AB Diposit digital
de documents
Universitat Auténoma de la UAB

de Barcelona

This is the accepted version of the journal article:

Antoine Riolobos, Ramon; Perera Domeénech, Francesc; Thiel, Hannes. «Ab-
stract bivariant Cuntz semigroups II». Forum Mathematicum, Vol. 32, Issue 1
(November 2019), p. 45-62. DOT 10.1515/forum-2018-0285

This version is available at https://ddd.uab.cat/record/306120
under the terms of the license


https://ddd.uab.cat/record/306120

ABSTRACT BIVARIANT CUNTZ SEMIGROUPS II

RAMON ANTOINE, FRANCESC PERERA, AND HANNES THIEL

ABSTRACT. We previously showed that abstract Cuntz semigroups form a
closed symmetric monoidal category. This automatically provides additional
structure in the category, such as a composition and an external tensor prod-
uct, for which we give concrete constructions in order to be used in applications.

We further analyse the structure of not necessarily commutative Cu-semi-
rings and we obtain, under mild conditions, a new characterization of solid
Cu-semirings R by the condition that R 2 [R, R].

1. INTRODUCTION

The Cuntz semigroup is a geometric refinement of K-theory that was intro-
duced by Cuntz [Cun78| in his groundbreaking studies of simple C*-algebras. It
is a partially ordered semigroup that is constructed from positive elements in the
stabilization of the algebra, in a similar way to how the Murray-von Neumann
semigroup in K-theory is built from projections.

There has been an intensive use of Cuntz semigroups in C*-algebra theory, par-
ticularly related to classification results. One of the most prominent instances of
this appeared in Toms’ example [TomO§| of two simple C*-algebras that are indis-
tinguishable by K-theoretic and tracial data, yet their Cuntz semigroups are not
order-isomorphic. For the largest agreeable class of simple, separable, nuclear, fi-
nite and Z-stable C*-algebras that can be classified using K-theoretic and tracial
information, the Cuntz semigroup features prominently since, suitably paired with
K, it is functorially equivalent to the Elliott invariant; see [BPT08| and [ADPS14].

Further, for C*-algebras of stable rank one, the Cuntz semigroup has additional
fine structure that was key in solving a number of open problems, such as the Black-
adar Handelman conjecture and the Global Glimm Halving Problem; see [APRT1S].

The formal framework to study Cuntz semigroups of C*-algebras is provided by
the category Cu of abstract Cuntz semigroups, which was introduced by Coward,
Elliott and Ivanescu in [CEIO8], and which was studied in detail in [APTI18] and
later in [APT18b]. The objects of this category, called Cu-semigroups, are partially
ordered semigroups that satisfy the order-theoretic analogues of being a complete
topological space without isolated points. The Cu-morphisms are natural models
for *-homomorphisms between C*-algebras. The following result was established
in [APT18] and [APTI18b].

Theorem. The category Cu of abstract Cuntz semigroups is a symmetric monoidal
closed category.

This means that there are bifunctors

~®_:CuxCu—Cu, and [-,-]: Cux Cu— Cu,
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such that ® is associative, symmetric, has as unit object the semigroup N =
{0,1,...,00} and, for any Cu-semigroup 7', the functors - ® T" and [T, _] are an ad-
joint pair. For Cu-semigroups S and T', the construction of the internal-hom [S, T
is based on paths of the so-called generalized Cu-morphisms, which are natural
models for completely positive contractive order-zero maps between C*-algebras;
see for more details. We refer to the semigroups [S,7] as bivariant
Cu-semigroups.

Further, we show in that Cu is complete and cocomplete, and that
the functor that assigns to each C*-algebra its Cuntz semigroup is compatible with
products and ultraproducts.

The fact that Cu is a closed category automatically adds additional features well
known to category theory (see, for instance, [Kel05]). For example, one obtains a
composition product given in the form of a Cu-morphism:

o: [T,P] &[S, T] — [S, P],

which is the generalization of the composition of morphisms in a category to a
notion of composition between internal-hom objects in a closed category; see the
comments after [APT18D, Proposition 5.11].

Although the said features can be derived from general principles, in our setting
they become concrete, and this is very useful in applications. In this direction, and
bearing in mind that [S,T] is a semigroup built out of paths of morphisms from S
to T, the composition product can be realized as the composition of paths. Another
important example is the evaluation map which, for Cu-semigroups S and T is a
Cu-morphism eg r: [S,T]® S — T such that eg r(z ®a) can be interpreted as the
evaluation of z € [S,T] at a € S. We therefore also write z(a) := egr(z ®a). The
evaluation map can be used to concretize the adjunction between the internal-hom
bifunctor and the tensor product; see [Proposition 3.22|

Likewise, the tensor product of generalized Cu-morphisms induces an external
tensor product

X: [[Sl,Tlﬂ & [[SQ,TQ]] — [[Sl ® Sa,Th ®T2]]7
which is associative and, like in K K-Theory, compatible with the composition

product; see [Proposition 3.21] This means that, for elements ) € [Sk,Tx] and
Yk € [Tk, Pi] (for k = 1,2), we have

(y2 M y1) o (z2 X x1) = (y2 0 w2) K (Y1 0 71).

In we study the ideal structure of bivariant Cu-semigroups. Given an
ideal J in S, and an ideal K in T, we show that there is a natural identification of
[S/J, K] with an ideal in [S, T']; see Propositions |4.2| and l However, in general,
not every ideal of [S,T] arises this way. Indeed, in we construct a
simple Cu-semigroup S such that [S, S] is not simple.

In we deepen our study of Cu-semirings and their semimodules, which
was started in Chapters 7 and 8]. Given a Cu-semigroup S, the compo-
sition product turns [S, S] into a Cu-semiring; see [Proposition 5.1] Further, the
evaluation map defines natural left [S, ST-action on S; see |Proposition 5.3 Finally,
[S,T] has both a natural left [T, T]-action and a compatible right [S, S]-action;

For any Cu-semiring R, the internal-hom construction makes it possible to define
a left regular representation-like map 7g: R — [R, R], which is always a multiplica-
tive order-embedding (and unital in case the unit of R is a compact element); see
[Definition 5.9} [Theorem 5.12|and [Proposition 5.16] We study when 7r: R — [R, R]
is an isomorphism; see[I'heorem 5.23} This is closely related to the property of being

solid, which means that the multiplication defines an isomorphism between R ® R
and R; see Definition 7.1.6].
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2. PRELIMINARIES

Let S be a positively ordered semigroup. Recall (cf. |GHKT03| Definition I-1.11,
p.57]) that an additive auziliary relation on S is a binary relation < on S satisfying
the following conditions for all a,a’,b,b’ € S:

(1) If a < b then a <b.

(2) Ifa' <a<b<V then o <V¥.

(3) We have 0 < a.

(4) The relation < is compatible with addition.

An important example of an auxiliary relation that we will use in the sequel is
the way-below relation, originally coming from Domain Theory (see [GHK™03]):

Let S be a positively ordered semigroup, and let a,b € S. Recall that a is
way-below b (we also say that a is compactly contained in b), denoted a < b, if
whenever (¢,,), is an increasing sequence in S for which the supremum exists and
that satisfies b < sup,, ¢,, then there exists k € N with a < ¢.

We say that a is compact if a < a, and we let S. denote the submonoid of
compact elements in S.

Definition 2.1 ([CEI0S]; see also [APT18| Definition 3.1.2]). A Cu-semigroup, also
called abstract Cuntz semigroup, is a positively ordered semigroup S that satisfies
the following axioms (O1)-(04):

(O1) Every increasing sequence (ay), in S has a supremum sup,, a, in S.
(O2) For every element a € S there exists a sequence (ay,), in S with a, < an41
for all n € N, and such that a = sup,, an.
(03) fa’ < aand ¥ < b for a/,¥',a,b € S, then o’ +V < a+b.
(04) If (apn)n and (by)n are increasing sequences in S, then sup, (a, + by) =
sup,, an + sup,, by
A Cu-morphism between Cu-semigroups S and T is an additive map f: S — T
that preserves order, the zero element, the way-below relation and suprema of
increasing sequences. In case f is not required to preserve the way-below relation,
then we say it is a generalized Cu-morphism. The set of Cu-morphisms (respectively,
generalized Cu-morphisms) is denoted by Cu(S,T) (respectively, by Cu[S,T]).
We let Cu be the category whose objects are Cu-semigroups and whose mor-
phisms are Cu-morphisms.
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A notion central to the construction of tensor products is that of bimorphisms,
which we now recall.

Definition 2.2 (JAPTIS8| Definition 6.3.1]). Let S,T and P be Cu-semigroups. A
map ¢: S x T — P is a Cu-bimorphism if it satisfies the following conditions:

(1) ¢ is a positively ordered monoid morphism in each variable.

(2) We have that sup, ¢(ag, br) = @(supy, ak, supy, b ), for every increasing se-
quences (ag)r in S and (bg)g in T

(3) Ifa’,a € Sand V',b € T satisfy ' < a and b/ < b, then ¢(da’,V) < ¢(a,b).

The set of Cu-bimorphisms is denoted by BiCu(S x T, P). Equipped with point-
wise order and addition, this set is a positively ordered monoid. Similarly, the set
of Cu-morphisms between two Cu-semigroups is also a positively ordered monoid.

Theorem 2.3 (JAPTI8, Theorem 6.3.3]). Let S and T be Cu-semigroups. Then
there exists a Cu-semigroup S ® T and a Cu-bimorphism w: S xT — S® T such
that for every Cu-semigroup P the following universal properties hold:

(1) For every Cu-bimorphism ¢: S x T — P there exists a (unique) Cu-
morphism ¢: S ®T — P such that ¢ = ¢ ow.
(2) If a1,a0: S®T — P are Cu-morphisms, then oy < s if and only if
ajow < agow.
Thus, for every Cu-semigroup P, the assignment
(a: S®T — P)+— (dow: SxT — P)
defines a natural isomorphism of positively ordered monoids

Cu(S®T,P) = BiCu(S x T, P).

The existence of a natural tensor product turns Cu into a symmetric monoidal
category; see [APT18] 6.3.7]. As mentioned above, the tensor product functor —®T
has a right adjoint [T, —], and thus Cu is also a closed category. We recall some
details; see [APT18Dbl Section 3] for a full account.

Let (S, <) be an ordered semigroup equipped with an additive auxiliary relation
=<, and let Ig = QN (0,1). A path on S is amap f: Ig — S such that f(N) < f(A)
whenever A < A. The set of paths on S is denoted by P(S), which becomes a
semigroup under pointwise addition. It is often the case that we write f) = f(\),
and refer to a path as £ = (f)xer,-

Given paths f,g in P(S), write f < g if for every A € Ig, there is p € Iy such
that f(A) < g(u). Set f ~ g provided f < gand g < f, and let 7(S5, <) := P(S)/~.
Let [f] denote the equivalence class of a path f. Then 7(S5, <) becomes an ordered
semigroup by setting [f] + [g] = [f + ¢] and [f] < [g] provided f < g. It was
proved in [APTI8b, Theorem 3.15] that, for S as above, the semigroup 7(S5) is a
Cu-semigroup.

Remark 2.4. The above construction is also referred to as the 7-construction in
[APTI8b]. It defines a functor 7: Q@ — Cu, where Q is the category of positively
ordered semigroups S with an additive auxiliary relation < that additionally satisfy
axioms (O1) and (O4). In this way, 7 is a coreflector of the inclusion functor
t: Cu— Q; see [APTI18bl Theorem 4.12]. Objects (respectively, morphisms) in the
category Q are termed Q-semigroups (respectively, Q-morphisms).

If now S and T are Cu-semigroups, it is clear that Cu[S,T] is also an ordered
semigroup (with pointwise order and addition), and satisfies axioms (O1) and (O4)
by taking pointwise suprema of increasing sequences. Given ¢,v¢ € CulS,T], we
define ¢ < ¢ provided ¢(a') < 9(a) whenever o’ < a. This is easily seen to be
an additive auxiliary relation on Cu[S,T]. Thus, Cu[S,T] is a Q-semigroup in the
sense of [Remark 2.4
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Definition 2.5 ([APTI8b] Definition 5.3]). Let S and T be Cu-semigroups. The
internal hom from S to T is the Cu-semigroup

[S,T] := 7(Cu[S,T],< ).
We also call [S,T] the bivariant Cu-semigroup, or the abstract bivariant Cuntz
semigroup of S and T'.

The proof that Cu is a closed category requires the use of the so-called endpoint
map, which is made precise below.

Definition 2.6 ([APTI18bl Definition 5.5]). Let S and T' be Cu-semigroups. We
let og: [S,T] — Cu[S,T] be defined by

osr([f])(a) = Sup fala),

for a path f = (f))x in Cu[S,T] and a € S. We refer to og 1 as the endpoint map.

Theorem 2.7 ([APTI18b, Theorem 5.9]). Let S, T and P be Cu-semigroups. Then
there are natural positively ordered monoid isomorphisms

Cu(S, [T, P]) = BiCu(S x T, P) = Cu(S®T, P).
The first isomorphism is given by
(a: S=[T,P]) =~ (a: SxT — P),
where &(a,b) = op p(al(a))(b), for (a,b) € S x T. The second is given by
(B: ST — P)w ((a,b) — B(a®b)), for (a,b) e S xT.

3. CONCRETIZATION OF CATEGORICAL CONSTRUCTIONS FOR Cu

In this section, we give concrete pictures of general constructions in closed, sym-
metric, monoidal categories for the category Cu. This will be used in the next
section, and we start below with the analysis of the unit and counit maps.

Definition 3.1. Given Cu-semigroups S and T, the unit map is the Cu-morphism
ds,r: S — [T, S ®T] that under the identification

Cu(S,[T,S®T]) =Cu(S®T,5x7T)
corresponds to the identity map on S ® T.

In the result below we shall use that, if S is a Cu-semigroup, and a € S, then
there is (ax)aer, such that ay < ax whenever N < A, ax = supy _,ax, and
sup, ay = s; see [APT18Db] Proposition 2.8].

Proposition 3.2. Let S and T' be Cu-semigroups, and let a € S. Let (ax)rer, be a
path in (S, <) with endpoint as. Then for each X € Iy, the map ay®@_: T — S®T,
sending b € T to a) ® b, is a generalized Cu-morphism. Moreover, (a) ® ,),\61@ 18
a path in (Cu[T, S @ T], <), and we have dgr(a) = [(ax ® - )]

Proof. The map w: S xT — S®T, given by w(s,t) = s ®t, is a Cu-bimorphism.
This implies that s ® _: T — S ® T is a generalized Cu-morphism for each s €
S. Moreover, using that w preserves the joint way-below relation, we obtain that
s'®_ <s®_ for s',s € S satisfying s’ < s. In particular, if (sx)xer, is a path in
S, then (s) ® _)aer, is a path in (Cu[T, S ® T|, <). We define a: S — [T, 5 ® T]
by sending s € S to [(sx ® -)x] for some choice of path (sy)x in S with endpoint
as. It is straightforward to check that « is a well-defined Cu-morphism.
Let us show that a = dg 7. Consider the bijections

Cu(S,[T,85®T]) 2BiCu(SxT,S®T) 2 Cu(S®T,S®T)
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from Under the first bijection, a corresponds to the Cu-bimorphism
@ given by
a(s,t) = orser(als))(t),
for s € S and t € T, where o g7 is the endpoint map. We compute

a(s,t) = orser(a(s)(t) = sup (51 ® ) (t) = sup (sy @) = s &1,

for every path (s))x with endpoint s € S, and every t € T. It follows that &
corresponds to idggr under the second bijection. By definition of dg 7, this shows
that o = dg 7, as desired. O

Notation 3.3. Given Cu-semigroups S, T and P, and a Cu-bimorphism «: S X
T — P, we shall often use the notation &: S — [T, P] to refer to the Cu-morphism
that corresponds to « under the identification in

Corollary 3.4. Let S and T be Cu-semigroups. Then the composition

OT,SQT

or,ser odsT: S dsr, [T,S®T] —— Cul[T,S®T].
satisfies (o1, ser 0 ds,r)(a) =a® _, for every a € S. In particular
(01,597 0 dsr)(a)(b) = a @b,
forae S andbeT.
Proof. Let a € S and b € T. Choose a path (ay), in S with endpoint a. Then

dsr(a) = [(ax ® -)a] by The supremum of the maps a) ® _ in

CulS,T ® S] is the map a ® _. Thus, (or,ser odsr)(a) =a® _, as desired. [

Definition 3.5. Given Cu-semigroups S and T, the counit map (also called evalu-
ation map) is the Cu-morphism egr: [S,T] ® S — T that under the identification

Cu([S,T] ® S,T) = Cu([S,T],[S,T])

corresponds to the identity map on [S,T]. Given x € [S,T] and a € S, we also
use z(a) to denote egr(z ® a), but note that x(a) = z'(a) for all a € S does not
imply = = .

Proposition 3.6. Let S and T be Cu-semigroups, let x € [S,T], and let a € S.
Then esr(r ® a) = os,r(x)(a). Thus, if £ = (fa)a is a path in CulS,T], then

[f](s) =esr(fl®a) = sup Ia(a).

Proof. Consider the bijections
Cu([S, T, [S,T]) = BiCu([S,T] x S,T) = Cu([S,T] ® S,T)

from [Theorem 2.7, To simplify notation, we denote the identity map on [S,T] by
id. Under the first bijection, id corresponds to the Cu-bimorphism id satisfying

id(y, s) = o5,r(id(y))(s),
for all y € [S,T] and s € S. We obtain that
esr(r®a) = id(x,a) = os,r(id(z))(a) = os.r(x)(a). O

Remark 3.7. Let ¢: § — T be a Cu-morphism, and let a € S. Considering ¢ as
an element of [S, T, the notation (a) for es (¢ ® a) is consistent with the usual
notation of ¢(a) for the evaluation of ¢ at a.
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Lemma 3.8. Let S be a Cu-semigroup. Letevy: CulN, S| — S be given by evy(f) =
f(1) for f € CulN,S]. Then evy is an isomorphism of Q-semigroups. That is, evy
is an additive order-isomorphism and we have f < g if and only if ev1(f) < evi(g),
for f,g € CulN, S].

It follows that (CulN, S], <) is a Cu-semigroup (naturally isomorphic to S via

evy ). Moreover, the endpoint map ON.s: IN,S] — CulN, S] from 18

an isomorphism.

Proof. Tt is straightforward to prove that ev; is an isomorphism of Q-semigroups.
By [APT18b, Proposition 4.10], the endpoint map of a Cu-semigroup is an isomor-
phism. Thus, the endpoint maps pg and Pcul,s] are isomorphisms. By definition,
OR,s = Pcu[N,s]- Since evy is an isomorphism, so is 7(evy). O

Definition 3.9. Given a Cu-semigroup S, we let ig: S — [N, S] be the Cu-mor-
phism that under the identification

Cu(S7 N, S]]) = Cu(S ® N, S)
corresponds to the natural isomorphism rg: S @ N = S.
We leave the proof of the following result to the reader.
Proposition 3.10. Let S be a Cu-semigroup. Then is: S — [N, S] is an isomor-
phism. The inverse of ig is evy ooy g, where evy is evaluation at 1 as in
and where o g: [N, S] — CulN, S] denotes the endpoint map from [Definition 2.6,
We now introduce and study the external tensor product map. To this end, let
first Sy and T be Cu-semigroups, and let ¢ : Sy — Tk be (generalized) Cu-mor-

phisms, for &k = 1,2. Recall from the comments after [APT18b, Theorem 2.10] that
the map 1 X po: S X So — T1 ® Ty, defined by

(1 X p2)(a1,az) :== fi(a1) @ fa(az),

for a; € Sy and ag € Sy, is a (generalized) Cu-bimorphism. We denote the induced
(generalized) Cu-morphism by ¢1 @ po: S1®S5y — Th ®Ts, and we call it the tensor
product of 1 and s.

Next, we generalize this construction and define an external tensor product be-
tween elements of internal-homs.

Definition 3.11. Given Cu-semigroups S1, 52,71 and Ts, we define the external
tensor product map X: [S1,T1] ® [Se, Ta] — [S1® S2, T1 ® T3] as the Cu-morphism
that under the identification

Cu([S1, T1] ® [S2, T2], [S1 @ Sa, Th @ T2])
= Cu([S1, T1] ® [S2, To] ® S1 @ S, T @ T),
corresponds to the composition

(esl,Tl ®652,T2) o (id[[S1,T1]] ®o & idSQ)?

where o: [S2,T2] ® S1 — S1 ® [S2, T»] denotes the flip isomorphism.
Given z; € [S1,T1] and z2 € [S2,Tz2], we denote the image of z; ® z2 under this
map by x1 K x5, and we call it the external tensor product of x; and xs.

Remark 3.12. Let ¢1:S7 — T1 and ¢p3: Sy — T be Cu-morphisms. Using
[APTI8b, Proposition 5.11], we identify ¢; with a compact element in [Sy,71],
and similarly for 5. It is easy to see that the element ¢ Ky from
agrees with the compact element in [S7; ® So,T1 ® T5] that is identified with the
tensor product map @1 ® @o: S1 ® Sy — 11 ® Ty from the comments before the
above definition.
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Notice that there is a certain ambiguity with the notation 1 ® 2, in that it may
refer to a Cu-morphism (identified with a compact element in [S; ® S, Th ® T3]),
and also to an element in [S1, T1] ® [S2, T2]. However, the precise meaning will be
clear from the context.

Theorem 3.13. Let S1,S52,T1 and Ty be Cu-semigroups, and let £ = (f\)x and
g = (gx)x be paths in Cu[Sy,Ty] and Cu[Se, Ts], respectively. For each A, consider
the generalized Cu-morphism f\ ® gx: S1 ® So = T1 @ Ta. Then (f\ ® gx)x is a
path in Cu[S; ® S, T1 ® Ts] and we have

[f] X [g] = [(f> @ gx)al-

Proof. To show that (fi ® ga)a is a path, let X', A € Iy satisfy X < A. To show
that fa ® gy < fo @ gx, let t,t € S1 ® Sy satisfy t' < t. By properties of the
tensor product in Cu, we can choose n € N, elements a},a; € S1 and b}, b, € Sy
satisfying a}, < ay and b), < by for k =1,...,n, and such that

n n

t < a, @by, and Zak@)bkgt.

k=1 k=1
We have fy < fi and gn < g, and therefore fy (a)) < fi(ag) and g (b)) <
ga(by) for k =1,...,n. Using this at the third step we deduce that

(fxv @ga) () < (fx @gx) (Zak@)b’)

fa(ay) @ g (b,)

A

- IM-

Ialar) @ ga(br)

b
Il

1

(fr®gn) (Zak®bk> < (fr®@ga)(t).

Thus, given paths p = (px)x and q = (gx)x in Cu[Sy, T1] and Cu[Ss, T3], respec-
tively, then (px ® ¢x)x is a path in Cu[S; ® S2,T1 ® T»]. Moreover, it is tedious
but straightforward to check that the map [Sy,T1] x [Se, To] — [S1 ® Sz, T1 ® 1]
that sends a pair ([p] ® [q]) to [(px K gx)a] is a well-defined Cu-bimorphism. We
let a: [S1,T1] @ [S2, To] — [S1 ® Sa2,T1 @ T»] be the induced Cu-morphism.

To show that [f]X[g] = [(fx®gx) ], we will prove that the external tensor product
X and the map « correspond to the same Cu-morphism under the bijection

Cu([[Sl, Tl]] ® [[Sg, TQH, [[Sl X SQ, T1 ® TQ]])
= Cu([S1, Th] ® [S2, 2] ® S1 @ Sa, T1 @ Th)
from [Theorem 2.7
Let p = (px)x and q = (gx)a be paths in Cu[S7,T1] and Cu[Ss, T»], respectively,

and let s; be elements in S;, for ¢ = 1,2. By definition of X (see [Definition 3.11
and [Notation 3.3), we have

M([p] @ [q] ® s1 @ s2) = [p](s1) @ [a](s2) = p1(51) @ qu(s2)-
Using at the first step, we obtain that
a([p] ® [a] ® 51 ® 82) = 05,85, o1 (([P] ® [d]))(s1 @ 52)
= 05,05, 70T ([(PA @ qx)A]) (51 @ s2)
= (P1®q1)(51 @ 82) = p1(51) ® q1(52).
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It follows that X = « and therefore
[f] X [g] = X([f] ® [g]) = a([f] ® [g]) = [(fx ® gr)a]- O

The following result shows that the external tensor product is associative.

Proposition 3.14. Let Sy, 52,11, Ts, Py and Py be Cu-semigroups, let x € [S1, S2],
y € [T1,T3], and let z € [P, P2]. For k = 1,2, we identify (Sk ® Ty) @ Py with
Sk ® (Tx ® Py) using the natural isomorphism from the monoidal structure of Cu
(see comments after [APT18bl Theorem 2.10]). Then

Xy Rz=2XK(yX z).

Proof. Given f € Cu[Sy, S2], g € Cu[T1,T2] and h € Cu[Py, P, it is straightfor-
ward to check that

(fegeh=[fo(geh),
as generalized Cu-morphisms S7 ® T ® P; — So ® T5 @ P5. The result follows by
applying O

Problem 3.15. Study the order-theoretic properties of the external tensor product
map X: [S1,T1] ® [S2, To] = [S1 ® S2,T1 ® Tz]. In particular, when is this map
an order-embedding, when is it surjective?

We recall below the definition of the composition product and analyse its relation
with the external tensor product.

Definition 3.16. Given Cu-semigroups S, T and P, we define the composition
product
o: [T,P] &[S, T] — [S, P]
as the Cu-morphism that under the identification
Cu([T, P]® [S,T],[S, P]) = Cu([T, P]® [S,T] ® S, P)

corresponds to the composition er p o(idjr py ®es,r). Given z € [S,T] and y €
[T, P], we denote the image of y ®  under the composition product by y o .

Given z € [S,T], we let a*: [T, P] — [S, P] be given by z*(y) := y o x for
y € [T, P]. Analogously, given y € [T, P], we let y.: [S,T] — [S, P] be given by
y«(x) :=youx for x € [S, T].

The composition product for the internal-hom satisfies the axioms for the hom
sets in an enriched category. In particular, the product is associative and the
identity element idg € Cu(S,S) C [S, S] acts as a unit for the composition product
(see [Kel05, Section 1.6]). We recall these facts in the following proposition:

Proposition 3.17. Let S, T, P and Q be Cu-semigroups, let € [S,T], y € [T, P],
and let z € [P,Q]. Then

(zoy)ox =zo(youx).
Further, for the identity Cu-morphisms ids € Cu(S,S) and idy € Cu(T,T), we
have

idrox =x =xoidg.

It follows that [S, S] and [T, T] are (not necessarily commutative) Cu-semirings
and that [S,T] has a natural left [S,S]- and right [T, T]-semimodule structure;
see Propositions [5.1] and in the next section. In the following proposition we
give an explicit description of the composition product.

Proposition 3.18. Let S, T, P be Cu-semigroups, and let £ = (f))x and g = (gx)x
be paths in Cul[S,T| and Cu[T, P], respectively. For each A, consider the generalized
Cu-morphism gy o fx: S — P. Then (gx o fx)x is a path in CulS, P] and

[g] o [f] = [(gx © fa)n]-
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Proof. Tt is easy to check that (g o fi)x is a path. Moreover, it is tedious but
straightforward to check that the map [T, P] x [S,T] — [S, P] that sends a pair
(Ip], [a]) to [(gropa)a] is a well-defined Cu-bimorphism. We let a: [T, P]®[S,T] —
[S, P] be the induced Cu-morphism.

To show that [g] o [f] = [(gx ® fx)x], we will prove that the composition product
o and the map « correspond to the same Cu-morphism under the bijection

Cu([T, P]® [S,T],[S, P]) = Cu([T, P]® [S,T] ® S, P)

from [Theorem 2.7
Let p = (px)x and g = (gx)» be paths in Cu[S,T] and Cu[T, P], respectively,
and let s € S. Set p; :=supp) and ¢; := sup ¢g). By definition, we have
A<1 A<1

5([a] ® [p] @ 5) = er,po(idjr,pp®es,r)([a] ® [P] ® s) = er,p([d] ® es,r([p] ® 5))
=er,p(ld] ®@pi(s)) = a1(p1(s)).
On the other hand, using at the first step, we obtain that

a([al ® [p] @ s) = o5, p(a(ld] @ [P]))(s) = o5,p([(gr 0 Pr)A])(5)
= (q1 o p1)(s) = q1(p1(s))-

It follows that o = « and therefore
[g] o [f] = o([g] ® [f]) = a([g] ® [f]) = [(9r ® f3)A]- O

Note that, in [Proposition 3.18] the composition product of two Cu-morphisms,
viewed as compact elements in the internal-hom set, is the usual composition of
morphisms as maps.

Next we show that the composition product is compatible with the evaluation
map in the expected way. It will follow later that the evaluation map eg s: [S, S| ®
S — S defines a natural left [S, S]-semimodule structure on S; see

Lemma 3.19. Let S,T and P be Cu-semigroups, let x € [S,T], and lety € [T, P].
Then

US,P(y ° 93) = UT,P(y) © JS,T(-T)~

be a path in Cu[T, P] representing y. Let a € S. By |[Proposition 3.18] we have
yox = [(gxo fr)x]- Using this at the first step, we obtain that

Proof. Let f = (fx\)x be a path in Cu[S,T] representing x, and let g = (ga)x
[
]

\elg nely el

os.p(yox)(a) = sup(gx o fr)(a) = sup g, (sup fx(a)> =or.p(y) (os7(2)(a)),

as desired. O

By combining [Lemma 3.19| with [Proposition 3.6 we obtain:

Proposition 3.20. Let S,T and P be Cu-semigroups, let x € [S,T], lety € [T, P],
and let a € S. Then

(y o z)(a) = y(x(a)).

Moreover, for the identity Cu-morphism idg € Cu(S,S), we have idg(a) = a.

The following result shows that the external tensor product and the composition
product commute.

Proposition 3.21. Let S1, 52,171 and Ty be Cu-semigroups. Given xy € [Sk,Tk]
and yy € [Ty, Pr] for k = 1,2, we have

(y2 M y1) o (z2 X x1) = (y2 0 w2) K (y1 0 71).
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Proof. Let £ = (f)(\k)),\ be a path in Cu[Sk, Ty] representing xy, for k = 1,2, and
let g(k) = (gg\k))k be a path in Cu[T}, Py] representing y, for k = 1,2. Given A, it
is straightforward to check that

2 1 2 1 2 2 1 1
0P @ g o (1P @ 1)) = (4P o ) @ (917 0 ).

Using this at the second step, and using [Theorem 3.13| and [Proposition 3.18| at the
first and last step, we obtain that

(y2Wy1) o (22 W) = {(( Dog)o(fP @ fY) }

{((gi) e (g OfAl)))A}
= (y2 o x2) W (y1 0 21). O

In the last part of this section, we revisit the unit and counit maps, their func-
torial properties, and how they can be used to implement the adjuntion between
the tensor product and the internal-hom functors.

Proposition 3.22. Let S, T and P be Cu-semigroups. Then the bijection
Cu(S, [T, P]]) & Cu(S ®T, P)
from identifies a Cu-morphism f: S — [T, P] with
erpo(f®idr): S@T L29% [, P T <22 P.
Conversely, a Cu-morphism g: S ® T — P is identified with

g odsr: 8 B0 [T, S 0T % [T, P].
In particular, we have
f=(erpo(f®idr)),odsr, and g=erpo((g9:odsr)®idr).
Proof. Let f: S — [T, P] be a Cu-morphism. Under the natural bijection from

Theorem 2.7, f corresponds to the Cu-morphism f: S ® T — P with
f(s@t) = or.p(f(s))(t),
for a simple tensor s®t € S ®T. On the other hand, we have
(er,po(f @idr))(s®@1) = erp(f(s) © 1) = or,p(f(s))(D),

for a simple tensor s ® t € S ® T. Thus f and er.po(f ® idr) agree on simple
tensors, and consequently f = er,po(f ®@idy), as desired.

Let g: S®T — P be a Cu-morphism. Set o := g, odg . Under the natural
bijection from [Theorem 2.7} « corresponds to the Cu-morphism @: S®T — P with

a(s@t) = or,p(a(s))(?),
for a simple tensor s ®t € S @ T. It is straightforward to verify that o7 p o g, =

g«o0r ser. Using this at the third step, and using [Corollary 3.4]at the fourth step,
we deduce that

a(s @t) = op.p(a(s))(t) = (or,p o g. o dsr)(s)(t)
= (9s o or,50p 0 ds)(s)(t) = g(s ®1),
for every simple tensor s ® t € S ® 1. Thus, & = g, as desired. (|
Applying the previous result to the identity morphisms, we obtain:
Corollary 3.23. Let S and T be Cu-semigroups. Then

idgs,r) = (es,r)« ods,r),s, and idsgr = er ser o(dsr ®idr).
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Given Cu-semigroups S and T', we consider the unit map dgr: S — [T,5 @ T
from Next, we introduce a more general form of the unit map.

Definition 3.24. Let S, T and T’ be Cu-semigroups. We define the general left unit
map S [T',T] — [T",S ® T] as the Cu-morphism that under the identification

Cu(S@ [T, T],[T",S®T]) = Cu(Se [T",T]@T',S®T)

corresponds to the map idg ® er . Given a € S and z € [1”,T], we denote the
image of @ ® x under this map by ,z.

Analogously, we define the general right unit map [T, T]® S — [T',T ® S] as
the Cu-morphism that under the identification

Cu([T",T]® S,[T", T ® S]) 2 Cu([T", T]@ S@T',T® S)

corresponds to the map (ers r ®ids) o (i 7] ®0), where o denotes the flip iso-
morphism. Given a € S and z € [T',T], we denote the image of x ® a under this
map by x,.

We leave the proof of the following result to the reader.

Proposition 3.25. Let S,T and T' be Cu-semigroups, let a be an element in S,
and let x be an element in [T',T]. Letig: S — [N, S] be the isomorphism from

and let lp: N@ T — T and rp: T' @ N — T’ be the natural
Cu-isomorphism. Then

Wt = (is(a) @ x) o7 = dgr(a) oz = (ids @) o dg7v(a).
and analogously x, = (z ® ig(a)) o r;,l. Further, for the unit map dgr: S —
[T,8 ®T], we have ds,r(a) = ,(idr) for everya € S.

Finally, similar to K K-theory for C'*-algebras, we have a general form of the
product that simultaneously generalizes the composition product and the external
tensor product; see [Bla98, Section 18.9, p.180f].

Let P, Sy, So, Th and T5 be Cu-semigroups. We let

Np: [S1® P, T1] ® [S2, P ®T5] — [S1 ® Sz, T1 @ Tp],
be the Cu-morphism that under the identification

Cu([[Sl X ]D7 Tlﬂ X [[SQ,P@TQ]], [[Sl & SQ,Tl ®T2]])
= Cu([S1 @ P,T1] @ [S2, PR T2] @ 81 ® S2, Ty @ Tp)

corresponds to the composition

(es,@pm ®@idr,) 0 (id[s, 0P, ® €55, PaT,) © (d[s,0P,11] ®O[S,, PeT,].5: @ 1ds,),

where o[s, pg1,],5, denotes the flip isomorphism.
Given z € [S; ® P,T1] and y € [S2, P ® T»], we have

zN®py=(xzXidp,) o (idg, Ky).

Specializing to the case P = N, we obtain the external tensor product, after
applying the usual isomorphisms S; ® N2 S; and N® Tp = Tp.

Specializing to the case Tp = S; = N, we obtain the composition product, after
applying the natural isomorphisms N@ P =2 P =2 P®N, N® Sy = S,, and
T, N=T).
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4. BIVARIANT CUNTZ SEMIGROUPS OF IDEALS AND QUOTIENTS

A sub-Cu-semigroup of a Cu-semigroup 7' is a submonoid S C T that is a Cu-
semigroup for the partial order inherited from 7" and such that the inclusion S — T
is a Cu-morphism. It is easy to see that S is a sub-Cu-semigroup of T if and only if
S is closed under passing to suprema of increasing sequences and if the way-below
relation in S and T agree.

Lemma 4.1. Let S and T be Cu-semigroups, and let T' C T be a sub-Cu-semi-
group. Then the inclusion map v: T' — T induces an order-embedding t.: [S,T'] —

[S,T].
Proof. Let f = (fx)a be a path in Cu[S, 7”]. Then f := (v0fx)y is a path in Cul[S, T]

and we have ¢, ([f]) = [f]; see the comments after Remark 5.4 in [APTISD).

To show that ¢, is an order-embedding, let z,y € [S,T'] with t.(x) < t.(y).
Choose paths f and g in Cu[S,T’] representing x and y, respectively. We have
(tofa)a S (togr)a. Thus, for every A € Ig, there is 1 € Ig such that co fy < tog,.
Using that 77 C T is a sub-Cu-semigroup, for such A and p we deduce that fy < g,.
(We use that for a’,a € T" we have o’ < a in T" if and only if 1(a’) < t(a) in T'.)

It follows that f = g, and hence = < y, as desired. (I

Recall that an ideal of a Cu-semigroup S is a submonoid J C S that is closed
under passing to suprema of increasing sequences and that is downward-hereditary.
Every ideal is in particular a sub-Cu-semigroup. (See [APTIS8| Section 5.1] for an
account on ideals and quotients.)

Proposition 4.2. Let S and T be Cu-semigroups, and let J be an ideal of T. Let
t: J = T denote the inclusion map. Then the induced Cu-morphism v.: [S,J] —
[S,T] is an order-embedding that identifies [S, J]| with an ideal of [S,T]. Moreover,
x € [S,T] belongs to [S,J] if and only if for some (equivalently, for every) path
(fx)x representing x, each fy takes image in J.

Proof. By L+ is an order-embedding. Hence, ¢, identifies [S, J] with a
submonoid of [S, T'] that is closed under passing to suprema of increasing sequences.

Let « € [S,T] be represented by a path f = (fy)s in Cu[S,T]. If each f\ takes
values in J, then we can consider f as a path in Cu[S, J] whose class is an element
a’ €[S, J] satisfying ¢, (2') = x. Conversely, assume that x belongs to [S, J]. Then
there is a path g = (g,), in Cu[S,J] with +,([g]) = «. Let A € Ig. Since f 3 g,
we can choose p € Ip with f\ < g,. Since g, takes values in J, and since J is
downward-hereditary, it follows that f) takes values in J, as desired.

A similar argument shows that [S, J] is downward-hereditary in [, T7. O

4.3. Given S, let us study whether the functor [S,_]: Cu — Cu is exact. More
precisely, let J << T be an ideal, with inclusion map ¢: J — T and with quotient
map 7: T — T/J. This induces the following Cu-morphisms:

[S,J1 = [8,T] = [S,T/J].
By ts identifies [S, J] with an ideal in [S,T]. Since 7 o ¢ is the

zero map, So is 7 o t,. Thus, 7, vanishes on the ideal [S, J] < [S,T]. It follows
that m, induces a Cu-morphism

w2 [S,T]/[S. J] — [S, T/J].

Problem 4.4. Study the order-theoretic properties of the Cu-morphism 7, from
Paragraph 4.3 In particular, when is 7, an order-embedding, when is it surjective?

We are currently not aware of any example for S and J < T such that the map
7 [S,T]/[S,J] — [S,T/J] is not an isomorphism.
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The following result and its proof are analogous to

Proposition 4.5. Let S and T be Cu-semigroups, let J < S, and let m: S — S/J
denote the quotient map. Then the induced Cu-morphism ©: [S/J,T] — [S,T]
is an order-embedding that identifies [S/J,T] with an ideal in [S,T]. Moreover,
x €[S, T] belongs to [S/J, T] if and only if for some (equivalently, for every) path
(fx)a representing x, each fx vanishes on J.

4.6. By Propositionsand ideals in S and T naturally induce ideals in S, T'].
More precisely, if J <S and K < T, then we can identify [S/J, K] with an ideal
in [S,T]. Let Lat(P) denote the ideal lattice of a Cu-semigroup P. We obtain a
natural map

Lat(S)°P x Lat(T) — Lat([S,T]).

However, this map need not be injective. For example, consider S = Z and
T = N @ Z with the ideal J = 0 @ Z. Note that every generalized Cu-morphism
7 — N @ Z necessarily takes values in the ideal 0 @ Z. It follows that in this case
[S,J] =[S, T].

The following example shows that the above map is also not surjective in general.
In fact, the example shows that there exists a simple Cu-semigroup S such that
[S, S] is not simple.

Example 4.7. Let S := [0,1] U {oc0}, considered with order and addition as a
subset of P, with the convention that a +b = oo whenever a+b > 1 in P. It is easy
to check that S is a simple Cu-semigroup.

Given t € {0} U [1,00], let ¢: S — S be the map given by ¢:(a) := ta, where
ta is given by the usual multiplication in P applying the above convention that an
element is co as soon as it is larger than 1. Then ¢, is a generalized Cu-morphism.
One can show that every generalized Cu-morphism S — S is of this form. Hence,
CulS, S] is isomorphic to {0} U [1, o], identifying < with <. It follows that

[S,5] = 7(Cu[S, 5], <) = 7({0} U[1,00],< ) =2 {0} L1, 00] L (1,00,

which is a disjoint union of compact elements corresponding to {0} U [1, 00] and
nonzero soft elements corresponding to (1,00]. (Similar to the decomposition of
Z and R;.) In particular, [S,S] contains a compact infinite element oo, and a
noncompact infinite element co’. The set J := {z : < o0’} is an ideal in [5, S].
We have co ¢ J, which shows that .S, S] is not simple.

Problem 4.8. Characterize when [S, T] is simple. In particular, given simple Cu-
semigroups S and T, give necessary and sufficient criteria for [S, 7] to be simple.

5. Cu-SEMIRINGS AND Cu-SEMIMODULES

A (unital) Cu-semiring is a Cu-semigroup R together with a Cu-bimorphism
R x R — R, denoted by (r1,72) — 7172, and a distinguished element 1 € R, called
the unit of R, such that ri(rers) = (rire)rs and 1 = r = 1r for all r,ry, 79,73 € R.
This concept was introduced and studied in [APTI8| Chapter 7], where it is further
assumed that the product is commutative. We will not make this assumption here.
We let urp: R ® R — R denote the Cu-morphism induced by multiplication in R.

The following result follows from the general properties of the composition prod-
uct for the internal-hom (see [Kel05, Section 1.6]).

Proposition 5.1. Let S be a Cu-semigroup. Then [S,S] is a Cu-semiring with
product given by the composition product o: [S,S] ® [S, S] — [S,S], and with unit
element given by the identity map ids € [S, S].
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Remark 5.2. Let S be a Cu-semigroup. The identity map idg: S — S is a Cu-
morphism. Therefore, the unit of the Cu-semiring [S, S] is compact.

In [Example 5.8] we will see that [S, S] is noncommutative in general.

Given a Cu-semiring R, a left Cu-semimodule over R is a Cu-semigroup S to-
gether with a Cu-bimorphim R x S — S, denoted by (r,a) — ra, such that for all
r1,72 € Rand a € S, we have (r172)a = r1(r2a) and la = a. We also say that S has
a left action of R if S is a left Cu-semimodule over R. Right Cu-semimodules are
defined analogously. If Ry and Ry are Cu-semirings, we say that a Cu-semigroup S
is a (R1, Ra)-Cu-semibimodule if it has a left Rj-action and a right Rs-action that
satisfy r1(arq) = (r1a)rq for all 7y € Ry, 79 € Ry and a € S.

We refer the reader to Chapter 7] for a discussion on commutative
Cu-semirings and their Cu-semimodules.

Proposition 5.3. Let S be a Cu-semigroup. Then egg: [S,S]® S — S defines a
left action of [S,S] on S.

Proof. Tt follows directly from [Proposition 3.20| that the action of [S,S] on S is
associative and that idg acts as a unit. O

5.4. Let R be a Cu-semiring, let S be a Cu-semigroup, and let T" be a Cu-semigroup
with a left R-action a: R®T — T. Cousider the general left unit map R[S, T] —

[S, R ® T] from [Definition 3.24] Postcomposing with a.: [S,R® T] — [S,T] we

obtain a Cu-morphism that we denote by «ag:
as: R®[S,T] — [S,R® T] == [S, T7.
Let r € R and = € [S,T]. We denote ag(r ® ) by rz. Choose a path £ = (fx)a

in Cu[S, T] representing z, and pick a path (), in R with endpoint r. For each A,
let 7xfa: S — T be given by s — rxfa(s). Then (ryfx)x is a path in Cu[S,T] and

rx = [(rafa)a]-

Proposition 5.5. Let R be a Cu-semiring with compact unit, let S be a Cu-semi-
group, and let T be a Cu-semigroup with a left R-action a: R T — T. Then the
map ag: R®[S,T] — [S,T] from[Paragraph 5.7 defines a left R-action on [S,T].
Proof. Let r,7" € R and x € [S,T]. Choose a path f = (fy)x in Cu[S,T] repre-
senting x. Choose paths (ry)x and (r} ) in R with endpoints  and 7/, respectively.
Then (ryr) )y is a path in R with endpoint 7r’. Using the description of the R-action

on [S,T] from the end of [Paragraph 5.4] we deduce that
(rr')z = [((rarX) fa)a] = [(ra (A fa))a] = r[(ra fa)a] = r(r'z).
Let 1 denote the unit element of R. For every f € Cu[S,T], we have 1f = f.

Since 1 is compact, the constant function with value 1 is a path in R with endpoint
1. Tt follows that

Lz = [(L)a] = [(fa)a] = 2 O

Proposition 5.6. Let S and T be Cu-semigroups. Then the composition prod-
uct o: [T, T] @ [S,T] — [S,T] defines a left action of the Cu-semiring [T,T] on
[S,T]. Analogously, we obtain a right action of [S,S] on [S,T]. These actions
are compatible and thus [S,T] is a ([T, T], [S, S])-Cu-semibimodule.

Proof. This follows directly from the associativity of the composition product; see
[Proposition 3.17] U

Remark 5.7. Let S and T be Cu-semigroups. By the evaluation
map er: [T, T] @ T — T from defines a left action of [T,7] on T.
By [Proposition 5.5] this induces a left action of [T, 7] on [S,T]. This action agrees
with that from
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Example 5.8. Given k € N, we let N" denote the Cuntz semigroup of the C*-al-
gebra C*. We think of v € N as a tuple (vq,...,vx)T with k entries in N. We let
e ... e® denote the ‘standard basis vectors’ of Nk, such that v = Y°F Lviel.

Let k,l € N. We claim that [N*,N'] can be identified with M; (), the I x k-
matrices with entries in N, with order and addition defined entrywise. Thus, as a

Cu-semigroup, [[Nk, Nl]] is isomorphic to NM. However, the presentation as matrices
allows to expatiate the composition product.

First, let ¢: Nk — Nl be a generalized Cu-morphism. For each j € {1,...,k},
we consider the vector ¢(eW) in N and we let Z1j,--.,%; denote its coeflicients.
This defines a matrix x = (z;;);,; with [ x k entries in N. It is then readily verified
that the coefficients of ¢(v) are obtained by multiplication of the matrix x with the

vector of coefficients of v. We identify ¢ with the associated matrix x in M; ;(N).

Let p, ¢ Nk — Nl be generalized Cu-morphisms with associated matrices x and

y in M; ,(N). It is straightforward to check that ¢ < 4 if and only if x; ; is finite
and z; ; < y; ; for each ¢, j, and thus the claim follows.
Given k,l,m € N, consider the composition product

N.N"]® [N, N] - [N',N"].

After identifying [[Nk7Nlﬂ with M) ;(N), identifying [[Nl,Nm]] with M, ;(N), and
identifying [[Nk,Nmﬂ with M, 1 (N), the composition product is given as a map

M1 (N) @ M, 1 (N) = M, (N).
It is straightforward to check that this map is induced by matrix multiplication. In
particular, the Cu-semiring [[Nk, Nkﬂ can be identified with the matrix ring My, (N).
Thus, for k > 2, the Cu-semiring [[Nk,Nk]] is not commutative.

Given a Cu-semiring R, recall that up: R ® R — R denotes the Cu-morphism
induced by multiplication.

Definition 5.9. Given a Cu-semiring R, we let 7g: R — [R, R] be the Cu-mor-
phism that corresponds to pr under the identification

Cu(R7 [R, Rﬂ) &~ Cu(R ® R, R).

Remark 5.10. The Cu-morphism 7r can be regarded as a kind of left regular
representation of R.

Lemma 5.11. We have 7g = (ug)« o dr.r and eg g o(mr @ idgr) = ug.

Proof. The first equality follows from[Proposition 3.22] It is straightforward to show
that er ro((4r)« ®idRr) = pr o er rgr- Further, we have er pgr o(dr,r ®idg) =

idrer by Using these equations, we deduce that
erro(mr ®idgr) =erro(((tr)s o dr.r) ®idg)
=epro((tr)s ®1dg) o (dr,r®idg)
= ptr 0o eg,ror °(dr,r ®idR) = iR 0

Theorem 5.12. Let R be a Cu-semiring. Then ng: R — [R, R] is multiplicative.
If the unit element of R is compact, then mg is unital.

Proof. Let M : [R, R] ® [R, R] — [R, R] denote the composition map. We need to
show that M o (mg ® Tg) = TR © UR.

Given r,s € R, choose paths r = (r)) and s = (s)) in (R, <) with endpoints r
and s, respectively. For each A, let f\: R — R and g): R — R be the generalized
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Cu-morphism given by left multiplication with r) and sy, respectively. By
we have dg r(r) = [(rA ® -)a), where ry ® -: R — R ® R is the map
sending ¢ € R to r\®t. We also have pro(ra®_) = fr. Since mg = (ug)«odr,r by
[Cemma 5.11} it follows that 7r(r) = [(fr)r]. Likewise, we deduce mr(s) = [(ga)x]-
By [Proposition 3.18] we obtain M (wg(r) @ mr(s)) = [(fr o ga)al-

As the product in R is associative, the composition fy o gy is the generalized
Cu-morphism hy defined by left multiplication with rysy. Notice that (rysy)x is a
path in (R, <) with endpoint rs. Therefore, mr(rs) = [(ha)a]. Altogether, we get
the desired equality

M(7mr(r) @ wr(s)) = [(fx 0 ga)a]l = [(ha)a] = Tr(pr(r @ s)).

To show the second statement, let us assume that the unit 1z of R is compact.
Then the constant function with value 1 is a path in (R, <) with endpoint 15. It
follows easily as in the first part of the proof that 7r(1g) = [(idg)A] = idg. O

Definition 5.13. Let R be a Cu-semiring with unit 1z. Then eg: [R, R] — R is
the generalized Cu-morphism given by

er([f]) = Sl/l\p r(1R),

for a path f = (fi)a in Cu[R, R].

Remark 5.14. Let op r: [R, R] — Cu[R, R] denote the endpoint map as in
Then eg(x) = or,r(z)(1g) for every z € [R, R].

Lemma 5.15. We have eg o mg = idg.

Proof. Given r € R, choose a path (ry), in (R, <) with endpoint r, and for each
Alet fy: R — R be given by left multiplication with 7). As in the proof of

Theorem 5.12) we obtain wg(r) = [(f\)a], whence
er(mr(r)) = er(((fA)a]) = sup [x(1r) = sup(ralp) =1 O
Proposition 5.16. Let R be a Cu-semiring. Then mr: R — [R, R] is a multi-

plicative order-embedding. Thus, in a natural way, R is a sub-semiring of [R, R].
If the unit of R is compact, then R is even a unital sub-semiring of [R, R].

Proof. By [Lemma 5.15], we have e o mg = idgr, which implies that 7w is an order-
embedding. By [Theorem 5.12} 7x is a (unital) multiplicative Cu-morphism. (|

An element a in a Cu-semigroup S is soft if for every a’ € S with a’ < a there
exists k € N with (k + 1)a’ < ka; see [APTIS, Definition 5.3.1]. The following
result will be used below.

Lemma 5.17. Let S and T be Cu-semigroups, let p: S — T be a generalized
Cu-morphism, and let a € S be soft. Then p(a) is soft.

Proof. To verify that ¢(a) is soft, let x € T satisfy x < ¢(a). Using that ¢
preserves suprema of increasing sequences, we can choose a’ € S with o/ < a and
x < ¢(a'). (Indeed, applying (02) in S, choose a <-increasing sequence (an,), in
S with supremum a. Then ¢(a) = sup,, ¢(a,), whence there is n with z < ¢(a,).)
Since a is soft, we can choose k € N such that (k+ 1)a’ < ka. Then

(k+ 1Dz < (k+1p(a’) = o((k + 1)a’) < p(ka) = ko(a). O

Let P = [0, 00|, with natural order and addition. Recall that P is isomorphic to
the Cuntz semigroup of the Jacelon-Razak algebra (see [Jacl3] and [Robl13]). The
usual multiplication of real numbers extends to P. This gives P the structure of a
commutative Cu-semiring.
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Example 5.18. Let M; = [0,00) U (0, 0], a disjoint union of compact elements
[0,00) and nonzero soft elements (0,00]. Recall that M; denotes the Cuntz semi-
group of a II;-factor; see [APT18bl Example 4.14] and [APT18bl Proposition 4.15].
We identify P = [0,00] with the sub-Cu-semigroup of soft elements in M;, and
we define the Cu-morphism o: M; — P C M; by fixing all soft elements and by
sending a compact to the soft element of the same value.

We define a product on M; as follows: We equip the compact part [0, 00) with
the usual multiplication of real numbers, and similarly for the product in (0, co].
The product of any element with 0 is 0. Given a nonzero compact element a and a
nonzero soft element b, their product is defined as the soft element ab := p(a)b.

This gives M; the structure of a commutative Cu-semiring. Moreover, we may
identify P with the (nonunital) sub-Cu-semiring of soft elements in M;. The map
0: My — P is multiplicative. One can show that the map s, : My — [My, M1] is
an isomorphism.

Example 5.19. We have [P,P] 2 M;. The map 75: P — [P, P] embeds P as the
sub-Cu-semiring of soft elements in M;. In particular, 7z is not unital.

Proof. We have [P, P] = M; by [APTI8b, Proposition 5.13]. By [Proposition 5.16}
75 is a multiplicative order-embedding. Note that every element of P is soft. By
a generalized Cu-morphism maps soft elements to soft elements. Thus,
the image of 75 is contained in the soft elements of M;. It easily follows that 75
identifies P with the soft elements in M;. Since the unit of M; is compact, it also
follows that 75 is not unital. O

We finally turn our attention to solid semirings. Recall from [APTIS8| Defi-
nition 7.1.5] that a Cu-semiring R is said to be solid if ur: R® R — R is an
isomorphism. In [APTIS]|, all Cu-semirings were required to be commutative, and
thus a solid Cu-semiring was assumed to be commutative. Next, we show that this
assumption is not necessary since a Cu-semiring is automatically commutative as
soon as g is injective.

Lemma 5.20. Let R be a Cu-semiring such that pr: R® R — R is injective. Then
R is commutative and pg is an isomorphism (and consequently R is solid.)

Proof. To show that R is commutative, let a,b € R. We have

pr(l®a) =a= pr(a®1),

and thus 1®a =a®1in R® R. Consider the shuffle Cu-morphism a: R RQ R —
R ® R ® R that satisfies a(z @ y® 2) =y ® x ® z for every z,y,z € R. Then

1b®a=a(b®1®a)=adb®a®1l)=a®bx1

in R® R® R. By the associativity of the product in R, we get ba = ab, as desired.
Thus, R is commutative and 1 ® a = a® 1 in R ® R, for every a € R. Using
[APTI8| Proposition 7.1.6], this implies that R is solid. O

Let R be a solid Cu-semiring, and let S be a Cu-semigroup. It was shown in
[APT18, Corollary 7.1.8] that any two R-actions on S agree. (Since R is commuta-~
tive, we need not distinguish between left and right R-actions.) Thus, S either has
a (unique) R-action, or it does not admit any R-action, which means that having
an R-action is a property rather than an additional structure for S, which justifies
the following definition.

Definition 5.21. Let R be a solid Cu-semiring, and let S be a Cu-semigroup. We
say that S is R-stable if S has an R-action.
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Remark 5.22. In [APTIS], we said that S ‘has R-multiplication’ if it has an R-
action. Given a solid ring R, it was shown [APTI18, Theorem 7.1.12] that S is
R-stable if and only if S R® S.

Recall that a C*-algebra A is said to be Z-stable if A =2 Z® A, and similarly one
defines being UHF-stable and O.-stable. Thus, the terminology of being ‘ R-stable’
for Cu-semigroups is analogous to the terminology used for C*-algebras.

Theorem 5.23. Given a Cu-semiring R, consider the following statements:
(1) R is solid, that is, u: R® R — R is an isomorphism.
(2) The map er.r: [R,R] ® R — R is an isomorphism.
(3) The map mr ®idr: R® R — [R, R] ® R is an isomorphism.
(4) The map wr: R — [R, R] is an isomorphism.
(5) The map er: [R, R] — R is an isomorphism.
Then the following implications hold:
1) <=@2)=03) <@ <=(6).

Further, if R satisfies (1) and (3), then it satisfies (2). The Cu-semiring P sat-
isfies (1),(2) and (3), but not (4); see[Ezample 5.19. The Cu-semiring M, satis-
fies (8) and (4) but neither (1) nor (2); see|Example 5.18,

Proof. By|[Lemma 5.15] we have egomp = idg. It follows that £ is an isomorphism
if and only if 7y is, which shows the equivalence of (4) and (5). It is obvious that (4)

implies (3). To show that (2) implies (1), assume that eg g is an isomorphism. We
have

(ER X idR) o (TrR X idR) =idr ®idg,
which shows that 7 ® idg is an order-embedding. Hence, eg ro(mr ® idg) is an
order-embedding. By we have eg po(mr ® idr) = pr, whence pp is
an order-embedding. By this implies that R is solid.
Using again that eg po(mg ® idgr) = ug, if any two of the three maps eg g,
mr ® idg and pgr are isomorphisms, then so is the third. This shows that (2)
implies (3), and that the combination of (1) and (3) implies (2). O

Question 5.24. Given a solid Cu-semiring R, is the evaluation map e g: [R, R]®
R — R an isomorphism?

Remark 5.25. Let R be a solid Cu-semiring. The answer to[Question 5.24|is ‘yes’

in the following cases:

(1) If the unit of R is compact; see [Remark 5.30| below.
(2) If R satisfies (O5) and (O6). This follows from the classification of solid

Cu-semirings with (O5) obtained in [APTIS8, Theorem 8.3.13] which shows
that each such Cu-semiring is either isomorphic to P or has a compact unit.

In either case, [Question 5.24] has a positive answer.

In particular, a Cu-semiring R with compact unit is solid if and only if the
evaluation map eg r: [R, R] ® R — R is an isomorphism.

Theorem 5.26. Let R be a solid Cu-semiring with compact unit, and let S and T
be Cu-semigroups. Assume that T is R-stable. Then [S,T] is R-stable, and hence
[S,T]= R[S, T].

Proof. Since the unit of R is compact, it follows from that [S,T]

has a left R-action. Since R is solid, this implies that [S,T] is R-stable. O

Lemma 5.27. Let R be a solid Cu-semiring, let S and T be Cu-semigroups, and
let f,g: R®S — T be a generalized Cu-morphisms. Assume that T is R-stable.
Then f < g if and only if f(1®a) < g(l®a) foralla € S.



20 RAMON ANTOINE, FRANCESC PERERA, AND HANNES THIEL

If the unit of R is compact, then f < g if and only if f(1®d") < g(1® a) for
all a’,a € S with a’ < a.

Proof. The forward implications are obvious. To show the converse of the first
statement, assume that f(1® a) < ¢g(1 ® a) for all a € S. To verify f < g, it
is enough to show that f(r ® a) < g(r ® a) for all r € R and a € S. Note that
R®S and T are R-stable. Since R is solid, every generalized Cu-morphism between
R-stable Cu-semigroups is automatically R-linear; see [APT18| Proposition 7.1.6].
Thus, given 7 € R and a € S, we obtain

flr@a)=fr(l@a)=rflea) <rg(l1®a)=g(rea).
To show the converse of the second statement, assume that f(1®a') < g(1®a)
for all ', a € S with o/ < a. To verify f < g, it is enough to show that f(r' ®a’) <
g(r ® a) for all ;7 € R and a’;a € S with " < r and ¢’ < a. Given such

r’,r,a’ and a, we use at the second step that multiplication in R preserves the joint
way-below relation, to deduce

firred)=rfled)<rgl®a) =g(rea). U

Proposition 5.28. Let R be a solid Cu-semiring with compact unit, and let S and
T be Cu-semigroups. Assume that T is R-stable. Let a: S — R® S be the Cu-mor-
phism given by a(a) = 1® a, for a € S. Then the induced map a*: [R® S,T] —
[S,T] is an isomorphism.

Proof. Consider ay: Cu[R® S,T] — Cu[S, T] given by sending a generalized Cu-
morphism f: R® .S — T to the generalized Cu-morphism a§(f) given by

ag(f)(a) = f(1®a),

for a € S. Tt follows from [Lemma 5.27) that a{ is an isomorphism of Q-semigroups.
Since a* is obtained by applying the functor 7 to ag (see the comments after
[APT18b, Remark 5.4]), it follows that a* is an isomorphism, as desired. O

Corollary 5.29. Let R be a solid Cu-semiring with compact unit, and let T be an
R-stable Cu-semigroup. Then there is a natural isomorphism [R,T] = T.

Proof. Applying [Proposition 5.28 for S := N, we obtain [R,T] = [N,T]. By
[Proposition 3.10, we have a natural isomorphism [N, 7] = 7. O

Remark 5.30. Let R be a solid Cu-semiring with compact unit. Since R is R-
stable itself, it follows from that [R,R] = R. It follows that the
evaluation map eg r: [R, R] ® R — R is an isomorphism.

For the solid Cu-semiring P, we have seen in [APTI8b, Proposition 5.13] that
[P,P] = M; 2 P. This shows that |Pr0position 5.28| and |Corollary 5.29| cannot be
generalized to solid Cu-semirings without compact unit.

REFERENCES

[ADPS14] R. ANTOINE, M. DADARLAT, F. PERERA, and L. SANTIAGO, Recovering the Elliott
invariant from the Cuntz semigroup, Trans. Amer. Math. Soc. 366 (2014), 2907-2922.
MR, 3180735, [Zbl 06303118.

[APRT18] R. ANTOINE, F. PERERA, L. ROBERT, and H. THIEL, C*-algebras of stable rank one
and their Cuntz semigroups, preprint (arXiv:1809.03984 [math.OA]), 2018.

[APT18] R. ANTOINE, F. PERERA, and H. THIEL, Tensor products and regularity properties of
Cuntz semigroups, Mem. Amer. Math. Soc. 251 (2018), viii+191. MR 3756921,

[APT18b] R. ANTOINE, F. PERERA, and H. THIEL, Abstract bivariant Cuntz semigroups, Int.
Math. Res. Not., rny143 (2018), http://dx.doi.org/10.1093/imrn/rny143.

[APT18c] R. ANTOINE, F. PERERA, and H. THIEL, Cuntz semigroups of ultraproduct C*-alge-
bras, in preparation, 2018.


http://www.ams.org/mathscinet-getitem?mr=3180735
http://www.zentralblatt-math.org/zmath/en/search/?q=an:06303118
http://www.ams.org/mathscinet-getitem?mr=3756921
http://dx.doi.org/10.1093/imrn/rny143

[Blags]

[BPTOS)

[CEI08]

[CunT78]

[GHK+03]

[Jacl3]

[Kel05]

[Rob12]
[Rob13]
[TomO08]

[WZ09)]

ABSTRACT BIVARIANT CUNTZ SEMIGROUPS II 21

B. BLACKADAR, K-theory for operator algebras, second ed., Mathematical Sciences
Research Institute Publications 5, Cambridge University Press, Cambridge, 1998.
MR, 1656031\ Zbl 0597.46072.

N. P. BRowNn, F. PERERA, and A. S. Toms, The Cuntz semigroup, the Elliott con-
jecture, and dimension functions on C*-algebras, J. Reine Angew. Math. 621 (2008),
191-211. MR, 2431254. |Zbl 1158.46040.

K. T. Cowarp, G. A. ELLioTT, and C. IVANESCU, The Cuntz semigroup as an in-
variant for C*-algebras, J. Reine Angew. Math. 623 (2008), 161-193. MR 2458043\
Zbl 1161.46029.

J. CuNTz, Dimension functions on simple C*-algebras, Math. Ann. 233 (1978), 145—
153. MR, 0467332, |Zbl 0354.46043.

G. GIERz, K. H. HoOrmMANN, K. KEIMEL, J. D. LAWSON, M. MISLOVE, and D. S. SCOTT,
Continuous lattices and domains, Encyclopedia of Mathematics and its Applications
93, Cambridge University Press, Cambridge, 2003. MR 1975381\ Zbl 1088.06001.

B. JACELON, A simple, monotracial, stably projectionless C*-algebra, J. Lond. Math.
Soc. (2) 87 (2013), 365-383. MR 3046276\ Zbl 1275.46047.

G. M. KEeLLY, Basic concepts of enriched category theory, Repr. Theory Appl. Categ.
(2005), vi+137, Reprint of the 1982 original [Cambridge Univ. Press, Cambridge;
MRO0651714]. MR 2177301, |Zbl 1086.18001.

L. ROBERT, Classification of inductive limits of 1-dimensional NCCW complexes, Adv.
Math. 231 (2012), 2802-2836. MR 2970466. Zbl 1268.46041.

L. ROBERT, The cone of functionals on the Cuntz semigroup, Math. Scand. 113 (2013),
161-186. MR, 3145179. |Zbl 1286.46061.

A. S. Toms, On the classification problem for nuclear C*-algebras, Ann. of Math. (2)
167 (2008), 1029-1044. MR 2415391, Zbl 1181.46047.

W. WINTER and J. ZACHARIAS, Completely positive maps of order zero, Miunster J.
Math. 2 (2009), 311-324. MR 2545617, Zbl 1190.46042.

RAMON ANTOINE, DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCELONA,
08193 BELLATERRA, BARCELONA, SPAIN
Email address: ramon@mat.uab.cat

FRANCESC PERERA, DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCE-
LONA, 08193 BELLATERRA, BARCELONA, SPAIN
Email address: perera@mat.uab.cat

HANNES THIEL, MATHEMATISCHES INSTITUT, UNIVERSITAT MUNSTER, EINSTEINSTRASSE 62,
48149 MUNSTER, GERMANY
Email address: hannes.thiel@uni-muenster.de


http://www.ams.org/mathscinet-getitem?mr=1656031
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0597.46072
http://www.ams.org/mathscinet-getitem?mr=2431254
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1158.46040
http://www.ams.org/mathscinet-getitem?mr=2458043
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1161.46029
http://www.ams.org/mathscinet-getitem?mr=0467332
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0354.46043
http://www.ams.org/mathscinet-getitem?mr=1975381
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1088.06001
http://www.ams.org/mathscinet-getitem?mr=3046276
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1275.46047
http://www.ams.org/mathscinet-getitem?mr=2177301
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1086.18001
http://www.ams.org/mathscinet-getitem?mr=2970466
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1268.46041
http://www.ams.org/mathscinet-getitem?mr=3145179
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1286.46061
http://www.ams.org/mathscinet-getitem?mr=2415391
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1181.46047
http://www.ams.org/mathscinet-getitem?mr=2545617
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1190.46042

