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In this article, we consider the quasi-linear stochastic wave and heat equations on the real line and with an
additive Gaussian noise which is white in time and behaves in space like a fractional Brownian motion with
Hurst index H € (0, 1). The drift term is assumed to be globally Lipschitz. We prove that the solution of
each of the above equations is continuous in terms of the index H, with respect to the convergence in law
in the space of continuous functions.
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1. Introduction

We consider the following stochastic wave and heat equations on [0, 00) x R, respectively:

82MH 2 H .
=3 (60 == (0 + (" (1,2) + WH ),
u0,x) =up(x), xeR, (SWE)

ufl
7(0’)6) =vo(x), xek,

and
9 H 82 H .
%(I,x) - 8—;:2(t,x) + b (6, ) + Wt x),

u0,x) =up(x), xekR.

(SHE)

The initial conditions ug, vg : R — R are deterministic measurable functions which satisfy some
regularity conditions specified below. The drift coefficient b : R — R is assumed to be globally
Lipschitz.

The term W (¢, x) stands for a random perturbation that is supposed to be a Gaussian noise
which is white in time and has a spatially homogeneous correlation of fractional type. More
precisely, on some complete probability space (€2, F, ), the noise W is defined by a family of
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centered Gaussian random variables {W " (), ¢ € D}, where D := C5° ([0, 00) x R) is the space
of infinitely differentiable functions with compact support, with covariance functional

E[WH (@W" )] = /0 /R Folt, YEFyt, )@ pn(dé)dt, (1

forall ¢, ¥ € D, where F denotes the Fourier transform in the space variable. For any H € (0, 1),
the spectral measure (g is given by

_ T'2H + 1)sin(7rH)
= 5ot .

The above covariance relation, as in [10], is used to construct an inner product on the space D
defined in the following way:

(0. V)u =E[W(@W*W)], ¢.veD.

Let " be the completion of D with respect to the inner product (-, -)z, which will be the
natural space of deterministic integrands with respect to W/ . Indeed, our noise can be extended
to a centered Gaussian family {W# (g), g € H/} indexed on the Hilbert space H and satisfying

E[W# (g0 W (g2)] = (g1, 82011

nu(dg) =cyle' M de, oy )

As usual, for any g € HH, we say that W (g) is the Wiener integral of g and we denote it by
o
/ / gt, YW (dt, dx) .= W (g).
0 Jr

The space H! contains all functions g such that its Fourier transform in the space variable
satisfies (see [4], Thm. 2.7, and [10], Prop. 2.9):

/0 /R!fg(r, VO[5 dg di < oc.

In particular, the space HH contains all elements of the form L10,11x[0,x], With > 0 and x € R.
Then, the following random field is naturally associated to our noise W#:

XH (2, x) = WH (110.1x10.41)-

As a consequence of the representation in law of the fractional Brownian motion as a Wiener
type integral with respect to a complex Brownian motion (see, for instance, [17], p. 257), we
have that

E[X¥ (1,0 X (5, y)] = /0 /R Flioieou ()€ F oot @ (d€) di

IAS .
:/o /Rﬂ“’»xl(S)fl[o,y](é)uH(dg)d;

1
= A (1x 1P+ 1y — |x — y*H).
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This is the covariance of a standard Brownian motion in the time variable, while in the space
variable we have obtained the covariance of a fractional Brownian motion with Hurst parame-
ter H.

We denote by (F),> the filtration generated by W, namely

Fli=o(WH(11059),s €10,1],9 € CPR)) VN, (3)

where A/ denotes the class of P-null sets in F.

The solution to equations (SWE) and (SHE) will be interpreted in the mild sense. That is,
for any T > 0, we say that an adapted and jointly measurable process u = {u® (¢, x), (¢, x) €
[0, TT x R} solves (SWE) (resp. (SHE)) if, for all (¢, x) € [0, T] x R, it holds

t
u”(t,x)=lo(t,x>+f /Gt_s(x—y)WHus,dy)
0 JR

t
+/ /Gt,S(x—y)b(uH(s,y))dyds, P-a.s. 4)
0 JR

Here, the function G, (x) is the fundamental solution of the wave (resp. heat) equation in R, and
Ip(z, x) is the solution of the corresponding deterministic linear equation. These are given by

1 x+t 1
= [ vo(y)dy + = (uo(x +1) —ug(x — 1)), wave equation,
Io(t, x) = % Ja= 2 8
Gi(x — y)uo(y)dy, heat equation,
R
and

1 .
=< (%), wave equation,

Gi(x)= 1 |x|2 (6)
W exp (— 7) , heat equation.

Our main objective consists in studying the continuity in law, in the space C ([0, T'] x R) of
continuous functions, of the solution u# to equations (SWE) and (SHE) with respect to the Hurst
index H € (0, 1). More precisely, we fix Hy € (0, 1) and we will provide sufficient conditions on
the initial data under which, whenever H — Hy, the C ([0, T] x R)-valued random variable uf
converges in law to 0 (cf. Theorem 4.1). Recall that the parameter H quantifies the regularity
of the random perturbation W and hence the level of noise in the system. So we will study the
probabilistic behavior of the solution in terms of H, aiming at showing that the sensitivity in H
implies the corresponding convergence of the solutions.

We note that continuity in law with respect to fractionality indices has been studied in other
related contexts. We refer the reader to [14—16] for results involving symmetric, Wiener and mul-
tiple integrals with respect to fractional Brownian motion, respectively, while in [13,19] the con-
vergence in law of the local time of the fractional Brownian motion and of anisotropic Gaussian
random fields has been considered, respectively. Finally, in the recent paper [1], the continuity in
law for some additive functionals of the sub-fractional Brownian motion has been studied.
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In order to tackle our main objective, we start by focusing on the linear version of equations
(SWE) and (SHE). That is, we consider the case where b = (. Here, we first prove existence and
uniqueness of solution, together with the existence of a continuous modification, for any H €
(0, 1) (cf. Theorem 2.1). So, for the particular case of (SWE) and (SHE), this result puts together
the more general ones of [3] (valid for H < %) and [9] (valid for H > %). The convergence in law
of u™ to u™ reduces to analyze the convergence of the corresponding stochastic convolutions,
which are centered Gaussian processes. For this, we first check that the corresponding family
of probability laws is tight in the space C ([0, 7] x R), and then we identify the limit law by
characterizing the underlying Gaussian candidate for the limit (see Theorem 2.8 for details).
Finally, we point out that in the linear case, the proof of the main convergence result holds for
both wave and heat equations.

We remark that there are several well-posedness results for equations (SWE) and (SHE) with
b = 0 and a more general noise term, namely of the form o (u(¢, x)) WH (t, x), for some function
c:R—R:if H < %, we refer the reader to, for example, [4,11], while the case H > % falls

in the general framework of Walsh and Dalang (see, for example, [9,10,18]). When H < %
most of the existing work focuses on the particular coefficient o (z) = z, which corresponds to
the so-called Hyperbolic Anderson Model (HAM) and the Parabolic Anderson Model (PAM),
respectively (see [4,5,12] and references therein). In these cases, the fact that H < % entails
important technical difficulties in order to define stochastic integrals with respect to the noise
WH _ Moreover, as proved in [5], Prop.3.7, the above equations admit a unique solution if and
only if H > i. In the present article, we do not encounter such issues since the noise appears in
the equations in an additive way. Indeed, we plan to address the convergence in law with respect
to H for the HAM and PAM in a separate publication, where the underlying stochastic integrals
are interpreted in the Skorohod sense.

We turn now to the study of the quasi-linear case, that is assuming that b is a general Lipschitz
function. Here, we first prove that equations (SWE) and (SHE) admit a unique solution (see
Theorem 3.1). This result holds for any H € (0, 1) and, as far as we know, is new for the case H <
% (f H > %, it follows from [10], Thm. 4.3). Moreover, we note that the proof of Theorem 3.1
can be built in a unified way for both wave and heat equations.

Nevertheless, the analysis of the weak convergence in the quasi-linear case does not admit a
unified proof for wave and heat equations. More precisely, for the wave equation, the convergence
in law of u® to u™, whenever H — Hjy, follows from a pathwise argument: we prove that,
for almost all w, the solution of (SWE) can be seen as the image of the stochastic convolution
through a certain continuous functional F : C([0, T] x R) — C([0, T] x R). In the case of the
heat equation, this argument cannot be directly applied, for the associated deterministic equation
which has to be solved in order to define the above-mentioned functional is not well-posed for a
general coefficient b. We overcome this difficulty by first assuming that b is a bounded function
and then using a truncation argument. As it will be exhibited in Section 4.3, this part of the paper
contains most of the technical difficulties that we need to face. It is also worthy to point out that,
in the analysis of the wave equation and the heat equation with bounded b, we have established ad
hoc versions of Gronwall lemma which have been crucial to complete the corresponding proofs
(see, respectively, Lemmas 4.2 and 4.4).

This article is organized as follows. Section 2 is devoted to study the convergence in law for
equations (SWE) and (SHE) in the linear additive case (i.e., » = 0). In Section 3, existence,
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uniqueness and pathwise Holder continuity in the quasi-linear additive case are established. Fi-
nally, the main result on weak convergence for the quasi-linear case is proved in Section 4: here
we treat separately the case of the wave equation (Section 4.1), the heat equation with b bounded
(Section 4.2) and the heat equation with general b (Section 4.3).

When we make use of the constant C, we are meaning that the value of that constant is not
relevant for our computations, and also that it can change its value from line to line. When two
constants (possibly different) appear on the same line, we will call them Cy, C>. Sometimes we
use C), when we want to stress that the constant depends on some exponent p.

2. Weak convergence for the linear additive case

In this section, we consider equations (SWE) and (SHE) in the case where the drift term vanishes,
that is » = 0. Then, the mild formulation (4) reads

t
w1, x) = Io(t, x) + / f Gy (x — YWH (ds. dy), ™
0 JR

where we recall that the term /y and the fundamental solution G have been defined in (5) and
(6), respectively. Throughout this section, we assume that H € (0, 1). Notice that (7) is now an
explicit formula for the solution /. We consider the following hypotheses on the initial data:

Hypothesis A. It holds that

(a) Wave equation: ug is continuous and vg € LIIOC(R).

(b) Heat equation: ug is continuous and bounded.
It can be easily verified that the above conditions on the initial data imply that Iy : [0, 0o) x

R — R is a continuous function. On the other hand, the stochastic convolution in (7) is a well-
defined centered Gaussian random variable since, for any (¢, x) € [0, T] x R,

2 t
_ 2 o 1-2H
E[ }_ fo [ 176G el " agas

T
s/ f|fcs(s>|2|s|1—”d5ds<oo,
0 R

t
/ / Gy (x — )WH (ds. dy)
0 JR

where we have applied Lemma 2.4 below. Hence, we have the following result.

Theorem 2.1. Assume that Hypothesis A holds and let H € (0, 1). Then, there exists a unique
solution u™ = {u(t,x), (t, x) € [0, T] x R} of equation (7). Moreover, the random field u*!
admits a modification with continuous sample paths.

Proof. We only need to prove that u’! has a modification with continuous paths. Indeed, since Iy
is deterministic and continuous, we check that the stochastic convolution a7 (¢, x) := u® (¢, x) —
Ip(z, x) admits a continuous modification. This is a direct consequence of Step 1 in the proof of
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Theorem 2.8 below. More precisely, for any p > 2, there exists a constant C (depending only on
p) such that, for all ¢, € [0, T] and x, x" € R, it holds

EHIZH(t,x) —ﬁH(t',x/)|p] < C{|t_t/|0([7+ |x _x/|I7H},

where « = H for the wave equation and o = g for the heat equation. An application of Kol-
mogorov’s continuity criterion concludes the proof. (]

Remark 2.2. In the case of the heat equation, the assumptions of Theorem 2.1 indeed imply
that, for all p > 1,

sup E[|uH(t,x)|p] < 0.
(t,x)€[0, TIxR

For the wave equation, this property can be obtained by slightly strengthening the hypotheses of
uo and v, for example, assuming that they are bounded functions (see [10], Lem. 4.2).

Remark 2.3. The proof of Theorem 2.1 implies that the stochastic convolution in equation (7)
has a modification which is (locally) 81-Hoélder continuous in time for any g1 € (0, @) and (lo-
cally) B>-Holder continuous in space for any 8, € (0, H).

In the proof of the main result of the present section (cf. Theorem 2.8), we will need the
following three technical lemmas (proved in [4]). They provide explicit estimates, depending on
H, of the norm in the space LZ(R; MH ) of the Fourier transforms of the fundamental solutions
of the deterministic wave and heat equations, where we recall that, respectively:

2

sin(z|&1) and FG,(£) = exr,(%)7 t>0,£eR. ®)

&1

FGi(§) =

In the following three lemmas, we will denote either one of these two functions by FG,(§). We
recall that the spatial spectral measure is given by u (d&) = cy|&|'2H d& (see (2)).

Lemma 2.4 ([4], Lemma 3.1). Let T > 0. Then, the integral
T 2
ar@= [ [ |FGie e dea
0 R
converges if and only if o € (—1, 1). In this case, it holds:

1
2l=ec, — T2 for the wave equation,
Ar(@) =1 » (07 1
r{=——

2

] > TU-0/2 for the heat equation,
—«
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where the constant Cy is given by

()
sm(na/2), a e (—1,1)\ {0},
Co=11-
Z a=0.
2°

Lemma 2.5 ([4], Lemma 3.4). Let T > 0 and a € (—1, 1). Then, for any h > 0, it holds:

C|h|'™%  for the heat equation,
C T|h|1 % for the wave equation,

/ [ (1= costem) | FGue) e g ar < {
where C = [ (1 — cosn)|n|*~2dn.
Lemma 2.6 ([4], Lemma 3.5). Let T > 0 and o € (—1, 1). Then, for any h > 0, it holds:

D2 for the heat equation,
CoT|h|' ™ for the wave equation,

/ / | FGran(®) — FG,(€)| 11 de di < {
where

(1—e /22
Cy = / |2 " dn for the heat equation, and

min(1, )

Cy=4
“ |2~

R

dn for the wave equation.

We will also make use of the following tightness criterion in the plane (see [20], Prop. 2.3):

Theorem 2.7. Let {X,}5ea be a family of random functions indexed on the set A and taking
values in the space C ([0, T] x R), in which we consider the metric of uniform convergence over
compact sets. Then, the family {X; },en is tight if, for any compact set J C R, there exist p’, p >
0, 8 > 2, and a constant C such that the following holds for any t',t € [0, T] and x', x € J:

(i) sup;ca E[1X5.(0,0)]”'] < oo,
(i) sup;cn EIIX;.(1, X)) — X (1, )71 < C(It' — 1] + |x" — x])°.

We are now in position to state and prove the main result of this section.

Theorem 2.8. Consider a family {u""},= of solutions of equation (SWE) or (SHE), and sup-

. d
pose that the Hurst indexes H, — Hy € (0, 1), as n — 00. Then ullh S yHo g5 n — oo, where
the convergence holds in distribution in the space C ([0, T] x R), where the latter is endowed
with the metric of uniform convergence on compact sets.
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Proof. We split the proof in two steps. In the first one, we prove that the sequence of stochastic
convolutions is tight in C ([0, 7] x R), while the second step is devoted to the identification of
the limit law.

Step 1: Since H,, — Hy, the sequence {H,} is contained in a compact set K C (0, 1). For a
fixed H € (0, 1), we have that the solution u is expressed as

t
w5 = 1ot + [ [ oot = y)Whas.dy)
0 JR
We will apply Theorem 2.7 to the family {#! =u™ — Iy} ek of stochastic convolutions:
t
a1,y =uM (1,0) = Lo, x) = f / Gios(x =W (ds. dy).
0 JR
We write then, supposing without loss of generality that /' > ¢ and x" > x:
t/
L?H(t/,x’) —af @, x) = / / Gy_s(x' — y)WH(ds, dy)
t R

t
+ /0 /R[Gz’—s (x" =) = Gi—s(x — y)|WH (ds, dy).

Thus, we have

E[|u(t,x) — u(t’,x’)|p] <C,(Ii + h),

1

t
[ 16t = 9 = Gosla’ = )W s )

where I, I are defined as:

= E[

I = E[

I/
| [ Gt =yywas.ay
t

p]
Since 7 is the moment of order p of a centered Gaussian random variable, we have

T p
I :EH I [ 1[t,,q<s)G,/s(x’—y)Wst,dy)‘ ]

_ p/2 r ’_ 2 1—2H p/2
=acu | | 1. (s) R|FG,/_s(x )@®| 161" d& ds

ol " , 2 o p/2
o[ [ [1FGite =)@ el agas]
LJ 1

W p/2
=Zp6'[;1/2/0 /R|st/($)|2IE|1_2HdEdS’] : )
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Notice that we have used the standard properties of Fourier transform in the space variable, and
we performed the change of variable s’ =" — s. The constant z, is the p-order moment of a
standard normal distribution and cy is given by (2).

Now we apply Lemma 2.4 and obtain

/2
, wave equation,

p
2 d 142H
ZPCZ/ |:22HC1_2H 5280 (t/—l‘) + 0
1

1 p/2
chz/z[ﬁr(l —H)(1' — I)H:| , heat equation.

The above constant C 1—2H is the one of Lemma 2.4:

ra-2H) . 1—-2H 1
sin| , He(@,1),H # =,
2H 2 2

Ciom = - |
T H=_.
2 2

First, we observe that z,, is independent of H and

_TQH+Dsin@H) _TG) _ 1
o 27 -2t

CH

Next, as far as estimate (10) for the wave equation is concerned, we note that 220 < 4 and
H—ﬁ <1, for any H € (0, 1). Thus, we concentrate on the constant C 1—2H, which we show
that it is uniformly bounded in H. Clearly, the function C 1—2q : (0,1) — R has, possibly, a
singularity only in H = %, but since I'(x) ~ % as x — 04, by simple calculations we have that
the function C 1—2H 1s continuous also at the point H = % Therefore, C 1—2 g 18 bounded on the
set K.

On the other hand, regarding estimate (10) for the heat equation, we have that %F(l — H)
defines a continuous function of H on the interval (0, 1), and thus it is bounded on K.

We now turn to the analysis of the term I5. More precisely, we have

]

_ p/2 ! N r_ 2 o 1-2H P2
=fh | | Li0,11(s) RIF(GH(x )= Gy_s(x" = ))®| 161" dt ds

T
L= EH /0 /R Lo )[Grms (& — ¥) — Gy (v — y)]WH (ds. dy)

p/2 ! ’ 2 1-2H r/2
= z,ch [ fo fR FGroy(x = (&) — FGu_y(¢' = )©)[ 2] dsds}

t p/2
=< ch2/2Cp<|;/(; /]R|‘7:Gt’—s(x/ _ )(E) _ I_-Gt_s(x/ _ _)(§)|2|§|1—2H d§d5:|
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t 2o p/2
+ [/ /R|]:Gz—s(X’ — 1)) = FGi—s(x —)&)| 161" Hdéd3:| )
= ZpCZ/ch(Jl + J2),

where C), denotes some constant depending on p. We estimate J; and J, using similar techniques
as those used for the term 1. Hence, via the change of variable s’ =t — s, we have:

t p/2
J1= [A /R|]:Gs’+(zf_z)(x/ _ )(&') _]:Gs/(x/ _ ')(s)|2|§|172H de ds/] '
Thus, by Lemma 2.6,

J {Mlg/ztp/z(f/ - l‘)pH < MZ/ZT”/Z(I’ — t)pH, wave equation,
1

N 1[;/2 (t'—1 )pH/z» heat equation.

The above constants are the following:

: 2
%MH = Rimlll;z(lhyi’l ) dh
=f #dhjuf L
=1 |R|12H <1 |R|2H=1
1 1
AR

and

(1—e" 2
|h|1+2H
h

1=
= R |h|1+2H

1 1
< ——dh ———dh
= /|h|>1 o120 +/h|<1 AT

_1 1
H' 1-H

The function H — % + ﬁ is again continuous in (0, 1), and thus bounded for H € K.
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For the term J;, we have:

t p/2
~= [/0 /RV Gis(x' = )(€) — FGy_y(x — (&) 161'~2H de dS]

l p/2
ZUO /R[l_COS(S(X/—x))H}—Gs/(x—-)(S)’zléll_wdéds/} ,

and applying Lemma 2.5 we end up with

< {Cl’;ﬂt”/z(x’ — x)pH < CI’_}/ZT”/z(x/ —x)pH, wave equation,
h <

CZ/Z (x" = x) . heat equation.

Here, the constant Cy is

1 — cos(h) 1 1
Co=| ——dh<—+———,
H /]R |h|1+2H _H+1—H

which again is a bounded function on the set K.
To sum up, we have proved that

E[|a" (¢, x) —a (¢',x) "] = C((t' =) + (x' - x)pH),

where o« = H for the wave equation and o = % for the heat equation, and the constant C depends
only of p and T. Thus, choosing p > m, we have that the hypotheses of Theorem 2.7 are

fulfilled by the family {ii”} <k, for both the solution to (SWE) and (SHE). This concludes the
first step of the proof.

Step 2: In order to identify the limit law of the sequence {u/" }n=1, we proceed to prove the
convergence of the finite dimensional distributions of #* when n — oo.

We recall that, for every H € (0, 1), i = yH — [y is a centered Gaussian process, so it suffices
to analyze the convergence of the corresponding covariance functions.

Let (z,x), (', x") € [0, T] x R and suppose that ¢’ > 7. Then,

t
Eli™ 0, 0™ (5] = e, [ [ PG =0 ©F G, (=)@l de ds.

Let us first consider the case of the wave equation. Taking into account the explicit form of
FG(§) (see (8)), we have

t —iE(x—x") o; _ i ’_
E[ﬁH”(l,x)ﬁH" (t/,x/)] =CH,1/ / e sin(( — 5)|&]) sin((z" — 5)[&]) dt ds.
0 JR

|§|1+2H,1

We clearly have that ¢y, — cp,. The integrand function in the latter integral converges, as
n — 0o, to

e EC D sin((r — ) |E]) sin((t’ — 5)I€])
61120 ’
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for almost every (s, &) € [0, t] x R. Moreover, thanks to the fact that |sin(z)| < z for all z € R,
its modulus is dominated by the integrable function

(t—s)(1" —5)

&SP (=1 €0, 7], 11 = 1,
1

Wmﬁw, e[0,¢], 1] > 1.

Then, by the dominated convergence theorem, we obtain that

/,/ e = gin((t — $)|&|) sin((¢' — 5)|€])
= CH,

lim E[a" ¢, x)a™ (¢, x')] = |& [1+2Ho dé ds

n—>oo
=E[a" @, x)a™ (¢, x')].
On the other hand, in the case of the heat equation, we have

[ e e
-2

—lf(x x')
[ B ¢, x)yitn tx _CH,,// |§|2H_1 d& ds. (1D

The pointwise limit of the above integrand is given by

: -8 _ ('—9)E?
e G —x) pm T pm

HE ’

for all s € [0, ¢] and £ € R, and its modulus reads
' —25)E2
2
HE
Now, we use the bound

—ax2 .
e <—, ifa >0,
ax

with a = (t + ' — 2s)/2 (which is always positive provided that s € [0, ¢]). Thus,

’ 2 ]
(' =29) - -
e 2 |‘,;_-|2sup”(H,,)fl ’

|§-|2H,1—l -

€] < 1,5 €[0, 1],

(' — 1) [E[Fta )+ &1 > 1,5 €[0,1].

This covers all cases except ¢t = t’. In this latter case, the modulus of the integrand appearing in
(11) becomes

1
=98 | e sun AT

— <
&[2Hn—T = | exp(—(t — $)&?)
|%—|2inf,,(Hn)f] ’

1§ < 1,5 €[0,1],

51> 1,5 €[0,1],
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and the integrability of this function is an easy consequence of Lemma 2.4. Therefore, by the
dominated convergence theorem, we also obtain that

: ~H, ~Hy, (.0 N\ ~ H ~Hy (., ./
nll)n;oE[u (t,x)i (t,x)]—E[u 0(t, x)u O(t,x)],

which concludes Step 2 of the proof.
To finish the proof of the theorem, it remains to observe that, since the translation by Iy is
clearly a continuous mapping from C ([0, T] x R) into itself, the convergence in distribution

~ d - . . e e d .
it S Ho implies the convergence in distribution 1 = w0 which was our statement. [

3. Quasi-linear additive case: Existence of solution

In this section, we consider equations (SWE) and (SHE) with a general drift coefficient b, where
we assume that b : R — R is a globally Lipschitz function. Let T > 0. Owing to (4), we recall
that a solution to these equations is an adapted and jointly measurable process {1 (¢, x), (¢, x) €
[0, T] x R} such that, for all (¢,x) € [0, T] x R,

t
W (1, x) = Io(t,x) + f / Gy (x — YWH (ds. dy)
0 JR

t
+/ /b(uH(s,y))G,_s(x—y)dyds, P-a.s., (12)
0 JR

where the term [y and the fundamental solution G are specified in (5) and (6), respectively.
If H> %, the existence of a unique solution to (12) follows from [10], Thm. 4.3, assuming
that the term I satisfies

sup }Io(t,x)| < 00.
(1,x)€[0,TIxR

The case H = % was considered in [18]. Finally, we have not been able to find a proof of existence
in the case H < % This section is devoted to present a proof of existence and uniqueness of
solution to (12) which holds for any H € (0, 1) (cf. Theorem 3.1). Furthermore, we provide
sufficient conditions on the initial data ensuring that the solution admits a Holder-continuous
version (cf. Theorem 3.2 below).

Along this section, we will require more restrictive conditions for the initial conditions. Con-
cretely, we consider the following assumption:

Hypothesis B. It holds that

(a) Wave equation: ug and v are H-Holder continuous and bounded.
(b) Heat equation: ug is H-Holder continuous and bounded.

Moreover, we recall that we are considering the filtration (F/?),>0 which is generated by our
fractional noise W (see (3)).
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Theorem 3.1. Let p > 2 and assume that Hypothesis B is satisfied. Then, equation (12) has a
unique solution u™ in the space of L*()-continuous and adapted stochastic processes satisfying

sup E[|uH(t,x)|p] < 0.
(t,x)€[0, TIxR

Proof. We follow similar arguments as those used in [9]. We split the proof in four parts.
Step 1: We define the following Picard iteration scheme. For n = 0, we set

t
ull (t,x) == Io(t, x) +/0 /RGH(x —WWHds, dy), (13)

and for n > 1 we define
t
u,f[(t,x) = ugl(t,x) +/ / Gi_s(x — y)b(u,f’fl(s, y)) dyds. (14)
0 JR

Clearly, the process u(l){ is adapted and, by step 1 in Section 4.3, it is L?(2)-continuous. Then,
ug’ admits a jointly measurable modification (cf. [2], Prop. B.1), which will be denoted in the
same way.

Owing to Lemma 3.3, we obtain that, for every n > 0, the Picard iteration uf is Lz(Q)—
continuous, and thus has a jointly measurable modification. Moreover, by Lemma 3.4 below, u f
is uniformly bounded in L?(£2), that is,

sup E[|uf(t,x)|p] < 00.
(.x)€[0, TIxR

The above two facts imply that uf is well-defined, for all n > 0. On the other hand, it is clear
that any Picard iteration defines an adapted process.

Step 2: We prove that the Picard iteration scheme converges in the space of L?(£2)-continuous,
adapted and L?(£2)-uniformly bounded processes, which is a complete normed space when en-
dowed with the norm

[, = sup  (E[ju"@.0)|")"".
(t,)€[0, T1xR

Indeed, it can be seen as the closed subset formed by adapted process of the space
L>®([0, T] x R; LP()),

which is a Banach space for any p > 2.

Then, it is sufficient to show that the sequence of Picard iterations is Cauchy with respect to
Il - Il , to infer the existence of a limit.

We use that b is Lipschitz and Minkowski inequality for integrals to obtain

E[[ul?, (0, x) = ull 0,0 |"])"”

-( )"

t
/0 /R G (x — ) [b(u (5. ) — b(u, (5, )] dyds
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"

t
= C/(; /R(E[Gt—s(x - y)p|u,1,{(s, y) — uf_l(& y)|P])1/P dyds

t
< c<EW / Gyt — |ul (s, y) — w5, y)| dyds
0 JR

t
SC/O /RGZ_S(x—y) sup (E[‘uf(s/,y)_uil(s,’y”p])l/pdyds

YER,
s'€[0,s]
t
—c [ sup (Elfa! (5 ) = il (5 3) ") 7 s
0 yeR,
s'€[0,s]

This inequality implies that

sup (E[Jufly (s, — ull (s.0)|"]) "7

xeR,
s€[0,1]
t
<[ sup Ed () —ull (407
0 yeR,
s'€[0,s]

If we define

fult) = sup (E[|ul i (s, x) —ull (s, 2) ’1’])1/177
SXG%O,}]

we have that

t
fn(@) = C/o Su—1(s)ds.

Thanks to Lemma 3.4, we have that fj is a bounded function on [0, T'], and thus integrable. Then,
by Gronwall lemma, we can conclude that {u},~( defines a Cauchy sequence in the underlying
space, and therefore it converges to a limit | namely

lim  sup  E[[jul (t,x) —u"(t,0)|"]=0.
70 (1,x)€[0, TIxR

Since any ufl is L?(2)-continuous and adapted, u’ has the same properties. In particular,
L?(2)-continuity implies the existence of a joint-measurable version of u* .

Step 3: We check that the process u’? is a solution of (12). To do this, we take n — oo with
respect to the uniform L?(€2)-norm in the expression

t
ufﬂ(t,x) = ugl(t,x) —}—/O AG;_S(X — y)b(u,fl(s, y)) dyds.
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The left-hand side, by its definition, converges to u™  while for the non-constant (with respect to
n) part of the right-hand side, we argue as follows:
p} > 1/p

(f
oz

t
§C<E|:‘/ /GI_S(x_y)WZI(Ssy)—uH(s,y)|dyds
0 JR
t
SC/O /RGt_S(x_y)(EHMl{l{(S’y)_MH(S,y)|p])l/pdde

t
/0 fR Gry(x = (b(ut! 5, 1)) — b(u (5, y))) dyds

t
o wn (Ellfn—at o) s
0 (s,y)€[0,TIxR

<c  swp (E[Jul 6oy —u 0]
(s,y)€[0,TTxR

We note that the latter term converges to zero as n — oo. Thus, we have that ull satisfies (12).
Step 4: Uniqueness can be checked by using analogous arguments as those used in the previous
steps. (I

We have the following property of the sample paths of the solution u.

Theorem 3.2. Let p > 2. Assume that Hypothesis B is fulfilled. Let u™ be the solution of (12).
Then, for any t,t' € [0, T] and x,x’ € R such that |t' —t| < 1 and |x' — x| < 1, the following
inequalities hold true:

sup E[|u® (¢, x) —u" (t,x)|"] <= Cp|t' —1]"” (15)
xeR
and
sup E[[u (1, x") —u (t,0)|"] < Cp|x' = x |7, (16)
t€[0,T]

where y = H for the wave equation and y = % for the heat equation. Hence, the process u™ has
a modification whose trajectories are almost surely y'-Holder continuous in time, for all y' <y,
and H'-Hélder continuous in space for all H' < H.

Proof. The bounds (15) and (16) are an easy corollary of the stronger results obtained in Step 1
of Section 4.3. Indeed, in that theorem, the same kind of estimates have been obtained uniformly
with respect to the Hurst index H, when restricted on a compact set [a, b] C (0, 1). Nevertheless,
here we need to obtain (15) and (16) only for a fixed H € (0, 1). O

In order to conclude this section, we state and prove the two lemmas that we used in Step 1 of
the proof of Theorem 3.1 above.
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Lemma 3.3. For each n > 0, the process uf defined by (13) and (14) satisfies the following.
There exists a constant C = C(n, H) such that, for any t € [0, T] and h e Rwitht +h <T, it
holds

Ch™nCHD = yave equation,

supEHuf(r +h,x) —ull(z, x)|2]

< 17
xeR ~ | cnt, heat equation. a7

and, for any x € R and h € R with |h| < 1,

sup E[[ul (1, x + ) —ul 1, x)"] < ch?H. (18)
1€[0,T]

In particular, the process u,[l" is L*(Q)-continuous.

Proof. We proceed by induction. In the case n = 0, first we study the time increments. We focus
on the right continuity. The computations for the left continuity are analogous. We have

E[[ull (t + h, x) —ull (t, 0)['] < 2(A1 + A2),
where

A1 = |To(t +h,x) — Io@t, )|,

A2=E[

t
Azgaﬁﬂu—w—aﬂa—wwﬂwxw>
]

A < {ChZH for the wave equation,
1=

t+h
+/“éaMﬂa—wWWwﬂw
t

In Theorem 3.7 of [4], it is shown that

chf' for the heat equation.
Concerning the term A;, we have
Ap <2(A21+ A22),
where

1

t
Am=EHAﬁgawﬂ@—w—@ﬂu—wwﬂua@>

1

t+h
/"/awﬂu—wWWwﬂw
t R

Arp = E|:
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These terms have been studied in the proof of Theorem 2.8, concretely A | corresponds to
term Jp in that theorem and term A > corresponds to /5. So,

Ch'*?H  for the wave equation,
Ay = g .
Ch2z™",  for the heat equation,

and

Ch'*t2H  for the wave equation,
Azp < iy .
Ch2z™",  for the heat equation.

Putting together the above estimates, we obtain the validity of (17) for n = 0.
Regarding the space increments, we have, for any 2 € R with |h| < 1,

E[|ull (0, x +h) — ufl (1, 0)|?] <2(B1 + Bo),
where

By = |Io(t,x +h) — Lt »)|’,

t 2
Bz=E[/0 [ TGt 4 =) = Gmat = )] W s, dy) ]

As before, by [4], Thm. 3.7, we have
By < Ch*f

for both heat and wave equations. The term B, corresponds to J, in the proof of Theorem 2.8,
hence

B2 S C|h|l+2H

So, we have proved (18) for n =0.
We suppose now by induction hypothesis that u,’f satisfies (17) and (18). Let us compute the

time increments of u ,‘:’ e forO<h <« 1:

2
E[|ufy @+ h,x)—ufly (0, 0]7] < 3(D1 + D2 + D3),
where

Dy =E[[ufl ¢ +h,x) —uf ¢, 0[],

t 2
D2=E[</ /Gs(y)|b(uf(t+h—s,x—y))—b(uf(t—s,y))|dyds) i|,
0 JR

t+h 2
D3=E[</ / Gs(y)’b(un(t+h—s,x—y))|dyds) :|
t R
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We already showed that D is bounded as the right-hand side of (17), so we only need to handle

D> and D3. As in Lemma 19 of [9], first we compute D,. Namely, using that b is Lipschitz and
applying Cauchy—Schwarz inequality and Fubini theorem, we have

t
Dy < c(/ / Gs(y>dyds>
0 JR

t
XE[/ /Gs(y)|uf(t+h—s,x—y)—uf(t—s,x—y)\zdyds}
0 JR
t
SCEU /Gs(y)yu,f’(urh—s,x—y)—uf(t—s,x—y)yzdyds}
0 JR

t
=C/ /Gs(y)EHuf(t—i-h—s,x—y)—uf(t—s,x—y)|2]dyds
0 JR

Cch*t , wave equation,
~ | cn? ,  heat equation.

Notice that in the last inequality we used the induction hypothesis.
Regarding D3, we have

t+h
D3§C/ /(l—}-EHufl{(I—}—h—s,x—y)|2])Gs(y)dyds.
t R

The uniform boundedness in L2(2) of u,{{ (by Lemma 3.4) gives that

t+h
D3§C/ /Gs(y)dydsth,
t R

for both wave and heat equations. Thus, taking into account the above estimates for J;, J> and
J3, we obtain that ”;7+1 satisfies (17).

We are left to deal with the spatial increments of u ,Il{ - Indeed, we have

2
E[|ul (¢, x +h) —ull (2, 0)]7] <2(K1 + K»),
where

Ki =E[[ull (t,x + by —ull 2, 0)|'].

t 2
K> = E[(/ / b(uif ¢t —s,.x+h—y)—bull¢—sx— y))’GS(y)dyds> ]
0 JR

The term K; has already been studied, and K> can be treated as the term J,, obtaining that

K> < C|h|*". So we can infer that (18) is fulfilled for u . O
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Lemma3.4. Let p >2and[a,b] C (0, 1). Let u,’l{, n > 0, be the Picard iteration scheme defined
in (13) and (14). Then,

sup sup sup  E[|ull (t,x)|"] < o0.
n>0 Hela,b] (t,x)€[0,T]xR

Proof. First, we have

t
E[|u5’(t,x)|”]5C,,<|10(t,x)|”+EH/ /Gt,s(x—y)WH(ds,dy)
0 JR

)
By [10], Lemma 4.2, we have that

sup |10(t,x)| < 00,
(1,x)€[0, TIxR

and this is uniform in H, since we are considering the same initial conditions for every H.
Regarding the stochastic term, arguing as in (9) and applying Lemma 2.4, we get

t )4
EU /G,s(x—y)Wst,dy)' }
0 JR

. pr ! . 2\ e 1-2H P2
=i | | R|fct_s<x YO 151" dk ds

14+2H\P/2 .
- {C p (t ) , wave equation,

C, (tH)p/z, heat equation.

The last inequality comes from an estimate essentially identical to the one already computed in
(10). All above constants which are dependent on H can be uniformly bounded, provided that H
is in the compact interval [a, b] C (0, 1). The above considerations yield

sup sup  E[|uf ¢, 0)|"] < 0.
Hela,b] (1.x)€[0.T]xR

Next, owing to (14) we can infer that

D

t
E[|uf, (t.0)|"] < C(] +EH/O /RG,_S(x —Wb(ul (s, y))dyds
If we apply Holder inequality, we obtain

i |

t
§CE[/ /G,_s(x—y)(l+|uf(s,y))|p)dydsi|
0 JR

t
/ / Gr_y(x — y)b(ufl (5, y)) dy ds
0 JR
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t
=C + C2/ f Gi—s(x — VE[[ul (s, ))|"]dy ds
<c1+c2/ [ s s Bl (DI )G(r — v dyds
He[a b] (s’,y)€l0,s]xR

§C1+C2/ sup sup E[’uf(s’,y))]p]ds. (19)
0 Hela,b] (s',y)e[0,s]xR

The constants appearing in the previous calculations are clearly independent of H. Then, we
have

sup — sup Ef[u,, (. y)["]
Hela,b] (t',y)€[0,t]xR

t

< +C2/ sup  sup  E[ul(s".y))|"]ds
0 Hela,b] (s',y)€[0,s]xR

We conclude the proof by applying Gronwall lemma. (|

4. Quasi-linear additive case: Weak convergence

This section is devoted to prove that the mild solution u™ of equation (SWE) (resp. (SHE))
converges in law in the space of continuous functions, as H,, — Hy, to the solution utlo of
(SWE) (resp. (SHE)) corresponding to the Hurst index Hp.

Throughout this section, we fix Hy € (0, 1) and any sequence (H,),>1 converging to Hp.
Then, we consider the following assumptions for the initial data:

Hypothesis C. For some o > Hy, it holds that

(a) Wave equation: ug and vy are a-Holder continuous and bounded.
(b) Heat equation: ug is a-Holder continuous and bounded.

Without any loss of generality, we assume that H, < «, for all n > 1. Hence, we will be able
to apply the results of the previous section for all these Hurst indexes.

The main strategy to prove that u» converges in law to #0 can be summarized as follows.
Recall that b is assumed to be globally Lipschitz. Let n be a deterministic function in C ([0, T'] x
R), and consider the (deterministic) integral equation

t
“(t.x) = /0 /R b(2(5, 1)) Gr_y(x — y)dsdy + 5(t, %), (20)

which is defined on the space C ([0, T] x R), endowed with the metric of uniform convergence
on compact sets.
We will prove that (20) admits a unique solution. This allows us to define the solution operator

F:C([0,T]xR) — C([0,T] x R) (21)
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by (Fn)(t, x) := z(t, x). We will show that this operator is continuous. Note that u/ = F (i)
(almost surely), for all n > 0, where ifln denotes the solution in the linear additive case (i.e.,
b = 0). Moreover, by Theorem 2.8, it converges in law, in the space of continuous functions,
to it Therefore, we can apply Theorem 2.7 of [7] to obtain the desired result.

Here is the main result of the paper.

Theorem 4.1. Assume that Hypothesis C is fulfilled and b is globally Lipschitz. Then, u™ i)
uto as n — oo, where the convergence holds in distribution in the space C ([0, T] x R).

The proof of the above theorem will be tackled in the following three subsections. Indeed, we
need to distinguish the case of the wave equation from the one of the heat equation. Moreover, for
the heat equation, we split the analysis in two subcases: bounded b and possibly unbounded b.
As it will be made clear in the sequel, in the latter case, the above-explained strategy based on
the solution operator cannot be applied, so the case b unbounded will be studied separately.

4.1. Wave equation

In this section, we provide the proof of Theorem 4.1 for the stochastic wave equation (SWE). For

this, as already explained, it suffices to prove that equation (20) has a unique solution and that

the solution operator (21) is continuous. These two facts will be proved in Theorem 4.3 below.
We recall that the fundamental solution G of the wave equation on [0, c0) x R is

1
Gi(x) =3 lixi<n)-

We will make use of the following ad hoc version of Gronwall lemma ([6]). We give its proof for
the sake of completeness. We remark that, using [8], Lem. 3.7, one could get a sharper version
of this result.

Lemma 4.2. Let {f,,,n > 0} be a sequence of real-valued non-negative functions defined on
[0,T] x[a—T,b+T], for some a,b € R such that a < b, and T > 0. Suppose that there exist
A, i > 0 such that, for every (t,x) € [0, T] X [a, b] and n > 0,

X+t—s

t
Frsr (63 <0+ %/0 f Fuls.y)dy ds.

—t+s

and that fo is bounded. Then, for every n > 0 and (t, x) € [0, T] x [a, b], it holds that

n—1 2Nk 2\n
fn(LX)Sk%(M];) +||fo||oo(W)

; (22)

n!
which in particular implies that

limsup f, (¢, x) < hexp(ut?).

n—oo
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Proof. We prove it by induction: the case n = 1 reduces to the inequality

f1(t,x) < A+ | folloos

that is clearly satisfied. We go on with the inductive step: if (22) holds true, then

xti=s n-l 2yk 2\n
JrnttX) =2ty // [ (“S) +||f||oo(‘”) }d ds

—t+s

n—1l 2\k 2\n
—a+l /2<r— )[AZ(“ ol 22 }zs

! n—1 2\k
S)»JrM/O |:A (s) +”f0||oo('u ):|

|
k=0 k!
n—1 £2)k+1 n2\n+1
) u (")
:A’ —
+ [ = 0k'(2k+1)+”f0”00n!(2n~|-1)j|

k+l( 2)k+1 n+1 (t2)n+l
Y kY7
+ Z ok Tl m e T

Z)k n+1 (IZ)VH—I

n k
e (t 7
A’ 7’
< ,; o T 1 follee Iy

which is our thesis. In the last two inequalities, we shifted by one the index of the sum and we
used the fact that 4k 4 6k 4+ 2 > k + 1, for every k € N. If we take the lim sup as n — oo in both
sides of the inequality, we also obtain easily that

limsup f, (¢, x) < rexp(ut?). 0

n— oo

We will use the above Gronwall-type lemma to prove the following theorem, proved also in

[6].

Theorem 4.3. Let n € C([0, T] x R) and consider the deterministic equation (20) in the case
where G is the fundamental solution of the wave equation. Then, (20) has a unique solution
z € C([0, T] x R). Moreover, the solution operator

([0, T1 x R) — C([0, T] x R)

defined by F(n) = z is continuous, if we endow C ([0, T] x R) with the metric of uniform con-
vergence on compact sets.
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Proof. We define the Picard iteration scheme

zo(t, x) :==n(t, x),

t
Zn(t,x) = / / Gis(x = b(zu—1 (s, y)) dyds +n(t, x) 23)

X+t—s
/ / zn 1(s, y))dyds+n(t x), n>1.
xX—t+s

Clearly, the above expressions of the Picard scheme are well-defined. Moreover, since b is Lip-
schitz continuous, if z,—; is continuous then also b o 7,1 is so. This gives by induction that
Z, is a continuous function. Moreover, we will show that z,, converges uniformly on compact
sets on [0, T'] x R. More precisely, we prove that the sequence {z,},>0 is uniformly Cauchy on
[0,T] x [-L, L], for every L > 0. Indeed, for all (¢, x) € [0, T] x [-L, L], we have

X+i— s
|zn1(t, x) — za (2, X)|—‘ / / b(zn(s,y)) — b(zn-1(s,y))]dyds

t+s
x+t—s

fcf / |Zn(S,y)—Zn—1(S,y)|dde-
0 Jx—t+s

We can apply Lemma 4.2 to the sequence of functions f,, := |z,4+1 — z,| and with A = 0 and
n =2C, obtaining that

2C1%)"
|Zn+1(tax)_2n(tax)|§< sup |z1(s,y) — z0(s, y)|)( )
(s,)€l0,TIx[-L—-T,L+T]
2CL%)"
=( sup 2165, 3) 2065, 0] 2

(s,y)€l0,T1x[-L—T,L+T]

Notice that the latter bound does not depend on ¢ and x. This remark, together with the fact that
(2CL )"

the function zj — z is bounded on any compact set, and that the sum » ;- is convergent,
yield that the sequence {z, (¢, x)},>0 is uniformly Cauchy on [0, T] x [—-L, L]. Letz(t x) denote
its limit. Then, by the uniqueness of the pointwise limit, the fact that C ([0, T'] x R) is a complete
metric space (with the underlying metric) and that z,,, n > 0, are continuous functions, we have
that z is also a continuous function in C ([0, T] x R).

Letting n — oo in (24) and observing that b o 7, — b o z uniformly on compact sets, one easily
gets that z solves equation (20).

The uniqueness of the solution comes from a simple remark: suppose we have two solutions
71, 2 relative to the same 1. Then, for a fixed L > 0 and for any (¢,x) € [0, T] x [—L, L], we
have

X+t— s
|21t x) — 222, 0)| < [ / b(z1(s,y)) — b(z2(s, y))| dyds

—t+s

X+t—s
EC/O / |21(s,y) — 2205, y)| dyds.
X

—t+s
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It remains to apply Lemma 4.2 to obtain the uniqueness for every L > 0, and thus for the equation
on the whole space.

Let us now turn to the analysis of the solution operator F : C([0, T] x R) — C([0, T] x R),
which is defined by F(n)(z, x) := z(¢, x). We need to prove that this operator is continuous with
respect to the metric of uniform convergence on compact sets. That is, we show the continuity of
the restricted mapping

F:C([0,T]x[-L,L]) — C([0,T] x [-L, L)),

for every L > 0.
We denote by || - ||co,z the supremum norm on C([0, T] x [—L, L]). Let z1 := F(n1) and
72 := F () for some 11, ny € C([0, T] x R). Then, for (¢,x) €[0,T] x [-L, L],

t X+t—s
21t x) — 226, 5/0 / 1b(z1(5. ) — b(a(s, )| dyds + |1 (¢, x) — ot )|
xX—t+s

t X+t—s
SC/ / |21(s,y) — 2205, )| dyds + In1 — 2l -
0 Jx—t+s

Here, we apply again Lemma 4.2 to obtain that

Izt = z2lloo, < Clint — m2lloo,L- O

4.2. Heat equation: b bounded

In this section, we prove Theorem 4.1 for the stochastic heat equation (SHE) in the particular case
where the drift b is assumed to be a bounded function. This is necessary in order to construct a
Picard iteration scheme to solve equation (20).

Recall that the fundamental solution of the heat equation in [0, co0) x R is given by

1 w2
e 2,

Gi(x)= ont

As we did in the previous subsection, first we establish an ad hoc version of Gronwall lemma.

Lemma 4.4. Let { f,}n>1. [ : [0, T] xR — R, be a sequence of functions that satisfy, for every
(t,x) €[0, T] x R, the following inequality: for some pu, A >0,

| fag1 (2, %) = fult, )|

_ lx—y[?
e 20-s)

t
1
< _— b( fu(s, —b(fu=1(s, dyds + A,
where b : R — R is bounded and Lipschitz continuous with Lipschitz constant C. Then, we have
that, foranyn > 1 and (t,x) € [0, T] x R,
Cnfl(ut)n n—1 atk

n! Eh
k=0

| fus1 (8. x) = fult, )] <201blloo
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As a consequence, we also have that

timsup((sup| f+1(t,%) = fu(t, )] ) < he’.
R

n—oo ‘xe

Proof. We prove it by induction. First, we compute
) — fi( 0| < f t f L b(fi (50 y)) — b(fos. )| dy ds +
0 JRA27(t—5)

=y
e 209 dyds+ A

t
1
<2ul|lb _—
=2ull ||oo/0 /R )
t
< 2ullblls [ 1ds 42
0
=2pt||blloc + 2.
For the inductive step, we have to exploit the Lipschitz continuity of b:

| fug1 (£, %) — fult, %)

SM/OI/Rﬁe_ZXO——)}Ii b(fuls, ) = b(fuz1(s, 1)) dyds + 2
SMC/OI/R\/%E%VM&W—fn—l(s,y)}dyds—i-A
SMC/OI/R\/%J%[ZWQHM%
+:§%:| dyds + A
=0

n—2

t nen—1n—1 k
u'C" s As
= 2blloo—————————— — |dyds + X
/O[n oo™ =75 +k§_0 k!} yds +

n—1 k
_ ot (ut)" At
=2||b|lecC — +E N + A
k=1

A direct consequence of this fact is that

limsup| fu41(2,X) — fu(t, 0)] < he',

n—o0

which concludes the proof. (]

The proof of Theorem 4.1 in our standing case follows from the following result.
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Theorem 4.5. Let n € C([0, T] x R) and consider the deterministic equation (20) in the case
where G is the fundamental solution of the heat equation, and such that b is Lipschitz and
bounded. Then, (20) has a unique solution z € C([0, T] x R). Moreover, the solution operator

F:C([0,T1x R) — C([0, T]1 x R)

defined by F(n) = z is continuous, if we endow C ([0, T] x R) with the metric of uniform con-
vergence on compact sets.

Proof. As in the case of the wave equation, we consider the Picard iteration scheme
zo(t, x) = n(t, x),

t
entx) = /0 /Hé Gr_(x — y)b(zn_1(s. ) dyds + (1. x)

[x—y

yI2
e 2T b(zp—1(s,y))dyds +n(t,x), n>1.

t 1
_/0 /R./zn(t =)

We clearly have that z is continuous. Assume that z,,_; is well-defined and continuous, and we
check that z,, is so. The well-definiteness of z, follows from the fact that b is bounded, which
implies that the integral defining z, (¢, x) is convergent for every (¢, x) € [0, T] x R. Regarding
the continuity of z,, let (¢, x) € [0, T'] x R and pick a sequence (,,, x,) — (£, x) as m — o0.
Then,

t"l
Zn(tmy Xm) = / /RGtm—s(xm - y)b(Zn(S, y)) dyds +n(t,, Xm)
0
Im
= /(; /RGS’()’/)b(anl (tm -5, Xm — y/)) dy,ds/ + 0t Xm)

SUp,, tm
= /0 fR 1[0,tm]xR(S/7 y/)Gs’(y/)b(Zn—l (tm - S/v Xm — y/)) dy/ds/
+ 0w, Xm)-

Thanks to the continuity of b and z,,—1, the latter integrand converges point-wise to

Lo.0xr (s, ) Go (¥)b(zn—1(t = 5", x = ¥')).

Since b is bounded and G has finite integral over [0, sup,, #,,] X R, we can apply the dominated
convergence theorem to obtain that

lim z,(t, xpm) =2, (t, Xx),
m—00

S0 7, 18 continuous.
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For every (¢, x) € [0, T] x R, we can infer that

=y
e 2(t—s)

t
Izn+1(t,x)—zn(t,x)|§/0 fR\/ﬁ b(zn(s, ) — b(za—1(s,))| dy ds.

By Lemma 4.4, we get

n—1.n nflTn

— <2l ———
n: n:

| 20411, %) = 20 (2, )| < 2[1b]l oo

Since the rightmost term of this inequality is the general term of a converging series, and the
series does not depend on (¢, x), we can infer that the sequence {z,, (¢, x)},>0 is uniformly Cauchy
in C ([0, T'] x R). This means that a limit z exists and, since z, — z uniformly, z € C([0, T] x R).
Moreover, it is straightforward to verify that z is the solution to equation (20). Finally, uniqueness
of solution can be easily checked by applying again Lemma 4.4.

As far as the continuity of the solution operator F : C([0, T] x R) — C([0, T] x R) is con-
cerned, where F (n)(t, x) = z(t, x), this property can be verified similarly to the case of the wave
equation, but applying Lemma 4.4. O

4.3. Heat equation: b general

In this section, we aim to verify the validity of Theorem 4.1 for the stochastic heat equation

(SHE) in the case of a general globally Lipschitz coefficient b. Recall that the initial condition u(

is assumed to satisfy Hypothesis C. In particular, u¢ is «-Ho6lder continuous for some o > Hj.
We will use a truncation argument on the drift b: for every m > 1, set

b(x) Am, if b(x) >0,
b (x) = .

b(x)v—m, ifb(x)<0.
We have that b,, is bounded and Lipschitz continuous, and converge pointwise to b, as m — 00.
Moreover, a unique Lipschitz constant can be fixed for all functions b,,, m > 1, and b. We
define u,ﬁl" to be the solution of (12) where b is replaced by b,,, and corresponding to the Hurst
index H,. An immediate consequence of Section 4.2 is that, for any m > 1,

H, d H
Uy —— u,° 24)
on C([0, T] x R).

Then, the proof of Theorem 4.1 is split in three steps.

Step 1: First, we check that the family of laws of {x/! Jn>1 1s tight in C ([0, T'] x R). For this,
we will apply the criterion stated in Theorem 2.7. We point out that, indeed, the computations of
this step are valid for both heat and wave equations.

Notice that condition (i) of Theorem 2.7 is clearly satisfied, since ufl" (0, 0) is deterministic

and does not depend on n. Regarding condition (ii), let ¢, ¢’ € [0, T] and x, x’ € R with ¢’ > r and
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x" > x, and we can suppose that |[x — x| < 1 and |r — /| < 1. We aim to estimate
B[l (1)~ 1. 0") = o[l (7. x) 't 1. )| 7]
+E[[u" (r,x) — u (2, x)|"])
= Cp(I+ ). (25)
We will see that
I<ci|f=df'?, T <Gl x|, (26)

where B;, B; > 0 are two positive constants.
To start with, we have that

I < C,,<|10(t/,x/) (o)

t t p
/ / Gy_s(x' — y)WH" (ds,dy) — / / Gi—s(x' — y)WH” (ds,dy) :|
0 R 0 JR

+E|

t/
/ / G,/_S(x/ — y)b(uH” (s, y)) dyds
0 JR
)

Regarding /1, it is known from [4], Theorem 3.7, that, for a @-Holder continuous initial condition,
it holds

+E|

t
—/ / Gi—s(x' —y)b(uH"(s,y)) dyds
0 JR

= Cp(i + L+ I3).

(infp Hp)p

/ L /
L<C|t'—t|? <C|t'—t| 7 . 27
Next, by step 1 in the proof of Theorem 2.8, we clearly obtain that

(infp Hp)p

12§C|l/—t|#§C|t/—t| T (28)

It remains to estimate I3. First, in the first summand of I3 we perform the change of variables
s'=s— (t' — 1), so that we obtain I3 < Cp,(I3,1 + I3 2), where
pi|

/Ot /R Gi—g (x/ - y) (b(uH" (S + (t/ - t), y)) - b(uH" (s, y))) dyds

0
L= EH/ / Gy (x' — y)b(uH” (s"+ (' —1),y))dyds'
—(@'—t) JR

and

I3 := E|:

1
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Clearly, I3 < C|¢’ — t|” by Holder inequality, Lemma 3.4 and the linear growth of b. For I3 7,
we have that
|

/OtfRG‘S (" =) (b (s + (" 1), y)) = b(u (s, y))) dyds
= CE[/OI/RGH(X/ = )|t (s + (" = 1), v)) —u' (s, y)|deds]

t
< C/ [ Gt_s(x/ — y) <sup supE[|uH” (s + (t/ - t), y)) —ull (s, y)|p])dyds
0 JR n>1yeR

I3 = E|:

t
= Cf supsupE[|uH" (s+ (" —1).y)— u™ (s, y)|p]ds"
0

n>1yeR

This latter estimate, together with (27) and (28) and the very definition of 7, let us infer that

sup supE[!uH" (t+ (" —1),x)— uFin (t,x)]p]

n>1xeR

t
§C1|t’—t‘ﬁ1p+C2/ supsupE[|uH"(s+(t’—t),y))—uH"(s,y)|p]ds,
0 n>1yeR

where the constants C; and C, do not depend on H, and B; = %inf,, H,. Hence, by Gronwall
lemma, we obtain the desired estimate for I (see (26)).
Let us now deal with the term J in (25). Assume that x’ = x + h, for some & > 0. We have

E[|uf(t,x + 1) —u™ (1, x)|"] < Cp(|lo(t,x +h) — Io(t, x)|"

+E|

t
+E[ | [ Gt = bl ) dyas
0 JR

t 14
—/ /Gt_x(x—y)b(uH”(s,y))dyds D
0 JR

=1+ L+ /s 29)

t t
/ / G +h — )W (ds, dy) — f / Gyt — Y)W (ds, dy)
0 JR 0 JR

|

By [4], Theorem 3.7, and step 1 in the proof of Theorem 2.8, we get, respectively,

Jy < ChitHpang g, < cpint Hop, (30)
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In order to tackle the term J3, we perform the change of variable y' = y — A in its first summand,
yielding

[/ Gyt smyavas
Pi|,

t
fo /R(b(an (s,y +h) —b(u(s,)))Gi—s(x — y)dyds

J3:E|:

t
- / f Grsx — Y)b(u (5. y)) dy ds
0 JR

Then, renaming the variable y" as y, we have

|

J3=E|:

t
< C [ supsupE[Ju s,y 4 ) — ' 5.3 | s
0 n>1yeR

Putting together this bound and those of (30), we get

sup sup B[ |[u®™ (¢, x + h) —u" (1, x)|"]

n>1xeR

t
<ChPP 4 sz supsupEHuH”(s,y +h)) —ull (s, y)|p] ds,
0 n>1yeR

where 8; = inf, H,. By Gronwall lemma, we conclude that estimates (26) hold. Therefore, by
Theorem 2.7, the family of laws of {u”ﬂ},,zl is tightin C ([0, T'] x R).
Step 2: This part of the proof is devoted to show the following uniform L?(£2)-convergence:

sup sup  E[[ull (t,x) —u" (1, 0)|}] — 0.
Hela,b] (t,x)€[0,T1xR m—00

We remark that, indeed, the uniformity with respect to (¢, x) € [0, T'] x R will not be needed in
step 3, but we obtain it for free thanks to our Gronwall-type argument exhibited below.
We argue as follows:

E[[u (1, %) —u® (1, )]

t
< C/O /RG;_S(x — B[ (u (s, y)) — (¥ (s, y))|*]dy ds
t
: C(/o /RGH(’“ = VE[ b (1) (5, )) = b (u™ (s, 1)) '] dy s
t
+/() /I;Gt—s(x - y)E[|bm(uH(s’ y)) _ b(uH(s, y))|2] dyds)

t
S T
0 R
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t
2
[ [ Gresto = Bl (17 5. 9) = b 5.30) P sy ds)
0 JR
'

§C</ sup sup  E[[ull(s',y) —uH(s’,y)|2]ds
0 Hela,b] (s',y)€l0,s]xR

8=

t
+ fo /R Grs(x — VE[|bm (4 (5. ) — b(u" (5. )| ']
XIP(|MH(S,y)>m|)%dyds), (€19

where in the progress we used the fact that |bm(uH(s,y)) - b(uH(s,y))| = 0, whenever
" (s, y)| < m.

A direct consequence of Lemma 3.4 is that u*? is uniformly bounded in L” (), with respect
to H € [a,b] and (¢, x) € [0, T] x R, for any p > 2, which means that there exists a constant M,
which depends only on p and T such that

sup sup E[‘uH(t,x)’p] <M,. (32)
Hela,b] (1,x)€[0,T1xR

Hence, by Markov inequality,

Ellu®(s, )] _ Ma

P(|u (s, )| > m) < <

m m?

Note that the latter estimate is again uniform with respect to H € [a, b] and (s, y) € [0, T] x R.
Thus, going back to (31) and using the linear growth of b and (32), we get

1

t
/0 /I‘QGI_S(X — y)E[|bm (uH(s, y)) - b(uH(s, y))|4]71P’(|uH(s, y) > m|)% dyds

1/2

t M2
5/ /c Gi_y(x — y)dyds
0 JR m
t 1/2
C
5/ C—2ds=:—. (33)
0 m m

We observe now that if on the left-hand side of (31) we replace ¢ with any ¢’ < 7, the inequality
would still hold exactly in the same way (indeed, the integrand on the right-hand side is positive,
so it is increasing as a function of ¢). Therefore, we can infer that

sup sup E[Iug(t’,x) —uH(t/,x)|2]
Hela,b] (t',x)€[0,t1]xR

t
< g—i—Cz/ sup sup E[|uZ(s/,y) —uH(s’,y)|2]ds.
m 0 Hela,b] (s',y)€l0,s]xR
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Then, Gronwall lemma implies that
sup sup E[|unf11 (t’, x) — uH(t/, x)|2] <
Hela,b] (' ,x)€[0,T]1xR

which is what we wanted to show.
Step 3: We prove that the finite dimensional distributions of u converge to those of 1.
Given a finite dimensional vector {(¢1, x1), ..., (tx, xx)} and f € Cp (R¥), we can write

[E[f (u™ (t1, x1), oo™ (e, x0)) = fu™ @y, x0),u™(t, x0) ]|
< [E[f (™, x0), ... u™ (e, x0)) — f (upir G, x0), - up (e, x0) ]|
+|E[f (v, x0), ol (e, x0) = F(ulon, x0), . ulo (e, x0)]|
+|E[f (ullotr, x0), .o ullo (e, x0)) — £@™ @, x0), . w1, x0) ]|

=:Ii(m,n) + Ih(m,n) + I3(m).

Assume that f : R¥ — R is Lipschitz continuous with Lipschitz constant Ly (we can always

restrict to the class of Lipschitz continuous functions to verify weak convergence). Then, for all
H €[a,b],

st[lpb]|E[f(uH(t1,x1),...,uH(tk,xk)) — ful @, x0), . ull e, x0)]|
Hela,

< sup. B[|f(u® (1, x0)s . cou e, x0) — full(tx0),ull (e, x0)|]
Hela,b]

Hela.b) i

X 1/2
< o L] (St - nr) ]
|

Hela,b]

' 1/2
=Ly sup (E[ZW(UW)—”H(f/’xj)| )
j=1
1/2

i /
=ty s (00 -0 )
Hela.b]\

12
<Lk swp  sup  E[lufe0 —uf @ 0f]) (34)
Hela,b] (t,x)€[0,T]xR

where the last term converges to 0 as m — oo thanks to step 2, and taking into account that
we are considering an arbitrary but fixed number of terms k. Hence, for any ¢ > 0, there exists
mgq > 1 such that, for all m > m, we have

sup(11 (m,n) + I3(m)) <

n>1

N ™
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In particular, we have
€
[E[f (u™ (t1, x10), o u™ (e, x0) = f (@1, x1), .. u™ (e, x0) ]| < B(mo, n) + >

Finally, it is sufficient to observe that the convergence (24) implies the corresponding conver-
gence of the finite dimensional distributions, and thus for some ng > 1 we have that, for all
n > ng, it holds Ir(mg, n) < % Therefore,

[E[f (u™ (t1, x1), oo ou™ (e, x0) = fu™ @, x0), o u e, x0)]| < e,

where € can be taken arbitrary small. This concludes the proof of Theorem 4.1 for the stochastic
heat equation (SHE) in the case of a general Lipschitz continuous drift b.
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