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Abstract

The Zys-additive codes are subgroups of ZI., and can be seen as a gener-
alization of linear codes over Zy and Z,. A Zss-linear Hadamard code is a
binary Hadamard code which is the Gray map image of a Zss-additive code.
A partial classification of these codes by using the dimension of the kernel
is known. In this paper, we establish that some Zss-linear Hadamard codes
of length 2¢ are equivalent, once t is fixed. This allows us to improve the
known upper bounds for the number of such nonequivalent codes. Moreover,
up to t = 11, this new upper bound coincides with a known lower bound
(based on the rank and dimension of the kernel). Finally, when we focus on
s € {2,3}, the full classification of the Zss-linear Hadamard codes of length
2t is established by giving the exact number of such codes.

Keywords: Rank, Kernel, Hadamard code, Zss-additive code, Gray map,
classification
2000 MSC: 94B25, 94B60

1. Introduction

Let Zss be the ring of integers modulo 2° with s > 1. The set of n-tuples
over Zsos is denoted by Z3.. A binary code of length n is a nonempty subset
of Z%, and it is linear if it is a subspace of Z}. A nonempty subset of ZZ,
is a Zgs-additive code if it is a subgroup of ZJ.. Note that, when s =1, a
Zgs-additive code is a binary linear code and, when s = 2, it is a quaternary
linear code or a linear code over Zy,.

The Hamming weight of a binary vector u € Z%, denoted by wty(u), is
the number of nonzero coordinates of u. The Hamming distance of two binary
vectors u, v € Z4, denoted by dy(u, v), is the number of coordinates in which
they differ. Note that dy(u,v) = wty(v —u). The minimum distance of a
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binary code C' is d(C') = min{dg(u,v) : u,v € C;u # v}. The Lee weight
of an element i € Zys is wtr(i) = min{,2° — i} and the Lee weight of a
vector u = (uy, Uy, ..., u,) € Zf is wtp(u) = 37 wty(u;) € Zys. The Lee
distance of two vectors u,v € ZJ. is dp(u,v) = wtz(v — u). The minimum
distance of a Zgs-additive code C is d(C) = min{dy(u,v) : u,v € C,u # v}.

In [12], a Gray map from Z, to Z3 is defined as ¢(0) = (0, 0), ¢(1) = (0, 1),
#(2) = (1,1) and ¢(3) = (1,0). There exist different generalizations of this
Gray map, which go from Zys to Z2 " [5, 6, 13]. The one given in [5], by
Carlet, is the map ¢, : Zys — 72" defined as follows:

Os(u) = (Us—1y -+ us—1) + (U, ..., Us_2) Y51, (1)

where u € Zgs, [ug,us,...,us_1]2 is the binary expansion of u, that is u =
S0 2 (u; € {0,1}), and Y, ; is a matrix of size (s — 1) x 2°~! which
columns are the elements of Z5 . Note that the rows of Y,_; form a basis of
a first order Reed-Muller code after adding the all-one row. The generalized
Gray map from Zss to Z¥ ' given in [13], by Krotov, is defined in a more
general way in terms of the codewords of a Hadamard code. In this paper, we
will focus on Carlet’s Gray map ¢, which is a particular case of the Krotov’s
one satisfying that > X\;@,(2") = ¢,(>° \2Y). Then, we define ®, : Z%, —
ZQTH as the component-wise Gray map ¢s.

Let C be a Zss-additive code of length n. We say that its binary image
C = &,(C) is a Zys-linear code of length 2°~!n. Since C is a subgroup of Z3,,
it is isomorphic to an abelian structure Zb, x Z’;i,l X oo X LTt x Zh and
we say that C, or equivalently C' = ®,(C), is of type (n;ty,...,ts). Note that
IC| = 2t120= Dtz ... 9 [f C is a Zgs-additive code of type (n;ty,...,t,), then
a generator matrix of C with minimum number of rows has exactly ¢4 - - +t;
rows. A 2-linear combination of the elements of B = {by,...,b,} C ZI. is
S Aiby, for \; € Zy. We say that B is a 2-basis of C if the elements in
B are 2-linearly independent and any c € C is a 2-linear combination of the
elements of B.

Let S,, be the symmetric group of permutations on the set {1,...,n}. Two
binary codes, C; and (%, are said to be equivalent if there is a vector a € Z%
and a permutation of coordinates m € S, such that Cy = {a+(c) : c € C4}.
Two Zsos-additive codes, C; and Cs, are said to be permutation equivalent
if they differ only by a permutation of coordinates, that is, if there is a
permutation of coordinates m € S,, such that C, = {7(c) : ¢ € C;}. A binary
code (' is transitive if for each x € C there exists a permutation 7, € S,
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such that x + m4(C') = C. A binary code C is propelinear if it is transitive
and it satisfies that if x + 7x(y) = z, then 7, = mem,. In [19], it is shown
that Z4-linear codes are in fact propelinear codes.

Two structural properties of binary codes are the rank and the dimension
of the kernel. The rank of a binary code C' is simply the dimension of
the linear span, (C), of C. The kernel of a binary code C' is defined as
K(C)={x€Z):x+C = C} [2]. If the all-zero vector belongs to C,
then K(C) is a linear subcode of C. Note also that if C' is linear, then
K(C) = C = (C). We denote the rank of a binary code C' as rank(C)
and the dimension of the kernel as ker(C'). These invariants can be used to
distinguish between nonequivalent binary codes, since equivalent ones have
the same rank and dimension of the kernel.

A binary code of length n, 2n codewords and minimum distance n/2 is
called a Hadamard code. Hadamard codes can be constructed from Hadamard
matrices [1, 16]. Note that linear Hadamard codes are in fact first order
Reed-Muller codes, or equivalently, the dual of extended Hamming codes
[16, Ch.13 §3]. The Zjs-additive codes that, under the Gray map @, give
a Hadamard code are called Zss-additive Hadamard codes and the corre-
sponding binary images are called Zss-linear Hadamard codes. Note that
Zgs-additive Hadamard codes are the only regular proper Zis-additive two-
weight homogeneous codes with dual Krotov distance at least 4 [21]. The
homogeneous weight of an element i € Zys, denoted by wt(i), is such that
wt(0) = 0, wt(2°71) = 2571 and wt(z) = 257! for all i € Zy:\{0,257'}.

The Z4-linear Hadamard codes of length 2¢ can be classified by using ei-
ther the rank or the dimension of the kernel [14, 18]. For s > 2, the dimension
of the kernel for Zys-linear Hadamard codes of length 2¢ is established in [7],
and it is proved that this invariant only provides a complete classification for
certain values of t and s. Lower and upper bounds are also established for
the number of nonequivalent Zas-linear Hadamard codes of length 2¢, when
both ¢ and s are fixed, and when just ¢ is fixed; denoted by A;, and A,
respectively. The rank of these codes is computed in [8] only for s = 3, and
it is proved that in this case the rank is not enough to obtain a complete
classification. However, it is also shown that, for s = 3, by using both in-
variants, the rank and dimension of the kernel, it is possible to provide a full
classification for any ¢ > 3. Moreover, the exact value of A; 3 is given. From
[7] and [8], we can check that there are nonlinear codes having the same rank
and dimension of the kernel for different values of s, once the length 2 is
fixed, for all 5 <t < 11.
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In this paper, we show that there are Hadamard codes that can be seen
as Zos-linear codes for different values of s, up to permutations. Moreover,
for t < 11, we see that the codes that are permutation equivalent are, in
fact, those having the same pair of invariants, rank and dimension of the
kernel. These equivalence results allow us to obtain a more accurate clas-
sification of the Zgs-linear Hadamard codes, than the one given in [7]. The
paper is organised as follows. In Section 2, we recall the recursive con-
struction of the Zss-linear Hadamard codes, the known partial classification,
and some bounds on the number of nonequivalent such codes, presented in
[7]. In Section 3, we prove some equivalence relations among the Zss-linear
Hadamard codes of the same length 2¢. Moreover, we prove that some Zos-
linear Hadamard codes with s > 2 are also propelinear. Later, in Section
4, we improve the classification given in [7] by refining the known bounds.
Then, in Section 5, we show that the rank, together with the dimension of
the kernel, provide a full classification for the Zss-linear Hadamard codes
of length 2! with s € {2,3}. In addition, in this case, we obtain the exact
number of nonequivalent such codes. Finally, in Section 6, we give some
conclusions and further research on this topic.

2. Partial classification

The description of a generator matrix having minimum number of rows
for a Z4-additive Hadamard code, as long as a recursive construction of these
matrices, are given in [14]. In [13], the Zjs:-additive Hadamard codes with
s > 2 are introduced and generator matrices with minimum number of rows
are given for these codes. In this section, we provide some results presented
in [7] and related to their recursive construction, partial classification and
bounds on the number of nonequivalent Zss-linear Hadamard codes of length
2t

Let T; = {j-27Y : 5 € {0,1,...,257"" —1}} for all 4 € {1,...,s}.
Note that 773 = {0,...,2° — 1}. Let ¢, ts,...,ts be nonnegative integers
with #; > 1. Consider the matrix A% ! whose columns are of the form
27,z {1} xTH ' x T2 x - xTh. Let 0,1,2,...,2% — 1 be the vectors
having the same element 0,1,2,...,2° — 1 from Zss in all its coordinates,
respectively. The order of a vector u over Zys, denoted by ord(u), is the
smallest positive integer m such that mu = 0.

Any matrix A% can be obtained by applying the following recursive
construction. We start with A% = (1). Then, if we have a matrix
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A= Ats for any 1 € {1,...,s}, we may construct the matrix

Az:<0211 1.92i-1 ... (281+1_1)211) (2>

Finally, permuting the rows of A;, we obtain a matrix A% where th =1
for j # i and t, = t; + 1. Note that any permutation of columns of A; gives
also a matrix A%-%_ Along this paper, we consider that the matrices At»ts
are constructed recursively starting from A% in the following way. First,
we add t; — 1 rows of order 2%, up to obtain A% 9 then ¢, rows of order
25~ up to generate A"%0: and so on, until we add t, rows of order 2 to
achieve A"'s See [7] for examples.

Let H!t be the Zgs-additive code generated by the matrix Aft--ts

where t, ..., t, are nonnegative integers with t; > 1. Let n = 275! where
t=0"_(s—i+1)-t;) — 1. The code H"* has length n, and the cor-

responding Zgs-linear code H™»'s = ®(H"»t) is a binary Hadamard code
of length 2° [7, 13]. In [7], it is shown that, in order to classify the Zs-linear
Hadamard codes of length 2¢, we can focus on ¢t > 5 and 2 < s < t — 2, since
in the rest of the cases there is exactly one code, which is linear. Moreover,
for any t > 5 and 2 < s <t — 2, there are exactly two Zss-linear Hadamard
codes of length 2¢, H1.0--0t+1=s and F1.0--0.LE=1=5 which are linear.

Tables 1 and 3, for 5 < ¢t < 11 and 2 < s < t — 2, show all possible
values (ti,...,ts) for which there exists a nonlinear Zss-linear Hadamard
code H"' of length 2'. For each one of them, the values (r, k) are shown,
where r is the rank (computed by using the computer algebra system Magma
[4, 20]) and k is the dimension of the kernel ([7, 14]). The rank for s = 2
and s = 3 can also be computed by using the results given in [18] and [8],
respectively. Note that if two codes have different values (7, k), then they
are not equivalent. Therefore, from the values of the dimension of the kernel
given in these tables, it is easy to see that this invariant does not classify.
From [8], we have that, considering only the rank, it is not possible to fully
classify these codes either.

Let X; s be the number of nonnegative integer solutions (ti,...,ts) € N°
of the equation t = (37_,(s—i+1)-¢;) — 1 with ¢, > 1. Let A;; be the
number of nonequivalent Zss-linear Hadamard codes of length 2¢ and a fixed
s > 2. Then, for any ¢t > 5 and 2 < s <t — 2, we have that A, , < X, — 1,
since there are exactly two codes which are linear. Moreover, when t < 11,
this bound is tight. It is still an open problem to know whether this bound
is tight for ¢ > 12.
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t=5 t=6 t=7 t=38
(t1,...,ts) (r k) | (b1, sts) (r k)| (t1,....ts) (r k) (t1,...,ts) (r k)
7 (3,0) (7.4) (3,1) (8,5) (3,2) (9,6) (3,3) (10,7)
4 (4,0) (11,5) (4,1) (12,6)
(2,0,0)  (83) | (1,2,00 (85 | (1,2,1) (9,6 (1,2,2) (10,7)
(2,0,1)  (94) | (2,0,2)  (10,5) (1,3,0) (12,6)
Zg (2,1,0)  (12,4) (2,0,3) (11,6)
(2,1,1) (13,5)
(3,0,0) (17,4)
(1,1,0,0) (94) | (1,0,2,0)  (9,6) (1,0,2,1)  (10,7)
z (1,1,0,1)  (10,5) | (1,1,0,2)  (11,6)
16 (2,0,0,0) (14,3) | (1,1,1,0)  (13,5)
(2,0,0,1)  (15,4)
(1,0,1,0,0) (10,5) | (1,0,0,2,0) (10,7)
Z3o (1,0,1,0,1)  (11,6)
(1,1,0,0,0)  (15,4)
Zes (1,0,0,1,0,0) (11,6)

Table 1: Type, rank and dimension of the kernel for all nonlinear Zss-linear Hadamard
codes of length 2t for 5 <t < 8.

In [7], a partial classification for the Zsys-linear Hadamard codes of length
2t is given. Specifically, lower and upper bounds on the number of nonequiv-
alent such codes, once only t is fixed, are established. The exact number of
nonequivalent codes of length 2¢, for 3 < ¢ < 7, which coincides with the
lower bound, is also established in [7]. These values are highlighted in bold
type in Table 2.

Theorem 2.1. [7] Let A; be the number of nonequivalent Zos-linear Hadamard
codes of length 2' with t > 3. Then,

A <14 (X —2) (3)
s=2
and
t—2
A <1+ Z(Ats 1) (4)
s=2
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t 314151671819 ]1011
lower bound (r, k) 111336 |7 |11|13]20
upper bound (3) and (4) || 1 {13 |5 10| 16 |26 | 38 | 57

Table 2: Bounds for the number A; of nonequivalent Zss-linear Hadamard codes of length
2t for 3 <t < 11.

In this paper, in order to improve this partial classification, we analyse the
equivalence relations among the Zss-linear Hadamard codes with the same
length 2¢ and different values of s. We prove that some of them are indeed
permutation equivalent. For 5 < ¢ < 11, the ones that are permutation
equivalent coincide with the ones that have the same invariants, rank and
dimension of the kernel, that is, the same pair (r,k) in Tables 1 and 3.
Finally, by using this equivalence relations, we improve the upper bounds
on the number A; of nonequivalent Zys-linear Hadamard codes of length 2°
given by Theorem 2.1. This allow us to determine the exact value of A; for
8 <t < 11, since one of the new upper bounds coincides with the lower
bound (r, k) for these cases.



NN N N S S S S NN N N S S S S S S S ~—————————~ ~ 5~ =~~~ o~~~ —_
= S oo~ on S anagn o omn S oo nn T faanioinm | n~n =)
AR X FTC AR RAN[FTO L FT SISO AILD T [(F0F O SBND WD 510 F S S0 N BB o S 6B ~
= e e R R R A R R T e e T T TR B R R RS RS T e e T TR R A R A R T R R SR TR I B T T L R T =

= —— =~ [N =3O S
—~—— ==~ ~ [N m e o NS = O | - - .
= ~———————~—~—~ —~— T T N OO Mo ND | e . T NS o - —
< e e =l S I N e e N N N O T - e = X R e i v = I R I = O -
- MM T oINS A | v T e e e e T T = R R e N B I oSHAcoo S
: e P S S A [ e B o I R e N I B v S S A [ I A N =T P g
D e A [ T e S S RN S S SR e S I A e i s R QU R R X e e S B e S By Sy A e e i e S B O [ =}
. -~ o~ - e - f e e e OO0~ NNO OO -HO I S ST e e OO0 OO0~ —-OOo o e e - - -~
- S ddddddess | - - - T T s s S-S HdSS | T T T LTSS S S H | & S
= T I TR T e e A A e e S Ss s |IE 2SS 3
= — e D [ o o o o~ N R (=== ] (=]
ool s S H S
=
= S0~ Wi ©©oin S w0 oin S0~ oo n S0~ o= RS )
- NS IS 93 6 S R R R R - R R R R o o3 1= 1 o od 1 )
= HeA A== e e e RS R e R RS ] R e o= =
—~— = S
=) —~ = — = S =° o
= —~ = = — o =o - S
> —~—— == — NoOm o NS =~ I NS S -
| [« I~ == =~~~ = MmN O A ™m O . e e e - NS oo P —
- G I - PED R e I I I I S A S =S ;
: . NS a3 S - SHAS S - S
: N F S~ S A SSAAaSSI - SR -
: - - S AN S S A - - SoSs—a - S
- e e R o) - A SIS~ e SESES] -
= oo ogdase e e el o i R Sy Sy SIS~ . = S
= coooooaddadda e e e e N RSt SRR .
oo oo e - S
T — = - .
_ZZ —
= 0~ I~oinn VI~ in - ©in < i~ oinm R ~
R B ] — 3ol oo ] — ol o
& — o= o~ o~~~ N =~~~ — N o~ — — — = — —
~ = S
o~~~ —~ = o—=0o
—~ ~ ==~ —~ = NS =o R S
< —~— =~ = — Noom=ao g - NS S
- mHT NS = AP NS S S P —
: - - NS S~ ~ D - S —=c
: aNmSs s LT T T T T S A3Sc - S)
R R R R S co™N—-—Oo0oo | e e e e e o o~
. Soaaae _— SSSHS # S
= ol e e e SSS
= cooooaad —_ <. S
oo — .
ZZZ —
3 % 5 o 2 & 2 S
5 ke © Bl 5 2
N N N N N N N N

<t<1l.
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codes of length 2t for 9
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3. Equivalent Zss-linear Hadamard codes

In this section, we give some properties of the generalized Gray map ®,.
We also prove that some of the Zss-linear Hadamard codes of the same length
2t having different values of s are permutation equivalent. Moreover, we see
that they coincide with the ones having the same rank and dimension of the
kernel for 5 < ¢ < 11.

Lemma 3.1. [7] Let \; € {0,1}, i € {0,...,

s—2
zws (A2,
=0

Let 74 € Sys-1 be the permutation defined as

1 2 251

1 3 251 |-
For example, we have that 73 = (2,3) € S, and 74 = (2,3,5)(4,7,6) € Ss.
Then, we can define the map 7, : Zos — Z3,, as

s —2}. Then,

272 27241 277242
271 -1 2 4

Ts(u) = D2 (75 (¢s(w)), (5)

where u € Zogs.
Example 3.1. For s = 3, we have

(I)3(O) = (070707 O) - 73(0707070) = 73((1)2(070))

(I)S(1> = (07 1,0, 1) = 73(07 0,1, 1) = 73((I)2<07 2))

CI)3(2> - (07 0,1, 1) = '73(07 1,0, 1) = 73((I)2<17 1))

(1)3(3) - (07 L1, 0) = '73(07 1,1, O) = 73<(I)2(1a 3))

(1) = (LLLL) = (11 11) = 15(@(2,2)) ®)

@3(5> = (1707170) = 73(1717070):73((1)2(27()))

(1)3(6> = (171707()) - 73(1707170):73((1)2(373))

(PB(?) - (170707 1) = 73(170707 1) = '73(@2(3’ 1))
These equalities define the map 73 : Zg — 72 as 13(0) = (0,0), 13(1) = (0,2),
7-3(2) = (17 1)7 7—3<3) = (173>7 T3<4> = (272)7 T3(5) = (270)7 T3 (6) = (3 3) and
73(7) = (3,1).
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Lemma 3.2. Let s > 2. Then,

(i) TS(1> = (07 25_2))
(ii) 74(2u) = 20" Y(u,u) foralli € {1,...,5—1} andu € {0,1,...,25" 1 =1},

Proof. First, 7,(1) = &', (77 (¢5(1))) = .4, (771(0,1,0,1,...,0,1)) =
®;1,(0,1) = (0,2°72), and (i) holds.

In order to prove (ii), let u € Zys and [ug, ..., us_1]2 be its binary expan-
sion. The binary expansion of 2% is [0,...,0,ug,...,us_;_1]o and we have
that ¢5<2ZU) = (us_i_l, N 7us—i—1) + (07 PN ,O, Uup, - - - ,us_i_g)ifs_l. Recall
that the matrix Y;_; given in (1), related to the definition of ¢y, is a matrix

of size (s — 1) x 2°7! which columns are the elements of Z5'. Without loss
of generality, we consider that Y; is the matrix obtained recursively from

Y, =(01) and
_ [ Y1 Yia

It is easy to see that

v = (40, 4 ) ©

Then, we have that

s (6s(2'0)) =

— 25—t
= (i1, 2.

— PR
- (usfifla ( cee

4 0 1
)7us—i—1) + (07 (Z)7 07 Ug, - - - 7us—i—2) ( Y. 5 Y. 9 ) =

)7 usfz?l) + (07 (Z_l)a 07 Uo, - - - 7u372¥2) ( Y:S—Z Y:9—2
= (¢371(2i71u)7 ¢sfl(2i71u)) =9 71(21‘*1(,&’ u))

Therefore, 7,(2u) = &, (77 (¢s(2'u))) = 2" (u, u), and (i7) holds. O

Proposition 3.1. Let s > 2 and \; € {0,1}, i € {0,...,s — 1}. Then,

s—1 s—1
35D N2 = 75(@ 1 (D m(A2) 9)
i=0 1=0

10
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Proof. By Lemma 3.2, we know that for all i € {1,...,s — 1}, 74(2) =
(20=1,271) and 7,(1) = (0,2°72). Then, by Lemma 3.1, we have that

—

s— s—1

Ys(@a1 (D T(Ni2Y))) = '78(2 D, 1 (1:(Ni2))).

1=0

Il
=)

7

Moreover, v, commutes with the addition. Therefore, by applying the defi-
nition of the map 7, given in (5), we obtain that

—

sS—

1@ (Y20 = (@R 2) = 602,

%

Il
=)

which is equal to ¢(3 73 A\;2") by Lemma 3.1. O

Corollary 3.1. Let s > 2 and \; € {0,1}, i € {0,...,s — 1}. Then,
— s—1
Zm = 7(A2). (10)
=0 =0

Proof. By Proposition 3.1, we have that

s—1 s—1
¢s(z )\iQi) =7s(Ps1 () 7s(Ni2)))
i=0 i=0
and, therefore,
s—1
O (7, (s ZA 2))) = > (A2,
i=0
that is, 7,(37—5 Ai2%) = 2770 To(\i2?). O

Now, we extend the permutation 74 € Sys—1 to a permutation v, € Sps—1,,
such that restricted to each set of 2°71 coordinates {2571 + 1,257 % +2,...,
2571(i4+1)},7€{0,...,n—1}, acts as 5 € Sps-1. Then, we component-wise
extend function 74 defined in (5) to 7, : Z% — Z3™, and define 75, = p~L o7y,
where p € Sy, is defined as

1 2 ... 1 n n+1 ... n+1 ... 2n
1 3 ... 22—1 ... 2n—1 2 21 .o 2n )7

11



If u=(up,ug,...,u,) € Z3 and 7,(u;) = (u},u?) for all i € {1, ...,n}, then
(0) = (ui,u? ul,u3, ... ,ul u?) and 7s(u) = (ul,...,ul,u? ... u?). Note
also that

O, (u) = 7s(Ps-1(p(7:(0))))

13 for all u E ZQS, since 7,(u) = p~H(7(u)) = p~H (D (VT HP,(0)))).

184 Let W ) be the ith row of At ts 1 <i<t;+---+t,. By construction,
s wi¥ =1 and ord(wi ) < ord(wj )Y if i > j. Let 0; be the integer such that
186 ord(wgs)) = 29 Then, Bt = {2’”W§S) 1 <i<ti+-+t,0<p <
w7 0; — 1} is a 2-basis of Hts.

Example 3.2. Let H*! and HYYO be the Zy-additive and Zg-additive Hadamard
codes, which are generated by

11111111 1111
A 1=10123 012 3|, and A= (0246)
00002222

respectively. The corresponding 2-bases are

B>t = {W§2), 2W§2), Wg2), 2W§2), w:(f)}
={(1,1,1,1,1,1,1,1),(2,2,2,2,2,2,2,2),(0,1,2,3,0,1,2,3),
0,2,0,2,0,2,0,2),(0,0,0,0,2,2,2,2)}, and
B0 = {wi¥ 2wi? awl? wi 2wl}

={(1,1,1,1),(2,2,2,2),(4,4,4,4),(0,2,4,6),(0,4,0,4) }.

s Proposition 3.2. Lett, > 1, and H!'ts and HY!—bizewts=1ts=1 pe the 7, -
189 additive and ng+1 additive Hadamard codes with genemtor matrices At
wo and AL Tbtzestsonts=l Cpesnectively.  Let WZ(S) and W(SJrl be the ith row of
o1 Alteots gnd AL 1’t2““’t5*1’t5_1, respectively. Then, we have that

w2 (1) 7~'S+1(2piw§5+1)) 2plw ). for all z e {2,....t1+ - +t; — 1} and

103 pi €{0,...,0; — 1}, where ord( W, ) = 2‘”;
oo (i) Foor (WYY = 20wl forall j € {0,..., s — 1};
o (i) (WS = wi L,

12



196

197

198

199

200

201

Proof. Consider Aft*s with ¢, > 1, and wgs) its ith row for ¢ €
{1,...,t1 + - -+ ts}. Then, the matrix over Zgs+1

wl?

2W§s)

2W1§f2‘r'“+ts

is, by definition, AMt1—bi2ts=1ts Noreover, by construction we have that

1,t1—1,ta,...,ts—1,ts—1 1,t1—1,t2,...,ts—1,ts—1
Alytlfl,tz,...,ts_l,ts _ A s s A s .
0 o .

Therefore, if WZ(SH) is the 7th row of Abfr—btzetsmta=l for 4 € {2 ) +

to+ -+ +t, — 1}, we have that (™ wi* ™) = 2w and ord(w!?) =

s+1)) (s+1 ' ‘ (s+1)

) be the vector over Zp.r1 such that w, =
= (O VY Let (v be the jth coordinate of

7 7

= 0;. Let v
(s)

i

ord(wg
2V(8+1)

i

and w
VESH). By the definition of 7,;; and Lemma 3.2, for p; € {0,...,0; — 1}, we

have that

2pi+lvz(3+1)>>

Ts+1<
VY (YY) =

7 Vg

o (2w D) = p N (7 (20w D)) =
( (

= p (2P (V) (vE),,

and (7) holds.

Since w' = (w{"™ wi*™) = 1 and W,Efzr.__ﬂs = (0,2571), then the
equalities in items (i7) and (i77) hold by the definition of 75;; and Lemma
3.2. U

Note that, from the previous proposition, we have that 7, is a bijection
between the 2-bases, Bit-ts and Bl —Lls—1ts =1

Example 3.3. Let H*' and HY0 be the same codes considered in Example

3.2. The length of HY1Y isn = 4. Then, the extension of v3 = (2,3) € Sy is
Y3 = (2, 3)(6, 7)(10, 11)(14, 15) € S, and

12345678
p_(13572468)688' (11)

13



202

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

In this case, we have that

D5(1,1,1,1) =3(P5(0,2,0,2,0,2,0,2)) =75(P2(p(0,0,0,0,2,2,2,2)))
(I)d(27 27 27 2) :73<(I)2(17 1a 17 17 17 17 17 1)) :73((1)2([)(1, 17 1a 1a 17 17 17 1)))
Dy(4,4,4,4) =73(9(2,2,2,2,2,2,2,2)) =v3(Pa(p(2,2,2,2,2,2,2,2)))
D5(0,2,4,6) =73((0,0,1,1,2,2,3,3)) =3(P2(p(0, 1, 2,3,0, 1,2, 3)))
D5(0,4,0,4) =~3(P5(0,0,2,2,0,0,2,2)) =5(P2(p(0,2,0,2,0,2,0,2)))

Since ®3(u) = v3(Po(p(T3(n)))) for allu € Z3, the map 73 sends the elements
of the 2-basis B0 into the elements of the 2-basis B>'. That is, as it is
shown in Proposition 3.2,

(2)

F(wi) =75(1,1,1,1)=(0,0,0,0,2,2,2,2) =

Few) =75(2,2,2,2)=(1,1,1,1,1,1,1,1) = (2>

A (Aw?) =75(4,4,4,4) = (2,2,2,2,2,2,2,2) = 2w1 (12)
F(wiP) =7(0,2,4,6)=(0,1,2,3,0,1,2,3) = w(2)

7 (2wY) =75(0,4,0,4) =(0,2,0,2,0,2,0,2) = 2w,

so T3 1S a bijection between both 2-bases.

Lemma 3.3. Let H, = H'' ' be a Zos-additive code with t, > 1, and
Hopr = HIVi2etsm1ts=1 e g Zooia-additive Hadamard code. Then, Hy, =
O (Hs) is permutation equivalent to Heyq = Pgyq(Hsi1)-

Proof. Let ¢ be the integer such that H, and H,,; are of length 2'. Let
B, = {v\?, ... vi?} and By = vV vIEEY be the 2-basis of H,
and Hgyq, respectlvely. By Proposition 3.2, 7,1 is a bijection between Bj
and B,.1. By the definition of 7,,; and Corollary 3.1, we have that 7.,
commutes with the addition, so T, 1(Hsr1) = Hs.

Let p. € Syt be a permutation such that ®s(p(u)) = p.(Ps(u)) for all

u € H, Since Hy = 7oyt (Hop) = p7 (P (vh (Psr1(Hor1)))), we have
that ®s(Hs) = py (1oi1(Pss1(Hs+1))). Therefore, we obtain Hy = (y541 0
px) H(Hyy1), where 7,41 0 py € Sor. O

The following theorem determines which Z,.-linear Hadamard codes are
equivalent to a given Zss-linear Hadamard code H'*s. We denote by 0/ the
all-zero vector of length j. Let o be the integer such that ord(w;)) 2stl=o,
Note that ¢ = 1 if and only if t; > 2. Moreover, since o5 is the integer such
that ord(wés)) = 272 we have that 0 = s+ 1 — 05.
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222
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224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

Theorem 3.1. Let H»t be a Zgs-linear Hadamard code with t, > 1.

. . . =1 4 _
Then, H'ts s equivalent to the Zgs+e-linear Hadamard code HO =1tz ts—1,ts—F

foralll € {1,... ts}.

Proof. Consider Hy = Hits and H, = MO hi-Lizetaonta=l fo
¢ e{l1,...,ts}. By Lemma 3.3, we have that H; = ®(H;) is permutation
equivalent to H;yq3 = ®(H;qq) for alli € {0,...,0 —1} and ¢ € {1,...,t}.
Therefore, we have that Hy and H, are permutation equivalent for all ¢ €
{1,...,ts}. O

Let t1,t, ..., ts be nonnegative integers with t; > 2. Let Cy(tq,...,t5) =
[Hy = H"% H,, ... H; 1] be the sequence of all Z,s-linear Hadamard

codes of length 2¢, where t = (Zf/ (s —i+1)- ti) —1, that are permutation

equivalent to H'»' by Theorem 3.1. We denote by Cy(t1,...,ts)[i] the ith
code H; in the sequence, for 1 < i < t, + 1. We consider that the order of
the codes in Cy(ty,...,1;) is the following:

Hiveots if i =1,

CH(’fb e 7ts)[i] = {HLoi2,;1—1,t2,...,ts_1,t5—z‘+1 (13>

, otherwise.

We refer to C(ty,...,ts) as the chain of equivalences of H' . Note that
if t, =0, then Cy(ty,...,ts) = [HY1].

Corollary 3.2. Let ty,tq,...,ts be nonnegative integers with ty > 2. Then,
|Cy(t1, ... ts)| =ts + 1.

Example 3.4. The chain of equivalences of H3? is the sequence Cy(3,3) =
[H33 HY22 1021 100201 gnd contains exactly ty+1 = 4 codes. Note that
this sequence contains all the codes of length 28 having the pair (v, k) = (10,7)
in Table 1. In the same table, we can see that there is only one code of length
27 having the pair (r,k) = (12,4), named H*'°. The chain of equivalences
of this code is Cy(2,1,0) = [H*'YY], which contains just this code, since
ts+1=1.

Proposition 3.3. Letty, to,...,ts be nonnegative integers witht; > 2. Then,

the Zw -linear Hadamard code H ' = Cy(ty, ... to)[i], 1 < i < ty+ 1,
satisfies

15



240 (Z) S/:$+i—1,
241 (ZZ) O'/:i,
242 (ZZZ) t;/ =t,—1+1,

(tl,...,t5>, ZfZ: 1,
(1,072 t; — 1,tg, ...ty 1,t, —i+ 1), otherwise.

243 (ZU) (t&,...,t;,) = {

244 Proof. Straightforward from Theorem 3.1 and the definition of the chain

25  of equivalences Cy(ty, ..., ts). O
246 Note that the value of §' is different for every code H'1"* belonging to
27 the same chain of equivalences Cy(tq,. .., ts).

us Corollary 3.3. Let t1,ts,...,ts be nonnegative integers with t; > 2.

w5 (i) The Zw-linear Hadamard code H ' = Cy(ty, ... t)[1] is the only

250 one in Cy(ty,...,ts) with o' =1, that is, the only one with t} > 2.

w1 (ii) The Zyo-linear Hadamard code H'v % = Cy(ty, ... t)[ts + 1] is the
252 only one in Cy(ty,...,ts) witht,, =0.

253 Now, given any Zss-linear Hadamard code H®+'s  we determine the

4 chain of equivalences containing this code, as well as its position in the se-
s quence. Therefore, note that indeed we prove that any code H'+' (with
26 t1 > 1) belongs to an unique chain of equivalences Cy (t), ..., t.,) with ¢} > 2.

7 Proposition 3.4. Let ty,ts,...,ts be nonnegative integers with t; > 1. The
x8  Lios-linear Hadamard code H™' belongs to an unique chain of equivalences.
w0 Ift; > 2, then o = 1 and H"»'% = Cy(ty,...,t5)[1]. Otherwise, if t; = 1,
w0 then o > 1 and H"' = Cy(ty, ... t,)[o], where (t,...,t,) = (t, +
w1 Ltoi1,...,ts_1,ts+o0—1)ands =s—o+1.

262 Proof. If t; > 2, it is clear by the definition of chain of equivalences and
»s Corollary 3.3. If t; = 1, then ¢ > 1. By Proposition 3.3, since H'»t =
Cu(ty, ..., t.)[o], we have that (¢,...,t,) = (1,092 ¢y —1,th, ..., t\, |, t\, —

26s 0 + 1). Therefore, t, =t] — 1, toy1 =15, ..., teo1 =1t |, ts =1, —0+1,
6 and the result follows. O

21
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287

Corollary 3.4. Let H"»% be a Zgs-linear Hadamard code and Cy (t), ..., t,
the chain of equivalences such that H" ' = Cy(t},...,t,)[o]. Then,

Cult,,... .t =t + 0.

Proof. If t; > 2, then H" % = Cy(ty,...,ts)[1] by Proposition 3.4. By
Corollary 3.2, |Cy(t1,...,ts)| = ts +1 = ts + 0. Otherwise, if t; = 1, then
H'ts = Cyty +1,t541, . ., ts_1,ts+0 —1)[o] by Proposition 3.4. Finally,
|ICu(te +1,tos1,. .oy ts_1,ts+0—1)| =ts+0—1+1=ts+ o by Corollary
3.2. ]

Example 3.5. The Zos-linear Hadamard code H'**! has t;, = 1, 0 = 3
and s = 4. By Proposition 3./, since 0 = 3 and ' = s — o+ 1 = 2, this
code is placed in the third position of the chain of equivalences Cy(t},t}),
where t) = t5+1=24+1=3 andth =ty +0c—-1=1+3-1= 3.
Therefore, H"**1 = Cy(3,3)[3]. By Corollary 3.4, Cg(3,3) contains exactly
ty+0 =143 =4 codes, which are the ones described in Example 3.4.

If H''% is a Zgs-linear Hadamard code of length 2 with ¢; > 2 and
ts = 0, then |Cy(ty,...,ts)| = 1 by Corollary 3.4. In this case, from Tables 1
and 3, we can see that H''s is not equivalent to any other code H" % of
the same length 2¢, for ¢ < 11. We conjecture that this is true for any ¢ > 12.
The values of (t1,...,ts) for which the codes H'» ! are not equivalent to

any other such code of the same length 2¢, for ¢ < 11, can be found in Table
4.

t=5 1 (3,0), (2,0,0)

t="71 (4,0), (2,1,0), (2,0,0,0)

t=38 | (3,0,0)

t=9 | (50), (2,2,0), (2,0,1,0), (2,0,0,0,0)

F=10 | (3.L.0), (2.1.0,0)

t=11 (6,0), (2,3,0), (4,0,0), (2,0,2,0), (3,0,0,0), (2,0,0,1,0), (2,0,0,0,0,0)

Table 4: Type of all Zss-linear Hadamard codes of length 2¢ with ¢ = 1 and ¢, = 0 for
t <11.

From Tables 1 and 3, we can also see that the Zgs-linear Hadamard codes

of length 2! with ¢ < 11 having the same values (r, k) are the ones which are
equivalent by Theorem 3.1. We conjecture that this is true for any ¢t > 12.
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Recall that all Zs-linear codes are propelinear, so also transitive [19].
Now, as a corollary of Proposition 3.4, we show under which conditions a Zss-
linear Hadamard code with s > 2 is propelinear because it is permutation
equivalent to a Zy-linear code. First, we give the following lemma that is
easily proven.

Lemma 3.4. Let C; and Cs be permutation equivalent binary codes. If Cy
1s propelinear, then so it is Cs.

Corollary 3.5. Let ti,ts,...,ts be nonnegative integers with t; > 1 and
s > 2. Then, H"' is propelinear if either s = 2 or s > 2, t; = 1 and
oc=s—1.

Proof. By [19], we have that all Zs-linear codes are propelinear. There-
fore, H"»% is propelinear if s = 2.

Assume s > 2, 0 = s — 1 and t; = 1. By Proposition 3.4, the code
Htvets = fpL0-0t-1ts g permutation equivalent to Hs-1H145=2 which is
Z,-linear and so propelinear. Then the statement follows by Lemma 3.4. [

4. Improvement of the partial classification

In this section, we improve some results given in [7], on the classification
of the Zys-linear Hadamard codes of length 2!, once ¢ is fixed. More precisely,
we improve the upper bounds of A; given by Theorem 2.1 and determine the
exact value of A; for ¢ < 11 by using the equivalence results established in
Section 3.

Next, we prove two corollaries of Theorem 3.1, which allow us to improve
the known upper bounds for A;.

Corollary 4.1. Let H" % be a Zos-linear Hadamard code. Then, H'»ts is
equivalent to ts+ 0 Zy -linear Hadamard codes for s’ € {s+1—o,...,s+1s}.
Among them, there is exactly one Hv ' with t) > 2, and there is exactly
one Hv% with t, = 0.

Proof. The code H'» ! belongs to a chain of equivalences C', which can
be determined by Proposition 3.4. We have that H' ' is equivalent to any
code in C' by Theorem 3.1, and the number of codes in C'is t;+0 by Corollary
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3.4. By Proposition 3.4, the first code in C has s’ = s—o+1. By Proposition

Therefore, ' € {s — o+ 1,...,s+ts}. Finally, by Corollary 3.3, C[1] is the
only code in C' with ¢} > 2 and C[ts + o] is the only code in C' with ¢, = 0.
O

From Corollary 4.1, in order to determine the number of nonequivalent
Zss-linear Hadamard codes of length 2¢, A,, we just have to consider one code
out of the t, 4 o codes that are equivalent. For example, we can consider the
one with t; > 2.

Corollary 4.2. Let H be a nonlinear Zgs-linear Hadamard code of length
20 Ifse{[(t+1)/2] +1,...,t+ 1}, then there is an equivalent Z,y -linear
Hadamard code of length 2" with 8" € {2,...,|(t+1)/2]}.

Proof. Let H'"r' be a Zys-linear Hadamard code with s € {[(t +
1)/2]+1,...,t+1}. Since )7 (s+1—1i)t; =t+1, then t; = 1 and we have
that o > 1. Therefore, by Proposition 3.4, H'»! is permutation equivalent
to the Zgs—o+1-linear Hadamard code H = Hiotblo+tmts—ttsto—1

Now, we just need to see that s—o+1 < [(t+1)/2]. Since the length of H
is 2!, we have that t+1 = (s—o+1)(t,+1)+ 300 (s—0+2—i)ty_14i+0—1.
Therefore, (s —o+1)(t, +1) <t+lands—o+1<(t+1)/(t, +1). By
the definition of ¢,, we know that t, > 1,s0 s —o+ 1< [(t+1)/2]. O

Note that we can focus on the Zos-linear Hadamard codes of length 2¢
with s € {2,...,[(t+1)/2]} by Corollary 4.2, and we can restrict ourselves
to the codes having t; > 2 by Corollary 4.1. With this on mind, in order
to classify all such codes for a given ¢ > 3, we define X, , = |{(t1,...,t,) €
N ct4+1 =537 (s—i+1)t, t1 > 2} for s € {3,...,[(t +1)/2]} and
Xtﬂ = |{(t1,t2) € N*: t +1 = 2t; +ty, t; > 3}|. Note that, in the definition
of X; 5, we consider t; > 3 because the code is linear if ¢, = 2 [14].

Theorem 4.1. Let A; be the number of nonequivalent Zgs-linear Hadamard
codes of length 2¢ with t > 3. Then,

151

A <14 ) X, (14)
s=2
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and
L5
Ar<14 ) (AL —1). (15)
s=2
Moreover, for 3 <t <11, the upper bound (14) is tight.

Proof. In [7], it is proven that the codes H0--0ts and H10-0bts,
with s > 2 and t; > 0, are the only Zss-linear Hadamard codes which
are linear. Note that they are not included in the definition of Xus for
s€{3,...,|[(t+1)/2]}. When s = 2, recall that the codes with ¢; = 1 and
t; = 2 are the ones which are linear [14]. Note that they are not included
in the definition of )~(t,2 either. Therefore, the new upper bounds (14) and
(15) follow by Corollaries 4.1 and 4.2, after adding 1 to take into account the
linear code.

In Table 5, for 3 < ¢t < 11, these new upper bounds together with previous
bounds are shown. Note that the lower bound (7, k) coincides with the upper

bound (14) for ¢ < 11, so this upper bound is tight for ¢t < 11. O
t 31415167819 10|11
lower bound (7, k) 1(1/3|3]6 |7 |11]13|20
upper bound (14) 1(1/3|3]6 |7 |11]13|20
upper bound (15) 1111349 12|22 28|47
upper bound (3) and (4) || 1|13 |5 |10 |16 | 26 | 38 | 57

Table 5: Bounds for the number A4, of nonequivalent Zss-linear Hadamard codes of length
2t for 3 <t < 11.

This last result improves the partial classification given in [7]. Actually,
by definition, we have that X’t,s < Xis—2, so the upper bound (14) is clearly
better than (3). It is also clear that the upper bound (15) is better than (4)
since there are fewer addends. Therefore, both new upper bounds improve
the previous known upper bounds obtained in [7]. Recall that A; s = X; s —1
for any 3 <t < 11 and 2 < s < t — 2. If this equation is also true for any
t > 12, then upper bounds (3) and (4) coincide. Moreover, upper bound (14)
would always be better than (15) since Xw < Xps—2=A,— 1

5. Full classification of Z4-linear and Zg-linear Hadamard codes

A complete classification of Z4-linear and Zg-linear Hadamard codes is
given in [14] and [8], respectively. By the results in Section 3, we know that
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there are nonlinear Hadamard codes which are equivalent to both, a Z4-linear
and a Zg-linear code. In this section, we establish the complete classification
for the Zgs-linear Hadamard codes of length 2 with s € {2,3}. We also
determine the number of nonequivalent such codes.

Theorem 5.1. Every Z,-linear Hadamard code of length 2' is equivalent to
a Zs-linear Hadamard code, except for the Zs-linear Hadamard code H+1/20
with t > 5 odd.

Proof. First of all, for ¢t < 4, we know that all Zys-linear Hadamard codes
are linear, so they are permutation equivalent to the binary linear Hadamard
code of length 2!. Recall that, for s = 2, we have that t = 2t; + t, — 1.
Then, if t is even, all the solutions for t = 2t; + t; — 1 satisfy that t, > 1.
Then, by using Theorem 3.1, we have that every Z,-linear Hadamard code
H%% of length 2! is permutation equivalent to the Zg-linear Hadamard code
Flti—Lta—1

If ¢ is odd, then there exists one solution for t = 2t; + t5 — 1 with ¢, =
0, that is, when ¢; = (¢ + 1)/2. For the rest of solutions with t5 > 1,
again by using Theorem 3.1, we know that each Zj-linear Hadamard code
is permutation equivalent to a Zg-linear Hadamard code. Finally, we have
to show that the code H+1)/20 is not permutation equivalent to a Zg-linear
Hadamard code.

Suppose that there exists a Zg-linear Hadamard code H'-!2! that is
permutation equivalent to H**t1/20 We know that both codes should have
the same length and dimension of the kernel. Recall that ker(H*+1/20) =
(t+1)/241since t > 5 [14]. We also have that ker(H""2'3) = ¢, +ty+t3+0y,,
where o;, = 1if t; > 2 and o, = 2if t; = 1 [7]. On the one hand, if
t; = 1, then o4, = 2 and, from the equations ¢t + 1 = 3 + 2ty + ¢35 and
(t+1)/2+1 = 1+to+t3+2, we obtain that t3 = —1 which is not possible. On
the other hand, if ¢t; > 2, then 0y, = 1 and we have the following equations:

t+1 = 3t + 2t + 13 t3 = t
t+1 t+1—4t
T+1 = tit+ilat+itz+1 ty = Tl

These two codes should also have the same rank, so rank(H(+1-41)/2) —
rank(H1)/20) " As proven in [18], we have that if ¢, > 1 and ¢, > 0, then

t —1
rank(CD(”Htl’tQ)) =2t + 1ty + ( ! 9 )
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From [8], we also have that

th 3 3 Tty
S -t — Sttt )+t + 1
51 12 24+12+2(1+1+2+)+3+

Then, after simplifying, we obtain that

rank(®(H">B)) =

t} — 26t + (6t + 65)t; — 18t — 4 = 0. (16)

Note that the left-hand side of equation (16) is strictly positive for t; >
26, since we can rewrite it as t3 + (6t + 65)t; > 26t + 18t + 4. For t; €
{3,6,8,9,10,12,...,25}, equation (16) has no integer solution for t. For
t; = 1, it has solution ¢ = 3, but recall that ¢ > 4. For t; = 4, it has
solution ¢ = 16, but in this case to = 1/2 ¢ Z. Finally, for ¢; € {2,5,7,11},
it has solutions ¢t = 5,17, 20, 23, respectively, but in all these cases, t5 < 0.
Therefore, the result holds. O

We have shown that the classification of the Zgs-linear Hadamard codes
with s € {2,3} is complete. Specifically, there exists only one binary nonlin-
ear Hadamard code of length 2! that is Z4-linear, but not Zg-linear, when ¢
odd. When t is even, all the Z,-linear Hadamard codes of length 2! are also
Zsg-linear. This means that to generate all the Zss-linear Hadamard codes
with s € {2,3} of a fixed length 2¢, it is enough to generate all the Zg-linear
Hadamard codes, and add the code H*t1/20 if ¢ is odd. Finally, in Theorem
5.2, we establish the number of nonequivalent Zss-linear Hadamard codes
with s € {2,3}, once the length 2' if fixed.

Theorem 5.2. Let A, (23 be the number of nonequivalent Zys-linear Hadamard

codes of length 2t with s € {2,3}. Then,

A 1 ift<b
PR A+ (¢ mod 2) ift > 5,

where the number of nonequivalent Zg-linear Hadamard codes of length 2¢ is
L(t+1)/3]

A g = {%J + ; L#J — 1.

Proof. The explicit expression for A; 3 is proven in [8]. Then, the ex-
pression for A, (5 31 follows from Theorem 5.1 ]
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In Table 6, we can see the complete classification of the Zgs-linear Hadamard
codes with s € {2,3} for 7 < ¢ < 9. In the second row, there are the codes
that are both Z,-linear and Zg-linear together with its pair (r,k). In the
first and third rows, there are the codes that are just Z4-linear or Zg-linear,
respectively.

t=7 t=38 t=9
type (r,k) type (r,k) type (r k)
Zy || (4,0) (11,5) (5,0)  (16,6)
(3,3) (3,4)

24 (3,2) }(9’6) (1,2,2) }(10’7) (1,2,3) }(11’8)
150 21 3 Joan | ) Joso
(2,0,2) (10,5) | (2,0,3) (11,6) | (2,0,4) (12,7)
o || (2100 (124) | (2,1,1)  (135) | (2,1,2) (146)
8 (3,0,0) (17.4) | (2,2,0) (17,5)
(3,0,1) (18,5)

Table 6: Type, rank and dimension of the kernel for all nonlinear Z,-linear and Zg-linear
Hadamard codes of length 2! for 7 <t < 9.

6. Conclusions

The results presented in this paper allow us to improve the partial classifi-
cation on the number A; of nonequivalent Zys-linear Hadamard codes having
the same length 2, given in [7]. Specifically, we establish that there are some
families of such codes which are equivalent. This result allows us to give new
upper bounds on A;. Moreover, we show that one of them, (14), is tight for
any 3 <t < 11. Actually, for these cases, we notice that the full classification
is also given by considering the pairs of invariants, rank and dimension of
the kernel. A future research would be to establish whether this is also true
in general, that is for any ¢t > 12.

Recall that A;, is the number of nonequivalent Zos-linear Hadamard
codes having the same value of s and the same length 2!. In general, by
definition, we have that 4, ; < X; ; — 1. From Tables 1 and 3, for 5 <t <11
and 2 < s <t — 2, we know that A, s = X, ; — 1, that is, the classification of
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these codes is given by the number of solutions (ti,...,ts) € N° of the equa-
tiont = (> ;_;(s—i+1)-t;)—1 with ¢; > 1. Moreover, A, also coincides
with the exact number of different pairs of invariants, rank and dimension of
the kernel. It is an open problem to determine whether A; ; = X; s —1 for all
t > 12. Note that when this equation holds, the upper bound (14) is better
than (15).

As we can see in Table 4, there are some Zgs-linear Hadamard codes of
length 2¢ which are not equivalent to any other such code with the same
length. For example, the codes H*?, H*'0 and H?%%9 of length 27 are
just Zy-linear, Zg-linear, and Zg-linear codes, respectively. In general, we
conjecture that the Zys-linear Hadamard codes H™'s with t; > 2 (i.e.
o = 1) and t; = 0 are not equivalent to any other Z,.-linear Hadamard code
of the same length.

When we focus on the Zjs-linear Hadamard codes of length 2! with s €
{2,3}, we are able to give a complete classification for any ¢ > 3, by using
the equivalence results given in Section 3 and the explicit formula for the
rank of the Zs-linear and Zg-linear Hadamard codes, computed in [14] and
8], respectively.

There are Hadamard codes, called Z,Z,-linear Hadamard codes, which
came from the image of a generalized Gray map of subgroups of Z$ X Zf :
If o = 0, they correspond to Zs-linear Hadamard codes. In [18], the classi-
fication of all ZyZ4-linear Hadamard codes of length 2¢ with o # 0 is given.
Moreover, in [15], it is proven that each one of these codes is equivalent to
a Zgs-linear Hadamard code, except for one, namely H,, when t is even. It
is known that H, has rank r = 1 + ¢ + (%2) and dimension of the kernel
k =1+1t/2 [18]. From this result and Tables 1 and 3, it is easy to check that
H, is not equivalent to any Zos-linear Hadamard code of the same length 2
for 4 <t < 11 even. Another further research could be to show that this is
also true for any ¢ > 12 even.

In [22], a more general family of Hadamard codes, constructed from the
image of the generalized Gray map of subgroups of Zj' x Z°3 x -+ X Zy:
with p prime, are described. The techniques developed in [7, 8, 9] and in this
paper could also be applied to these codes in order to classify them. In [10],
the results on the kernel and its dimension of Zss-linear Hadamard codes
given in [7] have been used to establish equivalent results for the family of
Zss-linear simplex and MacDonald codes defined in [11].

Finally, it is also worth to mention that we have found that some Zgs-
linear Hadamard codes with s > 2 are propelinear (so also transitive). It is
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an open problem to determine whether there are other Zss-linear Hadamard
codes that are propelinear (or transitive) and not equivalent to a Z,-linear
Hadamard code.
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