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ABSTRACT. The averaging theory of second order shows that for polynomial dif-
ferential systems in R* with cubic homogeneous nonlinearities at least nine limit
cycles can be born in a zero-Hopf bifurcation.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Our goal is to study the periodic solutions which can bifurcate at a zero-Hopf
bifurcation in a polynomial differential systems in R* with cubic homogeneous non-
linearities by using the averaging theory of the second order.

In [7] the authors studied the zero-Hopf bifurcation in dimension n > 2, by using
the first order averaging method. They proved that at least 2773 limit cycles can
bifurcate from one singularity with eigenvalues +bi and n — 2 zeros.

In [5] (resp. [2]) the authors studied the zero-Hopf bifurcation in polynomial dif-
ferential systems in R?® (resp. R*) with quadratic homogeneous nonlinearities. By
applying the averaging theory of the second order to these systems, they show that
at most 3 limit cycles can bifurcate from a singular point having eigenvalues of the
form 4bi and one zero (resp. two zeros). The zero-Hopf bifurcation in polynomial
differential systems in R?® with cubic homogeneous nonlinearities has been studied
recently in [3].

In this paper we are interested on the existence of periodic solutions bifurcating
from the origin of coordinates of a polynomial differential systems in R* with cubic
homogeneous nonlinearities having eigenvalues +bi and two zeros, i.e for the differ-
ential systems

2
T = (me+ae?)x — (b+ bie + bee?)y + Z &1 X;(z,y, 2, w),
=0
(1) 2
g = (b+be+be®)x+ (a1 + ae?)y + Z eYj(z,y, z, w),
§=0
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2
o= (st as)z+ Y dZy, 2 w),
=0

2
w = (d1€ + d2€2)w + Zgjvvj(xu Y, 2, w):

=0

where

3 2 2 2 2
Xj(x, Y, 2, w) = Qjox” + a1 T7Y + a0 2 + a;37W + a4xY” + Gj5TYZ + AjgTYW
2 2 3 2 2
+CL]'7$Z + A8 LZW + Aj9TW + aj10Y + a1y = + 12y W + @413

2 2 3 2 2 3
Yz + aj14Y2W + aj15yw” + aj162° + @177 W + @5182W° + Aj19W”,

Y(z,y, z,w), Z;j(x,y, z,w) and W;(x,y, z,w) have the same expression as X;(x,y, z, w)
by replacing aj; by bji, ¢j; and dj; for j = 0,1,2and 7 = 0,1,...,19, respectively. The

coefficients a;;, byj, ¢ij, dij, a1, az, b, b1, ba, c1,ca,dy, dy are real parameters with b # 0.

Note that system (1) for ¢ = 0 at the origin has eigenvalues £bi,0,0. So for € = 0

the origin is a zero-Hopf equilibrium.

Our main result is the following one.
Theorem 1. By applying averaging theory of second order system (1) can exhibit at
least 9 periodic solutions bifurcating from the origin when € = 0, and this number of

periodic solutions is reached if and only if the following condition is satisfied (3agy +
Qaoq + b01 + 3b010>b 75 0.

Theorem 1 is proved in section 3. In section 2 we recall the averaging theory of
first and second order as it was stated in [1]. This will be the main tool for proving
Theorem 1.

2. THE AVERAGING THEORY OF FIRST AND SECOND ORDER

The aim of this section is to present the averaging theory of first and second order
as it was developed in [1, 4, 6]. The following result is Theorem 4.2 of [1].

Theorem 2. We consider the differential system
(2) i(t) = eFi(t,x) + 2 Fy(t, z) + 2 R(t, v, €),

where F1,Fy :Rx D = R" R:R x D x (—¢f,e7) = R” are continuous functions,
T-periodic in the first variable, and D is an open subset of R™. Assume that the
following hypotheses (i) and (ii) hold. Assume:

(i) Fy, Fy, R are locally Lipschitz with respect to x, Fi(t,.) € CY(D) for allt € R,
and R s differentiable with respect to €. We define the averaging functions of
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first and second order fi, fo: D — R"™ as

T
fi(z) = %/o Fi(s, z)ds,

folz) = % /0 : {DzFl(s,z) / "Rt 2)dt + Fa(s, 2)| ds.

0

(ii) For V.C D an open and bounded set and for each € € (—ey,e5) \ {0}, there
exists a € V' such that fi(a) +efa(a) =0 and dp(fi +f2,V,a) # 0.

Then for |e| > 0 sufficiently small there ezists a T-periodic solution x(t,e) of the
system (2) such that x(0,e) — a when ¢ — 0.

Where dg(f; + €f2,V,0) denotes the Brouwer degree of the function f; + ¢fy in
the neighborhood V of zero. It is known that if the function f; + ef, is C! then it
is sufficient to check that det(D(f; + efa(a:))) # 0 in order to have that dg(fi +
efe,V,0) # 0, for more details see [8].

On the other hand if one of the real parts of the eigenvalues of the Jacobian matrix
D(f1+¢fs)(ac) is positive the periodic solution z(¢; ¢) is unstable. If all the real parts
of the eigenvalues of this matrix are negative the periodic solution is locally stable.
For a proof see Theorem 11.6 of [10].

For a general information on the averaging theory see for instance the books [9, 10].

3. PROOF OF THEOREM 1

First we scale the variables (x,y, z, w) doing the change of variables (z,y, z,w) =
(eX,eY,eZ,eW), second we pass to cylindrical coordinates doing (X,Y,Z, W) =
(pcos@, psind, n, &), and third we take the angle 6 as the new independent variable.
Thus in the variables (p,7,§) system (1) writes

d
d_g - EFH((Q, 077775) =+ €2F21(9,p,77’€> + 0(83)’
d

(4> d_g :€F12(97pana§)+€2F22(07IO’77’§) +O(€3)’
d

d_g = 5F13(97 P, 1, 6) + 62}723(97 P, 1, 5) + O(€3>'
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where

Fll(‘g?pan?f) =

F12(‘97,07 7775) =

F13(‘97p7 m, 5) =

F21(97 o, 1, 5) =

F22(‘97P7 7775) =

F23(97 P, 7775) =
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1

1
b2( ~((amen® +

b
ao17*E + aoisnE? + ao1o€’) cos(8) + (azp + aorn’p + aosnép + ag€’p

Y cos(0)? + (apanp® + agsép?) cos(8)® + agop® cos(0)* + (bo1en® + borr
1€ + boisné® + bo1o&”) sin(0) + ((aors + bor)n’p + (aors + bos)nép + (
ao1s + bog )€ p) cos(0) sin(0) + ((aos + bo2)np® + (aos + boz)&p?) cos(6)?
sin(0) + (a1 + boo)p* cos(0)? sin(0) + (azp + borsn*p + boranép + bois
&% p)sin(0)? + ((ao11 + bos)np” + (aoi2 + bos)Ep”) cos(6) sin(0)* + (aos
+bo1)p* cos(8)? sin(0)® + (bonunp” + bor2€p”) sin(6)® + (a0 + boa) p°
cos(0) sin(0)3 + borop® sin(h)?),

1

[ — (bean + beoisn” + beorr*€ + beqsné? + beoro€” + b(corn’p + cosnép
+eo&?p) cos(0) + (—brern + beoanp® + beosép®) cos(6)? + b(corsn’p +
coranép + co15E2p) sin(0) + begop® cos(6)® 4 begi p® cos(0)? sin(6) + b(

cosnp” + cosép?) sin(B) cos(8) + (—=bicin + beorinp® + beoraép?) sin(9)?
+bcosp® cos(0) sin(#)? 4 begiop® sin(6)?),

by cos(0)? — by sin(6)?)(ayp cos(6)* 4 aypsin(h)?) +

1
® — (bdan + bdoren® + bdorrn*E + bdorsné® + bdo1o&” + b(dorn®p + desnép

+doo&?p) cos(0) + (—bydin + bdoanp? + bdysép?) cos(0)? + b(doisn*p +
do1anép + do15€%p) sin(6) + bdgop® cos(0)? + bd, p® cos(0)? sin(6) + b(
dosnp® + dosép?) sin(0) cos(0) + (—bidyn + bdo11mp? + bdo12€p) sin(9)?
+bdosp® cos() sin(0)? + bdgiop® sin()?).

System (4) is written into the normal form (2) for applying the averaging theory

taking

=z = (p,n,8),

t = 0,
t,x) = (Fu(0,p,n,8), F12(0, p,1,6), Fi3(0, p, 1, ),
t, ) (F21(0, p, 1, €), Fo2(0, p,m,€), F23(0, p, 1, §)),

T = 2.
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From (3) we have that the first averaging function f; = (fi1, fi2, fi3) is

1 271
Jui(p,n,§) = %/0 Fii(0,p,m,€)do.

Doing these computations we get that

f11<p7n7§):&fa fl?(punvg):%7 f13(p7777§):d%b§'

Since we look for solutions (p*,n*,&*) of fi(p,n,&) = 0 with p* > 0, if a; # 0 the
first averaging function does not provide any information on the periodic solutions
of the differential system (3). In order that the second averaging function can give
information on the periodic solutions of the differential system (3) the first averaging
function must be identically zero. So we take a; = ¢; = d; = 0, and compute the
second averaging function.

Then from (3) we have that fo = (fa1, fa2, f23) = (far(p; 1, €), f22(p, 0, €), faz(psm,§)
is given by
fa = é(‘l(am + boi3)n” + 4(aos + bora)né + (3ace + aos + bor + 3bo10)p” +
4(agg + bo15)E” + 8ay),
(5) fao = %(20016773 + 2¢9m + 26 (co17n? + co18n€ + co19€?) + (coz + cor1)np® +
(cos + co12)p*€),
foz = %(2%16773 + 2don + 2£(doren” + dorsné + do1o€?) + (doz + dorr)np” +

(dos + do12) p*E).

We isolate p? from the equation fo; (p, 7, ) = 0, and we substitute it in fo;(p,n, &) =
0 for i = 2,3. Then we get two polynomials (ga2, ga3) = (922(1, &), g23(n,§)) given by
1

3ago + ao4 4-1501 + 36010)b<

Go2 = ( Cin + Coé + Csne® + Cué + Csn® 4 Cg&®) = 0,

95 = oo g gy (P + Do Dan? + Dars + Dy” + D) = 0,
where
O = —4ascyy — 4ascorr + 3agoca + agaca + boica + 3bgioca,
Co = —4as(co3 + cor2),
Cs = —2(apsco3 + agsCor2 + aogCoz + aogCor1 + boracos + boracorz + boiscoz + boiscorn) +

3agoCo1g + Apacoig + boicois + 3bo1oCots,
Cy = —2(agrco3 + aorCor2 + @osCo2 + aosCor1 + bo13cos + bo13cor2 + boracoz + boracorn )+
3agoCo17 + @pacoi7 + boicorr + 3boiocor7,

Cs = —2(co2 + co11)(aor + bo1s) + 3aoocors + aoacors + boicors + 3bo1oCois,
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Ce = 3agoco1o + @oaCo19 — 2a09Co3 — 2a09Co12 + bo1Co19 + 3bo10Co19 — 2001503 — 2bo15C0125

Dy = —4as(do2 + do11) + 3ageda + agads + bords + 3bg1oda,

Dy = —4ay(dos + dor2),

D3 = —2(agsdos + aosdor2 + agedoz + aogdoir + borados + borador2 + borsdoz + borsdorr )+
3agodois + aosdors + bo1dois + 3bo1odos,

Dy = —2(agrdos + aordor2 + aosdoz + aosdoir + boizdos + bo1sdor2 + boradoz + boradorr )+
3agodor7 + aosdorr + bordor7 + 3borodorr,

D5 = —2(do2 + do11)(aor + bo13) + 3agedors + aoadors + bordors + 3borodore,

D¢ = 3agodor9+aoadoro — 2aggdoz — 2ap9dor2 +bo1doro +3bo1odo1e — 2b015doz — 2b015do12-

We suppose that 3agg + aos + bo1 + 3bo19 # 0.

Looking only at the coefficients of system (1) which appear in C; and D; we see
that C1, Cy, Cs, Cy, Cs, Cg, Dy, Dy, D3, Dy, D5, Dg are all independent because the
rank of the Jacobian matrix of the functions C; , Csy, C5, Cy, C5, Cs, D1, Do, Ds,
D4, D5, D6 with respect to the variables Qpo, Ap4, Ao7, A0, A09, A2, bgl, bolo, bglg, b014,

bo1s, Co2, Co3, Co11s Co12, Co165 Co17, Co18, Co195 C2, do2, doz, dor1, doi2, dois, dorz, dois, dog,
ds is 12, as it can be easily checked using maple or mathematica.

In short, since all coefficients of the polynomials go2(n,&) = 0 and go3(n,&) = 0
are independent they can be chosen arbitrary. By Bezout Theorem, we know that
at most system gao(1,&) = 0, g23(n,£) = 0 has 9 solutions. We give an example of
polynomial differential system with nine limit cycles

2
€
T = 3w?r + 12® + agzyz® + agiez’ + % -,
ye’
y = dwly+ (—4)zty + 2yt + -5t
(6) 21 2 2 2
_ 3 9 w'z  3r‘z  dwz 3 9
z = —dw’ 4wy + — — + 22° + ze®,
4 2 2
Jwz? 1523 ze?
T 2 2, _ _ _
w wz+xz+Yz 1 1 1

From system (5) we have for system (6) that

fa(p,n,§) = %p(l + 30 + 7% — p?),
(7) fa2(pim,§) = %1(8773 — 6n2€ + (4 + 212 — 3p?) + 26(—8€% + p?)),

1
Fas(py, €)= —n(1+ 150" 4 3n& + 28¢% — 4p”).
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Solving system (7) there are nine solutions z; = (pf,n*, &) with pf > 0 for i =
1,...,9 given by

=(2,-1,0),

(2\/‘0 1),

:(100)

:(2f01)

=(2,1,0),
%6 = (2(5—13\/_ —V3 -7 —(—4v3—\/7+(3—\/7)3))7
:( % 55— 13V7),V/3 = VT —(4\/3—ﬁ—(3—\/7)3))7
(N
8 = 5

(55 + 13V7), W—(—‘lm*(“ﬁ)g))’
:< %(55_‘_13\/7)’@7%(4@-(34-\/7)3)).

Since the determinant

(p:71,€) (pm,&)=(p*m*,€*)
, : 3 9 9
for these nine solutions z; = (pf,n;, &) are —3 —6, g 63 —g(—189 +67V7),

9
—3 (—189 + 67V/7), 8(189 + 67V7), 8(189 + 67v/7) respectively, we obtain, us-

ing the averaging theory of second order (see Theorem 2), 9 periodic solutions
(pi(0,2),m:(0,¢),&(0,¢)) of system (4) such that (p;(0,¢),7;(0,¢),&(0,¢)) = z. In
fact, these periodic soutions are limit cycles because the solutions z; are isolated
solutions of system (7) because the determinants (8) are non-zero.

Going back through the changes of variables these 9 limit cycles provide 9 limit
cycles (x;(t,e),yi(t,e), z;(t,€),w;(t,e) of the differential system (1) such that

(2:(0,¢),4:(0,¢), 2:(0, ), w; (0, ) = (p; cos(bt), p; sin(bt), nf, &) + O(?).

Since these initial conditions then to the origin of R* when € — 0, the corresponding
9 limit cycles tend to the zero-Hopf singular point localized at the origin of R?. In
short, the differential system (1) can exhibit a zero-Hopf bifurcation at the origin of
system (6) with at least 9 limit cycles. This completes the proof of Theorem 1.
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