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NILPOTENT SADDLES OF LINEAR PLUS CUBIC
HOMOGENEOUS POLYNOMIAL REVERSIBLE VECTOR
FIELDS

MONTSERRAT CORBERA AND CLAUDIA VALLS

ABSTRACT. We provide normal forms and the global phase portraits
in the Poincaré disk for all planar polynomial vector fields of the form
lineal plus cubic homogeneous that are symmetric with respect to the
z-axis or to the y-axis and having a nilpotent saddle at the origin.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Quadratic systems have been widely studied in the last 100 years, and
more than 1.000 papers have been published about them. The classification
of centers for quadratic polynomial differential systems goes back mainly to
Dulac [5], Kapteyn [7, 8] and Bautin [2]. In [9] Vulpe provides all the global
phase portraits of quadratic polynomial differential systems having a center
and there are also many partial results for the centers of planar polynomial
differential systems of degree larger than two. Mostly of these results are for
linear centers but recently Colak, Llibre and Valls [3, 4] provided the global
phase portraits on the Poincaré disk of all Hamiltonian planar polynomial
vector fields having only linear and cubic homogeneous terms which have
a nilpotent center at the origin, together with their bifurcation diagrams.
Despite the fact that there is a large list of works regarding systems which
have a center at the origin, mostly nothing is known about systems that
have a saddle at the origin. In this paper we are concerned with this last
problem and we are interested in providing all global phase portraits on the
Poincaré disk of all planar polynomial vector fields having only linear and
cubic homogeneous terms which have a nilpotent saddle at the origin. This
problem is too hard to study due to the huge number of parameters and so
we will restrict to the systems that are Zy reversible.

Vector fields with symmetry appear very often in applications, so the
study of symmetric vector fields is not old fashioned and nowadays it has
been an increasing interest in systems that are Zs reversible. We recall that
a vector field

X = P(fc,y)% - Q(w,y)aay (1)
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has a Zs-reversibility if is invariant by the change of variables (z,y,t) —
(R(x,y), —t) in which

R(x’y) = (33, _y)v or R(l‘,y) = (—ZC,y) or R(:E7y) = (—Q?, _y)'

We consider that P and @ are linear plus cubic homogeneous. Note that
under these assumptions, the vector field (1) is never invariant by the change
(z,y,t) — (R(z,y),—t) with R(z,y) = (—z,—y) and so we will restrict to
the cases R(z,y) = (x,—y), or R(x,y) = (—z,y). In these two cases, the
vector field must satisfy

MX($7y):_X(x¢_y)7 MX(x7y):X(_$7y)7

M:<(1) _01>.

In short, in this paper we classify the global phase portraits of all planar
polynomial vector fields of the form linear plus homogeneous of degree three
reversible with respect to the x—axis or to the y-axis having a nilpotent
saddle at the origin. To do this we will use the Poincaré compactification of
polynomial vector fields. The Poincaré compactification that we shall use
for describing the global phase portraits of our systems is standard. For all
the definitions and results on the Poincaré compactification see Chapter 5
of [6]. We say that two vector fields on the Poincaré disk are topologically
equivalent if there exists a homeomorphism from one into the other which
sends orbits to orbits preserving or reversing the direction of the flow. Our
main result is the following one.

where

Theorem 1. A planar polynomial vector field of the form linear plus cubic
homogeneous of degree three with a nilpotent saddle at the origin and Zs-
reversible with R(x,y) = (x, —y) or R(z,y) = R(—=x,y), after a linear change
of variables and a rescaling of ten classes:

(I) o' =y +bx’y + sy, v = ax® + zy?;

(VIII) o' =y —y3, o = a3;
(IX) 2’ =y + sz’y, v = 23;
o=y, y =a

/
(II) 2’ =y + b2y, v = 2 + xy?;
(II1) ' =y + bx’y + s3>, ¥ = ax® — xy?%;
(IV) o' =y + b2y, y =23 — zy%;
(V) 2/ =y +szy + 42, ¥ = az;
(VI) 2’ =y +y°, o = 2%
(VII) 2’ =y + sz’y — y3, o/ = az?;
/
/
/

whereb € R, a € RT and s € {—1,1}. Moreover, the global phase portraits of
these twelve families are topologically equivalent to the following of Figure 1:

o for system (I): 1.1 if s = 1; 1.2 if b > 1+ 2y/a, s = —1; 1.3 if
b=14+2va,s=—-1and 14 ifb<1+2\/a, s=—1;

o for system (II): 1.5 ifb<1 and 1.6 ifb > 1;

o for system (I1I): 1.7 ifb< —a, s=1; 1.1 ifb > —1, s =1; 1.8 if
b< -1-2Ja, s=-1;194fbe (-1—-2/a,1),a>1,s=—1,
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orb e (-1—-2ya,—1+2/a), a € (0,1), s=—-1; 1.10 if b = 1,
a>1,s=—-1;111ifbe (1,-1+2ya), a>1, s = —1; 1.12 if
b=-14+2ya,a>1,s=-1; 1.13 if b € (-1 + 2\/a,a), a > 1,
s=-=1;1144fb>a,a#1,s=—-1,orb>1,a=1,s=-1;1.15
fb=a=1,s=—1; 116 ifb= —1+2ya, ac (0,1), s = —1; 1.17
ifbe (-1+2a,a), a€ (0,1), s=—1;

o for system (IV): 1.6 if b > 0; 1.19 if b € (—1,0) and 1.18 if b < —1;

e for system (V') or system (VI): 1.1;

o for system (VII); 1.4 if a > 1/4; 1.20 if a = 1/4, s = 1; 1.21 if
a<l/4,s=1and1.22 ifa<1/4, s=—1;

o for system (VIII): 1.4;

o for system (IX): 1.6 if s=1 and 1.5 if s = —1;

o for system (X): 1.5.

The proof of Theorem 1 is given in section 3.

2. NORMAL FORMS (I)—(X) IN THEOREM 1

Consider the planar polynomial vector fields of the form linear plus ho-

mogeneous of degree three
i =y+az’® + ar’y + azzy® + agy’ (2)
§ = b1a® + boz®y + bwy® + bay®.

By imposing that the system is reversible with respect to the z—axis or to
the y-axis; that is, that is invariant by the symmetry (x,y,t) = (—z,y, —t)
or (z,y,t) — (x,—y,t) we get

(11:0, 03207 b2:07 b4:07
so system (2) becomes

&=y + Alr,y) =y + ar’y + asy’

3
y = B(z,y) = b1z® + byay®. )

Now we impose that (3) has a nilpotent saddle at the origin by applying
Theorem 3.5 in [6]. Clearly the origin is a singular point of (3) and y = 0 is
a solution of y + A(x,y) = 0. Substituting this solution into F'(z) = B(z,0)
and G(r) = (0A/dx + 0A/dy)(x,0) we get F(z) = byz® and G = 0. Then
system (3) has a nilpotent saddle at the origin if and only if the parameter
by is positive. From now on we assume that by > 0.

We consider the change of variables and the rescaling of time

X — Ax, Y — By, T — Ct. (4)

Case 1. Assume b3 > 0. We consider two different subcases.

Subcase 1.1. If aq # 0, by the change given in (4) with

Vbs
A=+/bs, B=+/la, C=
Vb3 |ay] Tl
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FIGURE 1. Global phase portraits of the planar vector fields
of the form linear plus cubic homogeneous of degree three
with a nilpotent saddle at the origin and Zs-reversible with
R(z,y) = (xz,—y) or R(z,y) = R(—z,y). The separatrices
are in bold.
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we get system (I) with b = ag/bs and a = asby/b3. The case s = 1 (resp.
s = —1) corresponds to as > 0 (resp. a4 < 0).

Subcase 1.2. If aqg = 0, by (4) with

A=+/b3;, B=

we get system (II) with b = ay/bs.

b C:@
Vbi' Vb3’

Case 2. Assume b3 < 0. We consider also two different subcases.

Subcase 2.1. If aq # 0, by the change given in (4) with

_b3
A= V_b37 B = V |a4‘7 C = ’
vV asl

we get system (II1) with b = —ag/bs and a = a4y /b3. The case s = 1 (resp.
s = —1) corresponds to a4 > 0 (resp. a4 < 0).

Subcase 2.2. If ay =0, by (4) with

bs Vby
A= \/—bs, B=—=, C=— ,
’ Vb1 —bs

we get system (IV) with b = —ay/bs.
Case 3. Assume b3 = 0. We consider different subcases.

Subcase 3.1. If aq4 > 0 we consider two subcases.
Subcase 3.1.1. If ag # 0, by the change given in (4) with

7

|as

A=+]al, B=+ai, C=

Vi
we get system (V) with a = agb;/a3. The case s = 1 (resp. s = —1)
corresponds to az > 0 (resp. as < 0).
Subcase 3.1.2. If ay =0, by (4) with
b
A=«4/a4b1, BZ\/LT4, C=4 71,
G4

we get system (VI).

Subcase 8.2. If a4 < 0 we consider three subcases.
Subcase 3.2.1. If ag # 0, by the change given in (4) with

5

lag

A = +/l]azl, B = +/—ay, C = ,

—ay

we get system (VII) with a = —ay4by/a3. The case s = 1 (resp. s = —1)
corresponds to az > 0 (resp. ag < 0).

Subcase 3.2.2. If ay = 0, by (4) with

A= \4/—61461, B:\/—CL y C= Y —

we get system (VIII).
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Subcase 3.3. If ay = 0 we consider three subcases.
Subcase 3.3.1. If ay # 0, by the change given in (4) with

|as| Vb1
A = +/|aal, B=-—, C = ,
bt Vaz|

we get a system (IX). The case s = 1 (resp. s = —1) corresponds to as > 0
(resp. az < 0).

Subcase 3.53.2. If ay =0, by (4) with

we get system (X).

3. PROOF OF THEOREM 1

3.1. Global phase portrait of system (/) with s = 1. Consider system
(I) with s =1

¥ =y+bly+y®, Y =ar®+ay?, aeRT, beR

There unique finite singular point is the origin. In the local chart Uy system
(I) with s =1 becomes

u =a—ui(=1+b+u®+0?), v =—uwwd+u?+0%).

When v = 0, taking into account that a > 0 it follows that for all values of
a € RT and b € R there are two infinite singular points on the local chart
Ui which are (u+,0) where

\/1—b+ VAda+ (—1+b)?
+ 7 :

U+ =

Computing the eigenvalues of the Jacobian matrix at the points (w,0)
with w = us we get that they are —w(w? + b) and —2w(2w? +b —1). The
quantities (u+)? + b and 2(ut)? + b — 1 are both positive. So, (u,0) is a
stable node, (u_,0) is an unstable node.

In the local chart Uy we get

/

' =1+ (—14+b)u? — au' +v*, v = —(u+ au®)v.
The origin is not an infinite singular point of the system.

Gluing all this information (on the finite and infinite singular points)
together with the symmetries of the system we get that the global phase
portrait of system () with s = 1 is topologically equivalent to 1.1 of Figure
1.
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3.2. Global phase portrait of system (I) with s = —1. Consider sys-
tem (I) with s = —1
d=y+br’y—y®, Y =a’+ay’, acRY beR

There are three finite singular points: the origin which is a nilpotent saddle
and the points (0, £1). Computing the eigenvalues of the Jacobian matrix
at these two points we get that they are 4-iy/2 for both points. Taking into
account that the system is reversible we get that they are both centers.

In the local chart U; system (I) with s = —1 becomes
v =a+u?(l—b4+u?—v?), v =—uwvb—u+0?).

When v = 0, taking into account that a > 0 it follows that if b < 1 —2y/a
there are no infinite singular points in the local chart Uy, if b > 1+ 2\/a
there are four infinite singular points on the local chart U; which are (u9.,0)
and (ul,0) where

o _i\/b—1+\/—4a—|—(—1+b)2 - \/b—l— V—4a+ (=1 +b)2
uy = , uy = =*

V2 V2
and if b = 1 4 24/a there are two infinite singular points on the local chart
Uy which are (u%,0) and (uY,0) (in this case the points (ud,0) and (ul,0)
collide and the same happens with (u®,0) and (u',0)).

Computing the eigenvalues of the Jacobian matrix at the points (w,0)
with w either u. or ul we get that they are w(w? —b) and 2w(2w? —b+1).

If b > 1+2+/a the quantities (ul)?—band 2(ul)?—b+1 are both negative

and the quantities (u%)? — b and 2(u%)? — b + 1 are negative and positive,

respectively. So, (ul,0) is a stable node, (u!,0) is an unstable node and
(u%,0) are saddles.

If b = 1+ 2y/a the points (u9,0) and (u’,0) are both semihyperbolic.
Using Theorem 2.19 in [6] we get that they are both saddle-nodes.

In the local chart Us we get
W= -1+ (-14+bu? —aut +02, v = —(u+au’)v.
The origin is not an infinite singular point of the system.

Gluing all this information (on the finite and infinite singular points)
together with the symmetries of the system we get that the global phase
portrait of system (I) with s = —1 is topologically equivalent to: 1.2 of
Figure 1 if b > 1 + 24/a; 1.3 of Figure 1 if b = 1 + 2y/a and 1.4 of Figure 1
if b<1+2/a.

3.3. Global phase portrait of system (/7). Consider system (/1)
o =y+brty, o =23 +xy? beER.

The origin is the unique finite singular point.
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In the local chart U; system (I1) becomes
w =1—u*(=14+b+0v%), v =—uv(d+0%).

When v = 0 and b < 1 there are no infinite singular points on the local
chart U; and when b > 1 there are two infinite singular points on the local
chart U; which are (u%,0) with u} = +1/v/b— 1. The eigenvalues of the
Jacobian matrix at these points are F2v/b — 1 and Fb/v/b — 1, respectively.

Hence, (u9,0) is a stable node and (u”,0) is an unstable node.

In the local chart Uy we get
= (=1+bu? —ut+0% v = —(u+ud.

The origin is an infinite singular point of the system, whose linear part is
zero. Applying the blow-up technique (see [1] for more details) we obtain
that the origin of Us is formed by two hyperbolic sectors when b > 1; by two
elliptic sectors when b € [0, 1] and by two elliptic and four parabolic sectors
when b < 0.

Gluing all this information (on the finite and infinite singular points)
together with the symmetries of the system we get that the global phase
portrait of system (I7) is topologically equivalent to: 1.5 of Figure 1if b <1
and 1.6 of Figure 1 if b > 1.

3.4. Global phase portrait of system (/I7) with s = 1. Consider sys-
tem (I11) with s = 1,
o =y+by+y3, Y =ar®—2y®, a€RT, beR.

The origin is always a singular point (which is a nilpotent saddle). If a+b <
0, there are four additional singular points (z4,y+) with

1 a
S P
—a—2"b v—a—>b
Computing the eigenvalues of the Jacobian matrix at the points (z_,y_)
and (x4,y+) we get that they are

\/a(b—1+\/4a+(b—|—1)2) \/5(6—1— 4a+(b+1)2)
N a+b , A2= a+b
and at the points (z_,y4) and (z4,y—_) they are —\; and —\y. We see that

A, A2 < 0 for all b < —a. Hence (z_,y_) and (z4,yy) are stable nodes
whereas (x_,y+) and (z4,y—) are unstable nodes.

T4 ==+

A1

i

In the local chart Uj system (I11) with s =1 becomes
' =a— w1+ b+u®+0?), v =—uwwd+u+o?).

When v = 0, taking into account that a > 0, it follows that for all values of
a € RT and b € R there are two infinite singular points on the local chart
Uy which are (ux,0) where

b Ao (LD
+ ==+ 3 .

u
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Computing the eigenvalues of the Jacobian matrix at the points (w,0) with
w = us we get that they are —w(w? + b) and —2w(2w? + b + 1). The
quantity 2w? + b+ 1 is always positive. The quantity (u)? + b is positive
for b > —a, negative for b < —a and zero for b = —a. So, if b > —a, (u_,0)
is an unstable node and (u4,0) is a stable node; if b < —a, both (u_,0) and
(u4,0) are saddles.

If b = —a, the points (u+, 0) are both semihyperbolic. Using Theorem 2.19
in [6] we get that (u,0) is a stable node and (u—_,0) is an unstable node.

In the local chart Uy we get
' =14 (14 b)u? —aut +02, v = (u—au’)v.
The origin is not an infinite singular point of the system.

Gluing all this information (on the finite and infinite singular points)
together with the symmetries of the system we get that the global phase
portrait of system ([I1) with s = 1 is topologically equivalent to: 1.1 of
Figure 1 if b > —a and to 1.7 of Figure 1 if b < —a.

3.5. Global phase portrait of system (/1) with s = —1. Consider
system ([II) with s = —1

3 _2y?, aeRY, beR.

If b > a there are three finite singular points: the origin which is a nilpotent
saddle and the points (0, £+1). Computing the eigenvalues of the Jacobian
matrix at these two points we get that they are £1/2. Hence, both points
are saddles. If b < a among the three above mentioned points (0,0) and the
saddles (0,%1), we have the four finite singular points (x4, y+) where

1 1
Va—1>b vE= Va—b

The eigenvalues of the Jacobian matrix at the points (z_,y_) and (z4+,y+)
are

o =y+baty—y®, Y =ax

Ty ==

Va(-1+b— U +b)7—4da) _ Va(-1+b+ /({1 +b)?—4a)
a—1>b roET a—1>b

while the eigenvalues of the Jacobian matrix at the points (z4,y—) and

(r—,yy4) are —A1, —A2. So, we will study only the behavior of the finite

singular point (z_,y_) because the behavior of the other remaining three

points will follow from this one.

AL =

The eigenvalues of the Jacobian matrix at the points (z_,y_) are real for
b e {(—o0,—1 —2y/a] U [-1+ 2y/a,a)} and otherwise they are complex.
Moreover, if b € (—oo, —1 —24/a] the eigenvalues are both real and negative,
so (z_,y—) is a stable node. On the other hand, if b > —1 — 2y/a we need
to distinguish between the three cases @ > 1, a =1 and a € (0,1).

Case 1: a > 1. In this case, we get that if b € (—1 —24/a, 1) the eigenvalues
are complex with negative real part. So, the point (z_,y_) is an stable focus.
If b = 1, the eigenvalues are purely imaginary and taking into account that
system (III) with s = —1 is reversible, the point (z_,y_) is a center. If
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b € (1,—1+ 2y/a) the eigenvalues are complex with positive real part and
if b € [-1+ 2y/a,a) they are real and positive. So, the point (z_,y_)
is an unstable focus for b € (1,—1 + 2y/a) and an unstable node for b €

[—1+2ya,a).

Case 2: a = 1. In this case, we get that if b € (—1 —2,/a, 1) the eigenvalues
are complex with negative real part, so (x_,y_) is a stable focus.

Case 3: a € (0,1). In this case, we get that the eigenvalues are complex with
negative real part if b € (=1 — 2y/a, —1 + 24/a) and are real and negative
real part if b € [—1 + 2y/a,a). So, the point (z_,y_) is an stable focus if
be (—1—-2ya,—1+2y/a) and a stable node if b € [-1 + 21/a, a).

In the local chart U; system (I1]) with s = —1 becomes

' =a+ui(=1-b+u®—0v?), v =—uwd-—u+%).
When v = 0, taking into account that a > 0 it follows that if b < —1 4 2\/a
there are no infinite singular points in the local chart Uy, if b > —1 + 2y/a
there are four infinite singular points on the local chart U; which are (uJ.,0)
and (ul,0) with

2 2
0 \/b+1+\/—4a—|—(—1+b) . \/b+1—\/—4a+(—1+b)
Uy = + , Uy = +

V2 V2
and if b = —1 + 2+/a there are two infinite singular points on the local chart
Uy which are (u%,0) and (u2,0) (in this case the points (uY,0) and (ul,0)
collide and the same happens with (u2,0) and (ul,0)).

If b = —1+2+/a and a # 1 both infinite singular points are semihyperbolic.
Applying Theorem 2.19 in [6] we obtain that both points are saddle-nodes.

If b € (=1 + 2v/a,a) then when a € (0,1) the points (u%,0) are an
unstable node and a stable node, respectively while the points (ul,0) are
both saddles, and if a > 1, the points (ul,0) are saddles while the points
(ul,0) are a stable and an unstable node, respectively.

If b = a and a € (0,1), we get that the points (u,0) are an unstable
node and a stable node, respectively. The points (u.,0) are semihyperbolic.
Using Theorem 2.19 in [6] we obtain that they are a stable and an unstable
node, respectively.

If b= a and a > 1, we get that the points (u},0) are a stable node and an
unstable node, respectively. The points (ul,0) are semihyperbolic. Using
Theorem 2.19 in [6] we obtain that they are an unstable and a stable node,
respectively.

If b =a =1, then there are two infinite singular points on the local chart
Uy which are (u%,0) and (u2,0) (in this case the points (uY,0) and (ul,0)
collide and the same happens with (u,0) and (ul,0)). Theses points are
linearly zero and applying blow-up techniques we get that they are formed
by two elliptic and four parabolic sectors.
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Finally, if b > a with a € R* we get that the points (u%, 0) are an unstable
and a stable node, respectively, while the points (ul,0) are a stable and an
unstable node, respectively.

In the local chart Uy we get
' = —1+ (1+b)u? — au® +v*, v =w(l - au?).

The origin is not an infinite singular point of the system.

Gluing all this information (on the finite and infinite singular points)
together with the symmetries of the system we get the following for system
(III) with s = —1:

When b € (—oo, —1 — 24/a] among the finite saddles (0,0), (0, £1) we have
that (xr—,y_) and (x4, y4) are stable nodes while (z_,y) and (z4,y—) are
unstable nodes. In the local charts U; and Us there are no infinite singular

points. The global phase portrait is topologically equivalent to 1.8 of Figure
1.

When b € (—=1—-24/a,1) and @ > 1 among the finite saddles (0,0), (0, £1) we
have that (z_,y_) and (z4,y4) are stable foci while (z_,y;) and (z4,y-)
are unstable foci. In the local charts U; and Us there are no infinite singular
points. The global phase portrait is topologically equivalent to 1.9 of Figure
1.

When b =1 and a > 1 among the finite saddles (0,0), (0, 4+1) we have that
(r4,ys) are centers. In the local charts U; and Us there are no infinite
singular points. The global phase portrait is topologically equivalent to 1.10
of Figure 1.

When b € (1,—1 + 2y/a) and a > 1, among the finite saddles (0,0), (0,+1)
we have that (z_,y_) and (z4,yy+) are unstable foci while (z_,y4) and
(r4,y—) are stable foci. In the local charts U; and Uy there are no infinite
singular points. The global phase portrait is topologically equivalent to 1.11
of Figure 1.

When b = —1 4 2y/a and a > 1 among the finite saddles (0,0), (0,=+1)
we have that (z_,y_) and (x4,y+) are unstable nodes while (z_,y;) and
(z4+,y—) are stable nodes. In the local chart U; we have two infinite singular
points (uY,0) which are saddle nodes and on the local chart Us the origin
is not a singular point. The global phase portrait is topologically equivalent
to 1.12 of Figure 1.

When b € (=14 2y/a,a) and a > 1 among the finite saddles (0,0), (0,+1)
we have that (z_,y_) and (x4,y+) are unstable nodes while (z_,y+) and
(r4,y—) are stable nodes. On the local chart U; we have four infinite singu-
lar points (u9,0) and (u},0) which are two saddles, a stable node and an
unstable node, respectively. Moreover, on the local chart Uy the origin is
not a singular point. The global phase portrait is topologically equivalent
to 1.13 of Figure 1.
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When b > a and a # 1 or b > a and a = 1, the only singular points are
the origin and (0, £1) which are all saddles. On the local chart U; we have
four infinite singular points (ul,0) and (ul,0) which are an unstable node,
two stable nodes, and an unstable node, respectively. On the local chart Us
the origin is not a singular point. The global phase portrait is topologically
equivalent to 1.14 of Figure 1.

When b = 1 and a = 1 the only singular points are the origin and (0,+1)
which are saddles. On the local chart U; we have the two infinite singular
points (uY,0) that are formed by two elliptic and four parabolic sectors.
On the local chart Uy the origin is not a singular point. The global phase

portrait is topologically equivalent to 1.15 of Figure 1.

When b € (-1 — 2y/a,—1 + 2y/a) and a € (0,1], among the finite sad-
dles (0,0), (0,£1) we have that (z_,y_) and (z4,y+) are stable foci while
(r—,y4+) and (z4,y—) are unstable foci. On the local charts U; and Us there
are no infinite singular points. The global phase portrait is topologically
equivalent to 1.9 of Figure 1.

When b = —1 + 2y/a and a € (0,1) among the finite saddles (0,0), (0,+1)
we have that (z_,y_) and (z4,y4) are stable nodes while (z_,y4) and
(x4,y—) are unstable nodes. On the local chart U; we have two infinite
singular points (u},0) which are saddle-nodes and on the local chart Us
the origin is not a singular point. The global phase portrait is topologically
equivalent to 1.16 of Figure 1.

Finally, when b € (-1 + 2y/a,a) and a € (0,1) among the finite saddles
(0,0), (0,£1) we have that (z_,y_) and (z4+,y+) are stable nodes while
(r—,y4+) and (x4,y—) are unstable nodes. On the local chart U; we have
four infinite singular points (uJ,0) and (ul,0) which are an unstable node,
a stable node and two saddles, respectively. Moreover, on the local chart Us
the origin is not a singular point. Then the global phase portrait of system
(V) is topologically equivalent to the phase portrait 1.17 of Figure 1.

3.6. Global phase portrait of system (/V). Consider system (IV')
¢ =y+bzdy, y=a2>—xy% beR.

The origin is always a finite singular point (a nilpotent saddle). If b < 0,
then there are four additional singular points (x4, y+) where

—1 —1
— =44/ —.

b Y+ b
Computing the eigenvalues of the Jacobian matrix at the points (z_,y_)
and (z4,y4+) we get that they are \y = 2/b, Ao = —2, and at the points
(x—,y4+) and (x4, y—) are —\; and —Ay. We see that A\j, Ao < 0 for all b < 0.
Hence (z_,y_) and (z4,y4) are stable nodes whereas (z_,y4) and (z4,y-)
are unstable nodes.

T4 =%

In the local chart U; system (IV') becomes
W =1—-u*(1+b+v?), v =—uv(b+?).
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When v = 0, it follows that if b > —1 there are two infinite singular points
on the local chart U; which are (uy,0) where uy = +1/4/1 4+ b. Computing
the eigenvalues of the Jacobian matrix at the points (uy,0) we get that if
b € (—1,0) they are saddles; whereas if b > 0, (u_,0) is an unstable node
and (u4,0) is a stable node.

If b = 0, the points (u+,0) are both semihyperbolic. Using Theorem 2.19
in [6] we get that (u4+,0) is a stable node and (u—_,0) is an unstable node.

In the local chart U, we get
w = (1+bu?—ut 0%, v = (u—ud).

The origin is an infinite singular point whose linear part is zero. Applying
blow-up techniques we obtain that it is formed by six hyperbolic sectors
(three stable and three unstable) if b < —1; by two hyperbolic sectors (one
stable and one unstable) and four parabolic sectors (two stable and two
unstable) if b € (—1,0) and by two hyperbolic sectors (one stable and one
unstable) if b > 0.

Gluing all this information (on the finite and infinite singular points)
together with the symmetries of the system we get that if b < —1 the global
phase portrait of system (IV') is topologically equivalent to: 1.18 of Figure
1if b < —1; to 1.19 of Figure 1 if b € (—1,0) and to 1.6 of Figure 1 if b > 0.

3.7. Global phase portrait of system (V). Consider system (V)

o =y+sPy+yd, Yy =ar®, aecRT

The origin is the unique finite singular point. In the local chart U; system

(V) with s = 1 becomes

' =a—uP(s+u?+v?), v = —uv(s+u® +v?).

Taking into account that a > 0, there are two unique infinite singular points
on the local chart Uy defined for all a > 0 which are (u+,0) where

vV=—s++v1+4a
7 .

Computing the eigenvalues of the Jacobian matrix at the points (uy,0) we
get that (u4,0) is a stable node and (u_,0) is an unstable node.

Uy = =+

In the local chart Uy we get

W =14 su® —aut +0%, v = —audv.

So the origin is not an infinite singular point.

Gluing all this information (on the finite and infinite singular points)
together with the symmetries of the system we get that the global phase
portrait of system (V') is topologically equivalent to 1.1 of Figure 1.
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3.8. Global phase portrait of system (VI). Consider system (V)

d=y+y’, Y =27

The origin is the unique finite singular point. In the local chart U; system

(VI) becomes

u=1—ut—u*? = —uv(u® +0?).

There are two unique infinite singular points on the local chart U; which
are (£1,0). Computing the eigenvalues of the Jacobian matrix we get that
(1,0) is a stable node and (—1,0) is an unstable node.

In the local chart Uy we get
o =1—u'+02, Vv =—-dv.
So the origin is not an infinite singular point.

Gluing all this information (on the finite and infinite singular points)
together with the symmetries of the system we get that the global phase
portrait of system (V1) is topologically equivalent to 1.1 of Figure 1.

3.9. Global phase portrait of system (VII). Consider system (VII)
o =y+saty—y>, Y =ar®, acRT.

There are three singular points: the origin and (0,+1). Computing the

eigenvalues of the Jacobian matrix at the points (0, 1) we see that both

points are nilpotent. Using Theorem 3.5 in [6] and the reversibility of the

system we conclude that: both of them are centers if a > 1/4 and both of
them consist in one hyperbolic and one elliptic sector if a < 1/4 .

In the local chart U; system (V1I) becomes

U =a+ut(—s+u?—0v?), v =—uv(s—u®+0?).

Computing the infinite singular points in the local chart U; we conclude
that: if either s = —1 or s = 1 and a > 1/4 there are no infinite singular
points, if s = 1 and 0 < a < 1/4 there are four infinite singular points which
are (ul,0) and (ul,0) where

1—+v1—4a 1++1—4a
V2 V2
and if s = 1 and a = 1/4 there are two infinite singular points which are
(u%,0) and (u2,0) (in this case the points (uY,0) and (ul,0) collide and
the same happens with (u°,0) and (u!,0)).

uoi::I: ,uli::I:

Computing the eigenvalues of the Jacobian matrix at the points (uY,0)
or (ul,0) we get that if 0 < a < 1/4, (u%,0) is a stable node, (u’,0) is
a unstable node and (ul,0) are saddles; if a = 1/4, (u%,0) and (u%,0)
are semihyperbolic. Using Theorem 2.19 in [6] we get that they are both
saddle-nodes.

In the local chart Uy we get

v = -1+ su® —aut +02, v = —aidv.
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So the origin is not an infinite singular point.

Gluing all this information (on the finite and infinite singular points)
together with the symmetries of the system we get that the global phase
portrait of system (VII) is topologically equivalent to: 1.4 of Figure 1 if
a > 1/4;to 1.20 of Figure 1if s = 1 and a = 1/4, to 1.21 of Figure 1 if s = 1
and 0 < a < 1/4; and to 1.22 of Figure 1 if s = —1 and 0 < a < 1/4.

3.10. Global phase portrait of system (VI1I). Consider system (VIII)

d=y—y’, ¢y =2

There are three nilpotent singular point: the origin (which is a saddle) and
(0,£1). Applying Theorem 3.5 in [6] together with the reversibility of the
system we can see that (0,£1) are both centers.

In the local chart U; system (VIII) becomes

' =14t —u*?, v =uv(u? —0v?).

So there are no infinite singular points in the local chart U;. In the local
chart Us we get
W =—1—u+ v2, v = —ud.

So the origin is not an infinite singular point.

Gluing all this information (on the finite and infinite singular points)
together with the symmetries of the system we get that the global phase
portrait of system (VIII) is topologically equivalent to 1.4 of Figure 1.

3.11. Global phase portrait of system (/.X). Consider system (IX)
o =y+s2ty, Y =a>.
The origin is the unique finite singular point.
In the local chart U; system (I.X) with s =1 becomes
' =1—u?(1+0?), v =—uw(l+0?).

So if s = 1 there are two singular points at infinity in the local chart Uy, the
point (1,0) which is a stable node and the point (—1,0) which is a unstable

node. If s = —1 there are no singular points at infinity in the local chart
U.
In the local chart Uy we get
o = su® —ut + v2, v = —udv.

So the origin is a infinite singular point which is linearly zero. Applying
blow-up techniques we get that it is formed by two hyperbolic (one stable
and one unstable) sectors when s = 1 and it is formed by two elliptic and
four parabolic sectors when s = —1.

Gluing all this information (on the finite and infinite singular points)
together with the symmetries of the system we get that the global phase
portrait of system (/X)) is topologically equivalent to 1.6 of Figure 1 when
s =1 and to 1.5 of Figure 1 when s = —1.
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3.12. Global phase portrait of system (X). Consider system (X)

/ / 3
r=y, y=uza.

The origin is the unique finite singular point. In the local chart U; system
(X) becomes

u=1- u21)2, v = —uvd.

So, there are no infinite singular points on the local chart U;. In the local
chart Us we get

u':—u4—|—1}2, v = —u"v.

The origin is an infinite singular point of the system, whose linear part
is zero. Applying blow-up techniques we obtain that it is formed by the
union of two elliptic and four parabolic sectors. The global phase portrait
of system (X) is topologically equivalent to 1.5 of Figure 1.
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