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ABSTRACT. These last years the study of the version of Hilbert’s 16th problem for piece-
wise linear differential systems in the plane, has increased strongly and there are many
papers studying the maximum number of crossing limit cycles when the differential system
is defined in two zones separated by a straight line, in particular in [11, 13| it was proved
that piecewise linear differential centers separated by a straight line have no crossing limit
cycles, but in the papers [14, 15] it was shown that the maximum number of crossing limit
cycles of piecewise linear differential centers, can change depending of the shape of the
discontinuity curve. In this work we study the maximum number of crossing limit cycles
of piecewise linear differential centers separated by a conic.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The study of the discontinuous piecewise linear differential systems in the plane started
with Andronov, Vitt and Khaikin in [1], and after these systems have been a topic of great
interest in the mathematical community due to their applications in various areas, because
they are used for modeling real phenomena and different modern devices, see for instance
the books [4, 21] and references quoted therein.

In the qualitative theory of differential systems in the plane a limit cycle is a periodic orbit
which is isolated in the set of all periodic orbits of the system. This concept was defined
by Poincaré [17, 18]. In several papers as [3, 10, 22| it was shown that the limits cycles
model many phenomena of the real world. After these works the non-existence, existence,
the maximum number and other properties of the limit cycles were extensively studied by
mathematicians and physicists and more recently, by biologists, economist and engineers,
see for instance [4, 23].

As for the general case of planar differential systems one of the main problems for the
particular case of the piecewise linear differential centers is to determine the existence and
the maximum number of crossing limits cycles that these systems can exhibit. In this
paper we study the crossing limit cycles which are periodic orbits isolated in the set of all
periodic orbits of the piecewise linear differential centers, which only have isolated points of
intersection with the discontinuity curve.

To establish an upper bound for the number of crossing limit cycles for the family of
piecewise linear differential systems in the plane separated by a straight line has been the
subject of many recent papers, see for instance [2, 5, 7, 20]. In 1990 Lum and Chua [16]
conjectured that the continuous piecewise linear systems in the plane separated by one
straight line have at most one limit cycle, in 1998 this conjecture was proved by Freire et al
[6]. Afterwards in 2010 Han and Zhang [8] conjectured that discontinuous piecewise linear
differential systems in the plane separated by a straight line have at most two crossing limit
cycles but in 2012 Huan and Yang [9] gave a negative answer to this conjecture through a
numerical example with three crossing limit cycles, later on Llibre and Ponce in [12] proved
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the existence of these three limit cycles analytically, but it is still an open problem to know
if 3 is the maximum number of crossing limit cycles that this class of systems can have.

In the paper [11] it was extended the problem of Lum and Chua to the class of discon-
tinuous piecewise linear differential systems in the plane separated by a straight line, in
particular it was proved that the class of planar discontinuous piecewise linear differential
centers, has no crossing limit cycles. However, recently in [14, 15| were studied planar
discontinuous piecewise linear differential centers where the curve of discontinuity is not a
straight line, and it was shown that the number of crossing limit cycles in these systems is
non-zero. For this reason it is interesting to study the role which plays the shape of the dis-
continuity curve in the number of crossing limit cycles that planar discontinuous piecewise
linear differential centers can have.

In this paper we provide an upper bound for the maximum number of crossing limit cycles
of the planar discontinuous piecewise linear differential centers separated by a conic X.

Using an affine change of coordinates, any conic can be written in one of following nine
canonical forms:
(p): 22 + 9% = 0 two complex straight lines intersecting at a real point; (CL): 22 +1 =10
two complex parallel straight lines; (CE): 22 +92+1 =0 complex ellipse; (DL): 2 = 0 one
double real straight line; (PL): 22 —1 = 0 two real parallel straight lines; (LV): zy = 0 two
real straight lines intersecting at a real point; (E): 22 +y%—1 = 0 ellipse; (H): 22 —y?>—1 = 0,
hyperbola; (P): y — 22 = 0 parabola.

We do not consider conics of type (p), (CL) or (CE) because they do not separate the
plane in connected regions.

We observe that we have two options for crossing limit cycles of discontinuous piecewise
linear differential centers separated by a conic ¥, first we have the crossing limit cycles such
that intersect the discontinuity curve in exactly two points and second we have the crossing
limit cycles such that intersect the discontinuity curve Y in four points, we study these two
cases in the following sections.

1.1. Crossing limit cycles intersecting the discontinuity curve ¥ in two points.
The maximum number of crossing limit cycles of piecewise linear differential centers sep-
arated by a conic X such that intersect % in exactly two points is given in the following
theorems

Theorem 1. Consider a planar discontinuous piecewise linear differential centers where 3
1s a conic. If X is of the type

(a) (LV), (PL) or (DL), then there are no crossing limit cycles.

(b) (E), then the mazimum number of crossing limit cycles intersecting X in two points
15 two.

(a) (P), then the mazimum number of crossing limit cycles intersecting ¥ in two points
15 three.

Theorem 1 is proved in section 2.

In the cases studied up to now, there is no a result determining the maximum number
of crossing limit cycles for discontinuous piecewise linear differential centers when X is a
hyperbola (H), we determine it in the following Theorem

Theorem 2. Consider Fy the family of planar discontinuous piecewise linear differential
centers where ¥ is a hyperbola (H). Then the following statement hold.

(a) There are systems in Fo without crossing limit cycles.



3

(b) There are systems in Fo having exactly one crossing limit cycle that intersects ¥ in
two points, see Figure 3.

(¢) There are systems in Fy having ezactly two crossing limit cycles that intersect ¥ in
two points, see Figure 4.

(d) For this family of systems Fo we have that the mazximum number of crossing limit
cycles that intersect 3 in two points is two.

Theorem 2 is proved in section 3.

1.2. Crossing limit cycles intersecting the discontinuity curve ¥ in four points.
Here we do not consider the case where the discontinuity curve is the conic (DL), because first
in [11, 13] it was proved that discontinuous piecewise linear differential systems separated
by a straight line have no crossing limit cycles and second because the crossing limit cycles
of these discontinuous piecewise linear centers cannot have four points on the discontinuity
curve.

In the following theorems we analyze the maximum number of crossing limit cycles for pla-
nar discontinuous piecewise linear differential centers with four points on discontinuity curve,

where the plane is divided by the curve of discontinuity ¥ € {(PL), (LV),(P),(E), (H)}.

Theorem 3. Let Fy be the family of planar discontinuous piecewise linear differential sys-
tems formed by three linear centers and with ¥ of type (PL). Then for this family the
mazimum number of crossing limit cycles that intersect X in four points is one. Moreover
there are systems in this class having one crossing limit cycle.

Theorem 3 for a particular linear center between the two parallel straight lines was done
in [13], in section 4 we prove it for any linear center.

If the discontinuity curve X is of the type (LV), then we have the following regions in the
plane: Ry = {(z,y) € R? : 2 > 0 and y > 0}, Ry = {(z,y) € R? : 2 < 0 and y > 0},
Rz ={(z,y) €R?:2<0and y <0} and Ry = {(z,y) € R? : 2 > 0 and y < 0}. Moreover,
Y =T{ Ul ul'yur;, where I'f = {(z,y) e R?: 2 =0,y >0}, ] ={(z,y) eR? : 2 =
0,y <0}, TF ={(z,y) eR?:y=0,2>0}and I'; = {(z,y) € R?2:y =0,z < 0}. In
this case we have two types of crossing limit cycles, namely crossing limit cycles of type 1
which intersect only two branches of 3 in exactly two points in each branch, and crossing
limit cycles of type 2 which intersect in a unique point each branch of the set X.

Theorem 4. Let Fy be the family of planar discontinuous piecewise linear differential sys-
tems formed by four linear centers and with ¥ of the type (LV). The mazimum number of
crossing limit cycles type 1 is one. Moreover there are systems in this class having one
crossing limit cycle.

Theorem 4 is proved in Section 5.

Theorem 5. Consider the family of planar discontinuous piecewise linear differential cen-
ters Fo. Then the following statement hold.

(a) There are systems in Fo with exactly one crossing limit cycle of type 2, see Figure
8.

(b) There are systems in Fo with exactly two crossing limit cycles of type 2, see Figure
9.

(¢) There are systems in Fo with exactly three crossing limit cycles of type 2, see Figure
10

Theorem 5 is proved in Section 6.
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By the calculations made for this case and the illustrated examples in Theorem 5 we get
the following conjecture.

Conjecture 1. For the family of systems Fo the mazimum number of crossing limit cycles
of type 2 is three.

Theorem 6. Let F3 be the family of planar discontinuous piecewise linear differential sys-
tems formed by two linear centers and with 3 of type (P). Then for this family the mazimum
number of crossing limit cycles that intersect ¥ in four points is one. Moreover there are
systems in this class having one crossing limit cycle.

Theorem 6 is proved in Section 7.

Theorem 7. Let Fy be the family of planar discontinuous piecewise linear differential sys-
tems formed by two linear centers and with 3 of type (E). Then for this family the maximum
number of crossing limit cycles that intersect 2 in four points is one. Moreover there are
systems n this class having one crossing limit cycle.

Theorem 7 is proved in Section 8.

Theorem 8. Let F5 be the family of planar discontinuous piecewise linear differential sys-
tems formed by three linear centers and with ¥ of type (H). Then for this family the mazimum
number of crossing limit cycles that intersect ¥ in four points is one. Moreover there are
systems in this class having one crossing limit cycle.

Theorem 8 is proved in Section 9.

1.3. Crossing limit cycles with four and with two points on the discontinuity
curve Y simultaneously. Here we study the maximum number of crossing limit cycles
of planar discontinuous piecewise linear differential centers that intersect the discontinuity
curve X in two and in four points simultaneously.

We do not consider planar discontinuous piecewise linear differential centers with discon-
tinuity curve a conic of type (DL), (PL) and (LV) because as in the proof of Theorem 1
they do not have crossing limit cycles that intersect the discontinuity curve in two points.
Then we study the maximum number of crossing limit cycles with two and with four points
in ¥ simultaneously by the families F3, F4 and Fj.

Theorem 9. The following statements hold.

(a) The planar discontinuous piecewise linear differential centers that belong to the fam-
ily F3, can have simultaneous one crossing limit cycle that intersects (P) in two
points and one crossing limit cycle that intersects (P) in four points.

(b) The planar discontinuous piecewise linear differential centers that belong to the fam-
ily Fy, can have simultaneous one crossing limit cycle that intersects (E) in two
points and one crossing limit cycle that intersects (E) in four points.

(¢) The planar discontinuous piecewise linear differential centers that belong to the fam-
ily F5, can have simultaneous one crossing limit cycle that intersects (H) in two
points and one crossing limit cycle that intersects (H) in four points.

Theorem 9 is proved in Section 10.

In Subsection 1.3 we do not consider the planar discontinuous piecewise linear differential
centers in the family F5, because they do not have crossing limit cycles that intersect the
discontinuity curve (LV) in two points. However in this family there are two types of crossing
limit cycles like it was defined in Subsection 1.2.
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1.4. Crossing limit cycles of types 1 and 2 simultaneously for planar discontinuous
piecewise linear differential centers in F>. In this case we study the maximum number
of crossing limit cycles of types 1 and 2 that planar discontinuous piecewise linear differential
centers in the family F5 can have simultaneously.

Theorem 10. The following statements hold.

(a) There are planar discontinuous piecewise linear differential centers that belong to the
family Fo such that have one crossing limil cycle of type 1 and one crossing limit
cycle of type 2 simultaneously.

(b) There are planar discontinuous piecewise linear differential centers that belong to the
family Fo such that have one crossing limit cycle of type 1 and two crossing limit
cycles of type 2 simultaneously.

Theorem 10 is proved in Section 11.

By the illustrated examples in Theorem 10 we get the following conjecture.

Conjecture 2. The planar discontinuous piecewise linear differential centers that belong
to the family Fo can have at most one crossing limit cycle of type 1 and two crossing limit
cycles of type 2 simultaneously.

2. PROOF OF THEOREM 1

Analyzing the case of discontinuous piecewise linear differential centers with discontinuity
curve a conic of the type (LV), (PL) or (DL) the maximum number of crossing limit cycles
is equal to the maximum number of crossing limit cycles in discontinuous piecewise linear
differential centers in the plane separated by a single straight line which was studied in [11,
13]. In these papers it was proved that the discontinuous piecewise linear differential centers
separated by one straight line have no crossing limit cycles. This proves the statement (a)
of Theorem 1.

In the paper [15] the authors considered discontinuous piecewise linear differential centers
separated by the parabola y = 22 and proved that they have at most three crossing limit
cycles that intersect ¥ in two points, i.e. statement (b) of Theorem 1. Moreover they
provide the following system.

Figure 1. The three limit cycles of the discontinuous piecewise linear dif-
ferential of Example 1.

Example 1. Consider the discontinuous piecewise linear differential system in R? separated
by the parabola (P) when both linear differential systems are centers and are defined as
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follows:
18 99
‘r:_g_ya y:-l'—%, mn Rlz{(x,y)nyQ},
1899SI T20042289 41189 BNGAOL Lo
rx = ——2x — = ——Zx Y- —— in — T . T )
100" " 205007 ~ 205000000" ¥ = "20" " 100Y " 1000000 " 7 T WYY =

This discontinuous piecewise linear differential system has the three crossing limit cycles
of Figure 1.

With regard to the discontinuous piecewise linear differential systems separated by an
ellipse, in the paper [14] the authors shown that the class of planar discontinuous piecewise
linear differential centers separated by the circle S' has at most two crossing limit cycles.
Moreover, there are discontinuous piecewise linear differential centers which reach the upper

bound of 2 crossing limit cycles, see Example 2. Then we have the statement (c) of Theorem
1.

Example 2. We consider the discontinuous piecewise linear differential system in R? sep-
arated by the ellipse (E) and both linear differential centers are defined as follows:

=22 -2y —V2—1, § =4z + 2y + V2,

in the unbounded region limited by the ellipse (E), and in the bounded region with boundary
the ellipse (E) we have the linear differential center

. 5 1 1 ) 1

:c:a:—zy—i-\/i—i-g, y:x—y—ﬁ.
This discontinuous piecewise differential system has exactly two crossing limit cycles, see
Figure 2.

FIGURE 2. The two limit cycles of the discontinuous piecewise linear differ-
ential of Example 2.

3. PROOF OF THEOREM 2

For the systems of the class Fg we have following regions in the plane
Ry = {(z,y) e R?: 22 — % > 1},
which is a region that consist of two connected components. And the region

Ry = {(z,y) € R?: 2% — 9 < 1}.
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In order to have a crossing limit cycle, which intersects the hyperbola 22 — 4% = 1 in two
different points p = (x1,y1) and g = (z2, y2), these points must satisfy the closing equations

Hy(x1,y1) = Hi(x2,y2),

Ho(xa,y2) = Ha(x1,y1),
Q:% - y% = 1
v3—ys = 1.

(1)

Proof of statement (a) of Theorem 2. We consider a discontinuous piecewise linear differen-
tial system which has the linear center

(2) T = —y, Y=z,

in the region Ro, the orbits of this center intersect the hyperbola in two or in four points,
when it intersects the hyperbola in exactly two points these are (£1,0), which are points
of tangency between the hyperbola and the solution curves of the center (2), then it is
impossible that there are crossing periodic orbits independent of the linear differential center
that can be considered in the region R;. So the orbits which can produce a crossing limit
cycle intersect the hyperbola in four points and clearly these orbits cannot be crossing limit
cycles with exactly two points on the discontinuity curve (H). d

Proof of statement (b) of Theorem 2. In the region R; we consider the linear differential
center

(3) i =27 —/5 — 25y, y=-2+z,

this system has the first integral Hy(z,y) = 4(—4 + x)x + 4y(—54 + 2v/5 + 25y). In the
region Ro we have the linear differential center

. Y ) 3
4 —g_2¥2_ 2 =4
(4) T R Y 5 T

which has the first integral Ha(z,y) = 4(—3 4+ )z + y(—16 + 6v/5 + y). This discontinuous

FiGUuRE 3. The crossing limit cycle of the discontinuous piecewise linear
differential system formed by the centers (3) and (4).

piecewise differential system formed by the linear differential centers (3) and (4) has one
crossing limit cycle, because the unique real solution (p, q) with p # ¢ of the closing equations
given in (1), is p = (1,0) and ¢ = (v/5,2). See the crossing limit cycle of this system in
Figure 3. g
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Proof of statement (c) of Theorem 2. In the region R; we consider the linear differential
center

. 289 — 48/2 4 289+/3 — 3056 x 49
:L‘ =

: 768 T3 102
(5) (32v3-289v2) (14 V2 + V3) )
V= 763 LW+

which has the first integral

Hi(z,y) :% (384a;2 +a ((32f —28972) (1 + m> - 32\/§y>

+y (98y - \/ 3 <85057 - 9248\/6) +305v/6 — 289)) .

In the region R we have the linear differential center

(6) 55:%(—3—1—8\/5—1—[—\/6)—%—%, yzé(—1—5\f—\/§>+x+g7

this system has the first integral
Hy(z, y) :4m2—x<1+5\/§+\/§f4y) +y(3—8\f7\/§+\/6+2y).

This discontinuous piecewise differential system formed by the linear differential centers (5)

F1GURE 4. The two limit cycles of the discontinuous piecewise linear differ-
ential system formed by the centers (5) and (6).

and (6) has two crossing limit cycles, because the unique real solutions (p, q) of system (1)
are (1, 0,v/2, 1) and (\@, —1,/3, \@), therefore the intersection points of the two crossing

limit cycles with the hyperbola are the pairs (1,0), (\/5, 1) and (\/Z —1), (\/3, \/5) See
these two crossing limit cycles in Figure 4. g

We will use the following lemma which provides a normal form for an arbitrary linear
differential center, for a proof see [13].

Lemma 11. Through a linear change of variables and a rescaling of the independent variable
every center in R? can be written

with a # 0 and w > 0. This system has the first integral
(8) Hi(z,y) = 4(az + by)* + 8a(cr — dy) + y*w?.
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Proof of statement (d) of Theorem 2. In the region Ry we consider the arbitrary linear dif-
ferential center (7) which has first integral (8). In the region Ry we consider the arbitrary
linear differential center

4B?% + 02

. __p
9) & x 1A

y+ D, y=Ax+ By + C,

with A # 0 and © > 0. Which has the first integral
Hy(z,y) = 4(Az + By)* + 8A(Cx — Dy) + y*Q2.

It is possible to do a rescaling of time in the two above systems. Suppose 7 = at in Ry and
s = At in Rs. These two rescaling change the velocity in which the orbits of systems (7)
and (9) travel, nevertheless they do not change the orbits, therefore they will not change
the crossing limit cycles that the discontinuous piecewise linear differential system can have.
After these rescalings of the time we can assume without loss of generality that a = A =1,
and the dot in system (7) (resp. (9)) denotes derivative with respect to the new time 7

(resp. s).

We assume that the discontinuous piecewise linear differential system formed by the two
linear differential centers (7) and (9) has three crossing periodic solutions. For this we must
impose that the system of equations (1) has three pairs of points as solution, namely (p;, ¢;),
1 =1,2,3, since these solutions provide crossing periodic solutions. We consider

(10) p; = (coshr;,sinhr;) and ¢ = (coshs;,sinhs;), for i =1,2,3.

These points are the points where the three crossing periodic solutions intersect the hyper-
bola (H). Now we consider that the point (p1, g1) satisfies system (1) and with this condition
we obtain the following expression

1
d= Y A (4 cosh? r; — 4 cosh? s; + 8 cosh r1(c+ bsinhry)

— 8cosh si(c+ bsinh 1) + (4b? + w?)(sinh? 71 — sinh? s1))

and D has the same expression that d changing (b, c,w) by (B, C,Q).

We assume that the point (p2, g2) satisfies system (1) and we get the expression

-1
_ inh 7y — sinh
¢ 8(sinh(rq — r2) + sinh(rs — s1) — sinh(r — s2) + sinh(s; — s2)) ((sinhirz = sinh s2)
(4 cosh? 51 + 4bsinh(2s;) — 4 cosh? 7| — 4b sinh(27’1)) + (sinhr; — sinh s7) (4 cosh? ry
— 4 cosh? sg + 8bcosh 7o sinh 79 — 8b cosh s9 sinh sg + (4b2 + wz)(sinh r9 — sinh s9)

(—sinhr; + sinh g — sinh 51 4 sinh s9))),

and C has the same expression that ¢ changing (b,w) by (B, ).
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Finally we are going to impose that the point (ps, q3) satisfies system (1) and we get an
expression for w?. In this case w? = K/L, where the expression of K is

- - - —ry— — 53
4 <(1 + B)esch <7“1 2 —g 51 32) sinh < 33> <Cosh (7"1 T2 — T3 —1—231 9 33)

_ cosh TP —T9 — T3+ S| — 382 — S3 4 cosh r1—1r9g —3r3+ 81 — So — S3
2 2
1 —3rg — 13+ 51 — S2 — 53 3r1+re—r3+ 51+ s2 — S3
— cosh osh
2 2
4 cosh 1+ 3rg —r3 4+ s1 + S9 — S3 osh r1+ 19 —1r3+ 351 + So — S3
2 2
4 cosh r1+ 1o — 13+ 81+ 382 — 83 402 cosh 3ri —ro+r3+ 53— 52+ 83
2 2
_Cosh<’l“1—T2+3T3;81—82+53>)_2b<sinh<’l“1—7“2—7“3—{—281—82—383)

. r1—7T9— 13+ 81 — 382 — 83 . 2ry —rog +2r3 451 — s2 + 83
— sinh — sinh

2 2
_ 92 Vo _ _
sinh n-rs + 2 cosh Tt Ay T3t SISy~ S8 sinh n—r
2 2
2r1 — 2 — — —
— 2 cosh S T e et S T sinh n—rs + 2sinh 277
2 2 2
cosh <7"1 —2rg — 27”32+ 51 — 82 — 53> 4 2cosh <T1 +ro—13 +22(81 + s2) — 53)

sinh (Sl ; 82) — 2cosh (7‘1 2 +r;+2sl — %2 —1—33) sinh (81 ; 53)>

_ 251 — _
—|—2(1—i—b2)sinh<r1 ratrst o S2—|—53>sinh<81 83>>

2 2

and the expression of L is

7L — T2+ 81 — 82 . r3 — S3 r1—7r9g—1r3+ S — So — 383
csch 5 sinh 5 — cosh 5

<r1—r2—7‘3+51—382—53> (Tl—T2—3’P3+81—82—83>
+ cosh
2 2
4 cosh r1 —3r9g —r3+ S — S9 — S3 + cos 3r1 +r9g —r3+ 51+ S9— S3
2 2
r1+ 3rg —r3 + S1 + S9 — S3 r1+ 19 —1r3+ 351 + S9 — S3
— cosh + cosh
2 2
r1+ 19 — 13+ 81+ 3590 — S3 37’1—?”2+7“3+81—82+83
— cosh osh
2
+Cosh<7”1—7“2+37”32+81—82+S3> (7“1—7"2+7“3+281—32 +33)

and the expression of Q? is the same than the expression of w? changing b by B
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Now we replace d, c,w? in the expression of the first integral Hy(x,y) and we have
(11) Hy(z,y) = 4(z* — ) + h(z,y, 71,72, 73, 51, 2, 53)b,
and analogously we have

(12) HQ(:E’ y) = 4(:’62 - y2) + h(fE, Y,7r1,72,73, 51, 52, 53)B~

Now we are going to analyze if the discontinuous piecewise linear differential system
formed by (7) and (9) has more crossing periodic solutions than the three supposed in (10).
Taking into account (11) and (12) the closing equations (1) becomes

h(x1,y1,7'1,7"2,7’3,51, 52, 83) — h(‘rQayQ’Tlv"ﬂQar:Sasla 52, 53)5
2 2 __
(13) -y = 1,
v3—ys = 1.

This is, we must solve a system with three equations and four unknowns x1,y1, 2, y2, that
we know that have at least the three solutions (10), so system (13) has a continuum of
solutions which produce a continuum of crossing periodic solutions, so such systems cannot
have crossing limit cycles. Since in statement (c¢), we have proved that there are systems
in Fo with two crossing limit cycles, it follows that the maximum number of crossing limit
cycles that intersect X in two points is two.

This completes the proof of Theorem 2. O

4. PROOF OF THEOREM 3

In the case where ¥ is of the type (PL), we have following three regions in the plane:
Ri={(z,y) eR?:2 < —-1},Re={(z,y) eR?: —1 <z <1} and Ry = {(z,y) e R? : 2 >
1}.

We consider a planar discontinuous piecewise differential system separated by two parallel
straight lines and formed by three arbitrary linear centers. By Lemma 11, we have that
these linear centers can be as follows

4b2 2
i:—bx—%y—kd, y=ar+by+c, in Ry,
4B? + Q2
(14) jc:—Bx—%y—&—D, y=Arx+ By+C, in Ro,
, 46% + N2 \ :
:L‘:—B:L“—BTeré, y=ar+pPy+v, in Rs.

These linear centers have the first integrals
Hi(z,y) = 4(az + by)* + 8a(cx — dy) + y*w?,
Hy(x,y) = 4(Az + By)? + 8A(Cx — Dy) + y*Q?,
Hs(w,y) = 4(az + By)* + 8a(yz — dy) +y°\%,
respectively.

We are going to analyze if the discontinuous piecewise linear differential center (14) has
crossing periodic solutions. Since the orbits in each region R;, for ¢ = 1,2, 3, are ellipses or
pieces of one ellipse, we have that if there is a crossing limit cycle this must intersect each
straight line = £1 in exactly two points, namely (1,y1), (1,y2) and (—1,y3), (=1, y4), with
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y1 > y9 and y3 > y4. Therefore we must study the solutions of the system

H3( Ly) = Hs(1,m),

(1 yl) - HQ(_17y3)7
Hl( 1 y3) = Hl(_17y4)7
HQ( 11 4) = HQ( 1>y2)7

or equivalently, we have the system
—(y1 — y2)(88 — 83 + (45° + )\2)(y1 + y2)
16C — 8D(y1 — y3) + 8B(y1 + y3) + (4B + Q%) (y7 — 43)
(y3 — ya)(—8b — 8d + (4b* + WQ)(?JS + y4)
—16C + 8D(ys — ya) — 8B(y2 + y1) — (4B% + Q%) (3 — v3)

By hypothesis y1 > y2 and y3 > y4 and therefore system (15) is equivalently to the system

)

(15)

)

0
0
0
0

Y3 — 03 + l3(y1 + y2)

(16) n—02(y1 — y3) + v2(y1 +y3) + l2(y7 — v3)

-1 — 01+ ll(ys + 3/4)

—1 4 62 (y2 — ya) — v2(y2 + ya) — l2(y3 — i)

where Y1 = 8b, Y2 = 83,73 = 85, (51 == 8d, 52 == 8D, 53 = 85, ll = 4b2+w2, l2 = 4BQ+QQ, 13 =

4/8%2 + X2 and n = 16C. As I} # 0 and I3 # 0, we can isolated y; and y4 of the first and the
third equations of system (16), respectively. Then, we obtain

—l3y2 +v3 — 03 —hys+71 + 61

Y1 = I3 ) Ya = I

0
0
0,
0

Now replacing these expressions of y; and y4 in the second and fourth equations of (16),
we have the system of two equations

B, _la(I3(y2 — y3) + 3)(I3(y2 + y3) +13) +13(13(n + (y3 — y2)v2 + (y2 + y3)d2) — at)3)
= 2 ,
Lo — i (2lays +v2 + 02) — 1F(n + (y2 — y3) (la(y2 + y3) +72) — (Y2 + ¥3)02)
12 '
Doing the Groebner basis of the two polynomials E; and Ey with respect to the variables
yo and y3, we obtain the equations

(17) mo + miys + moy3 =0, ko + kiys + kaya = 0,
with

1
mo :W (2l?l§w§(l3w1 (72 + (52) + l1(2l377 — w2w3)) l2l2l3(l3w1( — 6,)/252 + 52) + 4lll3¢2
1°3

(201m + 1 (2 + 02))1bs — BIT303) + 201 1315(— 13¢5 (2 + 02) + 201150 Tbarhs — 203rpars)
+ 3 (20m + 1 (2 + 02))13 +13(Isthr + libs)*(Isthr — lies)?)

_ Al (=20l3¢1 + Liy3)) (2hl30y — la(l3thr — Lys))

By =

I3 ’
- Ao (la(l3th1 + l19h3 — 2l1137y2) ) (l2(I31h1 — l13b3 — 2[11202))
- 2 :
li3(1 + 82)9F + 133 23(lotpr — 11 (2 + 6
ko _ (ls(3¢n (72 " 2)Y1 1%)), by = (203(l29n lll(w 2))? oy = 21y — lotis),
13

where 11 = y1 + 01,12 = 72 — 02 and 13 = y3 — d3.

We recall that Bézout Theorem states that if a polynomial differential system of equations
has finitely many solutions, then the number of its solutions is at most the product of the
degrees of the polynomials which appear in the system, see [19]. Then by Bézout Theorem
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in this case, we have that system (17) has at most two solutions. Moreover, from these two
solutions (y3,y3) and (y2,y3) of (17), we will have two solutions of (16) which are of the form
(1,3, Y3, v1) and (y7,v3,93,93), but analyzing system (16) we have that if (y1,ys, 3, ys) is
a solution, then (y3,yt, vk, y3) is another solution. Finally due to the fact that y; > y» and
ys > y4, at most one of these two solutions will be satisfactory. Therefore we have proved
that the planar discontinuous piecewise differential systems of the family Fj, can have at
most one crossing limit cycle.

Now we verify that this upper bound is reached, for this we present a discontinuous
piecewise linear differential system that belongs to the family F; and has exactly one crossing
limit cycle.

We consider the discontinuous piecewise linear differential centers

YT 761 2 167 Y=1 " T M
43 x5 31 Y

18 2 _r_ 2 = — o LA

(18) Y761 1 167 y=—qgtety i Ry
. 1 =z 13 1 Y
_Loe 1B s L v in R
Y7373 367 V=g trEy e

These systems have the first integrals

1 1
Hy(z,y) =42 + =z <2 + 4y> + éy(27 + 10y),

31 1
Hy(z,y) = 4a? + (_16 + 2y> + gy(—43 + 10y),
8 8 4
Hy(z,y) = zo — gy +y° + 582 + )7,

respectively. Then the discontinuous piecewise differential system formed by the linear

FiaURE 5. The crossing limit cycle of the discontinuous piecewise linear
differential system (18) with three centers separated by the conic (PL).

differential centers (18) has one crossing limit cycle that intersects (PL) in four points,
because the unique real solution (y1,y2,ys,y4) with y1 > yo and y3 > y4 of system (15) is
the point (y1,y2,ys3,y4) = (1.5,—1.5,1,—0.5). See the crossing limit cycle of this system in
Figure 5. This completes the proof of Theorem 3.

5. PROOF OF THEOREM 4

We consider a planar discontinuous piecewise linear differential system with four zones
separated by (LV) and formed by four arbitrary linear centers. By Lemma 11 this piecewise
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linear differential system can be as follows

) 4b% + w? . .

x:—blm—%y—i-dl, y=aix+biy+c, in Ry,
1

) 4h2 + w2 . )

x:—ng—zTQZy—i-dg, Y = asx + boy + co, in Ro,

(19) 4b2 4 w?

i’z—bsm—zTgS +ds, Yy =azr + b3y +c3, in Rg,

. 4b2 + w? . .

T = —byx — f?/ + dy, Y =asx +bay +c4, in Ry,
4

with a; # 0 and w; > 0 for i = 1,2,3,4. The regions R; for ¢ = 1,2,3,4 are defined just
before the statement of Theorem 4. These linear differential centers have the first integrals
Hy, Hy, H3 and Hjy respectively, where

(20) Hi(x,y) = 4(a;x + biy)? + 8a;(cix — dyy) + y?w?, for i =1,2,3,4.

If the discontinuous piecewise linear center (19) has two crossing limit cycles of type 1, these
two crossing limit cycles should be some of Figure 6. We observe that the cases of Figures

= B

(a) (B) (c) (D)

FiquRrE 6. Possible cases of two crossing limit cycles of type 1 of discontin-
uous piecewise linear center (19).

6b, 6c and 6d are not possible because in these cases the pieces of the ellipses of linear
differential centers in the regions Ry, R1 and Rs, respectively would not be nested which
contradicts that the linear differential systems in each of these regions are linear centers.
Therefore if the discontinuous piecewise linear center (19) has two crossing limit cycles of
type 1 these could be as in Figure 6a.

Now we going to study the conditions in order that the piecewise linear differential center
(19) has crossing limit cycles of type 1 and we will show that the maximum number of
crossing limits cycles of type 1 is one. Without loss of generality we assume that the crossing
limit cycles intersect the branches I'{” and T'J in the points (0, 1), (0,y2) and (z1,0), (22, 0),
respectively, where 0 < y; < y2 and 0 < z; < xo. Then taking into account the first integrals
(20) for each linear center, these points must satisfy the following equations

H1($2’0) = H1(0>y2)’

HZ(OaQQ) = H2(O’y1)’
Hy(0,y1) = Hi(x1,0),
H4($1)0) = H4($2)0)5
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equivalently we have

I
cocoo

4(1%33% + 8(11(61.1’2 + dlyg) — y%ll
—(y1 — y2)(—8azda + (y1 + y2)l2) =
—40,%.%% — 8ay (011’1 + dlyl) + y%ll =

4CL4(JZ1 — 332)(264 + a4(:c1 + SCQ)) =

(21)

where [; = 46% + w%, lo = 41)% + w% and 7 = (aqc1 — aicy).

Moreover, by hypothesis 1 < x2 and y; < yo, then from the second and the fourth
equations of (21), we have

2¢4 + asxy

_ 8aada — 2y

Y1 s a

Substituting these expressions of y; and x3 in the first and third equations of (21) we obtain
the two equations

B 4a2(2c4 + agw1)? — 8ayays(2cicy + agerwy — agdiyz) — a2ysly
1 = b

af
I1(y2ls — 8asds)? dyd;
FEy = 4a32? — 1{gale 128a2 2) — 8y <d1y2 - 8a2l;2 - 61961) .
2

Doing the Groebner basis of the two polynomials E; and Ey with respect to the variables
x1 and yo we get the two equations

(22) ap + arys + agys =0, Bo + Brx1 + PBayz2 = 0,

where

aican?(—2aqcy + aqc 16a3a2d3ly (agdaly — 2aqdylql
a0_4<1477( a§1 14)+ 2421(2&1 1112)+(8a2d2(a1n2d112

1
+ agds(2ataid} — 77251))l2> ,
2
8a2d2
aq =5
2

- 2a1a4clc4l1l§ + a%(—élaid% + Cilllg) ,

(732agaib%d%(2b% + w?) — 4ada3diwi + Sajasaidydalyly + aiciI3l}

4a§d%l% _ 8a1a2d1d2l1>

a9 =2a1a4c10401 — a%cill + ai (—c%ll + 4a%d% + 7 A
2
aicqm 4a%a4d%l1 4aragaqdids

Bo=— + , Br=—a1n, B2 =ajasdy —

asaydaly
a4 l% l2 '

la

The Bézout Theorem (see [19]) applied to system (22) says that this system has at
most two isolated solutions. Therefore system (21) has two solutions which are of the
form (z1, 2, 9y1,93) and (23, 23,y%,y3), but it is possible to prove that if (z1,xa,y1,y2) is
a solution of system (21), then (x9,z1,y2,y1) is also a solution of this system. Since we
must have that x1 < x9 and y; < y2, then system (21) has a unique solution, and therefore
the discontinuous piecewise linear differential center (19) that belongs to the family F» can
have at most one crossing limit cycle of type 1 intersecting Ff and F;r.

Now we verify that this upper bound is reached. That is, that there are piecewise linear
differential centers in the family F> having one crossing limit cycle of type 1. We consider
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the following discontinuous piecewise linear differential center

12049 325 2113
=960 2T 108Y Y=g T3y, i,
153 « 17 9 x
153 @ 17 _9 @y R
(23) T T2 1Y YT Ta i
:t:—y—ﬂ, y=x+aq, in Rs,
577 577 20 10
o — 2 - = — _ —2 i R .
=192 T T 1g0¥ V=g tgrosy i

In the region R3 we can consider any linear differential center, because the crossing limit
cycle will be formed by parts of the orbits of the centers of the regions R, Ro and R4. The

F1aURE 7. The crossing limit cycle of type 1 of the discontinuous piecewise
linear differential system (23) separated by the conic (LV).

centers in (23) have the first integrals

Hy(z,y) = 362% + z (—4421?5 + 72 ) 9103/(—12049 + 3250y),
Hy(z,y) = D (895 + 4z (9 — 8y) + 17Ty(—9 + 2y)) ,

Hy(z,y) = (x4 )’ + (y + B),

Hy(z,y) = % (16002% + 577y(5 + y) — 640z(10 + 3y)) ,

in R;, ©« = 1,2,3,4, respectively. Then for the discontinuous piecewise linear differential
center (23) system (21) becomes

% (—8452x5 + 324023 + (12049 — 3250y2)y2) = 0,
17
~35 W1 —u2)(=9+ 251 + 2p2) = 0,
(24) 4226
x1 — 3627 + —y1(—12049 + 3250y;) = 0,
45 90"

400

— (@1 —w2)(—4+z1+22)= 0

9

Taking into account that the solutions (z1,z2,y1, y2) must satisfy z; < x9 and y; < ya, we
have that the unique solution of system (24) is the point (z1,z2,y1,y2) = (1,3,0.5,4). See
the crossing limit cycle of type 1 of the piecewise linear differential centers (23) in Figure 7.
This completes the proof of Theorem 4.
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6. PROOF OF THEOREM 5

Proof of statement (a) of Theorem 5. In the region R; we consider the linear differential
center

(25) R A j=1+a+2,

this system has the first integral Hi(z,y) = 2(22% + 22(2 + y) + y(13 + g)). In the region
Ry we have the linear differential center

81 =z 181 3 Y
2% s =2 Y
(26) 773600 3 90" VT2t Ty
which has the first integral Ha(z,y) = 422 +42(9+2y) /3 +y(851 +362y)/450. In the region
R3 we have the linear differential center
43 = 5 . 1 Yy

TtaTwt YTty

which has the first integral Hs(x,y) = 42% — 32(2 + ) + y(—43 + 5y) /4. And in the region
R4 we have the linear differential center
37z 25 3 Y

) 137z 25 3.,y
(28) T= Ty Ty T Y Y=g trog

which has the first integral Hy(z,y) = 42(3 + x) — (137 + 242)y/9 + 2532 /36.

(27) i =

In order to have a crossing limit cycle of type 2, which intersects the discontinuity conic
(LV) in four different points p; = (x1,0), g1 = (0,41), p2 = (22,0) and g2 = (0,y2), with
x1,y1 > 0 and 3, ys < 0, these points must satisfy the closing equations

e1 = Hy(21,0) — H1(0,y1) = 0,
(29) ez = Ha(0,y1) — Ha(z2,0) = 0,
e3 = H3(z2,0) — H3(0,2) = 0,
eq = Hy(0,y2) — Hy(z1,0) = 0.

Considering the four above linear differential centers (25), (26), (27) and (28) and their
respective first integrals H;(z,y), i = 1,2, 3,4, we have the following equivalent system

dx1(24+21) —201(13+y1) =0,

1
a3+ x2) + 1z5y1 (851 + 361y1) =0,

(30) 1
4(xg — D)xg + 1(43 —5y2)y2 =0,

1
—4xy(x1 +3) + %yg(—548 +25y,) =0,
the unique real solution (p1,q1,p2,q2) of (30) is p1 = (3,0), 1 = (0,2), p2 = (=7/2,0)
and ga = (0, —4), therefore the piecewise differential system formed by the linear differential
centers (25), (26), (27) and (28) has exactly one crossing limit cycle of type 2. See the
crossing limit cycle of this system in Figure 8. O

Proof of statement (b) of Theorem 5. In the region R; we consider the linear differential
center

(31) f=— -2 g=—4x+
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N

FIGURE 8. The crossing limit cycle of type 2 of the discontinuous piecewise
linear differential system formed by the linear centers (25), (26), (27) and
(28) separated by (LV).

which has the first integral Hy(z,y) = 2 (7 + 4x) — Ty/3 + 42y + 2y°. In the region Ry we
consider the linear differential center

) R T

~ 400 100" ¥~ 200 v
this system has the first integral Hy(z,y) = (20022 + y (251 + 218y) + x (—586 + 400y)) /50.
In the region R3 we have the linear differential center

5 x 5 23 y

(33) T=96 1 160 YTyttt
this system has the first integral Hs(z,y) = 422 + 2 (23/3 — 2y) + 5y (=1 + 3y) /12. In the
region R4 we have the linear differential center

137 = 25 . 53 y

Tas 3w VT Ty

this system has the first integral Hy(z,y) = (1442* — 6z (53 + 16y) + y (137 + 25y)) /36.
This discontinuous piecewise differential system formed by the linear differential centers (31),
(32),(33) and (34) has two crossing limit cycles of type 2, because the unique real solutions
(pi, g4, ph, qs), with i = 1,2 of system (29) are pi = (1,0), ¢f = (0,3),p3 = (=5/2,0) and
g = (0,-2) and p? = (2,0),¢7 = (0,9/2),p3 = (—4,0) and ¢3 = (0,—5). See these two
crossing limit cycles in Figure 9. O

(34) &=

Proof of statement (c) of Theorem 5. In the region R; we consider the linear differential
center

(35) T=5-—2-5 y, y=5+z+,

which has the first integral Hi(z,y) = 4 (9z(1 + z) — 6y + 9zy + 4y*) /9. In the region Ry
we have the linear differential center

. 1 =z . 1 Y
(36) L=ty 7Y Y=g rr—o

this system has the first integral Ha(z,y) = 4% + 2y (=1 + 2y) — 22(1 + 2y). In the region
R3 we have the linear differential center

an 26,2 47 152
TTT960 T3 T goY YT g T 3Y
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F1GURE 9. The two crossing limit cycle of type 2 of the discontinuous piece-
wise linear differential system formed by the linear centers (31), (32), (33)
and (34) separated by (LV).

this system has the first integral Hs(z,y) = 422 + x (15 — 16y/3) + y (219 + 47y) /20. In
the region R4 we have the linear differential center

. 7T x oy . 3 Y
38 = - — — — = —— —
(38) TET0 1y YTt

this system has the first integral Hy(z,y) = 422 + 22 (—6 +y) + 4y(7 + y)/5. This dis-
continuous piecewise differential system formed by the linear differential centers (35), (36),
(37) and (38) has three crossing limit cycles of type 2, because the unique real solutions
(pl,qt,ph, qs), with i = 1,2,3 of system (29) are pi = (1,0), ¢f = (0,3), p} = (-=5/2,0)
and g3 = (0,-2); pt = (2,0), ¢f = (0,9/2), p5 = (=4,0) and ¢3 = (0, =5); and p} = (3,0),
¢ = (0,6), p3 = (—11/2,0) and g5 = (0,—7). See these three crossing limit cycles of type
2 in Figure 10. g

-30

FiGURE 10. The three crossing limit cycle of type 2 of the discontinuous
piecewise linear differential system formed by the centers (35), (36),(37) and
(38) separated by (LV).

7. PROOF OF THEOREM 6

If the discontinuity curve X is of the type

(P), we have following two regions in the plane:
Ry ={(z,y) € R?: 2” <y}, and Ry = {(z,y)

e R%: 2% > y}.
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We consider a planar discontinuous piecewise linear differential system formed by two
linear arbitrary centers. By Lemma 11 these piecewise linear differential centers can be as
follows

4b2 2
i:—bx—%y—i-d, y=axr+by+c in Ry,
a
(39)
. 4% 4 w? . .
T =—fr—— —y+4 y=ox+Py+y, in Ry

These linear differential centers have the first integrals
Hi(z,y) = 4(ax + by)? + 8a(cx — dy) + y*w?,
Hy(z,y) = 4(ax + By)* + 8a(yz — dy) + 02,

respectively. After two rescalings of time as in the proof Theorem 2 we can assume without
loss of generality that a = a = 1.

(40)

In order that the piecewise linear differential centers (39) has crossing limit cycles with
four point on (P). We must study the solutions of the system:

er = Hy(x1,23) — Hi(xg,23) =0,
(41) ez = Hy(xg,x3) — Ha(xs,a3) = 0,
es = Hy(x3,23) — Hy(z4,23) =0,
eq = Hy(xy,23) — Ha(x1,27) =0,

or equivalently

(42)
e1 = 422 (1 4 bx1)? — 422(1 + bxo)? + 8x1(c — dry) + 8xa(dwy — ) + (2§ — 23)w? = 0,
ez = 4z3(1 + Bx2)? + 8w2(y — d72)% — 422(1 + Ba3)? + 8x3(dw3 — ) + (25 —23)Q = 0,
e = 422(1 + bx3)? — 423 (1 + bry)? + 8z3(c — dw3) + 8x4(dry — ) + (25 — 2Pw? = 0,
eq = 4z3(1 + Bx4)? + 821(6m1 — ) — 423 (1 + Bz1)? + 834(y — S4) + (2] — 21)Q% = 0.

We assume that the discontinuous piecewise linear differential centers (39) has two crossing
periodic solutions. For this we must have that system of equations (42) has two real solu-
tions, namely (p1, p2, p3,p4) and (q1,q2,qs3,q4), where p; = (k;, k?) and ¢q; = (L;, L?), with
1 =1,2,3,4. These points are the points where the two crossing periodic solution intersect
discontinuity curve (P).

If the point (p1, p2, 3, p4) satisfies system (42), by the equation e; of (42) we obtain the
following expression

8¢+ 4(k1 + ko) (1 + b(k1 + ko)) + 4b(k? + k2) + (k1 + ko) (K3 + k3)ly
- 8(k1 + ko) ’
by the equation e of (42) we get the expression
8y + 4(ka + k3)(1 + Bk + k3)) + 4B8(k3 + k3) + (ko + k3) (k3 + k3)la
- 8(ks + ks) ’
by the equation e of (42) we obtain the expression
2, 1.2
s _k]1€3+_k;4)(k3 5 ((ki —k3) ((kl +4k2)l1 + 14+ (14 bk + ko)) +b
+ 2b(k3 — k3) + (ki — k3)lh)
and by the equation ey of (42) we obtain the expression
1
7 " 8(ky — ky — k3 + ka)
+K3) + (ka o+ k) (Kl + K{ (85 + kal2))

d

0

k2 + k32
ki1 + ko

(8B(k1 + ka)ka — lo(k3 + k3 — k) (ko + k3) (k1 + ka) — 2(k3 + koks
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here we consider [; = 4b% + w? and Iy = 462 4+ Q2.

We assume that the point (q1, g2, ¢3,qs) satisfies system (42), then we can obtain the
remaining parameters of discontinuous piecewise linear differential center (39).

By the equation e; of (42) we obtain w? = S/T', where

_ —4b(Ly — Lo)
k14 ko — k3 — ky
(ks + kg — Ly — Lo) —(k3 + kaka + k) (bka +2) + L3 + (L3 + L1 Ly + L3)(bLy + 2))
+ ko(bka + 2) (k3 + ka — L1 — Lo) + ko ((bLy + 2)(L} + L1 Lo + L3) — (k5 + kgka + k)
(bks + 2) — bk3) + bkoL3 + (Lo + L1) (bk3 + (ks + ka) (ks — L1)(b(ks + L1) + 2) + k3
(ks +2) ) — L3(ks + ka)((bL1 + 2) — bLo) ),

((bky + (bka +2)) (ks + ks — L1 — L)k} + ki (—bkj + ko(bka + 2)

and

L1 —L
T= —2 (K} + ki + kikd + k3) (ks + ks — Ly — Lo) + (k1 + k2) (L1 + Lo)
ky + ko — k3 — ky

(L3 + L3) — (k3 + ka) (k3 + K3)) + (ks + ka) (L1 + L) (k3 + k3 — L3 — L3)),

by the equation eg of (42) we obtain Q? = V/W, where

—43(Ly — L3)

V= ki(Bk k 2))(k ks — Lo — L3) — 2ky (k2 + ko(ks — k

kl_kz_k3+k4(1(51+(ﬁ4+))(2-1-3 2 — L) 1 (k3 4 Ko (ks — ka)
+(ks — Lo) (ks — ka + Lo) + Ls(ks — Lo) — L3) + Bky (—k3 — k3ks + ko (ki — k3)
—k3 + kski + (Lo + Ls) (—kj + L3 + L3)) + Bki(—ka + Lo + L3) — k3(Bks + 2)
(ks — Ly — Ls) — Bka (k3 (ks — Lo — Ls) — ki + (La + L3)(L3 + L3)) — 2ky (L3 — k3
+ k3(ks — Ly — Ls) + LoLy + L3) — (ks — ka) ((Bk3 + ks(Bks + 2)) (ks — Lo — Lg)
+ B(La + L3) (—k3 + L3 + L3) + 2 (—ka(Lo + Ls) + L3 + Lo L3 + L3))),

and

B Ly — L3 2 o 2 2\ 13 125 13

k1 — ko — k3 + ky
+ kski + (Lo + L) (—kj + L3 + L3)) + Lo (ka2 + ks) (k3 + k3) — k) — ka(ko + ks)
(k3 + k3 — k3) + L3 (k3 + k3ks + kok3 — L3 (ko + ks — k) + k3 — k3) — (ko + ks — k)
(L3 + LoL3 + L3) ),

by the equations es and eq we get that b = g = 0. This implies that the linear differential
systems in Ry and in Ry are of the form

1

CU:§7

y=uz,

which is a contradiction because by hypothesis each of the linear differential systems con-
sidered is a center. Therefore we have proved that the maximum number of crossing limit
cycles of the discontinuous piecewise linear differential centers in Fj3 is one.

Now we verify that this upper bound is reached. That is, that there are piecewise lin-
ear differential centers in the family F3 having one crossing limit cycle. We consider the
discontinuous piecewise linear differential system formed by the following linear differential
centers
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43) 1694273 15 321 975799 1By o
=——t+ =T — — = — —~ in
153600 ' 167 2567 Y= 153600 " “ 16 L
146901 39047
44 - _9 g ol | .
(44) T=To100 T y 5050 TETY Wl

These linear differential centers have the first integrals
975799 15 —1694273 + 96300
Hy(z,y) =4x2+x< _y) u i v)

19200 2 19200 ’
156188 293802y
H. = 4a° — _
2(z,y) = 4w x( 2525 ) 2525

respectively. The discontinuous piecewise differential center formed by the linear differen-

+ 8y,

FiGURE 11. The crossing limit cycle of the discontinuous piecewise linear
differential centers formed by (43) and (44) separated by the conic (P).

tial centers (43) and (44) has one crossing limit cycle, because the unique real solution
(p1,p2,p3, pa) of system (42) is p1 = (4,16), p2 = (—13/5,169/25), p3 = (—3/2,9/4), and
pa = (2,4). See the crossing limit cycle of this system in Figure 11.

8. PROOF OF THEOREM 7

When the discontinuity curve ¥ is of the type (E), we have following two regions in the
plane: Ry = {(x,y) € R?: 2?2 +¢y? < 1}, and Ry = {(z,y) € R? : 22 + y? > 1}. By Lemma
11 a piecewise linear differential center of family F,4 can be consider as (39) where the first
integrals are given in (40).

Now we going to study the conditions in order that a piecewise linear differential center
in the family F, has crossing limit cycles intersecting the discontinuity curve (E) in exactly
four points. Taking into account the first integrals (40) a piecewise linear differential center
in F4 has crossing limit cycles if there are points (z;,y;) for ¢ = 1,2,3,4 satisfying the
equations

Hi(z1,y1) — Hi(x2,42) = 0,

HQ(JJ 9) — Ha(x3,y3) = 0,

63 = Hi(z3,y3) — Hi(24,y4) = 0,
s = H2(flf47y4) (xl,yl) =

Ey=ai+yi—1=
Ey=a3+yi—1=
E3:x§+y§—1:
Ey=x3+4+y—1=

SO0 o
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considering I; = 4b® + w? and Iy = 4% + Q2, we have the equivalent system
(45)
e1 = 4(zf — 23) + 8(bz1yr — bways + c(x1 — x2) — dy1 + dya) + l1(y3 — y3)
ey = 4(a3 — 23) + 8ra(y + By2) — 8r3(y + Bys) + (2 — y3) (la(y2 + y3) — 89)
e3 = 4(z3 — 23) + 8(bzsys — brays + c(x3 — v4) — dys +dys) + lL(y3 —y3) =0,
er= 83(y1 —ya) + 8za(y + Bya) — 4(af — 23) — 8x1(y + Byr) + l2(yf —v7) =0,
FE1=0, E5=0, E5=0, B4, =0.

Where we consider without generality a = a« = 1 as in the proof Theorem 2.

We assume that this piecewise linear differential center has two crossing periodic solutions.
For this we have that system (45) has two pairs of solutions, (p1, p2, p3,p4) and (q1, g2, 43, q4)
with p; # p;, and ¢; # q;, for i # j and 4,5 = 1,2,3,4. Since these solution points are on
the circle (E), then we can consider them in the following way
(46)

pi = (ki, A\i), with k; = coss;, A\; =sins; and ¢; = (my,n;), with m; = cost;, n; = sint;,
with s;,t; € [0,2m), for i=1,2,3,4.

Substituting the first solution (p1, p2, p3, p4) with p; as in (46) in (45) we can determine the
parameters d, 0, ¢,y of the piecewise linear differential centers (39), and we get

8C(k1 — kz) + 4(k1 — ko 4+ bA\ — b)\g)(kl + ko + b(/\1 + /\2)) + ()\% — )\%)w2)

(
d= S0 — o) :

_ 4k — 4k3 + 8ka (M2 + ) — 8ks(N3B +7) + (A3 — Al
8(A2 — A3) ’

((4(A1 — Ao) (k2 — k2 — 2bAgks + 2bkq)a)

J

1
T8((ks — k1) (1 — A2) — (k1 — k2)(As — A1)
+ (A3 — M) (4(E — E2) + 8b(k1 A1 — kada) + (A1 — A2) (AL + Ao — A3 — 1y) 1)),

1
T TR(= (k1 — Ka) (A2 — Ag) + (k2 — kg) (A — A1)
+ (A2 — A3)(4kF — 4K3 + 8k1 M8 — 8kadaB 4+ (A1 — M) (M1 — A2 — A3 + A1) I2)) -

C

(400 = Aa) (k3 — K3 + 2ksAa B — 2ka)o)

Analogously, substituting the second solution (q1,42,q3,q4) with ¢; as in (46) in (45)
we get remaining parameters w, €2, b, 8. Substituting k;, A;, m;, n; like (46) we obtain that
b= [ =0, therefore we get that the piecewise linear differential centers is formed by linear
differential center £ = —y, ¢ = =z, in the regions R; and Rp. This is a contradiction
because with this linear differential center is not possible to generate crossing limit cycles.
Then we proved that the maximum number of crossing limits cycles for piecewise linear
differential centers in Fy is one. Moreover this maximum number is reached, that is, there
are piecewise linear differential centers in JF4 such that have one crossing limit cycle with
four points on (E), as we see below

Consider the discontinuous piecewise linear differential centers in the family F4 formed
by the following two linear differential centers

. —107-89v2 Bz 345y C —71489V2 5y

4 = — - -

(47) v 1024 16 256 y o1 Tttt R
1 4ly o1 .

(48) x—6—4<—7+18\f2>—x—ﬁ, y_64(43+18\f2>+x+y in Ro.
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F1aURE 12. The crossing limit cycle of the discontinuous piecewise linear
differential system formed by the centers (47) and (48) separated by the conic

(E).

These linear differential centers have the first integrals
1
128

1
Hy(a,y) = ¢ (32x2 + 2(43 + 18V2 + 6dy) + y(7 — 18V2 + 82y)> :

Hi(z,y) = <5121:2 + (=71 + 89v/2 + 320y) + y(107 + 89v/2 + 690y)) ,

respectively. Then the discontinuous piecewise differential system formed by the linear
differential centers (47) and (48) has one crossing limit cycle, because the unique real solution
(p17p27p3>p4) of system (45) is p1 = (150)7 b2 = (_\/5/27 1/\/5) y P3 = (_1)0)7and bq =
(0, —1). See the crossing limit cycle of this system in Figure 12.

9. PROOF OF THEOREM &

If the discontinuity curve X is of the type (H) we have following three regions in the
plane: Ry = {(z,y) € R? : 22 —4? > 1,2 > 0}, Ry = {(z,y) € R? : 2% — y? < 1} and
Ry ={(z,y) eR?: 22 —y? > 1,2 < 0}.

We consider a planar discontinuous piecewise linear differential system formed by three
linear arbitrary centers. By Lemma 11 these linear differential centers can be as follows

. 4b? + w? . .
x:_blx_llelly—'_dl’ y=ax+biy+c, in Ry,
. 4b3 + w3 . .

(49) T = —bow — 24722?; +da, Y = agx +byy +co, in Ry,
. 4b2 + w3 . .
x:—ng—ing?‘erdg, Yy =agr+bsy+cs, in Rs.

These linear differential centers have the first integrals

Hi(z,y) = 4(a1z + b1y)? + 8a1(c1x — dry) + y?w?,
(50) Hy(z,y) = 4(asx + boy)? + 8az(cox — day) + y?w3,
Hs(z,y) = 4(asz + bsy)? + 8as(csx — dzy) + y*w3,

respectively.
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In order to have a crossing limit cycle, which intersects the discontinuity curve (H) in four
different points p; = (x;,v:), i = 1,2, 3,4, these points must satisfy the following equations

H1(l“1,y1) Hi(z2,y2) = 0,
Hy(x2,y2) — Ha(z3,y3) = 0,
63 = HS(»”U 3) — H3(x4,y4) = 0,
(51) eq = H2(3347y4) Hy(x1,51) = 0,
El - .T% - y% - = 07
E2 = .’L‘% - y% — 1= 07
Egzl‘%—yg— = 0,
Ey=xi—-yi—1= 0,
equivalently, we have
(52)
e1 = 4(z3 — 23) + 8(c1 (w1 — 22) — diyr + biziyr + diyzs — bizays) + (v3 — y3)la 0,
eg = 4(x3 — x3) + 8(cawa — x3) — doya + baxays + doys — bawzys) + (y3 —y3)la =0,
es = 4(:6'% — xﬁ) + 8(03(1’3 — :L'4) dsys + bsrsys + dsys — bsrays) + (y% yi)lg =0,
ex = 4(z5 — %) + 8(ca(wa — m1) — doya — bow1yr + doyr + bazays) + (Y3 —yi)la =0,
E1=0, By—=0, B3 =0, By —0,

where [; = 4b? +wl-2, fori=1,2,3.

Here we are taking without generality a; = a2 = a3 = 1 as in the proofs of the previous
theorems.

We assume that the discontinuous piecewise linear differential system formed by the
three linear differential centers in (49) has two crossing periodic solutions. For this we must
impose that the system of equations (52) has two of real solution, namely (p1, p2, p3, p4) and
(q1,92, 93, q4). Since these solutions provide crossing periodic solutions and these points are
the points where the crossing periodic solutions intersect the hyperbola (H) we can consider

pi = (ki, A;) = (coshr;,sinhr;)  and ¢ = (mj,n;) = (cosh s;,sinh s;),

(53) with 7,8, e R for i=1,2,3,4.

Now we assume that the point (p1, p2, p3, p4) with p; = (ki, A;), i = 1,2, 3,4 satisfies system
(52), and then we obtain the following expressions

SCi(ki — ki+1) + 4(/% — ki+1 + bi()\i — )\1‘4_1))(]{31‘ + ki+1 + bi()\i + )\i-i—l)) (/\ — )‘124—1)

i 8\ — Nis1)
fort=1,2,3, and

8((kz — k) (M1 — >\4)1— (o ) — ) (A0S Zhakoda =k = Zhakada) s = h)

+ (Mg = A3)(4(kF — k2) 4+ 8ba (k1 d1 — kadg) + (M — X)) (A1 — Ao — A3+ M\y) 1))

Cy =

We assume that the point (q1,q2,q3,q4) with ¢; as in (53) satisfies system (52). By the
first equation in (52) we get that
1
8((A1 = Az)(ma — mg) — (k1 — k2)(n1 — n2))
A(k1 — k2 + b1 (A1 — A2)) (k1 + k2 + b1 (A1 + A2))(n1 — n2)
A1 — A2

(n1 —ng) — (nf —n3)l)).

“a= (M1 = o) (—4(m? —m3) — 8bymyny

+ 8bymang + (A1 + /\Q)w%
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By the second equation of (52) we obtain that w3 = K/S where

K = 00— == (8 = B0 = Ao = (k= ko)) + (%
— A3) (k7 +b3(A1 — M) (A1 — Ao — A3 + Aa) — K)o + ka (2 — b5(X2 + A3 — no — ng)
U1 + 2ba(—Aat2 + mang — manz)) + ki(—tha + b3 (A2 + Ay — ng — )1 + 262 (A1t
— mana +man3))) + ka((A1 — M) (W2 — b3(M + Aa — na — n3)y) — (k7 — k3)v1 — 2bo
(A2 (=Aa®2 — (k1 — ka)1) + Aa((m2 — ka)na + (kg — ma)ng) A (Aothe + (k1 — ma)no
+ (m3 — k1)n3))) + ks((As — A)vo2 + (K7 — k)1 + b5(A1 — Aa) (A1 + A — na — )iy
+ 202(A3(— a2 — (k1 — ka)tb1) + Aa(mang — kathr — mang) + A1 (Azthe + k1 — mang
+manz)),

S = O T i (A + dadd + (ks — k) (2 — dand)
+ (k3 — k2)(Njng — Aan3) + AT (k2 — k3)v1 — (A2 — A3)v2) + A5 (Aatha + (k1 — ka)tn)
+ (ks — k1)A3 + (k2 — k3)AD)ns + (k1ds — kads — kadg + ksda)ng + A1((A3 — A3)e
— (k2 — k3)p1(na +n3)) + Aa(M\jbe + (k1 — ka)v1(n2 + n3)))),
by the third equation we get that
-1
“ " 8(Aaths — Agthy + (k3 — ka)ihn))
n A(ks — kg + b3(N\3 — /\:1\))(16?;\4- ka+ b3(A3 + A1)
3 — M

where Y1 = ng —n3, P2 = mg — m3, Y3 = n3 — ng and P4 = m3z — my.

((A3 = Ag)(4(m3 — m3) + 8bs(many — mans)

+ (A3 + M)wihy — (n3 — nd)ls)),

Finally by the fourth equation in (52) we have that by = 0. With these expressions for
da, co, w9 and by we obtain that the linear differential system in the region Ry is& =y, y = «,
which is a linear differential system type saddle. This is a contradiction because we are
working with centers in each region R; for ¢ = 1,2,3. Therefore we have proved that the
maximum number of crossing limit cycles for systems in JF5 is one.

Moreover it is possible to show that there are piecewise linear differential centers in Fj5
such that have one crossing limit cycle. Indeed, consider the discontinuous piecewise linear
differential system in the family F5 formed by the following linear differential centers

) r 29 —355 + 644/10 + 80+v/21 . .
(54)$:_§_Ey+ 64(6 + v21) , y:x+%—|—1, in Ry,
13y 1

+

336 244/81 — 12v/35(—20V/2 + 26v/3 — (14 + 13v/3)V/5 + (7 + 2v/10)v/7)
(—=10920 — 12610v/2 — (3500 + 1000v/10)v/3 + (1092v/7 — 2548 + 168v/21)V/5
(55) 4 (1274 + 240V/6 + 1261V/10)V/7),

. Yy 1

—r— 2+ —240 4 960v/2

Y 3 48(—20v2 4 26v/3 — 145 + TV/7 — 13\/ﬁ+2\/%)(

+1274V/3 + 474V/5 + 387V 7 — 637V15 — 288V/35 — 961/70), in Ro,

, 3 45 3 337(—3 + 2/3) , 3 3
=— “x— —y+—(=11+ + = Zy==
(56) @ 2" " 167 4( 2v3) 64v/5 ’ ymETY Ty

These linear differential centers have first integrals

in R3.



27

F1aURE 13. The crossing limit cycle of the discontinuous piecewise linear
differential system formed by the centers (54), (55) and (56) with disconti-
nuity curve the conic (H).

Hi(z,y) = (355 — 641/10 — 80v/21)y 4 2(6 + v/21)(162(2 + x) + 16xy + 29y°)
ne e 8(6 + v/21) !
Y\? 1
Hy(z,y) =4 (:v — §> +
18+/27 — 4v/35(26/3 — 20v/2 — (14 + 13v/3)V/5 + (7 + 2/10)V/7)

(—31/27 — 4v/35(240 — 960v/2 — 1274/3 — 474\/5 — 387V/7 + 63715 + 288V/35
+ 637V/15 + 288v/35 + 96/70)z + 2(10500 + 10920v/3 + 12610v/6 + 3000v/10
— 720V/14 + 254815 — 1274v/21 — 504v/35 — 1092v/105 — 1261v/210)y) + 42,

1
Hy(z,y) = 42® + 120(~1 + y) + (2640 —480v3 + 10115 — 674V/15 + 450y),

respectively.

The unique real solution (p1,p2, p3, p4) that satisfies (52) in this case is p; = (v/10, —3),

pe = (=5/2,4/21/4), ps = (—4,V/15) and py = (=7/2,—+/45/4). See the crossing limit
cycle of this system in Figure 13.

10. ProOF OF THEOREM 9

Proof of statement (a) of Theorem 9. In this case we use the notations given in the proof of
Theorem 6, then we consider the planar discontinuous piecewise linear center (39) and the
first integrals (40). In order that the discontinuous piecewise linear center (39) has crossing
limit cycles with four points, namely (x1,z%), (v2,23), (v3,23), (v4,23) and one crossing
limit cycle with two points, namely (z5,22), (z6,22) on (P), we must study the solutions
(1,29, 23,24, x5, x6) of system (41) and the equations

€5 = H1(£U5,l'§) — Hl(ZUG,l%) = 0,
€ — HQ(ZBG,SL%) — HQ(:UE),J:%) = 0,
or equivalently systems (42) and
(57)
e5 = 422(1 + bws)? + 8x5(c — das) — 422(1 + brg)? + 8x(dwg — ) + (22 — 23)w? =0,
e6 = 422(1 + 268)? — 4z2(1 + 258)2 + 8w5(256 — ) + 8z6(y — 266) + (2§ — 23)Q2% = 0.
We assume that systems (42) and (57) have two real solutions where each real solution
provides one crossing limit cycle with four points on (P) and one crossing limit cycle whit two
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points on (P), but by Theorem 6 we have that discontinuous piecewise linear center (39) has
at most 1 crossing limit cycle with four points on (P), therefore if we have two real solutions
of systems (42) and (57) they are of the form (x1,x9, x3, x4, x5, x6) = (k1, ko, k3, k4, k5, k)
and (561, I2,T3,T4,I5, 356) = (k‘l, kg, kig, ]{54, )\5, )\6), with ]Ci, )\5, )\6 e R fori= 1, 2, 3, 4, 5, 6.

If the point (k1, ko, k3, k4, ks, ke) satisfies systems (42) and (57), by the equations ey, e2, e3
and ey of (42) we obtain expressions for the parameters d,d,c¢ and v as in the proof of
Theorem 6, by the equation es of system (57) we obtain an expression for w? = S/T with
S and T as in the proof of Theorem 6 changing Li and Ly by k5 and kg, respectively. By
equation eg of system (57) we obtain Q2 = V/W where the expression for V and W are
the same expressions that in the proof of Theorem 6 changing Ls by k5. We assume that
the point (k1, ko, ks, k4, A5, A¢) satisfies systems (42) and (57), then we have e; = ex = e3 =
eq = 0 and by the equations e; and eg of system (57) we obtain b= § = 0. As in the proof
of Theorem 6 we can conclude that the two linear centers in (39) became & = 1/2, y ==,
which is a contradiction. So systems (42) and (57) have at most one solution and therefore
planar discontinuous piecewise linear centers in J3 have at most one crossing limit cycle
with four point on (P) and one crossing limit cycle with two points on (P) simultaneously.
Moreover this upper bound is reached, this is there are systems in JF3 with one crossing
limit cycle with four points on (P) and one crossing limit cycle with two points on (P)
simultaneously.

FicURE 14. The two crossing limit cycles of the discontinuous piecewise
linear differential system formed by the centers (58) and (59).

We consider the discontinuous piecewise linear differential system formed by the linear
centers

. 1225 z= 310 . 103 Y )

(58) = o9 t2 oY VT ety AL
. 6055 « 170 . 3359 Y

(59) T=T0 "1 gV YT g tE Ty mib

These linear differential centers have the first integrals
H(z,y) = 22922 + 10y(—245 + 31y) — x(206 + 229y),
Hy(z,5) = 35622 + 22(—3359 + 89y) + 5y(—1211 + 136y),
respectively.

The unique real solution of systems (42) and (57) is (x1, x9, x3, x4, 5, 26) = (3, -2, —3/2,1,
2,12/5), therefore we have one crossing limit cycle that intersects (P) in the points (3,9),
(=2,4), (=3/2,9/2) and (1, 1), and one crossing limit cycle that intersects (P) in the points
(2,4) and (12/5,144/25). See these crossing limit cycles in Figure 14. O
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Proof of statement (b) of Theorem 9. In this case we consider the notations of the proof of
Theorem 7 and therefore we consider the planar discontinuous piecewise linear center (39)
and the first integrals (40). In order that the discontinuous piecewise linear center (39) has
crossing limit cycles with four points on (E), namely (z1,91), (z2,92), (3,93), (z4,y4) and
one crossing limit cycle with two points on (E), namely (x5,v5), (x¢,ys), we must study the
solutions (p1, p2, 3, P4, Ps, Pe) of systems (45) and (60)

e5 = 4(3:% — x%) + 8(c(xs — x6) — dys + bxrsys + dys — breys) + (yg — yg)ll =

0

(60) e6 = 4(x3 — 22) + 8(Bweys — Basys + ysd — x57 + 6y — Yed) + (Y2 — y2)la = 0,
Es=ai+y?—1= 0

Eg=af+ys—1= 0.

We assume that systems (45) and (60) have two real solutions where each real solution
provides one crossing limit cycle with four points on (E) and one crossing limit cycle with
two points on (E), like in Theorem 7 we proved that discontinuous piecewise linear center
(39) has at most 1 crossing limit cycle with four points on (E), then we have that if there
are two real solutions of systems (45) and (60) they are of the form (p1, p2, p3, P4, Ps, Pe) and
(p1,Dp2,P3,P4,95,46), with p; and ¢; as (46) for i =1,2,3,4,5,6 and j = 5,6.

Substituting the first solution (p1,p2,ps,ps,ps,pe) in systems (45) and (60) we obtain
from the equations e1, e, eg and ey4 of (45) the same expressions than in the proof of Theorem
7 for d, 9, ¢, 7, and by the equations e5 and eg of system (60) we obtain the same expressions
than in the proof of Theorem 7 for w and Q changing (m1,n1) by (ks, A5) and (ma,n2) by
(ke, \6), respectively. We assume that the point (pi1,p2,ps, 4, g5, gs) satisfies systems (45)
and (60), then we have e; = e5 = e3 = e4 = 0 and by the equations e5 and eg of system (60)
we obtain b = § = 0. As in the proof of Theorem 7 we obtain that both linear centers in (39)
become © = —y, y = x, in contradiction that they have limit cycles. So we can conclude
that systems (45) and (60) have at most one solution and therefore planar discontinuous
piecewise linear centers in Fy have at most one crossing limit cycle with four points on (E)
and one crossing limit cycle with two points on (E) simultaneously.

Now we verify that this upper bound is reached, that is there are systems in F4 with one
crossing limit cycle with four points on (E) and one crossing limit cycle with two points on
(E) simultaneously. We consider the discontinuous piecewise linear differential system in F;
formed by the linear centers

(61)

o BV2HVE-6 o 2(V24V3-2) o 3V2H2VBHVE-4 Ly
12v2+3v3-3) 2 22+3v3-37 77T 42v213v/3-3) 20
(62)
:,C_18—93\@+4\/§+33\/6_§+31\/§+37\/§—11\/6—236
920(1 + /3) 4 230 v
. 89v/2 + 58v/3 + 71/6192 y o
— x+ =, in Rs.
920(1 + v/3) 4

The unique real solution of systems (45) and (60) in this case is (p1, p2, P3, P4, P5, Ps) With
p1 = (cosm/2,sinm/2), py = (cosm,sinm), ps = (cos3mw/2,sin3nw/2), ps = (cos —7/3,

sin —7/3), ps = (cos7/4,sinm/4) and ps = (cos0,sin0). See these crossing limit cycles in
Figure 15. O

Proof of statement (c) of Theorem 9. Here we consider the notations of the proof of Theo-
rem 8 and therefore we consider the planar discontinuous piecewise linear center (49) and
the first integrals (50). In order that the discontinuous piecewise linear center (49) has
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4

3 2 1 o 1 2 3

Figure 15. The two limit cycles of the discontinuous piecewise linear dif-
ferential system formed by the centers (61) and (62).

crossing limit cycles with four points on (H), namely (x1,y1), (z2,¥2), (%3, y3), (x4,y4) and
one crossing limit cycle with two points on (H), namely (x5, ys), (g, ), we must study the
solutions (p1, p2, P3, P4, P5, Pe) of systems (52) and (63)
(63)

es = 4(x2 — 22) + 8(ca(5 — w6) — days + baxsys + daye — bazeys) + (V2 — y3)l1 =

e6 = 4(x — 22) + 8(b1weys — b1x5Ys + ysdi — T5¢1 + T6c1 — Yodi) + (Vg — y2)lo =
Es = 3:52) — y% —1=

o oo o

E6:;U%—yg—1:

We assume that systems (52) and (63) have two real solutions where each real solution
provides one crossing limit cycle with four points on (H) and one crossing limit cycle with
two points on (H). By Theorem 8 the discontinuous piecewise linear center (49) has at most 1
crossing limit cycle with four points on (H), then we have that if there are two real solutions

of systems (52) and (63) they are of the form (p1, pa, p3, p4, p5, ps) and (p1, P2, P3, P4, G5, G6),
with p; and ¢; as (53) for i = 1,2,3,4,5,6 and j = 5,6.

Considering the first solution (p1, p2, ps, P4, P5, Ps) of systems (52) and (63) we obtain the
same expressions that in the proof of Theorem 8 for di,ds,ds, ca,c1,ws changing (mq,nq)
by (ks,A5) and (mae,n2) by (ke, \g), respectively.

Now we assume that the point (p1, p2, p3, P4, 5, g¢) satisfies systems (52) and (63), then
we have e; = ez = e3 = e4 = 0, and by the equation e of system (63) we obtain by = 0
and with this the linear system in the region Ry becomes a saddle which is a contradiction,
because we are working with linear centers in each regions R; for ¢ = 1,2, 3. Therefore the
discontinuous piecewise linear center (49) has at most one crossing limit cycle with four
points on (H) and one crossing limit cycle with two points on (H) simultaneously. Moreover
this upper bound is reached, that is there are piecewise linear differential centers in F5 such
that have one crossing limit cycle with four points on (H) and one crossing limit cycle with
two points on (H) simultaneously. Indeed consider the piecewise linear differential system
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formed by the linear centers

—1215 — 576v/2 + 256+/7 + 112/13 — 384v/15  z 29

192(2V7 + V13 — Ja) 2 167

(64)
. 675 2
= — 64V/7 — 28v/13 + 288 (23— 4v/30)
48 ( 1+ 2[ \/ — )
45 [13 /26 /1 /195
+945\/Z 1 — 14y [ — +192 % 1 96 9>+x+ , in Ry,
1125+ 43214 4 189\/% + 207\/% +160v/105 + 70195 x
N 6& 2
65) - 542 + 336+/7 + 17413 + 24v/15 + 68210 + 35v/390 —
n )
_ 855v/2 4 3516V/7 + 179713 4 315V/15 + 644¢/210 +329\/39 i ¥ iR
Yy = 65 9’ 25
(66)
9, ™ 3 45 3 S
T=— 5T — =Y, y=-—5+txr+ 7y in Rs,

2 5z 2" 16 2 2

here o = 23 + 4v/30, n = 42 + 4814 + 24v/26 + 9v/30 + 241/105 + 121/195 and ¢ =
87 + 108v/14 + 54v/26 + 164/30 + 40v/105 + 204/195. The unique real solution of systems
(51) and (63) in this case is (p1, p2, p3, P4, P5, P) With p1 = (3, —v/8), p2 = (4,V15), p3 =
(—=3,v8), ps = (—1,0),p5 = (7/6, —/13/6) and ps = (4/3,/7/3). See these crossing limit
cycles in Figure 16. O

Figure 16. The two limit cycles of the discontinuous piecewise linear dif-
ferential system formed by the centers (64), (65) and (66).

11. PrROOF OoF THEOREM 10

Proof of statement (a) of Theorem 10. In the region R; we consider the linear differential
center
193 =z 58 . 149

(67) T=—">— 7 — =5V, y:*@+ +§
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Fi1GURE 17. The crossing limit cycles of types 1 and 2 of the discontinuous
piecewise linear differential system formed by the linear centers (67), (68),
(69) and (70) separated by (LV).

this system has the first integral Hy (7, y) = 20122 + 2(134y — 447) + 3y(58y — 193)). In the
region Ry we have the linear differential center

. 153 = 17 . 89 Y
(68) 95——176—5—?% y——33+x+§,

which has the first integral Ha(wz,y) = 422 + 17y(2y — 9)/2 + x(4y — 89/4). In the region
R3 we have the linear differential center

43 \/g 3 \/§
(69) T 0 2% Y y=1+z- "y,

which has the first integral Hz(x,y) = 42(2 + ) +43/5y — 2v/3xy + 3y. And in the region
R4 we have the linear differential center

. 251 Y
T 512 256
which has the first integral Hy(x,y) = 4a(z — 4) + y(y — 251)/64.

In order to have a crossing limit cycle of type 1 and one crossing limit cycle of type
2, we must study the real solutions (p1,q1,p2,q2,P3,q3,P4,q4), of systems (21) and (29)
respectively, where p; = (z;,0) and ¢; = (0,¥;), with 1, 22, x3,y1,y2,y3 > 0 and x4, y4 < 0.

In this case considering the four above centers (67), (68), (69) and (70) and their re-
spective first integrals we have that the unique real solution for systems (21) and (29) is
(p1,q1, P2, G2, P3, G3, P4, qa) With py = (1,0), g1 = (0,1/2), p2 = (3,0), g2 = (0,4), p3 = (5,0),
g3 = (0,6), p1 = (—4,0) and ¢4 = (0,—5). See these crossing limit cycles of types 1 and 2
in Figure 17. n

Proof of statement (b) of Theorem 10. In the region Ry we consider the linear differential
center

T 1314 3 67? Y= 13 3

this system has the first integral H; (7, y) = 20122 + 2(134y — 447) + 3y(58y — 193)). In the
region Ry we have the linear differential center

9 X 1
2 p=- 22 j= -+t
(72) t=5-5 2 y=— t

(71)

N <

)
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which has the first integral Ha(z,y) = 2z(4x — 1) + 4y(z — 9) + 8y2. In the region R3 we
have the linear differential center
11 V3 3 1 V3

(73) = T Y y=g5 ¥

which has the first integral Hs(z,y) = 422 + y(11 + 3y) + 2(11 — 2¢/3y). And in the region
R4 we have the linear differential center

51831 — 595v/16909 « 6775 — 119v/16909 Y
= —_ = - xr— —
35912 2 17956 Y y 2’

which has the first integral Hy(z,y) = 17956(2? — z(4 + y)) + y(595v/16909 — 51831 +
(118v/16909—6775)y). The unique real solutions for systems (21) and (29) are (p1, q1, P2, 42, 3, 43, P4, G4)

(74) i

S

FIGURE 18. One crossing limit cycle of type 1 and two crossing limit cycles
of type 2 of the discontinuous piecewise linear differential system formed by
the linear centers (71), (72), (73) and (74) separated by (LV).

with pP1 = (170)7 q1 = (07 1/2)7 P2 = (370)7 q2 = (074)a pP3 = (570)7 q3s = (076)a P4 = (_47 0)
and qq = (O, —5). And (pl, q1,P2, 42, lg,mg, l4, m4) with 13 — ((149 + 3\/ 16909)/134, O),
ms = (0,5), Iy = (—2,0) and my4 = (0, —3). See these crossing limit cycles of types 1 and 2
in Figure 18. U
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