk opP;
Hence we obtain the proof of the first identity. The proof of the second identity is
obtained in analogous way.

From these two identities under condition (26) we get that the Levi-Civita con-
ditions or what is equivalent the conditions (13) are equivalent to (27). Thus the
proof of theorem is done. O

Proposition 14. The following equations hold
(28)  DmCY +T%C?, +C.CL+ Cl.Co 0+ CF Cl + Cl OO, =

jm
for jyn = L..., M with n # j. Moreover if C’;k =constants for j,k,m=1,..., N,
then kacgk =0, for j # k.
Proof. From the Jacobi identity

[Pm: [Fj7FkH + [Fj7 [Flﬁrm]] + [Plﬁ [Fm>FjH =0
and after some computations we get that

[T [0 Tkl = T (T + CKT) = (CUT5 + ChTY) Ty

(rmcgk) T+ (rm(cgj) T+ €9 [T ] + O D T

(CnC ) T+ (Ton (€4 ) T+ OOy T + 2y T)
+CH(C T + Chy T

_ (chjj‘k + ij‘kcrj;zj) I+ (chjl?k + Cjkkcylilk> r

+ (ChCmy + CB.Cm ) T

Consequently
[T [ Tyl = (ThCity + CtyCin) T+ (TkC, + o G ) T
+(ChC + Sy ) T,
05 Tk Tonl] = (T5Ch + ChnCh) Ti + (T3Ch + ChiCm) T

+ (Ch Gl + €, Cl ) T
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Hence, inserting these expression into the Jacobi identity we get
0= [, [T, Tkl + [T, [Tr, T + [T, [T, Tj]

= (TGl + T4Chyy + ChyCly + CliChy + C

mj mj mj

Hence we get (28). The proof of the second statement we obtain by putting m = j
in (28). In short the proposition is proved. O

Corollary 15. Under the assumptions of Proposition 14 if Cik is a constant for
Jn,k=1,...,N then
Cjkak =0 foral j#k.

Proof. 1t follows from (28) by considering that Cik = constant for all j,n, k and
by putting n = j. O

Proposition 16. Relations (24) are equivalent to the equations
2 2
<8H> oRrR; . OH <8H) OR; _ ok OH

ap,) ap = “wape \ap) 9m - Cran
(20)

OHN* R, oy OH  (OH\'ORy _ . OH
8Pk 8P] N jkan’ an 8zj N jkazj’

with j # k, where the functions R; for j =1,..., M, are defined in (14) ,

Proof. From (24) we have
0H

OHN® 0 py (OHN® 0 | 0% | _ | (OH\_ . OH
or;) op, 7’ \op;) opr, | OH |~ “’\op,)  Fop’

P,

Hence after some similar computations we obtain the proof of the proposition. [

5. INTEGRABILITY IN THE JACOBI SENSE IN SOME PARTICULAR CASES

Assume that the hamiltonian H satisfies the conditions
0°H
OP;0P;

If conditions (30) hold then the Levi-Civita conditions (3) can be written as (27).
In this section we shall study conditions (27) when

(30) #0, forall j#Ek.

Cj’?ijfk =0, for forall j#k.

Therefore the Levi-Civita conditions (27) becomes
0°H O0°H _ O*H 9°H
anaPk 8zk8z] 8Pk6zj 6zk8Pj o

(31) 0.
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Theorem 17. Assume that a Hamiltonian vector field Ty (see formula (5) ) is inte-
grable in the Jacobi sense. Then I'y admits a Lie algebra with the basis T'y,...,T'pp
such that

L, Tkl =0, for jk=1,....M, j#k,

(i.e admits an Abelian Lie algebra) if and only if
(32) H = H(Hl(zl, P]), HQ(ZQ, PQ), e 7.l‘.[]\/[(Z]w,.P]\/[))

Proof. If H is given by the formula (32) then
OH OH 0H; 0H  0H 0H;

OP;  OH; 0P, 9z 0H; 0z
O’H 0°H 0OH; OHy 0*H  9°H 0H; 0H,
OPLOP; OH;0Hy, OP; 0P,  0P,0z; 0H;0Hy 0z; 0Py’
(33) 0*H  0*H O0H; 0Hy
020z OH;0H), 0z 0z’
O*H 0°H OH; OH
02;0PF; OH;0H), 0z; 0P’
Consequently
T (log gg ) =CJ =0, T <log 32) =—Cf, =0.
Hence by (23) we get that [I';,I'x] = 0. Thus the Lie algebra is Abelian. The reci-
procity can be obtained as follows. By considering that the vector fields I'y, ..., T'as

generates an Abelian Lie algebra, then [I'y,T';] = 0, consequently from (23) we get
Ch = C’fk = (. Therefore from (29) we obtain that

OR;  ORy OR; ORy )

0P " 0P, " am 0 0 forall 5K
Consequently R; = R(z;, P;) for j =1,..., M. Hence from (14) H must be such
that

gZJer(zj,Pj):;)g—O, for j=1,...,M.
The function H given by the formula (32) satisfies the previous equations. Indeed
oH OH 0H; 0H;
Bites ) = =G =~ ant i =t
OP; O0H; OP; OP;
where H; = H;(z;, P;). Clearly that in view of (33) the Levi-Civita conditions (31)
hold. In short the proposition is proved. ([l

Theorem 18. Assume that a Hamiltonian vector field I gy is integrable in the Jacobi
sense. Then I'y admits a Lie algebra satisfying

j,Tx] = CLT;, for jk=1,....M, j>k Ck=0,

(34) A ’
[Fj,Fk]: CjkI‘j, Zf C]]k:07
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forj,k=1,....M and j # k, if and only if the Hamiltonian H is of the form
(35)
H = Hyr(zar, Par, Hyr—1 (2301, Py, Hy—2 (200 -2, Pu—2, Hyr—3 (oo Hy (21, P1) -2 2))) -

Proof. We shall study only the first case. The second case is proved in analogous
form.

From (23) and (34) we get that CJ, = 0 for j > k. Consequently from (29) it
follows that

OR, OR, OR, 0R, _ OR, _ OR

— == =...= = = 0
8P2 (922 8P3 823 8PM 82]\/[ ’
ORy _ORy _ _ ORy _0Ry _

OP; 0z ' 0Py Oz

ORpy—1  ORpm—1 0

8PM 62M

Thus

Ry = Ri(z1, P1), Ro = Ro(22,P2,21,P1),...,Rpm—1=,Ry—1(200-1, Pru—1,..., 21, P1)

Hence from (14) we obtain

0H OH

— P —_—
821 + Rl (217 1 6P1 07
OH OH
— + R P P)—= 0
022+ 2(223 2, %1, 1)8P2 5
OH OH
Rar—1(z0i—1, Pr—ty ., 21, P = 0,
D2rr + Ryr—1(2v—1, Pr—1, - -5 21, 1)6PM_1
OH OH
— + R P, 1, Py—1,... P)——= 0,
Donr + Ry (zaa, Pars 2ni—1, Prr—1, - -, 21, 1)8PM

The solution of this system is the function (35).
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The reciprocity is obtained as follows. Assume that H is given by the formula
(35) then the following relations hold

OH  OHy {1 OH; OH  OH, {1 OH;
621 821 =2 8Hj,1’ 6P1 8P1 =2 8Hj,1’
OH  OH, {1 OH; OH  9H, {1 OH;
822 622 =3 aijl’ 6P2 8P2 =3 aHj,l’
(36)
OH . OHpy—1 OHypp OH . OHpy—1 OHyy
Ozp—1 Dzni—1 OHpr—y' OPy—1  Ozp_y OHy—y’
OH  OHy OH _ OHy
8ZM h 82’]\4 ’ aP]\,{ h 8ZPM.

Thus again from (14) we get that

M

0H;

8H1(21,P1) H J
021 Jj=2 aHjil

COH\(z1,P) M OH,;
0P ‘
1 iss 8Hj,1

Rl(Zl,Pl) =

- 9an
oP;
M

OH;
O0Hsy (22, Py, Hi(21, P1)) H 8ij
Ro(zs, Po,z1, P) = — 0z =
2\%2: 52,2 1 OHy (22, Py, Hi(21,P1) M gy
J

P
0P e OH;_4

aHQ(ZQ,PQ,Hl(Zl, Pl))
_ 82’2
8H2(22, PQ, Hl(zl, Pl)) ’
0P,
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OHpy—1 OH)

Ozp—1 OHp—q

OHy—1 OH)p

OPyi—1 OHp—y
0

0znr—1

Ryr—1(zp—1, Pr—1,- -, 21, P1) = —

Hy—1(zym—1, Py—1, Hy—2 (-, Hi (21, P1) ..

0
OPnr—1

0
THM(ZM’ P]\/],H]\,j_l ( . .,Hl (Zl,Pl) .. )
M

) .
7HM(ZM7PM,HM71 (...,H1 (ZI,PI)---)
8P]\/[

RM(ZM,PM,---7217P1): -

Hence
ORy, _ ORy,
8Pj a aZj

From (29) we obtain that Cgk =0 for j > k. Thus from (24) and (23) we get (34).

=0, for j>k.

In view of (36) the function (35) satisfies the Levi-Civita conditions (31). Indeed,
from (36) for k > j it follows that

M M

oH oM, oH, — 0H _ OH, o,
0z; 0z; it 0H,_.’ 0P; OF; it O0H,_;’
M oH; 0 (pr M.\ o O°H _0H; 0 [ rp OH,
OP;OP; OP; 0Py it OHp_1 | 020z o 0z; Oz it O0H,_1 |’
OH  OH; {1 OH, OH OH; {1 OH,
0z 0z nin OH,_1' OP; 0P bl 0H,_,’
0°H oH; & ( {1 OH. COPH  0H; 9 [ {7 0H.
OP;0zy, OP; Oz, nin OH,—1 ] 0z;0P,  0z; 0P nin O0H,_.1 ]’
Consequently
0°H 0°H 0’H  0’°H .
OP0P, D0z, 9Pz, 0m0p, — 0 or k>
In short the proposition is proved. (I

Remark 19. The functions (32) and (34) are well-known Hamiltonians (see for
instance [10]). The originality of Theorems 17 and 18 consist in providing the
relation with the Lie algebra of the Jacobi integrable vector field I'g.

5.1. Example. The Stark problem in arbitrary dimensions. The main in-
tegrable problems of Celestial Mechanics is the Kepler problem, the Euler problem
(two center Newtonian gravitational motion), and the Stark problem. This small
number of integrable problems explains why the Stark problem, corresponding to
the motion in a Newtonian gravitational field subjected to an additional uniform

Hy—1(zvr—1, Pu—1, Hyu—2 (.., Hy (21, P1) - ..
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force of constant magnitude and direction, has received special attention over al-
most two and one-half centuries (see for instance [17, 16, 3, 20]). The integrability
in the Jacobi sense of two and three dimensional Stark problem was first established
in [14, 17]. Here we extend this problem to arbitrary dimension and show that it
continues being integrable in the Jacobi sense.

The equations of motions of two-dimensional Stark problem are

- nx .. ny
T = R Y= Y +¢,
where 1 and € are constants and r = /22 + y2, and for the three-dimensional case
the equations of motions are
B " ©y L HZ

(37) 9'5:—77,7 y=-"3 22—77,4'5,

where p and € are constants and r = \/z2 + y2 + 22.

In [17] the integrals of motion are determined, and the resulting quadratures are
analytically given. A complete list of exact, closed-form solutions is deduced in
terms of elliptic functions.

Now we shall illustrated the integrability in the Jacobi sense for the Stark prob-

N
lem in dimension N > 3 whose kinetic energy for unit of mass is T' = Z x? and its
j=1

N
potential function is U = . exn, where r = fo, u and € are constants.
r
j=1
The equations of motion are
p; . p

. N
=73 IN = =73 T+ &

for j = 1,...,N — 1. Clearly the Hamiltonian vector field I'y with H = T + U
is not integrable in Jacobi sense in cartesian coordinates. However the authors of
[3, 20] and others have found that it becomes separable in parabolic coordinates for
N =2 and N = 3. We developed these results and proved that I'f is integrable in
the Jacobi sense for N > 3.

Proposition 20. The Hamiltonian vector field Iy with

L
H:iz:jc?—ﬁ—sx]v,
= "

i coordinates

&2 —n?
x =¢&n, y=""5

for N = 2 becomes

_P52+P,?f4,u75(§47774)
2(62+n?)
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and for N > 2 in coordinates

N-2
1= ¢&ncosay H sin oy,
=2
N-2
ro = &nsinag H sin o,
=2
N-2
r3 = &Encosas sin oy,
j=3
N-2
x4 = &Ensinag sin o,
j=3
Ty_o = &ncosacosan_zsinay_s,
Ty-1= &ncosan_a,
2,2
oy = £ —n 7
2
becomes
(38) _Peb —dumelelon) | Ons
2(&2 +n?) &2
where
Cn_2= Hy_2(Py_2,an—2, HN_3(Pn_3,an—3,...,Hi(P,a1)...))),
H,_
Hi= P}, H;=P'+-%—, for j=2,...,N-2.
Sin aj

N 2 2\ 2
Proof. For N > 2 we get that r? = sz = (5 ikl ) . The kinetic energy T

J 2
j=1
and potential energy U becomes
1 1 : 2 e
T:*.Q (2) _ Te2 2\ (¢2 -2 U=— (g2 2
5@ +97) = S (€ +n) (& ), . 5 (& =),
respectively for N = 2 and
| N
— -2
T= 52%‘
j=1
N-2 N—2
e [ . . . . . (40 2 .
= 5 a%gs1n2aj+a§jl;[gsm2aj+...+afv_2 +T(£2+772),

o E
E+n? 2

(& -n?),



20 J. LLIBRE AND RAFAEL RAMIREZ

for N > 2, respectively. Consequently the Hamiltonian H in coordinates (£, 7, a1, ...,an—2)
for N > 2 becomes

1 P? P3 Pis . o
= sap | v e Tt G ey, TN
. 9 . 9 N-2
H Sin Oé]' H Sin Otj
j=2 =3

LPetP o e
282 +n%) &+n* 2
or equivalently

1 1 1
H= (P2 +7(P2 +7(
2272\ N2 T ginan_o U V7P sin?an_s
1 P2
(39) (Pt (P +=5)))-)))
sin® a3 sin® g

2 2
LRl e
282+n%) E+n* 2
By introducing the Hamiltonians

(& -n).

Hj,1

2
Sl Qg

H, = P}, Hj =P} + for j=2,...,N—2,

we get that (39) can be written as

H = T (Hn-2 (Pn—2,an—2, HN_3(Pn—3,aN—3,..., Hi(P1,01)...))))
P2 +P2 2# e
+ 52 Z + 5 2+7(£2_772>
282+ n?) 402 2
Cr P2+ P2 2 €
_ N-2 ¢ n H € (52 . 7)2)

2622 T 282 +m?) S+ 2

where Cn_o is the level of the function
Hy_o(Py—2,an—2,Hy_3(Pn_3,an—3,..., H1(P1,a1)...)).

In short the proposition is proved. O

Proposition 21. The Hamiltonian vector field T'y with Hamiltonian (38) is inte-

grable in the Jacobi sense. Moreover the N dimensional Stark problem has N — 1
independent first integrals

Hj,1

H1: P12, H]:P]2+m’ fOT’ j:2,...,N—2,
j
4
(40) i /7776“7, € d¢
v Re(n) VS6(§)
where
Re(n) = —en®+2mn* + (2u+ A\)n? + 20y _o,

S(&) = €€8 4 2hE* + (2 — N)E% + 2CNn o,
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where C'n_o and A are arbitrary constants.

Proof. Now we prove the integrability in the Jacobi sense of I'yy. Indeed, from (38)
it follows that
Pg + Pg —4p—e(t —nh) N Chn_s
2(82 +n?) &n?
1

= W <£2772(P§2 + Pg —4p — 5(54 — 774)) + 20N72(£2 + 772)) .

Thus
EnP(PE+ P} —4dp—e(€* —n") +20n_2(8 + 7)) — 2(€ + °)&°h = 0.
Consequently
& (PP (P} —2u+en* — 2h°) + 2CN o) +n” (2(PZ — 2u — e&* — 2h€?) +2CN _5) = 0.
which is equivalently to
172(P7? —2u+ent —2m?) + 20N _o = A2,
§(PE —2p — e€* — 2h€?) +2CN 2 -2,
where A is an arbitrary constant. Hence we get that
0 (P2 —(2u+A)+en' —2h°)+2CN_2 =0,  (P2—(2p—A)—e£*—2h€%)4+2CN _, = 0.
Thus the variable is separated. Hence
NPy = +y/=en® +2hnt + (2u + A)n? + 20N := \/Re (),
§P = +4/e60 +2h&t + (2u — N2 + 20N 2 = /6 (€),
or equivalently
(€ +n?)n = £/—ens+2hn* + 2u+ Nn? +2Cn_2 := \/Rs(n),
EE +n)E = £V/ef0 + 2067 + (2u — N2 + 20N —2 == /S6(¢)-
By introducing the new time 7 such that dt = (£24-n2)dr we get after the integration

(41) 777dn:T+7'0, St =7+,

vV Re(n) VS6(§)
where 79 and 71 are arbitrary constants. From these relations eliminating the new
time variable 7 we get the first integral

P TV

v/ Rs(n) V/S6(§)

where C = 79 — 71. Hence the Hamiltonian vector field I'g is integrable in the
Jacobi sense, it has N — 1 independent first integral (40). O

Proposition 22. The parametric expressions of the solutions of the N dimensional
Stark problem is the following

&= -2 WA ), = 2 B ),

where P is the Weierstrass function.
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2h 2h
Proof. After the change {? = X — — and * =Y + — we get that the polynomial
€ €
4Rg(€) /e and 4S5(n)/(—¢) becomes

4 8
Py(X) = 4X? = o ((3X = Op)e +4h%) X + o (27Cn 22> + (90X — 18hp)e + 8h°)

4
Qa(Y) = 4Y? — o5 ((BA+ 6p)e +4h%) X — % (27Cn—2e% + (9hA + 18hu)e + 8h3)

Consequently (41) can be rewritten as

(42) VE(T + ), V—e(T + 1),

/ ax / avy
V/Ps(X) VQ3(Y)
The problem is therefore reduced to quadratures, more specifically to elliptic inte-
grals. The key is now to invert those integrals to find parametric expressions of the
variables X and Y in functions of new time 7. By inverting integrals (42) we get
that

X =P(Ve(r+7)), V=P —e(r+mn)).
where 3 is the Weierstrass function. In short the proposition is proved. O
Remark 23. For N = 3 the Stark problem does not conserve the generalized
Laplace-Lenz vector F = (f1, fa, f3) defined by
fi= iy —yd) — (i —ag) - ——L
1'2 +y2 + 22
L . L . Hny
fo= 2z —2y) — @2y — yi) - ;"
/.’IJ2 + y2 + 252
z
fs L

T(z@ —x2) —Y(yz — 29) — —F/—/—7—.
(s = 22) = itz 20) ~ Lo

But since along the solutions of (37) we get that

fi= e(2ui—zi),

fa= (292 —2y),

fs= —e(zi+yg),
we get the first integral

(43) iz - @) — gyt — ) — e+

3
/12+y2+22 2

In particular if we put in the previous equations y = y = 0 then we obtain that

(z® +y°) =C.

fi= e(2u3—zi),
f3 = —exx.

Hence we get that the first integral (43) becomes

. . wz € 5

This first integral was given in [17].
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5.2. Hamiltonian vector field admitting a finite dimensional Lie algebra.
We shall study the Levi-Civita integrable Hamiltonian systems which admit a finite
dimensional Lie algebra formed by the vector fields I'y, ..., "5 such that

(44) [T, Tk] = C4,T; + Cf.T%,
where CJj  and C’fk are constants which in view of Corollary 15 satisfy the conditions
C]jkCJ’»ck =0, for jk=1,...,M, and j#k.
Consequently (44) becomes
[j, Te] = CKI, when €9, =0, or [, Ty]=C%T; when Ck =0,
or [[';,T4] =0 when Cjk =0, C’]’-“,C = 0, which is a particular case of (34).

Proposition 24. A Hamiltonian vector field T'g integrable in the Jacobi sense,
admits a two dimensional Lie algebra with basis Ty and Ty satisfying

[[1, Do) = Ol 4 CHTa,  C1yChy =0,
if and only if

(1) H = H(H1(21,P1), HQ(ZQ,PQ)) when 0112 = 0122 = 0,
(ii) H = H(z2, P>, H1(21, P1)) when C%, =0,
(111) H = H(Zl,Pl,HQ(ZQ, Pg)) when 0112 = 0,
Proof. Is a consequence of Theorem 17 and 18. ]

Proposition 25. The Jacobi integrable Hamiltonian vector field Iy admits a three
dimensional Lie algebra with basis I'1, 'y and T's satisfying

(45) [T, To] = al'y, [T, T'3] =0, s, T'y] = —al's,
if and only if
(46) H:H(Zl,Pl,HQ(ZQ,PQ),Hg(Zg,Pg)).

Proof. For N = 3 we get that (see (21))
[[1,Tg] = CLoly + CPl2,  with  C1L,CF, =0,
(47) [, T3] = C23T2 + C351'5,  with C3,C3; =0,
[[3,T1] = CHT1 + C3, T3, with C}C3 =0,

On the other hand from the Bianchi classification of three dimensional Lie-algebra
we get that the Lie algebra with basis e, e; and e3 has the following representation
[e1, e2] = aea + bzes, [ea, €3] = byeq, [es, e1] = boes — aes.

By compare with (47) we obtain that C}, = C3; = C%; = Ci; = 0. Hence in view

of (29) we get that
OR, _ OBy _OR, OBy
0z oP; Oz3 OP; ’
ORy _ ORy _ORy _ORy _
071 oP; Oz OP, ’

3 2 _
Cs5 = —Ciy=—a.
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Hence from (29) we obtain

O0H OH

— + R P)—= 0

822 + 2(223 2)8P2 )

0H OH

— + R3(z3,P3)— = 0.

8, T Tslz Pl gp
Clearly that the function (46) is a solution of these equations. In short the propo-
sition is proved. O

We observe that Proposition 24 and 25 is a consequence of Theorem 17 and 18.

6. INTEGRABILITY IN THE JACOBI SENSE FOR THE HAMILTONIANS SUCH THAT
0’H O’H
——— =0 AND — #0 WITH j #k
aP;0P, 92,05 7 7

Clearly under theses conditions the function H can be written as
M
H = ZHj(Zl, 2y e ey ZM,PJ').
j=1

For these Hamiltonians the partial differential equations (3) become

O°H _0H 0 (| |OH|\ OH 0 ( |0H|\ _
Slopy|) 0z 02, \%lop;|) T

82’]' 8zk 8Zk. 8Zj
for j # k, or equivalently from Theorem 13 we have

0’°H  0*°H

(48)

4 iok 2 —
(49) CirCik OPy0z; 02, 0P; 0
where
or
o (1| PH| _ 9P o°H
i\*®|op,|) = OH opz;
0Py
k
o = OH
OH op, 0°H
Tif1oe |22} = ~ 98k 952
7 (Og 02, > OH 9P,0z,’
OP;
Let |A] be the determinant of the matrix
eu(a) - pim(z1)
A= : . :
omi(zm - omm(zm)

where ;1 (z;) is a set of M? arbitrary functions. Let ¢;(z;) be a set of M functions.
Then the vector field I'y with

1 M
H = §ZAJ-(21,...,ZM) (sz —"/}j(zj))
j=1
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1 A
where A; = — <ng |) is called the Stdckel vector field (see for instance [23, 6])
51

Proposition 26. The Hamiltonian vector field T'g with
H = ZAj(Zl7ZQ’ ey Z]M)Hj(zj7Pj)7

where H;(z;, P;) is an arbitrary function for j = 1,...,M, is integrable in the
Jacobi sense if and only if the functions A; for j = 1 , M satisfy the partial
differential equations
0?4, 04y 04, 0A; 0A,

50 A;A A; — Ag =0
(50) k@zjc')zk 823 0z E)zk 0z;
forjkn=1....M and j # k.

Moreover if H;(z;, P;) = P2 ¥ (z;) where ;(z;) is an arbitrary function, for
j=1,..., M, then we obtain an Stickel system (see for instance [23, 6]).

Proof. By considering that

oH <L o4, .
9. D2 H;(z;,P;), for n#j,
OH 04, OH,(z;, P;)
gt H. ek A ARl VA
8zj ;(a] (Zja )+ J 8Zj ’
OH = 4, 9H,(z, Bj)
opP; = Y ’
02H N 0A; OH,(z;, P))
= Hj(z, Py) + 22 SR G TI) g, '
0202y, ; 02,0z, 7 325, Py) + 0z, 0z , for n#j,
0*’H
OP,0P, 0 for n#j,

Inserting these relations into (48) after some computations we get

2
8H;§8H ZH ol P <A A, 0°A, 0Ay, 0A, 8A 8A) 0.

AjAk 0z; 0z;0z, 7 8z Oz, * oz, 0z;

for j,k,=1,...,M and j # k. Hence we obtain (50).
It is interesting to observe that if we apply (49) then we obtain that
O*H 9°H  0A, 0A; OH, 0H,
aPkaZj 8Zkan n aZj azk 8Pk 5PJ
On the other hand by considering that
0’H
0Py

Ch =-T; <10g

_ _Aj 0H; 04
" A, 0P 0z
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we obtain
ok i 0?H 0°H _ A; OH; 0Ay, Ay OHy, 0A;  0Ax 0A; OH) OH, _
Ik gk 6Pk8zj azkaP] Ak 6PJ (92,’]' A]' 8Pk azk aZj 82’}C 8Pk 8Pj

Thus the condition (49) holds identically. On the other hand,since

. A; OH; 0A;
Ok =920 7% 1. log | —— f | £k, ,
Ik Ak 6PJ 8zj J 08 azk orJ 7&
therefore after some computations we obtain that the functions A;(z1,...,2y) is a

solution of (50).

Finally we observe that the integrability in the Jacobi sense of the Hamiltonian
M
H = ZAj(zl,ZQ, ce s ZM) (sz —1;(z;)) was established by Stéckel see (see for
j=1
instance [23, 6]). In short the proposition is proved. O

Finally we state the following problem.

Problems 27. (1) Let Aj = Aj(Zl, ey ZM) and Q= Oéj(Hl(Zl, Pl), N ,H]\/](Z]u, PM)
where H; = H;(z;,P;) for j =1,..., M. Determine the conditions on the
functions A; and o in such away that the Hamiltonian vector field I' g with

M
H = ZAj(Zl, e 7zM)aj(H1, . .,HM),
j=1
is integrable in the Jacobi sense.
(ii) Let Aj = Aj(#1,...,2m) and
a; = oz, Par, Hy—1 (2a—1, Pyr—1, Hy—2 (202, Pru—2, -, Hi (21, P1) .. L)) .

Determine the conditions on the functions A; and a; in such away that the
Hamiltonian vector field Iy with H equal to

M
ZAn(Zla”’7ZM)an(ZM7PM;HM71 (Z]\/fflaPMflvHM72 (ZM727P]W*27"'7H1 (Z17P1)~~'))a
=1

is integrable in the Jacobi sense.

Remark 28. The functions (32) and (34) are well-known Hamiltonians (see for
instance [10]). The originality of Theorems 17 and 18 consists in providing the
relation with the Lie algebra of the Jacobi integrable vector field I'y.

The integrability in the Jacobi sense for the Hamiltonian vector field 'y with
such that
0?’H 0*H
and

1 s
(51) OP;0P; 70 020z

can be obtained by applying Proposition 4 on the integrable Hamiltonian vector
fields in the Jacobi sense.

=0 with j#Fk,

Clearly under the condition (51) the function H can be written as
M
(52) H:ZHj(Zj7P17~~~7PZ\{)-

Jj=1
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For these Hamiltonians the partial differential equations (3) become
0’H O0H 0 OH 0H 0 0H
—— = |log|=—| ) — 55 == (log |+
8Pj(r“)Pk aPk 6Pj 8zk aPJ (CHD;C 82]'

>—0 for j#k,

or equivalently from Theorem 13 we have

0°H 0*H

boi o 98 -
CikCi OPy0z; 02, 0P, 0
where
OH
Cli = OH

azk

71_‘3‘ (10g > s

Proposition 29. The Hamiltonian vector field T'g with

M
H = ZAj(P17P27 e ,PM)Hj(Zj,Pj)

j=1

is integrable in Jacobi sense if and only if the functions A; for j = 1,2,..., M
satisfy the partial differential equations

A, 0AOA, | DA 0A,
OP,0P, 'oP;, 0P, ~"opP, 0P;
forjkn=1,...,M and j # k.

A A,

Proof. This proof is analogous to the proof of Proposition 26 after the change
P <— z, by using the properties of solutions of the Levi-Civita conditions (see
Proposition 4). In short the proposition is proved. O

In view of Proposition 4 the problems 27 can be stated for the Hamiltonians (52)
after the change P; <— z;.

6.1. Integrability in the Jacobi sense and Lax pair. One of the best meth-
ods for determining the involution set of first integrals for an integrable Liouville
Hamiltonian vector field I'y associated to a Hamiltonian differential system (6) is
the Lax pair method, for more details then the ones given in what follows see [18]

A Laiz pair for a Hamiltonian vector field is a pair of smooth quadratic matrices
A = (a;;;) and B = (bj}), satisfying the equation called the Laz equation

(53) % = [B,A] = BA— AB,

dA
where the derivative ’ is calculated along the solutions of (5).

If the Hamiltonian system admits a Lax pair then it has the involution set of
first integrals

Fj = trace(A7), for j=1,...,M.
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For the particular case of the Hamiltonian vector field I'y with

M M
1
RS ST T SRR
j=1 k,j=1,k<j
(54) ) M
- §ZPJ'2+ Vi(zj = zj41) =T +V,
j=1 J=1

we shall study the Lax equation for the case when the matrices A and B are such
that

Py aiz 13 e ain
a21 P, ags cee a2
A = .. . )
am-11) - ... Pu—1 am—im
apnr1 Ay M—1 PM
/ / /
vy aly a3 aly
! ! !
ay; Uy  ahs ayap
B = : ,
a’ o a’
M-11 - e M-1 M—-1M
/ /
Apnr rrpr—1 \I/]\/[
where ¥; = U, (Py,..., Py, 21,...,2u) are convenient functions, aji = a;x(z;—21)

for j # k, and a}), = — (a;x(§)) with £ = z; — z, respectively. Clearly in this case

¢
Fy = 2H = trace(A?).

The relation between the integrability in Jacobi and Liouville sense, as we ob-
served in the introduction, was study in particular in [21].

Problem 30. Determine the functions U1,...,Uar and aji = a;p(z; — 2) for
Jk=1,..., M for which the Hamiltonian vector field Ty with Hamiltonian (54)
with M — 1 independent first integrals F; = trace(L?) for j = 1,...,M — 1 is
integrable in the Jacobi sense.

To illustrate the solution of this problem we study the following particular case.

Proposition 31. Let A and B be the matriz such that

(1)

P1 a2 0 0 aijp
—aig PQ 0 0 0
= 0 0 —Qkk+1 Pk+1 0
0 0 0 0 0 0 PM,Q aA1,3’M72 0
0 0 0 0 0 0 —QM—3,M—2 P]\/j_l 0

—ai1pm 0 0 0 0 0 0 0 P]w
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if M is odd, and

P1 ai12 0 0 0

a2 P2 0 0 0

0 Py Akk+1 - -- 0
A= 0 0 —QAkk+1 Pk+1 0

0 0 0 0 Ppos an —3,M—2 0 0

0 0 0 0 —am-3m-2  Pu—2 0 0

0 0 0 0 0 0 PMfl a]\,{,LM

0 0 0 0 0 0 CL]\/[_LM P]\,{

if M is even, and set

Uy aly 0 0 0
ayy Yo 0 0 0
B 0o . Uor  ahppqp - 0
- 0 0 a’2k+1k \Ifgk 0 ’
0 0 0 . 0 War 1 a’Mfle1 0
0 0 0 oo 0 a/]\/[_Q’]w_l \I/]y[_l 0
0 0 0 0 0 0 Wy
. . M —
if Mzsoddandkzl,...,T,andset
Uy aly 0 0 0
aly Yo 0 0 0
0o . Wor  abpiyp .- 0
B = 0 0 aékJrlk \Ifgk 0
0 0 0 0 U2 a3 02 0 0
0 0 0 0 a’MfoMf2 War_o 0 0
0 0 0 0 0 0 Wy ap—1,M
0 0 0 0 0 0 ap—1,M \1/2
M —2
if M>2isevenandk=1,..., 7

Assuming that the Hamiltonian (54) is

1 2N N
(55) H=3 SNoPP-Nad 10 =T+V,
j=1 k=1
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if M =2N, and

12V N
(56) H:§ ZPJZ_Zagk—l,Qk:T+‘/7
j=1 k=1

if M = 2N + 1, where agk—1,25 = Gok—1,2k(22k—1 — 22k) are arbitrary functions.

. 9
Then the Laz equation (53) becomes Pj; = a—v forj=1,...,M.
Zj

Proof. After some computations it is easy to show that independently on the parity

-0V

of M the Lax equation (53) becomes P; = P for j =1,..., M. We note that the
Zj

Hamiltonian vector field with Hamiltonian I'y with H given in (55) and (56) is

integrable in the Liouville sense. (I

Proposition 32. The Hamiltonian vector field Ty with H given in (55) and (56)
is integrable in the Jacobi sense.

Proof. Indeed, after the change of variables

k-1 — 22k S
Ugk—1 = 5 Voh-1= T 5
fork=1,...,N, we get
Poj 1 = Zop_1 = Uop_1 + Uop—_1, Py, = Zop = tgp—1 — Vop—1.

Consequently the Hamiltonians (55) and (56) become

2N N
H= (i 1 +85;_1) — > a3;_1,2;(2us;-1)
=2 j=1
and
2N+1 N
H= Y (a3 1 +051) =) a3 12;(2uj—1)
j=2 j=1

respectively. Hence the Hamiltonian system is integrable by variable separation. [
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