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Abstract. In this paper we study unfoldings of planar vector fields in a neighbourhood of a hyperbolic
resonant saddle. We give a structure theorem for the asymptotic expansion of the local Dulac time (as
well as the local Dulac map) with the remainder uniformly flat with respect to the unfolding parameters.
Here local means close enough to the saddle in order that the normalizing coordinates provided by a
suitable normal form can be used. The principal part of the asymptotic expansion is given in a monomial
scale containing a deformation of the logarithm, the so-called Roussarie-Ecalle compensator. Especial
attention is paid to the remainder’s properties concerning the derivation with respect to the unfolding

parameters.
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1 Introduction and statements of the results

In this paper we study unfoldings of planar vector fields in a neighbourhood of a hyperbolic resonant saddle.
It can be viewed as the continuation of a previous paper where we give a €% normal form for the unfolding
with respect to the conjugacy relation, see [10, Theorem A]. By means of this normal form in that paper
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Figure 1: Auxiliary transverse sections in the decomposition of the Dulac map D = Pyo Dyo Py
and the Dulac time T' =T} + Ty o Py + T 0 Dy o Py, where Py (respectively, P») is the Poincaré
map from ¥; to X} (respectively, Yo to %) and 77 (respectively T3) is the time that spends
the flow to do this transition. Here the local Dulac map is Dy and the local Dulac time is Tj.

we also determine an asymptotic expansion, uniform with respect to the parameters, for the local Dulac
time of a resonant saddle, see [10, Theorem B]. The Dulac map of a saddle is the transition map from a
transverse section ¥; in the stable separatrix to a transverse section Y5 in the unstable separatrix, whereas
the Dulac time is the time that spends the flow to do this transition, see Figure 1. By local we mean that
Y1 and Yo cannot be at arbitrary distance from the saddle but close enough in order that we can use the
normalizing coordinates provided by the normal form. In other words, and more precisely, the local Dulac
map (respectively, local Dulac time) is the Dulac map (respectively, Dulac time) of the normal form.

The asymptotic expansion of the Dulac map (see [15, Chapter 5| and references therein) is a key tool to
study the cyclicity of a polycycle I' (i.e., the maximum number of limit cycles that bifurcate from I') and
to this end the remainder in the asymptotic expansion must be uniformly flat. In this respect recall that
the second part of Hilbert’s 16th problem asks for the maximum number of limit cycles, called H(n), of a
polynomial vector field P(z,y)0, + Q(x,y)0y as a function of n = max(deg(P), deg(Q)). It is still unknown
whether H(n) is finite. In case that the polycycle is monodromic and its return map is the identity then
there is an annulus foliated by periodic orbits where the period function (i.e., the time of the return map)
is defined. In this context the object of study are the so-called critical periodic orbits, which are the critical
points of the period function. Similarly as with Hilbert’s 16th problem, it arises the notion of criticality
of a polycycle T, i.e., the maximum number of critical periodic orbits that bifurcate from I, see |7, 9]. In
the same way as for the cyclicity, an asymptotic expansion of the Dulac time with remainder uniformly
flat constitutes a key tool to study the criticality of a polycycle. Both asymptotic expansions are of similar
nature, they are given in a monomial scale containing the so-called Roussarie-Ecalle compensator, which is
deformation of the logarithm.

The asymptotic expansion of the local Dulac map (respectively, time) is a basic building block for
establishing an asymptotic expansion of the Dulac map (respectively, time) and, in its turn, the latter is
essential to study the cyclicity (respectively, criticality) of polycycles. In the present paper we focus on
the local setting. Our main result for the local Dulac time is an asymptotic expansion that improves the
one we previously obtained, see [10, Theorem B|, in two aspects. Firstly because it gives a more precise
description of the monomials appearing in the principal part. And secondly, more important, it shows that
the remainder can be smoothly extended also with respect to the unfolding parameters. This was in fact
our initial motivation to tackle the problem. In order to state our main theorems some results concerning



normal forms are needed.
Let V be an open subset of RV and consider a ¢>° unfolding {X u}uev of a hyperbolic saddle point at
the origin. More precisely,
Xy = Az, y; )20z + B(x, y; n)ydy,
where A, B € €°°(U x V) for some open neighbourhood U of (0,0) € R? and A(0,0; 1) B(0,0; ) < 0 for all
1 € V. The hyperbolicity ratio of the saddle is

B(0,0; 1)
)\ = )\ = —
== 40,00
Given m,n € Z we also consider the collinear family
1
Y, = X,.
T

The reason why we permit this “polar” factor is because, when dealing with polynomial vector fields, a
special attention must be paid to the study of those polycycles with vertices at infinity in the Poincaré disc.
The factor can come from the line at infinity in a saddle at infinity or, more generally, appear in a divisor
after desingularizing more general singular points at infinity of a polycycle. The case of lines of zeros in at
least one of the separatrices is also allowed as it can appear after desingularizing a degenerate singular point
at finite distance. It is important to remark that (by means of a reparametrization of time) this factor can
be neglected to study the Dulac map but, on the contrary, this cannot be done when dealing with the Dulac
time. For the same reason, to study the Dulac time we need normal forms with respect to the conjugacy
relation rather than the equivalence relation.

We recall at this point Theorem A in [10], which generalizes well-known orbital normal forms with
respect to the equivalence relation (see [6, 15] and references therein). To this end let us fix pyo € V' and
denote A\g = A(uo) for shortness. If A\g € Q, say Ao = p/q with (p,q) = 1, then that result shows that for
any k € N the family {Y,,},ev is €% conjugated, by means of a diffeomorphism ®(z,y, 1) = (¢(z,y, u), p)
defined in a neighbourhood of (0,0, 19) € R? x V, to the normal form

yNF _ 1 (
a n(p)axm™y" + ufQ(u; p)

where 7 is a €° function, P and @ are polynomials in the resonant monomial v = zPy? with the coefficients
being also €>° functions in p, and

20, + (= M) + P(u 1))y )

ﬂ if mp —nq # 0,

)-‘-i-l if mp —ng=0.

[max (2,

S I3

0= (1)

b

2UI =3

[max (

S|z

Finally, if Ag ¢ Q then the result shows that we can take P = @ = 0. (In this paper we use the common
notation | - | and [ -] for the floor and ceiling functions respectively.)

As we already explained, our aim in this paper is to study the Dulac time (as well as the Dulac map)
associated to Y#N F_ (Note in this respect that the only interesting case is the resonant one, i.e., Ay € Q,
because otherwise both maps can be computed explicitly.) More generally, we consider the polynomial
normal family

1
Yop:= 1K )
Bozmym +ut S| Brui=!
where
Xoi= a0, + 1 (-p+ 5" aiprnd) 4o, (3)



In this way, setting o = (ay,...,ay) € RN and 8 = (Bo, ..., Bn) € RM+1 we thus consider the coefficients
of the polynomials P(-;u) and Q(-;u) in the normal form Y;fv F as independent parameters. Naturally we
work with «q = 0 because
A= Aon) =222
q

Note also that, with regard to the Dulac map, we can ignore the time and take X, instead of Y, 3. That
being said, we denote the Dulac map between (0,1) x {1} and {1} x (0,1) by D(-;«). Similarly, the Dulac
time between the same sections is denoted by T'(-; «, 8). More explicitly, let ¢(¢; s, &) be the solution of X,
passing through (s,1) € R? with s > 0 at ¢ = 0. Then, since this solution reaches {y = 1} at time t = —In s
due to o1 (t;s,a) = set, it turns out that D(s;a) = pa(—Ins;s, «). Likewise, if ¢(t; s, a, ) is the solution
of Y, s passing through (s,1) € R? with s > 0 then the Dulac time is the function T'(-; a, 3) verifying

o1(t; s, a,ﬁ)|t:T(s;a,B) =1 for all s > 0 small enough.

The present paper has two main results, namely: Theorem A, devoted to the Dulac map D(s;«), and
Theorem B, addressed to the Dulac time T'(s; @, 8). The idea behind the proof, and also the aim of the
result, is the same for both theorems. We show firstly that we can write the function as an infinite series
for s > 0 and a7 small enough. Secondly, that we can truncate this series in order that the tail is uniformly
flat at s = 0. And, thirdly, that the finite truncation can be expressed in terms of a polynomial in s? and
sPw(s; ), where w is a deformation of the logarithm (see Definition 1.3), the so-called Ecalle-Roussarie
compensator.

In this paper we use a more general notion of flatness (see Definition 1.2), which constitutes the key
point in our approach as well as the main motivation to tackle the problem. Let us advance that it has
better properties with respect to parameters and that this enables us to elucidate a delicate point which we
think did not received the required attention in the literature (see Remark 1.4).

Definition 1.1. Consider K € Zx¢ U {400} and an open subset U of RY. We say that a function 1 (s; 1)
belongs to the class €% (U), respectively €5 (U), if there exist an open neighbourhood V' of

{(s,n) e RN s = 0,u e Uy = {0} x U

in RVF1 such that (s, p) — ¢(s; p) is €% on V.1 ((0,400) x U), respectively V. O

More formally, the definition of €%, (U) and 4 (U) must be thought in terms of germs with respect
to relative neighborhoods of {0} x U in (0, +00) x U. In doing so these sets become rings and we have the
inclusions €% (U) C €5, (U) C €K (U). These facts are implicitly used in Lemma A.3.

We can now introduce the notion of (finitely) flatness that we shall use in the sequel.

Definition 1.2. Consider K € Z> U {400} and an open subset U of R. Given some L € R and i € U,
we say that ¢(s;pu) € €K (U) is (L, K)-flat with respect to s at fi, and we write ¢ € F£(f1), if for each

v=(vy,...,vn) € Z¥F* with |v| = vy + -+ + vn < K there exist a neighbourhood V' of /i and C,s¢ > 0
such that N v
o Q/J(Sv M) L—v
BB - O < Cs™770 for all s € (0,50) and p € V. 4)
If W is a (not necessarily open) subset of U then define FX(W):= Niew FE (). O

The class FX (W) consists in those functions ¢ (s; u) that are (finitely) flat along {0} x W. The usual
notion of (finitely) flatness is addressed to functions ¢ that are smooth at s = 0 and not depending on
parameters. In that context one simply requires the s derivatives of ¢ to vanish at s = 0 up to order K — 1.
When dealing with functions that are not smooth at s = 0, the natural and common definition is to require



the estimates in (4). In this non-smooth context, and when the function depends on parameters, one can
alternatively require (4) to hold for all 4 € V' but only for derivation with respect to s. This is precisely
the notion of flatness used in [14, 15| for the remainder of the asymptotic expansion of the Dulac map (cf.
Remark 1.4). For instance the function (s,u) — s* is obviously L-flat at any i > L according to this
alternative notion whereas to show that (s, u) — s* belongs to F7°({¢x > L}) requires some computations
(see Lemma A.4). Coming again to Definition 1.2, note that the case L < K is not excluded (and so it may
occur that L — vy is negative) and that the case L = K corresponds to the usal notion of (finitely) flatness.

The principal part of D(-;«) and T'(-; «, 3) will be expressed in terms of the following deformation of
the logarithm.

Definition 1.3. The function defined for s > 0 and x € R by means of

s~h-1
w(s;k) = { * if k£ # 0,

—Ins if k=0,

is called the Fcalle-Roussarie compensator. 0

Lemma A .4 gives several properties of the Ecalle-Roussarie compensator in relation with the class F f (W)
as introduced in Definition 1.2. It shows in particular that (s, ) — w(s; k) belongs to F2({k < ¢}) for all
e > 0. With regard to the parameter space of the family of vector fields in (3), hereafter we denote

Up:={aeR;0; =0} = {0} x RV 1,

We can now state our two main results. In both statements we set w = w(s; 1) and A = A(ay) for the sake
of shortness. The first one is a structure theorem for the asymptotic expansion of the local Dulac map.

Theorem A. Let D(-;a) be the Dulac map of the vector field X, in (3) between the sections (0,1) x {1
and {1} x (0,1). Then for each L € R there exists a unique A(z,w; ) € Qlz, w, o], with deg, ) A < %— %,
and 71, € F2(Uy) such that

D(s;a) = s*A(s?, sPw; ) + D1, (s; Q).

Moreover, A(0,0; ) =1 in case that L > g and A = 0 otherwise.

This result has strong connections with the seminal works on the structure of the local Dulac map by
A. Mourtada and R. Roussarie. Indeed, we write the principal part along the same lines as Mourtada, see
[13, Proposition 2], in the sense that it is the Dulac map of the linear vector field 20, — Ayd,, i.e., s — s*,
multiplied by a unity (that we show is polynomial in s? and sPw). Roussarie (see [14, Theorem F] or [15,
Chapter 5]) writes the principal part in a different way and it is difficult to compare since he considers the
case p = ¢ = 1 only, which does not fit very well for ¢ # 1. Next we make some further comments about it.

Remark 1.4. The proof of Theorem A (and also the forthcoming Theorem B) relies on some previous
results by R. Roussarie in [14] (see also [15, Chapter 5]) that we gather in Lemma 2.1 and constitute our
starting point. In that paper the author studies the cyclicity of a saddle loop and to this aim he proves
Theorem F, which describes the structure of the local Dulac map D(s; «). That result is very similar to our
Theorem A, but important differences exist. Firstly his result is addressed to the case p = ¢ = 1 because at
that time it was already well-known that the cyclicity of a saddle loop with Ay # 1 is at most one. Secondly
his result is more precise in the description of the principal part, i.e., D — Zp, since he divides it in the
ideal generated by the coefficients oy, as, ..., an. And, thirdly, his proof concerning the remainder consists
in showing that it verifies
|5§@L(s;a)| < Ost*,

This kind of estimate, similar to (4) but without derivation with respect to parameters, behaves well through
the so-called derivation-division algorithm that yields to the main result in [14] on the cyclicity of the saddle



loop (which in our opinion is perfectly right and, what is more, correctly proved). However it does not enable
to assert that 9, extends to a €L function in (s,a) at s = 0 (see Example A.2 for a counterexample).
Sadly enough, this is precisely what the author states in Theorem F with regard to the remainder Z;, (see
also Theorem 14 in [15, page 103]). This inexactness yields to a crucial gap in a subsequent paper by the
same author [16]. Indeed, in that paper he studies the smoothness property of the bifurcation diagram of a
generic saddle loop unfolding of codimension 2, and to prove the main result he appeals to this (unproved)
claim in Theorem F. To be more precise, by taking advantage of the smoothness with respect to parameters
of the remainder, he is able to apply an ad hoc implicit function theorem to prove Proposition 2.1. In
our Theorem A we show that 7, € F°(Up), i.e., that the above bound holds for derivation with respect
parameters as well, and on the other hand we prove (see Lemma A.1) that any function in FX(Up) with
L > K extends to a X function in a neighbourhood of {0} x Uy in R¥*1. We can thus fill the gap between
the proof of [14, Theorem F| and its statement. This shows in particular the validity of the proof of [16,
Proposition 2.1], which constitutes a key step to show the main result in that paper. O

Next result provides the structure of the asymptotic expansion of the local Dulac time and in its statement
we assume that (max (%, %)—‘ > 0. Let us point out however that we do not need this assumption in any of
the previous auxiliary results. In this regard note that this hypothesis is satisfied if m and n are not both
negative. From the point of view of the bifurcation of critical periodic orbits, the most interesting situation
comes from the Dulac time associated to a saddle placed in the line at infinity, and in this case either m > 0
orn > 0.

Theorem B. Let T(-;a, 3) be the Dulac time of the vector field Y, g in (2) between the sections (0,1) x {1}
and {1} x (0,1). Suppose that r:= [max (%, %ﬂ > 0. Then for each L € R we can write

T(s;o, B =TE(s;0,8) + Tr(s;0, ),
where
(1) the principal part is given by
TL(s;a, B):= 710(B) In s 4 s (8P, sPw; a, B) — ™11 (5P, 0; , B) + s™P1o(sP, sPw; v, B),

with TO(B) S @[5]; T](Z,U); Oé,ﬁ) S Q(O{l)[Z,’LU, Qg,... >aN7ﬂ] and T2<Za w; C¥7ﬁ) € Q[z,w, a7ﬂ]7
(2) and the remainder Ty (s; v, B) belongs to F2°(Up x RM+1),

Moreover the principal part verifies the following:

(d) 10 = =00 if (m,n) =(0,0) and 19 = —p1 if £ =0, whereas 1o = 0 in any other case.

In a previous paper we already give a structure theorem for the asymptotic expansion of the local Dulac
time, see [10, Theorem B|. The main difference between both results is that we can now guarantee that
the remainder 77, is flat along s = 0, not only for the derivation with respect to s, but also with respect
to o and B (cf. Definition 1.2). Consequently, as we explain in Remark 1.4, by applying Lemma A.1 we
can assert that if K < L then the remainder 77 (s; «, 8) extends to a ¥ function in a neighbourhood of
{0} x Uy x RM+1Lin R x RNV x RM+1 We are convinced that this regularity of the remainder will be crucial
in future applications, for instance to have a better understanding of the bifurcation diagram of the critical
periodic orbits of the Loud’s centers, see [9]. In fact this kind of property has already been used to study the



period of the limit cycle appearing in one-parameter saddle loop bifurcations (see [4, Theorem 16]). To this
end the authors prove Proposition 23, which corresponds to Theorem B particularized to m = n = 0 and
K = L = 1. (As a matter of fact while trying to extend it we realized that their proof contains a bridgeable
mistake that we correct here, see Remark 2.4.) Coming back to our previous result in [10], let us note that
the principal part 77 that we provide here is more precise than the one given there.

The paper is organized as follows. In Section 2, taking Roussarie’s results in [15, Chapter 5] as starting
point, we consider the solution ¢(¢; s, ) of X, passing through (s,1) € R? at t = 0 and we expand @3 (¢; s, @)
as a power series in s for each fixed ¢t and a. We obtain sharp uniform estimates for the radius of convergence
of this series (see Lemma 2.5) and also for the derivatives of its coefficients (see Lemma 2.7). Next, on account
of D(s;a) = pa(—1Ins; s, @), in Section 3 we use these results to prove Theorem A. Section 4 is devoted to
the proof of Theorem B and to this end, see (2), we take advantage of the previous results thanks to the
identity

dt.
{(z,y)=p(t;s,0)}

Some technical but crucial issues about the sets FX (W) are treated in Appendix A. Among other properties
we show that any g(s; u) € FX (W) with L > K extends to a % -function (on s and the parameter y) along
s = 0. (This applies in particular to the remainder 27, in Theorem A, as well as to Tz, in Theorem B.) Finally,
in Appendix B we recall some specific results from analysis and calculus, in particular the multivariate Faa di
Bruno formula for higher-order derivatives of a composite function (see Theorem B.1) that we use repeatedly
all over the paper.

—Ins M+L-1 )
T(S;a,ﬁ)Z/o (Boxmy“r > Bme(x”yq)l)
=L

2 Further results on Roussarie’s series expansion

Observe that performing the singular change of variables {u = 2Py?, x = z}, the differential equation given
by the vector field X, in (3) is brought to the following form:

T=ux,
= P(u;a):= Zi\;l a;ul.

The first equation gives z(t,z9) = xoe! and we denote by u(t,up; ) the solution of the second one with
initial condition u(0, ug; &) = ug. For each fixed t and «, we expand it as a power series in g,

+oo
u(t, up; o) = Zgi(t; a)ul. (5)
i=1

In what follows, for any given § > 0 we define
Us:={a=(a,...,ay) € RY; || < 6}.
Following this notation, Roussarie [15, §5.1.2] shows the next result with regard to the series in (5).
Lemma 2.1. The following assertions hold:
(a) For alli € N, g;(t;) = e*tg;_1(t; ) with gi(t; ) € Qlay, Q] where Q:= % and degg, i < 4.

(b) For each compact set C C Us with § € (0, 1] there exist Ko,Co > 0 such that if t >0, |ug| < Cy e
and o € C then the series (5) is absolutely convergent and |u(t,uo; )| < Ko|uoledt.

(¢) Foralli €N, t>0 and a € C, |gi(t; )| < KoCqy ' (Coe®)’.



Proof. Assertion (a) is proved in Proposition 10, whereas (b) follows from the proofs of Lemmas 18 and 19
because, using the author’s notation,

|u(t, uo; o Zlgz tsa)lJuol’ < Z Gi(t)|uo|" = U(t, |uol).

Finally (c) follows from (b) by applying the Cauchy’s estimates (see for instance [18, Theorem 10.26]). H

Corollary 2.2. For each compact set C C Us with 6 € (0, %] there exist Cy > 0 such that the function
u(t, uo; @) is analytic on an open set containing

{(t,up, ) € RNF2:1 >0, ug| < Cyle ™ a € C}.

Proof. Recall that u(t,ug; ) is the solution of & = P(u;«a) with initial condition u(0, ug; o) = ug. Let us
denote its maximal interval of existence by (w_,w; ), where wi = wy (ug, ). Since P is analytic on RV+1,

D = {(t,up,a) € RN 2w (ug, ) < t < w, (ug, )}

is an open set in RN*2 and u(t, ug; @) is analytic in D (see [5, Theorem 1.1] and [19, page 34]). Moreover, for
the same reason, if w, is finite then |u(t, ug; )| tends to +o0o ast 7~ wy (see [1, Theorem 1.263] or [19, page
17] for instance). Note on the other hand that, by Lemma 2.1, if |ug| < Cy 'e™% then |u(t, up; a)| < KoCp*
for all ¢t € (0,w,) and o € C. Arguing by contradiction this implies that wy > —%In(Co|ug|) and concludes
the proof of the result. ]

ZN+1

Given v = (v, v1,...,UN) € , we write

v
O = 0

ba gt dalt - Dokl

and, following this notation, we expand 97 ,u(t, uo; ) as a power series in uy,

Oy ult, up; a Zh t,a)u (6)

Similarly as in Lemma 2.1, we want to estimate the functions h; and the convergence of the above series in
terms of ¢ and «. This is the aim of the next result, where we also write v = (v, 7) with 7 = (v1,...,vN)
for the sake of convenience.

Theorem 2.3. For all v € Zggfl there exists a real number py, satisfying 1 < pp < max(|P[,1) and
independent from vy, such that for each compact set C C Us with § € (0, ] there exist Cz > 0, independent
from vy, and K, > 0 such that if t 2 0, « € C and |ug| < Cle % then

(i) 0% qu(t, uo; )| < Ky |ugleP”?t, and
(ii) the series in (6) is absolutely convergent.
Moreover, for alli € N, a € C and t >0, hi(t,a) = 9¢ ,gi(t; @) and
lﬁzagi(t;a)’ < K, efo (C’,;e‘st)i_1
Finally there exists M > 0 such that if |ug| < (2Co) e~ then
|830u(t,u0;04)| < Me* ' Q(t, o1) where Q(t, o) := -1

(63}

forallt >0 and a € C.



Proof. We begin by proving assertions (¢) and (i7) in case that vy = 0, i.e., only derivation with respect to
parameters. To this end for the sake of shortness we use the compact notation

v v 7 a‘ﬁl
at(f)ol Ty UN) 1

= —————— where v = (v1,...,UN).
[e% 80{?18@]’/\]]\] ( i ) )

The proof follows by induction on |7|. The base case |7| = 0 is (b) in Lemma 2.1. To show the induction
step we first perform the partial derivation &% on both sides of the equality d;u = P(u;«) and then apply
Theorem B.1 to obtain

DO u(t, ug; o) =04 P(u(t, ug; o0); )

1 uki‘J N e
Z 8)\ ’LL Ol 7l H Oa Hz 1( 0‘ 1) ) (7)

10011k
1<iIEle) Bl u=u(tuoia)
- N+1 ion OPlu: o) — — 0N Pue) N+1
Here, for A = (Ao, ..., AN) € Zsq -, we use the notation 9 Plu; ) = Trodat 00T and, for k; € Z54,
we write k; = (kjo,...,k;jn). Note also that both summations are multidimensional and the second one is

subject to the coupling conditions given in (37), namely > ¢, k; = X and > ¢, |k;|¢; = v. In this respect
we observe the following;:

(a) The only summand in (7) that contains a factor 0% u with |6;| = |7| is Oy P(u; a)0hu. Indeed, this is
so because if ¢; = v and kjo # 0 then |k;| =0 for ¢ # j and A = k; = (1,0,...,0).
(b) If kjo = 0 for all j then A\g = 0. Consequently any summand in (7) not containing a factor d‘u with
|| > 0 has the factor (%9 P(u;a) = Zﬁvzl(aéai)ui, which is a polynomial vanishing at « = 0.
Accordingly we can split the right hand side of the equation (7) so that it writes as
107 u(t, ug; ) = Oy Pult, ug; @); ) 0%u(t, ug; @) + RL (¢, ug, @) + R (L, ug, ),

where we define RL to be the sum of those summands with kjo = 0 for all j = 1,2,...,¢ while R2 is the
sum of the remaining summands. Note then that

R,lj(t7 ug, ) = uS(u; o)

u=u(t,uo;or)

for some polynomial S(u;«) with deg, S = N — 2. The above equality is a first order linear differential
equation for O%u(t,up; o) that, setting Ry = RL + RZ and

t
Bt 0= exp ([ 0uP(u(s, s i) ) ®)
0
for the sake of shortness, yields to

! RD(S7U’03 a)

B s, 10,0) ds. (9)

O7u(t, uo; &) = B(t, up, o) /
0

Note that we can write 0, P(u(s, ug; @); o) = Yoo pi(s, @)u with the same radius of convergence as (5)
because 9, P(-;«) is polynomial. In addition we have py(s; ) = 3. Thus, applying (b) in Lemma 2.1 and
setting K := sup{|0, P(u; ) — aq; [u| < KoCyt,a € CY, if ug| < Cyte 0 then

Z/ Ips(s; @) |Juo|'ds < Klz/ (Cy ) uo|ds

et — 1

t
/(8uP(u(s,u0;a);a ) —aq)
0

i\ i <K -
=K, ;C0|uo| < T; Coluple®t)? < +oo,



where in the second inequality we use Cauchy’s estimates (see [18, Theorem 10.26]). Thus, by Lemma B.5,
t +oo t )
[ ot asaras =3 ([ nisiaras) uh
0 — \Jo

and the series converges absolutely for |uo| < Cg 'e™*. Furthermore, setting Ko := £2if jug| < (2Cp) ~Le ™%
then

t
ot — Ky < / OuP(u(s,up;a);a)ds < agt + Ko for all t > 0 and « € C.
0
Consequently, recall (8), if |ug| < (2C5)"te™% then
e B2et < Bt ug, o) < ef2e™ for all t > 0 and a € C. (10)

On the other hand, since z +— e*® are entire functions, the Taylor series of B(t,ug,a) and 1/B(t,ug, ) at
uo = 0 converge absolutely for all ¢ > 0 and « € C provided that |ug| < Cy 'e~%. Therefore, from (9) and
taking the previous bounds into account, we get that if |ug| < (2Cy)~'e~% then

t
|08 u(t, up; )| < eQKQeo‘lt/ |R5(s,up, )| e”*1%ds for all t > 0 and o € C. (11)
0

We are now in position to prove the validity of assertions (¢) and (i7) for the case vy = 0 and to this end
recall that R, = RL + RZ. Let us begin with the study of R2 by noting that in each one of its summands
we have that (0% u(t, ug; @))*io verifies |¢;| < |P| for j = 1,2,...,q and that there is at least one exponent
kjo strictly positive. Accordingly, thanks to the induction hypothesis, for each j =1,2,...,q we know that
if ug| < C’[Jle*‘” then [(0% u(t, ug; )| < (Ky, |ug|e’s oykjo for all t > 0 and a € C. We define

pe@) = | Al kg b, L) € p(5, )5 165] < 7]}
IEPYNIA

which is nonempty if and only if || > 1. Taking this into account, if |7| > 1 then we set

Cy:= max (QCo,max (ng; (k1. kg la, ..., 4y) € p*(ﬁ))>,

pp = max (1, max (Z?:l kjope;; (kvs. .o kgily, ... 4g) € p*(z7)>)
and

K3:= max (ngl(mj)k.fo; (k1. kg be,... by) € p*(ﬂ)) :
whereas if |7] = 1 then we define C5 = 2Cy, py = 1 and K3 = 1. Furthermore we define

Ky=sup{|0*P(u;a)|; [u| < KoCy'ia € C,1 < A < |7|}
and

K5 := sup {Z1g|,\|<\r/| 2pon VG2 %7 € C}

Note moreover that |u0|z-?:1 ko < Jug| due to ?:1 kjo = 1 and |up| < 1. On account of these definitions
and applying (b) in Lemma 2.1, from (7) it follows that if [ug| < C; 'e™% then |RZ(t, ug, )| < Kg|ug|er”®
for all t > 0 and « € C, where we set Kg:= K3K;K5. Let us proceed next with the study of RL. In this

case, due to Rj(t,u0, @) = wS(u; )|,y (s upra) » WE define

K7:=sup {|S(u; @)]; [uo| < KoCytac c}.
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Thus, by applying Lemma 2.1, if |ug| < Cy te™0 then |RL(t, ug, o)| < KoK7|ug|e for all t > 0 and o € C.
Finally, taking C;; > Cj into account, we can assert that if |ug| < C; *e~% then

|R9(ta Uo, a)| < ‘R}?(tauOv Ot)‘ + |R§(ta Ug, a)| < K0K7‘u0|66t + K6|u0‘epf’5t < 1(8|u0|€p,76)5 (12)

for all ¢ > 0 and « € C, where we set Kg:= max(Kg, KoK7) and we use that p; > 1. We can now plug this
inequality in (11) to obtain that if |ug| < C; *e~% then

‘ e(pﬂé_al)t _ 1

Ppd — @ gK,,\u0|epf’5t
50 —

t
|0Zu(t, ug; )| < K862K2|u0|e°‘1t/ elPrd=e)s gs — [ge?K2|ygle™
0

2K

for all t > 0 and « € C, where K, := KS;( with Ky := inf{pzd — a1; a € C}, which is strictly positive
because |a1\ < 6 < ppé. This proves the inductive step with regard to assertion (7). Let us turn now to
assertion (44). Since Ry is a polynomial of 9‘u with 0 < |¢| < |7| on account of property (a), by the induction
hypothesis we get that the Taylor series of Ry (¢, ug, @) at ug = 0 is absolutely convergent for all ¢ > 0 and
a € C provided that |ug| < C; te~%. Furthermore, from (12), if |ug| < C; 'e~% then

IRy (t, ug, )| < KgCte?=19% for all t > 0 and « € C.

Recall on the other hand that the Taylor series of m at ug = 0 is absolutely convergent for all ¢t > 0
and a € C provided that |ug| < Cy et In addition (10) shows that m < effze
of values. Hence, due to Cy < 2Cy < Cy, if Jug| < C5te™% then the series By (tuo,0) _ Soeori(t )uf is

B(t,ug,o)
absolutely convergent and the upper bound

1t for this range

‘Ry(t,uo,a) < Kool eloo=1i=00t < [ 01K gpodt

B(t,up, )

holds for all ¢ > 0 and « € C due to |a1]| < §. Note also that r(t; @) = 0. As we did before, the Cauchy’s
estimates show that

Iri(t; a)| < KgCytef2Clelrrt93 for all i € N, t > 0 and a € C.

Consequently, for all i € N, ¢t > 0 and « € C, we get

elop )8t _ 1

K Cz p,,+z57
(pr+i)s =77

/ (55 a)|ds < KgCy tef2

KgCteX2
P

where Ko = . Thanks to these estimates we can assert that if |ug| < C; 'e~% then

Bounal ’ Z Fuol’ / Iri(s; )lds < K epuétz (Cﬁ|uo\eét)i < o0

i=1

for all ¢ > 0 and « € C. Therefore, by Lemma B.5,
R Ry(s,u0, @) = </t ) A
= ri(s;a)ds | ug
s uoa ; | risia)ds | g

and the series converges absolutely for |ug| < C;'e™%. Since we already prove this fact for the Taylor
series of B(t,ug, ) at ug = 0, from (9) it follows that the Taylor series of d5u(t,ug; ) at ug = 0 converges
absolutely for all t > 0 and « € C provided that |ug| < C 1e=0t This shows the inductive step concerning
assertion (ii) for the case vy = 0.
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Let us turn now to the proof of the case vy > 0. Since dyu = P(u;a) we deduce that 9f'u = P, (u; @)
for all n € N, where P, := P9, P,_1 with Py(u;«):= u. The application of Faa di Bruno formula given by
Theorem B.1 yields to

8§$”V1""’"N)u(t,uo; a) = O P,, (u(t,up; @)

q

8 ) Kio aozl
S P, wa)) 7 H 3 'Hg ')li | )t (13)

IESNPYNIA p(7,A J=1 u=u(t,up;c)

= Ri(t,uo, ) + Rg(t,uo,a),

where R}, consists in all the summands with kjo = 0 for all j. Accordingly, due to P, (0; o) = 0, exactly as
we did to show (b), we can write RL(t,ug, ) = uS, (u; @) lu=u(t,ug;a) for some polynomial S,. Thus, setting

Kig:=sup {|S, (u; @) |u| < KoCy',a €C}

and applying (b) in Lemma 2.1, if [ug| < C;'e™% then |RL (¢, ug, a)| < KoKio|ug|e® for all t > 0 and « € C.
On the other hand, since we have already proved the validity of (¢) for the particular case vy = 0, it follows
that for each j there exist Ky,,Cy, > 0 and pp, > 1 such that |8iju(t,u0;a)\ < Ky, |ugle's for all t > 0
and a € C provided that |ug| < Cézle*‘”. Thus, taking upper bounds in (13) as we did before with R2,

it follows that there exists K, > 0 (which we take satisfying K, > 2K(K;o for convenience) such that if
lug| < Cy 'e0 then |R2(t,ug, )| < 3K, |uoler?o! for all t > 0 and « € C. (Here we remark that p; > 1 and
C5 > Cp are the ones previously defined when we tackle the case vy = 0.) Hence, if |ug| < C5 Le=0t then

|07 qult, uo; )| < |RL(t, uo, )| + | R2(t, uo, )| < KoKioluole® + 1K, |ugler”®t < K, |ugler+?

for all t > 0 and « € C. Finally the fact that the Taylor series of 9y ,u(t, ug; @) is absolutely convergent for

all t > 0 and « € C provided that |ug| < C;*e=% follows from (13) using that this is true for Giju(t, Ug; )
for all j and that O*P,, (u; @) is polynomlal in u.

So far we have proved assertions (i) and (i7) except for the validity of the upper bound py < max(|7|,1).
Lemma 2.1 shows that this is true for 7| = 0 because we can take py = 1. The proof for |#| > 1 follows by
induction taking into account that

pp = Mmax (1,max (23:1 kjope;; (k1o kgs by, ... €q) € p*(ﬂ))) .
The base case is also true by definition because p; = 1 for |7| = 1 (recall that in this case the set p,(¥) is
empty). The inductive step follows by noting that, due to the definition of p(7, \),

q q

q q
D kjope; <Y kjollsl <D (kjo 4+ k)61 =D k|G 4+ 4in) = |7,
j=1 j=1

Jj=1 Jj=1

where in the first inequality we use the inductive step and in the last equality take 231:1 |k;|¢; = D into
account.

Let us prove next the statement concerning the coefficients h;(¢, o) in the series (6). To this aim observe
that, by assertion (i4), this series converges absolutely for all ¢ > 0 and « € C provided that |ug| < C; te=%.
, by g Yy p
This implies that, for each fixedt > 0 and o € C,
1 .
hi(t, o) = a Driy Of o u(t, uo; a)|u0:0 for all i € N. (14)
On the other hand, thanks to assertion (i), if |ug| < C; 'e~% then
07 qu(t, uo; )| < K,,|u0|ep”5t < KVC',;le(”rl)‘St.
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Therefore, by applying the Cauchy’s estimates,
Ihs(t; @) < K, CytelPr =00t (Credt)' = Keredt (Credt) ™

for all i > 1, o € C and ¢ > 0. Recall in addition that, by (b) in Lemma 2.1, if |up| < Cy'e~% then
u(t,up; ) = S gi(t, a)ud converges absolutely for all t > 0 and « € C. In particular, for each fixed t > 0
and a € C, we can assert that g;(t,a) = & 9% u(t, uo; a)|u0:0 holds for all ¢ € N. Consequently

1 i U 1 v % v
h’i(tv a) = 5 auoat,au(t7u0; O[)| = ;' at,aauou(t7u0; a)’uo:O = at,agi(t7 a)7

u0:0

where in the first equality we use (14) and in the second one Corollary 2.2.

It only remains to be proved the upper bound for \8iuu(t, ug, a)|. To this end we observe that

t
Dyt g3 @) = exp ( / auP(u(s,uo;axa)ds) — B(t,uo, ),
0

where we use 0;0y,u = 0, P(u; a)dy,u in the first equality and (8) in the second one. Therefore
t
8,2mu(t,u0;a) = B(t,uo,a)/ 83P(u(8,uo;a);a)B(s,uo,a)dS.
0

Setting K7 := sup {|82 wa);lul < KoCy',a € C}, (b) in Lemma 2.1 and the inequalities in (10) show
that if |ug| < (2Cp)~te™% then

¢
|820u(t,u0;a)\ < KlleQKZeo‘lt/ e *ds = Me®'Q(t, ay),
0

where we take M = K;;e*%2. This completes the proof of the result. [ |

Remark 2.4. Let us mention that Theorem 2.3 corrects a mistake in the proof of [4, Propositon 23]. The
authors of that paper split the proof into two intermediate claims. The second one is a particular case of
assertion (7) in Theorem 2.3 (it corresponds to 7| = 1 and N = 1) but the proof given there is not right.
Indeed, they consider in page 283 the series p(u(&,ug)) = Zz T pi(€)uf but the summation index should
run from ¢ = 0. This may seem a typo but it has important consequences in order to bound the derivative
with respect to parameters because, transferred to our proof, it yields to the factor e*'? in (10). That being
said, except for this bridgeable mistake in the proof of [4, Propositon 23], the main result in that paper
with regard to the period of the limit cycle emerging from a saddle loop bifurcation is perfectly correct. [

At this point let us denote by ¢t — (z(t, po; ), y(t, po; @)) the solution of the differential system given
by the vector field X, in (3) passing through py = (20, v0) € R2. It is clear that x(t,po; o) = zoet. We are
interested in the analytical properties of y(t, po; ) with the initial condition py = (s,1). This is the reason
why we first studied v = 2Py? and in this respect, by Lemma 2.1, we know that

+oo
u(t, up; o Zgz (t; a)uph = uoeo‘ltzgi(t;a)ué,
i=0
where the series converge absolutely and we use that g;(t; ) = e*1'g;_1(¢; ). Thus, since (¢, po; @) = zget,

(y(t,po; @))* = ey “”Zgz ta)uh =yl P! (1 +Zgz t; o)u ) : (15)

i=1
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Since (1 + 2)" = ZOB ( ) k for |z| < 1, with the aim of computing (y(t,xo,yo;a))j for any j € Z we set

E .
1/16:: 1 and, for k € N, wj = Z (J£q> Z Giy * i (16)

r=1 i1+ +ir=k
Our next task is to prove the following result.

Lemma 2.5. For each compact set C C Us with ¢ € (0, %] there exist Cy, M > 0 such that the identity

(y(t,s, 1;a)) j: _Mtzwjta

holds for all j € Z, t > 0, a € C and s > 0 with s max (MQ(t,1),4Coe’") < 2, Moreover under these
conditions the series is absolutely convergent.

Proof. Since g;(t;a) = e**g;_1(¢; ) and go = 1, from (5) we get

a)u
% for some ¢ € [0, ug),

+oo
~ i _ ult,uoa) —uge™t 9y u(t, & a)uf
> gilt;a)uf =

ugert 2uoea1t

where in the second equality we apply Taylor’s theorem taking u(¢,0; ) = 0 and 9,,u(t,0;a) = e*? into
account. By applying Theorem 2.3, there exist Co, M > 0 such that if |ug| < (2Co)~'e™% then

|02, u(t, uo; )| < Me® ' Q(t, o) for all t > 0 and o € C.

Hence if |ug| < (2C5) e then ’ o0 Gt a)ud

< 2Q(t, ar)|ug| for all t > 0 and o € C. Therefore, if

|up| < min (m, (2C0)_1e_‘5t) then ‘E;ff gi(t; a)uf)
(1+4z)/a =372 (jéq)zk for |z| < 1, from (15) and (16) it follows that

> 0 and « € C. Accordingly, since

) +00 Jla +00
(y(t, 20, yo; )’ = yhe? (1 P/ (1 +> gilt; a)ﬂé) = yge! (TP "l (t; a)ug

i=1 k=0

for all t > 0 and a € C provided that |ug| < 1/max (2£Q(t, a1),2Coe). Furthermore the second series
converges absolutely because so it does the first one thanks to Lemma 2.1. Finally, since vy = zfyd and
A= p_q(“, the result follows taking (zq,y0) = (s, 1). [ ]

The following is a technical lemma that will be used in the proof of our last result in this section.

Lemma 2.6. For each m,n € Zx>q there exist Py, Qmn € Z[z,y] with deg, Py, = deg, Qmn = m and
deg, Py = deg, Qmn = n such that for any a € R,

050, e™™ = a" e Py (v, ay) and 0;0,"xY = 2V " Qpn(Inz, y).
In particular, there exist My, My > 0 such that

|8”8m “Y| < Mymax(1, ||, lay|)™ " a|™e*™ and |0} 0 mx”| My max(1,|Inz|, |y|)™ " z¥ ",

Proof. Note that 9;0;" e = 0y (e**¥(ax)™) and 050, x¥ = 0y (z¥(Inz)™). From here the proof follows
by induction on n. To this end we set Ppo(x,y) = Qmo(z,y) = ™. Then the inductive step follows by
taking Pm,n—i—l =yPpn + 0z Py, and Qm,n+1 = (y - n)an + 8;chn n
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Lemma 2.7. For each compact set C C Us with § € (0, %], jE€Z andv € Z]ZV&H there exist Cj,, K, > 0
such that '
|07 ok (8 )| < Koy (k + 1)71(Cy,)F max(1, 1) 7 eBrF VDot

forallk € Z>p,t >0 and o € C.

Proof. Note first that, on account of the definition in (16),
(/4
RUEDY ( g ) Yo 9@n i),
r=1 i1+ Fi,-=k

where, due to g;(t; o) = e*1'g; _1(t; ) and applying Theorem B.2,

"G Gi) = D 0,007 g1 - 0 gy
lo+...+4r=v

We remark that this summation is multidimensional with £y, ..., 4, € ZN 1 and Qpy,...0, = (Eo ” p ) are

the generalized multinomial coefficients (cf. Remark B.3). Settmg by = (500, ..., 4on) then, by Lemma 2.6,
9% (e=1mt) = 90 glor (e=1Tt) = (—p)lore=1Tt Py oo (¢, —anr) if Loo = ... = Loy = 0 and zero otherwise.
In addition |9% (e=®1"*)| < My, max(1, |t|,|ra;|)/flrfore=@1mt On the other hand, by Theorem 2.3,

|8f’agi+1(t; )| < KeeP ot (Cpe®) for alli € N, o € C and t >
Thus, if we set M, = max(My; L < v), C,:= max(Cy; ¢ < v) and K, = max(Ky; £ < v), then

10" (9 9i,) (EQ)I < Y g, My (K,) max(L, [t]) M2 0 pe b toe )0 (G 0yt
Lo+..+Lr=v
Here we use |o1| <0 < 1, {y < v and r > 1, which implies

max(1, |¢], [ray|)flrfor < max(1, |t], |r)) "l < max(1, |¢]) P12

Hence, since p, < max(|v],1) < 1+ |v| thanks to Theorem 2.3 and, on the other hand, |[¢g| + ...+ |{,]| = |v|
and r < k=11 + -+ i, we obtain

0¥ (Gi, -+~ Gi,) (8 )| < M, (K, C)F R max(1, 1) Vle@RHbDot 3= g,
lo+...+l=v

Thus, since _ag, .= (r+ D" < (k+ 1) thanks to Remark B.3, we get
Lo+...+4-=v 0y eslr

10" (g, -+~ Gi.) (8 )| < My(K,C)* (k + 1) max(1, 1) Ve Dot
Accordingly, since |(j/q)| < max(|j/q|,1)" < max(|j|, 1)* for all j € Z,

k
0" 64 (:0)] < N, (R, Gk + 1% max(1, ) eOH Y max((j. )F 30 1
r=1 i1+ tip=k

N k
— yp(k) (max(|j|, I)KVCV> (k + 1)3\V| max(l, t)\v|e(3k+\v|)5t’

where p(k) is the number of partitions of k and it is easy to see that p(k) < (*" ') < 221 < 4%. Hence,

setting Cj, = 4max(|j|,1)K,C, and K, = M,, the result follows. [ |
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3 Dulac map

This section is entirely devoted to prove Theorem A, that will follow almost immediately from Theorem 3.3.
In the proof of this result, and the forthcoming Proposition 4.2, we will use the following lemma together
with this easy observation:

Remark 3.1. The function ¢(s) = s*(—Ins)™ is monotonous increasing on the interval (0, 1) provided
that a > m > 0 because ds¢(s) = —s*~1(—1In(s))™ 1 (m + alns). O

Lemma 3.2. For every p € (0,1) and n € Z there exists A > 0 such that 3 ;- knrk < AK™r K for all
KeNand0<r<p.

Proof. Setting ¢p:= (Z) Zjog i"‘pl and A:= 3", ¢, we obtain

+o0 n
ank Z +K7z i+K _ Z()Klzln€z<TKZcZKZ<AKnTK7

=0 =0

where in the last inequality we take K > 1 into account. [ |

Theorem 3.3. Consider the family of vector fields {Xa}acus defined in (3) and let D(-;«) be the Dulac
map of X between the transversal sections {y = 1} and {x = 1}. Then the following holds:

a) For each compact set C C Us with § € (0, L] there exists so > 0 such that
2
Zwk —1Ins;a)s"PA for all s € (0,50) and o € C,
and the series is absolutely convergent. Moreover, for each K € N there exists A(z,w;a) € Q[z,w, o]

with deg, ,,(A) < K and A(0,0;) = 1 such that

K—

,_.

Vi (—1Ins;a)s"PHA = PA(sP, sPw; ), where w = w(s; o).
k=0

(b) Finally, for each L € R there exists Ky, € Z>o such that

Z Vi(—Ins; a)s"P T € F(Uy). (17)
k=K,
Proof. The solution (¢, xq,yo; ) = zge! of X, with initial condition (xg,y0) = (s,1) intersects the
transversal section {z = 1} at t = —Ins. Hence the Dulac map is given by D(s;a) = y(t,s,1;0)|,__ 1, ,-

On account of this, the first assertion in (a) will follow by applying Lemma 2.5 once we show that we can
take sg > 0 small enough such that

s? max (MQ(t, a1),4Coe’) | < 2 for all s € (0, s0).

t=—Ins
In this respect observe that, by applying (b) in Lemma A.4, sPQ(—1In s, 1) = sPw(s;aq) tends to 0 as s — 0T
uniformly in oy € (—6,6), and this is also true for s~ because p — & > p — % > 0. Consequently it is clear
that there exists sg > 0 small enough such that the above inequality holds and so the first assertion is true.
With regard to second one, from (a) in Lemma 2.1 and (16) it follows that 1} (—In s; ) = ng(w; a) where
Nk € Qw, a] with deg,,(nr) < k. Then it is clear that, for each k = 0,1,..., K —1, there exists a homogeneous
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polynomial 7, € Q[z, w, a] with deg,, () < k such that we can write ¢} (— In s; a)s*? = i (sP, sPw; ). Since
flo = 1, this shows the validity of the second assertion in (a).

In order to prove (b) we claim that for each v € Zggf ! there exists so > 0 small enough such that the
series ) ;-0 07 o (¥} (= In s; ) sPEFA) converges uniformly on (0, sg) x C, where C is any compact set in Us
that we hereafter. By the Weierstrass M-test, to this end it suffices to show that there exists a sequence of
positive numbers { M}, }ren with Zk>1 Mj, < oo such that, for some k, € N large enough,

\8;”a(1/},£(—lns;a)skp+)‘)| < My, forall k > k,, s € (0,s0) and o € C.
By applying Theorem B.2 we have that

0" (p(~ s )s" ) = 3" an 6,0 (U4~ Ins; )9 (57 (18)
b1 +Llo=v

with ag, s, = (1311,’62)' Setting /1 = (0,¢11,...,¢1n) it turns out that, for each fixed s and «,

02t (Vh(= ;)| = 07" (O )(— 85 )| < Cygs™ 0 _max |00 (—Ins, ),
’ J€{0,....t10

where Cy,, > 0 depends only on ¢1o. The above inequality is clear in case that /1o = 0, whereas for 19 > 1
it follows easily by applying the one-dimensional Faa di Bruno formula

n n iski
02 Flals) = D@0 3 [T o9

j=1 p(n,j) =1

taking n = f10, f = 0%} and g = —Ins and noting that, in doing so, d°g(s) = (—1)i(i — 1)ls~" and
¢ ik; = n. Thus by applying Lemma 2.7 we deduce that, for all s € (0,1/e) and « inside a compact
subset C of Us with & € (0, 3],

|05 (Vi (= Ins5.0))| < Ko, (k+ 1M1 (C, ) (= )]s~ (BrFID= b0, (19)
where, following the notation in that result,
Ky, =Cy, max(K o, ...0n);J =0,...,010) and Gy, = max(Cy,(jey,,....ein)id = 0,5 l10)

p—oa

and we use that max(1, —Ins) = —In s for s € (0,1/e). In addition, since A = , Lemma 2.6 shows that

‘842 (Spk+>\)| — |a£208§211 (Spk+)\)| M, max(f In s, pk + )\)|52|3Pk+>\*420q*521

<
< Cp, (k+ 1)'182\ (—1In :>“)|€2|s”k+’\_é2°7

because pk + A < p(k+ 1) +1 < 2p(k + 1) due to p,q > 1, |ay| < § < 1 and we set Cy, = (2p)12lg=t21 M.
Here we also use that max(z,y) < xy when x,y > 1. Using this inequality and the one in (19), from (18)

we obtain o
|5”(1/),£(—ln s;a)skp+)‘)| < KV(C'V)k(k + l)glyl(—ln s)ll"s(pfg’é)m“\*l”‘&*”o, (20)

where we set C,, := max(Cy, ; £, < v) and, on account of Dty ity = 2,
K, =2 max(f(glc@;(l + 45 =v).

Let us remark that the above estimate holds for all s € (0,1/¢) and a € C C Us with § € (0, 1]. As a matter
of fact, at this point we shrink it so that 6 € (0, ), which in particular implies p — 36 > 1. Consequently,
using also the fact that A > 0, from (20) we get

18" (Y} (— Ins30) 8PN | < K (C)F (k4 1) (= Ins) Vs B D/ A=v0 — ) (). (21)
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On account of Remark 3.1 it easily follows that a sufficient condition for s — mg(s) to be monotonous
increasing on (0, 1/e) is that
k> 9| =k,.

Note on the other hand that
mi(s) = K, (C, s/ (k + 1)3 (= Ins)l¥ls—I1/4=v0,

Thus if we take so:= min (1, (2C,)™) then the series with general term M}, := my(so) is summable and,
additionally, from (21) and the monotonicity of my(s) on (0,1/e),

10" (101 (— In ;) sFPTA)| < my(s) < My, for all s € (0,50) and k > k.

This proves the validity of the claim and consequently, by applying Lemma B.4 recursively, if s € (0, sg)

and a € Us then
( Z Yi(—Ins; ska”\) Z Y o (UR(— lns;a)sp’”)‘) (22)

k)KL k?KL

for all v € ZQ’J Land K, € N. (We stress that the above identity is valid regardless of Ky, > k, and this is
crucial in what follows because k, depends on v.)

We are now in position to finish the proof. We will show that (17) holds taking K, := max (0, [4L] +4).
To this end, recall Definition 1.1, we fix any v € ZY ™ and a* = (0,az,...,ay) € Uy = {0} x R¥N~1, and
we take a relatively compact neighbourhood V of o* contained in Us with § = min(% DT ‘) Then, from (22)
and using the upper bound in (20), for each s € (0, sg) and o € V' we have

< Z Yi(—Ins;a s”’”)‘) Z ’c’) —Ins; a)s”k+>‘)|

k=Kp, k=K,
— +oo —
< Ky (—Ins)MsA= 0= N (4 1)31W (G, 52750k
’C:KL

< I_(VMVS_""‘S_”OA(KL + 1)3IV\(@V)KLS(p—36)KL
< KDM,,A(KL + 1)3‘V|(C’V)KLSiKL—1—UO < CSL_VD,

In the third inequality above we apply Lemma 3.2 and set M, := sup{s*(—1Ins)l; s € (0, s0), || < 6}.
Next, in the fourth inequality, we take § = min(1 1 IVI) into account Finally in the last inequality we set

C:= K,M,A(Ky +1)*"I(C,)%t and use that K; > 4(L + 1). This completes the proof of the result. ®

Proof of Theorem A. By Theorem 3.3, for each compact set C C Us with & € (0, 5] there exists sy > 0
such that

Zz/}k —1Ins;a)s™* for all s € (0,50) and « € C.

In addition, for each L € R there exists K € Z>( such that

Z Yi(—1Ins;a)s"PTA € F2o(Up).

k=K

If Ky, = 0 then the result follows taking A= 0. If, on the contrary, K € N then by Theorem 3.3 we know
that there exists A(z, w;«) € Q[z, w, a] with A(0,0;a) = 1 such that

Kr—1

Z V(= Ins;a)sPPH = FA(P, sPw; ),

18



where w = w(s; a1). By gathering the homogenous part of A of i-th degree, for i = 0,1,...,d:= deg(, ) A,
it turns out that we can write s’\A(sp, sPw) = E?:o sMPip.(w; o) where p;(w; ) € Q[w, o] with deg,, p; < i
Then, due to A = P=** and by (d) in Lemma A.4, note that sMPip, (w; o) € F2°(Up) provided that i > %—
Consequently if L > % then there exists a unique polynomial A(z,w;«a) € Q[z,w,a] with A(0,0;«) = 1

and deg, ,) A < | £ — 1| =:d, such that

Q-

P q
d . (i .
A(z,w;a) = Zsmpi(w;a) and Z s P (wra) € F2(Uy),
=0 i=d+1

where, in case that d < d, the second summation is void and we set p; = 0 for i > d. Hence the result
follows taking A and E;::Ofl 1 Yi(—Ins;a)s®PA instead of A and 2, respectively. Observe on the other

hand that if L < £ then P A(sP, sPw) = 24:0 s MPip; (w; ) € F°(Up) and so in this case the result follows

taking A = 0 instead of A. This concludes the proof of the result since the uniqueness of the polynomial A
in the statement follows from the fact that s*Piw? ¢ Fo(Uy) if i < d. [ |

4 Dulac time

In this section we will prove Theorem B. To this aim, for the sake of convenience, we begin by introducing
—Ins ) ) )
Tijr(s;a):= / e Dbyl (t: a)dt, for i,j € Z and k € N, (23)
0

and in its regard we prove the following result.

Lemma 4.1. For eachi,j € Z and ¢ € (0, %] there exists ko € Z>o such that for all v € Zgarl and compact
set C C Uy there exist C,, K, > 0 so that the upper bound -

10" Tk (55 )] < Ko, (k4 1)%Y1(C,)F (= Ins) V1N —imvo=BhtIvD)

holds for all k > ko, s € (0,1/e) and o € C.

Proof. The result follows by applying Lemma 2.7 to the given compact set C C Us and v € Zggf ! Denote
v = (vp,v1,...,vN) and suppose first that vo = 0. In this case if s € (0,1/e) and a € C then

v —Ins
8 (Tin(s; )| < ) (fl €2>/o

by +lo=v

9L (ANl (1 )| dt

—Ins
< 2R, (k + 1)V (C, )" / =Mt (5t g) max(1, )11 3R+ 120t gy
0

—Ins
< Ky(k+1)3‘”(0”)’@(—1115)\”!/ LA+ gy
0
< K, (k+ 1210, )F (= Ins) M im (BkFDe,
where in the first inequality we apply Theorem B.2, in the second one Lemma 2.7 and Remark B.3, in

the third one we set K, := 2"l(j/q)"' K, and we use that max(1,¢) < —Ins for all ¢ € (0, —Ins) due to
s € (0,1/e), and in the last one we take

k> ko= max (0, [ & (1-+ 222]]) ]) (24)
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q
to |on| < 6 and A = E==L. We stress, and this is crucial, that ko is independent from v and C. This proves

in order that i — Aj + (3k +|v|)d) > 1 holds for all « € Us and k > ko. Here we use that A € (;6 M) due

the result for vy = 0. Let us consider next the case vy > 1 and to this end we denote v/ := (vy—1,v1,...,VN).
Thus, from (23) and Theorem B.2,

0" Tijr(s; o) = —s~ 10" (s”*%(f In's; a)) SR 91 (sM1)0% (9 (— In ;).
51,52
b1 +Lbo=V"
Then the application of Lemma 2.6 and Lemma 2.7 show respectively
|0 (M) < My, (= Ins) P max(1, [Aj — i) 12152770 (|| /)0

and, since max(1l,—Ins) = —Ins due to s € (0,1/e),

0% (0~ s )| < Ko (b D71y (- I 25 G510,

Setting K, := sup {M[lf(gz max(1, |\j — i)l (|7]/q) ;0 € C by + £y = V’} and C, := max(CA’jKQ;éQ <),
we can assert that if s € (0,1/e) and o € C then

‘81/Tijk(3§ a)l < 2\V|—1Ry(k + 1)3\V|(Cy)k(_ In s)\v|5/\j—i—u0—(3k+\y|)6.

Here we also take ¢1 + (5 = vV =v—(1,0,...,0) and Remark B.3 into account. Consequently, setting ko:= 0
and K, := 2/"I"1K,,, the result follows in case that vy > 1. ]

Recall at this point, see (2), that Theorem B concerns with the Dulac time associated to

1
Yog = X
0 Boxmym +ul Y1t | Biui~! .
where m,n, ¢ € 7 and u = xpyq with p,q € N. For this reason, as an intermediate step, we next consider the
Dulac time Tj;( - ; a) of — y] ——=X, for any ¢,j € Z. In its regard the next statement explains the convenience
of introducing T;;x, see (23).

Proposition 4.2. For each compact set C C Us with ¢ € (0, ] there exists sg > 0 such that the Dulac time
Ti;( ;) of the vector field Xa, where i,j € 7, writes as

Z sTPET 1 (s;) for all s € (0,50) and a € C (25)

and the series is absolutely convergent. Moreover, for each L € R there exists Ky € Z>o such that

“+o0

Y ST T(s ) € FR (Vo). (26)
k=Kj,

Proof. Let t — (z(t,po; @), y(t, po; @) be the solution of X, passing through py € R? at ¢t = 0. Note that
if po = (s,1) with s > 0 then z(¢, po; ) = se' intersects the transversal section {x = 1} at t = —Ins. Thus
the time 73;(s; o) that spends the solution of 75X, starting at (s,1) with s > 0 to reach the transversal
section {x = 1} is given by

—+o0

—Ins —Ins )
Tyi(s; ) = / (x(t,5,1;0)) (y(t, s, 15 ) dt = / s'eUTAEN "yl (£ ) st
0 0

k=0

20



where in the second equality we apply Lemma 2.5. In this respect observe that, due to 9;Q(t, o) = et > 0,
for all t € (0,—Ins) we have

sP max (3 Q(t, a1),2C0e) < s max (HQ(t, 01),2C0e")|,__ . = sP max (Hw(s;01),2C0s7°) < 1,

provided that s > 0 is small enough because lim,_,o+ 7% = 0 and, by (b) in Lemma A .4, sPw(s; 1) tends
to zero as s — 0% uniformly on Us. Consequently, recall the definition in (23), the first assertion in the
statement will follow by applying Lemma B.5 once we show that for each compact set C C Us with § € (0, i]
there exists sg > 0 such that

400 —Ins ) ) )
2 / Sl+kp€(l—>\j)t
k=070

With this aim let us note that, by applying Lemma 2.7 with |v| = 0,

—Ins ) ]
/ Sz—i—kpe(z—)\j)t
0

s~ (=Xj+3kd) _ |
i— Aj+ 3ko

wi(t; a)‘ dt < +oo for all s € (0,s9) and « € C. (27)

—Ins
Ui (t; a)‘ dt < KO(CjO)kSH—kp/ elimAT+3k0)E gy
0

= Ko(Cjo)k s < K()(Cj())ksk(p_%)+/\j,

where in the last inequality we use that p — 36 > i, due to 0 € (0, i), and we take k large enough so that
i— Aj +3ké > 1. Thus the above upper bound readily shows the validity of (27) taking so = (Cjo)*l/(”’%)
because it guarantees that Cjosp_% < 1 for all s € (0, so).

With regard to the last assertion in the statement let us first note that, by applying Theorem B.2,
9 (Si+kaijk(5;a)) — Z (E l/g )azl(si—l-pk)afz (Tijk(s;a))~
1,42
b1 +Llo=v

Accordingly, by Lemma 4.1, there exists kg € Z>¢ such that, for all v € Zgg‘ L and compact set C C Uy,

. v .
|8”(sl+”kTijk(s;a))| < Z (61 62) K42|z' + kp|1?m (k; + 1)3|€2|(ng)k(—ln S)Iéz|sky+pk—€10—fzo—(3k+|u\)5
€1+EQ=V ’

provided that k > ko, s € (0,2) and a € C. Since [i + pk| < (k + 1)(|i| + p), setting C, = max(Cy,; s < v)
and K, := 21"l max (K, (|i| + p)?10; 1 4+ £y = v), we can assert that if k > ko, s € (0,1/e) and « € C then

|6”(si+kaijk(s; a))| < R',,(k‘ + 1)4|”|(C'V)k(— In s)‘”ls’\j+(p_35)k_”°_|”|5 (28)
< K, (k+ D)ANC )R (= 1ns) sy k=lvD/A=r0 —. y (s),

where in the first inequality we also take ¢; + ¢ = v and Remark B.3 into account, and in the second one
we use that § € (0, %), p>1and \j > ,%m =:7. (Let us remark, it will be important later on when we
use the previous inequalities, that kg is independent from v and C.) On account of Remark 3.1, a sufficient
condition for s — my(s) to be monotonous increasing on (0,1/e) is that k > 9|v| 4+ 4(vy — 7), and for this
reason we set

ky,:=max ([5|v| +4(vo — )], ko) -
Note on the other hand that, due to

mi(s) = K,(C, s/ *(k + 1)1 (= In s) M7=/ 4=v0,
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if we set so:= min(1/e, (2C, ) ) then the series with general term M}, := my(so) is summable and, moreover,
thanks to the monotonicity of my(s) on (0,1/e),

0" (s PP Ty (s )| < mi(s) < My for all s € (0,50), « € C and k > k.

Hence, thanks to the Weierstrass M-test, for each v € ZY ™ the series 377 8" (s"HPF T} (s; ) converges
uniformly for s € (0,s9) and « € C. Consequently, by applying recursively Lemma B.4 starting from (25),
we have that for each compact set C C Us and v € Z]>VS_ ! there exists so > 0 small enough such that if
s € (0,s0) and « € C then

+o00 +00
"T;i(s;a) = 0" <Z sTPRT (55 ) = Za“ (" PF T (s ) (29)
k=0 k=0

We are now in position to finish the proof. Indeed, we claim that (26) holds taking
K = max (ko, [4L n %m] + 8) .

(Recall that kg is the nonnegative integer given by Lemma 4.1, see (24), which is relevant for our purpose
because it guarantees the upper bound (28) for k£ > ko.) We point out that K, is independent from v and C.
In order to show (26), recall Definition 1.1, we fix any v € ZIZVO+1 and o* = (0,9, ...,ay) € Uy = {0} xRN 1

and we take a relatively compact neighbourhood V of a* contained in Us with § = min(z m) Then,
from (29) and using the upper bound in (28), for each s € (0, sg) and o € V' we have

+oo
0 o ( > (s (s ) ) Z 0% o (s"PRT (55 )|

]CZKL k= KL
A . +w A
< Ku(_ lns)\y|SA]—\y|6—u0 Z (k_’_l)él\z/l(cusp—?;é)k
k=K,

< KVMVS/\j—\VM—UO—lA(KL + 1)4|u\(éV)KLS(p—36)KL
< RUMVA(KL + 1)4\V|(CV)KL$)\3’+%KL727VO < Cgl—vo.

In the third inequality above we apply Lemma 3.2 and set M, := sup{s(—1Ins)/*l; s € (0,50)}. Next, in the
fourth inequality, we take 6 = mm(}l, v ‘) and p > 1 into account. Finally in the last inequality we use the

definition of K, which implies )\]+4KL 2> Ldueto )\ < p+6 , and we set C':= KVMVA(KL+1)4|”‘ (C’V)KL
This completes the proof of the result. [ ]

Finally, and this will be the last ingredient for the proof of Theorem B, we next study the finite truncation
of the series given in (25). We will show that it can be written in terms of polynomials in s? and sPw.

Lemma 4.3. Consideri,j € Z and K € N and define

K—1
Q)= Z STPRT e (s5a).
k=0
Then, setting w = w(s;ay), the following holds:

(a) If ig — jp # O then there exists Tifj((z,w;a) € Q(a1)[z,w,ag,...,an], with deg, ,,(7;; K < K and not
having poles along oy = 0, such that Tg(s) = 5)‘]'75(51”, sPwya) — SZTK(S ,0; ).

(b) If (i,5) = v(p,q) with v € N then there exists o5 (z,w;a) € Q[z,w,a], with deg, (o) < K + v and
QU( 0; ) = 0, such that TK( )= gfj-(sp,spw;a).
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Proof. By applying (a) in Lemma 2.1, from the definition in (16) we get the existence of a polynomial
R} (z;a) € Q[z, a] with deg, (R},) < k such that
Yi(t;a) = RL(Q(t;an); ), where Q(t;a) = €21,

o

Accordingly, from the definition in (23) and by performing the coordinate change w = Q(t; 1), we get
Ins ) ) . w(s;a1) i=Nj_q
Tou(sia)= [ R @aia)dt= [ (14 o) R B wayde, (30)
0 0

where we use that (—In s; 1) = w(s; a1) by definition. If 7 — Aj[, _, # 0, which is equivalent to pj—gqi # 0,
after integrating by parts k£ times we obtain

i—Xj .
(14 aiw) ot : 0w Ry (w; ) (1 + ayw)
(5:0) i—\j (w;a) i— N+ o
; ; w(s;o)
2RI (w;a)(1+ aqw)? (=1)*0% R (w; o) (1 4+ cyw)® o
(i = Aj +a1)(i — Aj + 20) (i =X +a1) (i = Aj + kaq)
It is clear then that there exists a polynomial 7;;;(w; ) € Q(aq)[w, as,...,an], not having poles along

a1 = 0 and with deg,, (7;;%) < k, such that we can write

. i—Aj . .

ST (s 0) = s'TFP ((1 + alw)leTijk(w; a) — Ti;,(0; a)) = ML (Wi a) — 75 (0; @) 8PP
where we set w = w(s; ay) for shortness and in the second equality we use that 1+ ajw = s~*'. On account
of this there exists 7;;x (2, w; &) € Q(a1)[z, w, g, ..., an], which is homogenous of degree & in z and w, such
that

s“'kaijk(s; a) = SN jk (87, sPw; o) — siﬁjk(spﬂ; a).
In view of this it is clear that the assertion in (a) follows taking 75 : Zk o Tijk- With regard to the one

in (b) we note that, since (p,q) = 1, the equality pj — ¢i =0 holds if and only if there exists v € Z such
that (i,7) = v(p, ¢). In this case, from (30), we deduce that

w(s;or) ,
Tijr(s; o) = / (1+ aqw)" 'Ry (w; a)dw.
0

If v € N then Tj;,(s; @) = 04k (w; @) — 0i5%(0; ), where ;1(2; ) € Q[z, o] with deg, (0ix) < k + v. Hence
there exists 9;;x(2, w; o) € Q[z,w, o], homogeneous of degree k + v in z and w, such that

s (s @) = P T(ss ) = dign (87, sw; @) — dii(s”, 0 ).
Since Tfj( (s;a) = ZkK 01 sTPRT 1 (s; @), this shows that (b) follows taking
K-1
o (zws )= (0ik(z,wia) = 0ijk(2,0; ) ,
k=0
which concludes the proof of the result. [ |

We are now in position to prove our second main result.
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Proof of Theorem B. Recall that the family of vector fields under consideration is given by

1
B = M+e—1 .
Boxmym + ity T Biyagui

where ¢ € Z is defined in (1), u = 2Py?, (p,q) = 1 and

s

N— .
Xao = x@x + % (—p + Zi:ol ai+1ul) yay

Let us denote the solution of X, passing through py € R? at ¢ = 0 by t — (x(t, po; @), y(t,po; @)). Then, if
po = (s,1) with s > 0, (¢, po; ) = se’ intersects the transversal section {x = 1} at ¢t = —In s. Consequently
the time T'(s; v, §) that spends the solution of Y, g starting at (s, 1) with s > 0 to reach the transversal
section {x = 1} is given by

—1Ins M+6—1
T(s;aﬁ):/ (6 T Z Biv1_e(ay )) dt
0 {z=z(t,s,1;c0),y=y(t,s,1;) }
M+f 1
- ﬁOTmn S a Z Berl lT‘zp zq(s O[)
=0

where T;;( - ; ) is the Dulac time of —— X, which is precisely our concern in Proposition 4.2 and Lemma 4.3.

atyJ

It is clear then that, by applying Proposition 4.2, for each compact set C' C Uy with § € (0 ’Z] there exists
so > 0 such that

M+€ 1
T(s;a,B) = Zs p( 05" Tnnk(s; ) Z Bis1-08PTip g1 (s; a))
=L

for all s € (0, s9) and « € C and the series is absolutely convergent. Furthermore we can assert that, for the
given L € R, there exists K € Z>q such that

“+o00 M440—1
To(s;a,B):= Z (505 Tonk(8; ) Z Bit1-08"Tipiqr(s; Oé)) € F°(Up x RM+1),
k:KL =/

where Uy x RM*+1 stands for the set {(a, 8) € RM*+N+1:q; = 0}. This assertion follows by taking (26) into
account and applying, in this order, (¢), (b) (¢) and (e) in Lemma A.3.

On the other hand, by Lemma 4.3, there exist 7o(z, w; @) € Q(a1)[z, w, ag, ..., ay]| without poles along
a1 =0 and g;(z,w; @) € Q[z,w, ] with g;(2,0;«) =0,4=0,1,..., M, such that such that setting

s 7o (sP, sPw; ) — sM1o(sP, 05 ) if mg — np # 0,
Lo(s;a):=¢ $"Pop(sP, sPw;a) if mg—np =0 and (m,n) # (0,0),
—Ins if (m,n) = (0,0),

501 (P, sPw;a) if £ >0,

HA(s;a):=
1(s;0) {lns if0=0

and

Li(s;0):=s"H"DPo (P Pwa), for i = 2,3,..., M,
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then

Ky -1 M+e—1
T (s;0, 8):= Z s*P (ﬂoSmenk(é’;a)Jr Z Bi+1—€51pﬂp,iq,k(s;a)>

k=0 1=/
M
=BoLo(s;0) + pr.Li(si0) + > Biti(s; ). (31)
=2

With regard to the cases considered in the definition of %, let us note that if mq — np = 0 then, due to
(p,q) = 1, there exists n € Z such that (m,n) = n(p, q). Thus, by assumption, n = k:= [max (%, %ﬂ >0
and hence, on account of Definition 1, £ = n+ 1 > 0. (In particular, if mg —np = 0 and (m,n) # (0,0)
then 7 = k € N, and so the assertion with respect to % follows by (b) in Lemma 4.3.) If, on the contrary,
mgq — np # 0 then, by Definition 1 again, ¢ = x > 0. Note also that if (¢, j) = (0,0) then T;;(s;a) = —Ins,
which yields to the subcases (m,n) = (0,0) and ¢ = 0 in % and %, respectively. In this respect,
Z(s;a) = —Ins in case that (m,n) = (0,0), which implies £ > 1, and then, .Z(s;a) # —Ins. On the
other hand, % (s; @) = —In s in case that £ = 0, which implies mp — ng # 0 due to (1) and the assumption
k = 0. Accordingly, in this case, %(s;a) # —In s.

Taking the previous considerations into account, the assertions with respect to 77 follow from (31).
This concludes the proof of the result. ]

A Results about the class FX (W)

The present section is devoted to show a number of general properties about the class & (W). We first
prove that any g(s;u) € FX (W) extends to a finitely smooth function (on s and the parameter ) along
s = 0. (This applies in particular to the remainder %}, in Theorem A, as well as to 7y, in Theorem B.) On
the contrary, we will provide an example showing that a function g(s; u) verifying the estimates in (4) but
only with respect to the s derivative (i.e., with v4; = ... = vy = 0) may not have an extension along s = 0
which is 7 on s and the parameter u (see Example A.2).

Lemma A.1. Let U be an open set of RN, K € Zx¢ and g(s; ) € €5 (U) such that, for some W C U and
LEeR, g(s;u) € FE(W). If L > K then g extends to a €% -function §, defined in some open neighbourhood
of {0} x W in RNTL and satisfying 0V §(0;u) =0 for all y € W and v € ZZZV(;H with |v| < K.

Proof. Due to g(s; 1) € €5 ,(U), by definition there exists an open neighbourhood V' of {0} x U in RV+!
such that (s, ) — g(s;p) is €% on Vi := VN ((0,+00) x U). Then the function

(s )= § 9Uslm) if s # O and (fsl, ) € V2.,
g(sip): 0 o 0ond 5 e,

is well defined on {(s, ) € RN*1;(|s|, ) € Vi } U ({0} x U), which is an open neighbourhood of {0} x U in

RN+, Moreover, for v = (vg,v1,...,uN) € Zgg‘l with |v| < K, it is easy to show (by induction on vg) that
9”g(s; ) = sgn(s)"9"g(|s|; u) for s # 0 with (|s[, u) € V. (32)

Next we fix any fi € W. Then, due to g(s;u) € FE£(f1), by definition there exist s, e,C > 0 such that, for
each v € ZY ! with |v] < K,

10" g(s; )| < Cs™7v0 for all s € (0,50) and || — fi| < e. (33)
We claim that §(s; 1) is of class €% at (0, 1) and that 8 §(0; 1) = 0 for all v € ZY ™ with [v| < K. Since ji

is arbitrary and, on account of (32), g is € on {(s, ) € RN*1;(|s|, 1) € V. }, the result will follow once
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we prove the claim. To prove it we will show by induction on v that if |v| < K then [0”§(s; u)| < C|s|F~v0
for all (s,u) with s € (—sg, So) and ||u — fi]] < e. (This will imply that 0¥§ is continuous and vanishes at
any (0,/1,) with [|u — ]| < e.) Denote v = (v1,va,...,vN) € ZY, for shortness so that v = (v, 7). The base
case 1y = 0 is clear because, taking (32) and §(0; 1) = 0 into account,

> N g(|sl; ) if s #0
9O 5(g: 1)) = ’ ’
alsm) =1 if 5 =0,

that has absolute value smaller than C|s|* if [|u—ji|| < e and s € (—s0, s0) thanks to (33) and 0 ()"7)@(0' W) =
0. Let us take next any v > 1 and show the inductive step. Then, by using (32) and that 9®°~1%)g(0; ) = 0
due to the induction hypothesis, we get

sgn(s)0”g(|sl; ) if s # 0,
PIEI =4y 290 56 g
z—0 z
Therefore |0¥§(s; )| = |sgn(s)*°0”g(|s|; )| < C|s|F~70 in case that 0 < |s| < s, thanks to (33), whereas

(vo—1,0) A L—vg+1
0¥§(0; u) = 0 because the induction hypothesis implies o Z 9w |« Cl B ° = Oz, which

tends to zero as z — 0 due to L > K > |v| > vg. Accordingly |0¥g(s; )| < C|s|E="0 for all (s,u) with
s € (—s0,0) and || — fi]] < €, and this proves the induction step. Consequently the claim is true and the
result follows. [ |

Example A.2. With regard to the previous result we now exhibit a ¥ function g(s; 1) on (0, +00) x R
verifying [0%g(s;p)| < Cst~" for all s > 0, p € Rand i = 0,1,..., L, but such that d,g(s; ) does not have
a continuous extension along s = 0.

Let us begin by taking a ¢>° bump function ¢: R — [0, +00) defined by ¢(z) = exp(—z?/(2? — 1)?) if
|z| < 1 and zero otherwise. Let us fix besides any a € (0,1) and define 8 = 142, Then, for each k € Zx,
define Ej:= {(s, u) € R?; py(s, 1) < 1} where

2
2(s — fak) B2
pr(s, )= ( ak(1—p) + (a(L+1)k) :
The sets Ey, k € Z>o, are pairwise disjoint and, furthermore, every (s, 1) # (0,0) has an open neighbourhood
that intersects at most one E}. This shows that

+oo

g(sim)i="Y_ o o(pi(s, )

k=0

is a well defined 4> function on R\ {(0,0)}. For the same reason we can commute derivation and summation
and then, by applying Theorem B.1,

’I”

Zamzw(” (prlsim) D n'H Spk , for all (s, p) # (0,0),
i=

T1y.e03Tn
where the third summation is subJect to the couphng conditions ZZ 17T =j and Zl 1 i3 = n. Observe

that 9ipk(s, ) = 2 (2;:(1@;))) (ak(l—/j)) for i = 1,2 and zero for i > 3. Thus, if (s,u) € Ey then

|0ipg (s, 1)| < 2 (m) for all ¢ € N. Consequently, if (s, u) € Ex, and n € N then we get

|8§g(s, lu)| < C/aLk:O H(afko)iri _ C/akg(Lfn) < Ca(koJrl)(L*’ﬂ) < CSLfn’
i=1
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where C' is a positive constant (depending on n, a and |||, j = 1,2,...,n), C:= C'a" L and we use use
that s € [afot1 0], The same inequality is valid for n = 0 since |g(s; p)| < aF*o = a=LalkFotl) L oLl
Accordingly g verifies the desired bounds with respect to the s derivatives.

The sequence of points (s;, ;) := (8a’,27/2a?) € E; tends to (0,0) as i — oo and, on the other hand,
an easy computations gives

109 (si3 i) = @ |0u(pi(si, i)l = @' (1/2)],

which tends to 400 as ¢ — oco. This shows that d,,g(s; 1) does not have a continuous extension at (0,0). O

Next result gathers some general properties with regard to operations between functions in X (W) with
K € Z>oU{oo} and L € R.

Lemma A.3. Let U and U’ be open sets of RN and RY respectively and consider W C U and W' C U’.
Then the following holds:

(a) FEW) C ff(W) for any W CcW and N, FEwW,)=FkK (U, Wh).
(b) FE(W) Cc FE(W x W').

(c) €5 (U) C €L (U) C Fg(W).

(d) If K> K" and L > L then FK(W) c FE'(W).

(e) ff(W) 1s closed under addition.

(f) If f € FE(W) and v € ZNF with [v] < K then 8" f € F_ (W),
(9) FEW) - FE(W) C FE (W),

(h) Assume that ¢p: U' — U is a € function with p(W') C W and let us take g € FE(W') with L' > 0
and verifying g(s;n) > 0 for alln € W' and s > 0 small enough. Consider also any f € FE(W). Then
h(s;n):= f(g(s;n); ¢(n)) is a well-defined function that belongs to F& ,(W').

Proof. Let us begin by showing (g) since the previous assertions are straightforward. Take f(s;u) € FX (W)
and g(s;pu) € FE(W) and fix o € W and # € Zggfl with |#| < K. Then, by definition, it follows that there
exist a neighbourhood V of /i and C,so > 0 such that |8” f(s; u)] < Cs¥=" and |9”g(s; u)| < Cs¥' = for
all p € V, s € (0,s0) and v € ZY " with |v| < |9|. Thus, by applying Leibniz’s rule (see Theorem B.2), if
pweVand s e (0,s) then a

14

Vi, V2

0 (Fsmals )| < 3 (

vi+ro=0

)'8”1f(8;u)| |072g(s; )| < CsbHE =m0,

where we use that vig + 1o = i and set C:= C2 Y ) =C%2l Thus fg € FK , (W).

vitra=0 (1/1,1/2

Let us turn next to show the assertion in (k). To this end fix any ¥ € Zg(;ﬂ and ) € U' C RN, Then, by
definition, it follows that there exist a neighbourhood V' of j and C”, s1 > 0 such that |8”g(s; )| < C"s~ %0
forallne V', s€(0,s1) and v € Z]>V(;+1 with |v| < |P|. On the other hand, there exist a neighbourhood V'
of i:= ¢(f) € U C RN and C,sy > 0 such that |8”f(s;p)| < Cst=v0 for all p € V, s € (0,s5) and
v € Z¥ ! with |v| < |P|. Consider now a relatively compact neighbourhood V' of 7 with V" C V' and
#(V") C V. Then, on account of L' > 0, there exists s3 € (0, s1) such that g(s;n) € (0, s2) for all s € (0, s3)
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and n € V”. The application of Faa di Bruno formula (see Theorem B.1) to compute the derivative of

h(s;m) = f(g(s;m); ¢(n)) yields

q N
Oh(ssm) =Y P flup M umgsimy =iy > (0 ch’“”i(a&g(s’n))kw Hl(af
1= =

1<K P| p(D,\)

Here we set Ci, ¢, := 1 7 and ¢:= -1+ H?go(z}i + 1) for shortness. Note that the vectors A, k; € ZJ>Var1

and ¢; € ZN *1 are subject to the coupling conditions >°7_, k; = A and S°7_, |k;|¢; = ©. So if we define

Cly:=TI\, Ck,e; and CF,:= sup{ R Hf;l |0% g (n)|Fi5 n € V”} and we take any s € (0,s3) andn € V",

q
07 h(ssm)| < Y Cglssm)* =0 > (P)CRCR [ [(Cs™ o)k

1<) p(o) i=1

= Y Cglsmh Y Clps¥in -tk
1<IN<I?] p(TN)

< Z CC/ L’ L Ao Z 03 L' Xo—0o
1<) By

where we set C3,:= (21)C},C3, L(Ckio = (DN)C}E,C2,(C")* and we use that >.7_, kiolio < 7. Con-
sequently, setting C' := ZKMKIV\ C(C) —Ao X po.0) C3,, this shows that |8”h(s;n)| < CsL' = for all
s € (0,s3) and n € V", which proves the validity of (h). This completes the proof of the result. [ |

Next result gathers some interesting properties of the Ecalle-Roussarie compensator that will be used in
this (and a subsequent) paper. In the statement we use the notation ™ := max(z,0) and z~ := max(—=x,0)
for, respectively, the positive and negative part of a given z € R. Note in particular that then x = 2+ — 2~
and |z| =2t + 2.

Lemma A.4. The following assertions hold:

(a) For each compact set I CR and v € ZQZO there exists a constant C > 0 such that

[0"w(s; a)| < C’s_aJr_”O\ In s|"* X for all o € T and s € (0,1/e).

Moreover limg_, g+ y=a” uniformly on o € R so that, in particular, lim, o) 0+ ,0) w(l = 0.

1
w(s;o s;a)

22 (R).

¢) For each L €R and ¢ € Z, (s,a, B) — s°w(s;a) belongs to F*({(a,3) € R%; B> L+ (tat}).
L

(b) For each e >0, (s,a) — w(s; ) belongs to F2({a < €}) and (s; @)

(d) Ifp(z;p) € €5 (U)[z,271], where U is some open set of R, then the function (s, a, B, 1) — s°p(w(s; a); p)
belongs to FX({(a, B,pn) ER2x U; a=0,8> L}).

Proof. For the sake of convenience we prove first the assertion (c¢) for £ = 0. To this end we apply Lemma 2.6,
which shows that for each ¢,j € Z> there exists M > 0 so that, for every s € (0,1/e),

|8§6§55| < MsP~ max(|Ins|, |3)) = Mst=isP =L max(|In s, |3])*H. (34)

Let us fix B € R with B > L and take a compact neighborhood I ofB such that 83— L > 0 for all 8 € I. Thus
C:= M sup {s" " max(|lnsl|, |8])""/; 5 € I,s € (0,1/¢)} is finite and so, from (34), |9;0%5"| < Cs"~* for all
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s € (0,1/e) and 3 € I. Hence s? belongs to F$°({8 > L}), which is a subset of F°({(«, 8) € R%; 8 > L})
by (b) in Lemma A.3.

We show next the validity of the inequality in (a). Take v = (vp,11) € Z2, and a compact set I of R
and let us consider first the case vy > 0. Then, if @ € I and s € (0,1/e), B

187 w(s; )| = |9~ b)) s < Ms™* Y0 max(|In s|, | + 1])¥171

< Cs™@ 7| Ins|MI=t < Cs_“+_”°|ln s[vIHL)

where the first inequality follows from (34) taking i =1y — 1, j = v and 8 = —«a — 1, and the second one
setting C':= M max(1,sup{|a + 1|;a € I})¥I=1 and using previously that max(a,b) < amax(1,b) for any
a > 1 and b > 0. In order to prove the same inequality for vy = 0 note that w(s;a) = F(alns)lns with
F(zx):= S_TT’l and so, in this case, 9”w(s; ) = 9% (F(alns)Ins) = (Ins) H1F)(alns). We claim that

|F™(z)] < e® forall z € R and n € Zso.
In this respect observe that, due to 7| __,,s = max(—alns,0) = —Insmax(e,0) = ln(s*‘ﬁ)7 the claim
will imply |0¥w(s; a)| < smo" |Ins|itl = P |Ins|*I+1 for all s € (0,1/e) and o € R and, consequently,
the validity of the inequality in (a) for vy = 0 as well. To prove the claim we note that F is an entire function
which, differentiating term by term its Taylor’s series at = 0, verifies
too n r—n too k
Mgy = _ S~ VDT s ()
FOw =Y - Y

— for all z € R.
r—n)lr+ 1) Ty rMTE

r=n

Hence, on account of ﬁ < 1, we get |[F™(z)| < el*! for all z € R. In its turn this implies the claim for
x < 0 because, in this case, 7 = |z|. The proof of the claim for z > 0 is a little more involved. We must

show that |0 (%) ‘ < 1 for all x > 0, and it is clear that this will follow once we prove that

et —1

O<8;L( )glforallxé(). (35)

To prove these two inequalities we first check by induction on n € Z>( that

e —1 = (—ax)*
1 — Tyl S
&c( v > en'kzzo(k n+

which is valid for all z € R because = — elz—_l is an entire function. Hence, for any n € Z>(, we can assert
that 97 (=) > 0 for all # < 0. In particular this implies 97! (<) < op~ (£2) | _, = L < 1 for all

x < 0 and n € N. Thus both inequalities in (35) are true and so the claim follows for z > 0 as well.

m = o~ uniformly on @ € R. By distinguishing the cases a < 0,

a =0 and o > 0, one can check that —~— — a~

Let us prove now that lim,_, o+
which is strictly positive in case that s € (0,1)

_ 1
= w(silal)’
due to w(s;a) = f: z~*"1dz. Accordingly, for each given £ > 0 we must find so € (0,1) small enough such
that if s € (0, s0) then

w(s;a)

1 —
wisia) © "w(alal)

< ¢ for all o € R. (36)

If o # 0 then —1— = 2l _ So, in this case, the above inequality holds if and only if s < (1 + |a|/6)71/‘a| .

silah) — s lel—1°

In this regard note that, for every ¢ > 0 and a € R,

1 1
T Tal T Tal
e~ = lim (1+M|> <<1+MI>
a—0 I g
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because the function z — (1 + %)—1/9:

a # 0, the inequality in (36) follows taking sg = e~1/¢. This is also true for a = 0 because in this case the

inequality in (36) simply writes as —ﬁ < e. Thus lim,_,o+ m = o~ uniformly on a € R, as desired.

is increasing on (0, +00) for every € > 0. Hence this shows that, for

We turn next to the proof of the two assertions in (b). To show the first one we consider the given € > 0
and any & < e, and we take a compact neighbourhood I of & such that a < ¢ for all @ € I. Then, by
applying (a), for each v € Zzzo there exists C' > 0 such that

|0"w(s; a)| < C’s_‘g_yoss_oﬁ|lns\l”H'1 for all « € I and s € (0,1/¢).

Thus, since o™ < ¢ if and only if a < ¢, taking C := Csup{s®" |Ins|"*1:s € (0,1/e),a € I}, from
the previous estimate we get |0"w(s;a)| < Cs™¢7% for all s € (0,1/e) and a € I. This proves that
w(s;a) € F2({a < €}), as desired. Let us prove next that ﬁ € F2(R) for all € > 0. So consider any

& € R and take a compact neighbourhood I of &. Theorem B.1 shows that, for any v € ZQZO with |v| > 1,

v

” <w(1a>> =Y (1ralw(sia) T Y v ] Cre (0% w(sia)®,

n=1 p(vm) =1

with C,e, = m and ¢ = (1o +1)(v1+1)—1, and where the second summation is multidimensional and
subject to the coupling conditions Y 7_; k; = n and >_7 ; {;k; = v. On account of this and the inequality
in (a) there exists C' > 0 such that []7_, [0%w(s; a)|* < C’'s~me"=vo|In s|" 1" for all « € T and s € (0,1/e).
Consequently, taking s~ = max(1,s7%) = max(1, 1 +aw(s; )) also into account, we can assert that there
exist suitable positive constants C”" and C' such that if s € (0,1/¢) and « € I then

v . n
9 1 <OV Z max(1,1+ aw(s; a)) 57| 1n8|n+\ul < Cs =™,
w(s; @) w(s;a)ntl

n=1
where in the second inequality we also use that, by applying (a), lim,_,o+ ﬁ = o~ uniformly on o € R.
= 0 uniformly for @ € I, which implies that the above

inequality holds for |v| = 0 as well. This proves that the function w(sl,a) belongs to F°2(R) for any £ > 0.

Observe that, by the same reason, lim, .o+ ﬁl)

With regard to the assertion in (c) recall that the case £ = 0 is already proved. Here, for the sake of
shortness in the exposition, we shall use the Heaviside step function H(¢), which is defined by H(¢) = 0 if
{<0and H(¢)=1if £ > 0. By applying (b) together with Lemma A.3, and distinguishing the cases £ < 0
and ¢ > 0, it can be easily checked that

w'(s;0) € Fy.({e e Ry H(O)a < e}) € Fy.({(a, B) e R H(O)a < &,8 > L}).
Similarly, but applying (c) with £ = 0, we get
s e FRr({B>L}) c Fi*({(e, B) eR% H()a < e,8 > L}).
Consequently, by (g) in Lemma A.3,
sPwh(s;a) € Fﬁlg‘s({(a,ﬂ) ER* H({)a <e,>L}) forall L€ R and € > 0.
Hence s’w’(s;a) € F°({(a,8) € R% H({)ow < &,8 > L+ |{|e}) for all L € R and € > 0. Thus, by (a) in

Lemma A.3, the function (s, a, ) — s°w*(s; ) belongs to

N7 ({(e. /) € REH(Oa < 6,8 > L+ [l|e}) = Fi* ( U{@B erR3H@Oa<eB>L+ |€5}>

e>0 e>0

= F*({(a,8) e R*; 8> L+ (Fat}),
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where once again the second equality follows by distinguishing the cases ¢ > 0 and ¢ < 0. This proves
assertion (c¢) for £ # 0. Finally assertion (d) follows by applying (¢) in the present result and, in this order,
(¢), (b), (9) and (e) in Lemma A.3. This concludes the proof of the result. [ |

Next we introduce the set of functions Zx (W) that we previously used in [8, 9, 11, 12] to describe the
properties of the remainder 77, of the Dulac time. In this respect let us quote that Mourtada uses essentially
the same definition in his study of the cyclicity of the hyperbolic polycycles (see for instance [13]). This
set of functions is not used in the present paper and our aim is only to relate it with the set FL (W) for
completeness and reader’s convenience.

Definition A.5. Consider K € Zso U {+00} and an open subset U of RY. Let 2 := s05 be the Euler
operator and consider some i € U. We say that 1 (s; ) € €5 (U) belongs to the class Z (1) if for each
k=0,1,..., K there exists a neighbourhood V of i such that

lim 2% (s; ) = 0 uniformly on p € V.
s—0+t
If W is a (not necesarily open) subset of U then we define Zy (W) = (e Zr (/1) O

The following result shows that the remainder 27, in Theorem A and 77, in Theorem B can be written
in terms of the class Z (W), which is more suitable in order to perform the derivation-division algorithm.
Lemma A.6. Let U be an open set of RN, W C U, L € R, K € Z>oU{+00} and e > 0. Then the inclusion
FE (W) C s"Zx (W) holds.

Proof. Clearly it suffices to show that F/%, (i) C s"Z (fi) for any ji € W because then, by definition,
FeeW) = () Fiem) € () s"Zx(i) € 8" () Zi(i) = s"Ze(W).
REW pEW REW

So fix i € W and let us show that F5, (i) C s“Zx(f1). To this end we note that one can easily verify by
induction that for all k € Z>¢ there exist n;;, € Z>¢, 1 = 0,1, ..., k, such that the identity

k
PFg(s;) =D mins'0g(s; 1)

=0

holds for any €*-function g. On the other hand, if ¢ € L+E( ) then for each ¢ = 0,1,..., K there exist a
neighbourhood V; of i and C;,s; > 0 such that |0i4(s; u)| < CysE+e~% for all s € (0,s;) and p € V;. Thus,

setting Vi := NE_V;, 8 := min(s;;i = 0,...,k) and Cr = Zf:o 1::Ci, by applying the above identity we
get that if £ =0,1,..., K then

|DFa( kas EREEIN] (Z 77sz> = Cpstte for all s € (0,5;) and p € Vj.

=0

Taking this into account, since
o AP e e
7" (s (s ) =) (k>9 "(sTEY DR (55 ) = (k)(—L) L DM (s; ),
we can assert that

|@i (s*Lw(s;ﬂ))| < Z <;> |L|""*Crs® = Cis® for all s € (0,3;) and p € V;,

k=0
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where V;:= Ni_ Vi, 8= min(8;k = 0,...,4) and C;:== 35 _, (}) |L[i=*Cy,. Tt is clear that the above upper
bound implies that lim,_,q+ Z° (57L1/J(S;‘LL)) = 0 uniformly on u € V; for i = 0,1,..., K, which implies
s~ Lap(s; ) € Ik (f1), as desired. This proves the validity of the result. [ |

Corollary A.7. For each { € 7, (s,a, B) — sPw’(s;a) belongs to s* T, ({(a,ﬁ) cR% 8> L+ €+a+}) for
all L € R.

Proof. The result follows by noting that

e F{(a,8) eR%B>L+e+ttat}) C (s"Tx B)ER%:B>L+e+tat})
e>0 e>0

_ st00< U {(a,ﬂ) ER2 6 > L+e+e+a+}> = 5“7 ({(a, B) € R% 8 > L+ £FaT}),

e>0

where we apply firstly Lemma A.4 and secondly Lemma A.6. ]

B Differentiation formulas and integration of series

In this section, for reader’s convenience, we state some specific results from analysis and calculus that we
use all along. To begin with, since we use several times the multivariate Faa di Bruno formula to calculate
the derivative of a composition of functions, we provide its explicit expression according to [3, Theorem 2.1].

To this end some notation is needed. If v = (v4,...,v4) € Z%O and x = (21,...,74) € R? then we define
‘V| ZV“ V' H(V”), Bx = m andx ZHJ:[.
i=1 1 i=1

Moreover, if £ = (¢1,...,44) € Z‘éo, we write £ < v provided ¢; < v; fori =1,...,d. Let f(y1,...,ym) and
gD(xy, .. zq), ..., 9" (x1,...,24) be real-valued functions and set

Rz, ...,zq) = f (g(l)(xl,...,md),...,g(m)(xl,...,zd)).

Theorem B.1 (Multivariate Faa di Bruno formula). Let v = (v1,...,14) € Z‘éo with |[v| > 0 and x° € RY
be given. Suppose that all the partial derivatives 0% with £ < v of g*,...,g™ exist and are continuous
in a neighbourhood of x°. Assume moreover that all the partial derivatives 8;,‘f(y), with X € ZZ, and
IA| < |v|, ezist and are continuous in a neighbourhood of (g*(x°),...,g™(x%)) € R™. Then 0%h(x) eits in
a neighbourhood of x° and it is given by
q .
(x)
W= Y At X o]
ISP p(v,A) i:1
where
q q
p(v,A) = {(kl,...,kq;el,...,ﬂq) P> ki=Xand > kil = u}. (37)
i=1 i=1
In the statement £;,...,£, € Z%o is a complete listing of all vectors £ < v with |€] > 0, kq,... .k, € <,

and ¢ = —l—i—H?:l(ui—i—l). We also set by, (x) = 0%h(x), fa(y) = 8 f(y) and ge(x) = (gél)<x)7 . 7gl(zm)(x))
where g( )(x) = 049D (x).

We will also appeal to the following Leibniz formula for the partial derivatives of a product of functions
(see for instance [2, Theorem C, p. 132]).
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Theorem B.2. If fi,..., f. € €(U) for some open subset U of R? and v € Z¢ o then

3”1:[1fi= Z <£1,-.-, )H@efw

b1 +..+L,.=v

d v
where £y, ..., L. € LS, and (ll,...,l ) I e , H T Zm'

Remark B.3. The generalized multinomial coefficients (Zl Y ) satisfy

------

r\u\:ﬁ i1 Vi:f{( > El,wg,>= > Hgl 2 (el,.l.j.,z)

=1 \ j=1 Li+...+,.=v Li+...+L,.=vi=1 li+...+,.=v

thanks to the multinomial identity (see |2, Theorem B, p 28]|)

Am

m n n'

€T — _ 7 e
Z . Za!--~am! L
P

1

where the summation takes place over all (a1,...,an,) € ZZ, such that a1 + ...+ am =n. O

The following result is also well-known (see [17, Theorem 7.17] for instance).

Lemma B.4. Suppose that {f,} is a sequence of functions, differentiable on [a,b] and such that {f.(x0)}
converges for some point xog € [a,b]. If {f]} converges uniformly on [a,b], then {f,} converges uniformly
on [a,b] to a function f such that

fl(z) = ILm fl(x) for all x € [a,b)].

Lemma B.5. Let E be a measurable set of R and consider a sequence of measurable functions { fu}nen. If
n>1 fE | fu(x)|dz < +o00 then fE n>1 fo(z)dz = Zn>1 fE fn(z)dz

Proof. The problem is to show that

kEToo/Ewk(m)dx z/ Erfoo Y (z)dx, where ¥y (z Z fn(x) for each k € N,

and this follows by the Lebesgue’s dominated convergence theorem (see [17, Theorem 11.32]) because

+oo
[¥n(z Z | fn(z)] < Z |fn(z)| =:¥(z) for all k e N
n=1

and, on the other hand, [, ¥ 5 ¥(x)dr < 400 by hypothesis. In this regard let us remark that, due to | f,| > 0
for all n € N, the equality Zn>1 Jelfn(@)lde = [ 32,5, [fn(2)|dz holds (see [17, Theorem 11.30]). [ ]
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