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This paper deals with planar piecewise linear slow fast Liénard differential systems with three
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1. Introduction and statement of main results

Piecewise linear Liénard differential systems are very important within the realm of nonlinear dynamical
systems. On one hand there are many models coming from the real world which can be analyzed by
piecewise linear differential systems. It seems that piecewise linear differential systems can have almost all
the dynamical behaviours which occur in the smooth ones, see for instance [Bernardo et al., 2007; Chen &
Tang , 2017]. On the other hand it is showed that most of the piecewise linear differential systems can be
written in the Liénard form after some linear changes of variables, see [Freire, Ponce & Torres , 2012] for
example.
In this paper, we investigate the piecewise linear slow fast Liénard differential systems
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where € > 0 is sufficiently small and
ki(x — 1)+ ko if > 1,
f(x) =< kox if —1<x<1, (2)
ks(z+1) — kyif z < —1,

with k; # 0,7 = 1,2,3. Without loss of generality we assume that ko < 0. Otherwise we can do the change
X =x;Y = —y;T = —t, and then obtain ke < 0.
Doing the time rescaling 7 = et, systems (1) become

o 3)

Systems (1) are the fast systems, and (3) are the slow systems. Let ¢ = 0 in systems (1) and (3), then we
obtain the layer problem

dz
‘ @
dy _
a7
and the reduced problem
d (5)
—=a—-2x
dr ’
respectively.
We define the critical manifold of the slow-fast differential systems (1)
C={y=r=)} (6)

The different branches of C will be denoted
Cr={y=Fki(x—1)+ kg, z > 1},

Cy ={y=kox,—1 <z <1}, (7)
CL = {y = kg(lt + 1) — kz,l‘ < —1}.

Thus C = Cr U Cy UCL. It is obvious that Cr (resp. Cpr, Cp) is an attracting critical manifold when &k
(resp. ko, k3) positive, and Cp (resp. Cy, Cp) is a repelling critical manifold when kq (resp. ks, k3) negative.
We denote

Ay =k —4e, i=1,2,3. (8)

If k1 > 0, ks < 0 and k3 > 0 satisfying A; > 0 and As > 0, we say that the critical manifold C has S shape.
If either k1 > 0,k < 0 and k3 < 0 or k1 < 0,ks < 0 and k3 > 0 satisfying Ay > 0 and Ag > 0, we say that
the critical manifold C has U shape, see Fig.1.

In this spirit we call a limit cycle of systems (1) satisfying (2) a canard limit cycle if it contains both
attracting and repelling critical manifold. We obtain the following results on existence and uniqueness of
canard limit cycles of systems (1) satisfying (2) when the critical manifold C has S shape and U shape.

Theorem 1. Consider the continuous piecewise linear slow-fast Liénard differential systems (1) satisfying
(2). Assume that —1 < a <1, ks <0, Ay >0, Ag > 0, and € > 0 sufficiently small. Then the following
statements hold.

(1) If k1 < 0 and ks < 0, then there is no canard limit cycle.
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Fig. 1. The critical manifold of system (1) satisfying (2). Left: S shape. Right: U shape.

(II) For the case k1 > 0 and ks > 0, the singular point (a, koa) is surrounded by a canard limit cycle,
which is unique and stable. Furthermore,

(I1.1) If Ay > 0, then the canard limit cycle always has points in the three zones, which is a relazation
oscillation.

(I1.2) If Ay < 0 and 1 — a > 0 sufficiently small, then the canard limit cycle is contained only in the
middle and right zones.

(I1.3) If Ay < 0 and 1+ a > 0 sufficiently small, then the canard limit cycle is contained only in the
middle and left zones.

(III) For the case k1 > 0 and k3 < 0.

(II1.1) If Ay > 0, then there is no canard limit cycle.

(II11.2) If Ay < 0, then in the middle and right zones the singular point (a,kea) is surrounded by at
most one canard limit cycle, which is stable if it exists.

(IV) For the case k1 < 0 and ks > 0.

(IV.1) If Ay > 0, then there is no canard limit cycle.

(IV.2) If Ay < 0, then in the middle and left zones the singular point (a, kea) is surrounded by at most
one canard limit cycle, which is stable if it exists.

Statement (II) of Theorem 1 has been proved in the particular case ky = k3 > 0 in the papers
[Desroches et al., 2012, 2016; Freire et al., 2002; Garcia et al., 2015; Llibre, Nunez & Teruel , 2002]. In
the paper [Garcia et al., 2015] the authors investigated the existence of canard limit cycles for systems (1)
with k1 = 1, k3 = —1 but the middle zone is very narrow. There are also the papers [Abdelouahab, Lozi
& Chen , 2019; Nskano, Honda & Okazaki , 2005; Rotstein, Coombes & Gheorghe , 2012] generalizing the
continuous piecewise linear slow—fast Liénard differential systems into FitzHugh—Nagumo type systems.

2. Proof of Theorem 1
Let X = /e(a—z),Y =y — kaa and T = \/et, then systems (1) satisfying (2) become
dX

— =F(X)-Y,
v _
ar

where
Tr(X —v)+Tovif X > v,
F(X)={ TcX if —u< X <o, (10)

Tr(X +u) —Teuif X < —u.
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Note that systems (9) as well as function F(X) of (10) are well defined when e — 0 because X = y/e(a—x).

(I) For the case k; < 0,7 = 1,2,3. According to statement (a) of Theorem 5 in [Llibre, Ponce & Valls
, 2015], systems (1) satisfying (2) have no canard limit cycles because T;,i = L, C, R, are positive.

(IT) For the case k1 > 0, ko < 0 and k3 > 0, the existence and uniqueness of canard limit cycles can
be deduced directly from statement (b) of Theorem 5 in [Llibre, Ponce & Valls , 2015]. In the following we
clarify the range of canard limit cycle according to the sign of As.

The eigenvalues of the linear part of systems (1) satisfying (2) at their singular point are

—ki + VA, - ki — VA
A= L, A= Y&
! 2 ! 2
Recall that A; > 0, then the singular point Er = (a, k1(a — 1) + k2) is a stable virtual node with the
linear invariant manifold

TL: 7TC: aTR:

i=1,2,3. (12)

k1 + VA
y=7"7"5

Similarly, since Az > 0 the singular point E7, = (a, ks(a + 1) — k2) is a stable virtual node with the
linear invariant manifold

Igp: (x—a)+ki(a—1)+ky, z=>=1 (13)

ks + Az
Yy = 9

| (x—a)+ks(a+1)— ke, x<-—1. (14)

(IL.1) If Ag > 0, then the singular point Fc = (a, ksa) is a real unstable node. The canard limit cycle
must contain the portion of the linear invariant manifold

ko £+ v/Ag
V=T

| ol (x —a)+koa, —-1<2<1. (15)

Therefore the canard limit cycle cannot be contained in two zones.

(IL.2) If Ay < 0, then Ec = (a,kza) is a real unstable focus. Consider an orbit with initial value
(L,y1),y1 > 0, it will reach a neighbourhood of T'g in an O(e) time, see Fig.2. Since the manifold T'p
is attracting, the orbit target the central zone at the point (1,y2) for an O(1) time. According to the
Fenichel’s first theorem [Fenichel , 1979], the distance between the orbit and I'g is of the order O(e=1/¢),
where ¢; > 0 is a constant depending on y;. Thus the orbit reaches the central zone at the point (1,ys)
which is close to (1,yr), that is,

y2 = yr + O(e™/%), (16)
with

R:WEa—a)Jrkl(a—nwg. (17)

This orbit must spiral up to the focus E¢, and intersects the switching line x = 1 again. If 1 —a > 0 is
sufficiently small, then the focus is so near the vertical line x = 1 that such an orbit does not enter the left
zone. Thus we can build a positive invariant set containing the stable limit cycle. From the above analysis,
the limit cycle only uses the right and middle zones when 1 — a > 0 sufficiently small.

The case for a + 1 > 0 sufficiently small can be proved similarly.

(IIT) For the case k1 > 0, ko < 0 and k3 < 0, systems (1) satisfying (2) have at most two limit cycle
by Theorem 1.3 of [Chen & Tang , 2019].

(ITI.1) For the subcase Ag > 0. First we prove that there is no canard limit cycle located in the three
zones. Consider a point (0, yg) with yo > 0, see Fig.3. In forward time the orbit starting at (0, yp) will cross
from the central zone to the right zone at the point (1,y;), and then reach a neighbourhood of I'r in O(¢)
time. After that since the invariant manifold I'g is attracting, the orbit go along this critical manifold and
targets the central zone in a time of order O(1). Conditions (16) and (17) hold by Fenichel’s First Theorem.



Fig. 2. The orbit of system (1) satisfying (2) with k1 > 0,k2 < 0,k3 > 0 and Ay > 0,A3 < 0,A3 > 0.

Note that if k3 < 0 and Az > 0, then the singular point Fy, is a virtual unstable node with the invariant
manifold

f ) _k‘g—\/Ag
pYET

In backward time the orbit starting at the point (0, yg) will cross from the central zone to the left zone
at the point (—1,y3). The orbit will reach a neighbourhood of I'y, in O(g) time. After that, since 'y is
repelling, the orbit goes near this critical manifold and targets the central zone in a time of order O(1).
According to the Fenichel First Theorem, the distance between the orbit and T’y is of the order O(e=¢2/%),
where co > 0 is a constant depending on y3. Thus the orbit reaches the central zone at the point (—1,yy4)
which is exponentially close to (—1,yz), where

(x—a)+ks(a+1)— ke, x<-—1. (18)

y1 =y, + O(e™/%), (19)
with
ks — /DAg
YL = %(—1—@)+k3(a+1)—k2. (20)

Let (zc(t,y2),yc(t,y2)) denote the orbit of systems (1) satisfying (2) in the central zone with initial
value (1,%2), then the zeros of the closing equations

F(t7y2) = l'C(tayQ) +1= Oa

(21)
G(t,y2,y1) = yc(t,y2) —ya =0,
correspond to the canard limit cycles of systems (1) satisfying (2).
We shall prove that the closing equations (21) have no zeros. First we claim that if the system
F(t,yr) = zc(t,yr) +1 =10,
(22)

G(ta YR, yL) = yC(tv yR) —YyL = 07

has no zeros, then the closing equations (21) have no zeros. Now we shall prove the claim using the Implicit
Function Theorem. Indeed, using (16) and (19) we write system (22) as

fl(y27y475) = F(t7yR) = xc(t7y2) +1+ 0(6701/5) = 07

fo(y2,ya,€) = Gt,yr,yr) = yo(t,y2) — ya + O(e~ /%) = 0,



Fig. 3. The orbit of system (1) satisfying (2) with k3 > 0,k2 <0, k3 <0 and A; > 0,i=1,2,3.

The function (f1, fo) is C! in an open neighborhood of §¥ = (%2, %4,0) such that (f1, f2)(%2,%4,0) = 0
satisfies that

0% ) 21 )
0y 0Ya ore,, _ 2 kot <k2t>
det = t, 2 h 0, 23
ohy by | w TR T )7 (23
9y2 Oya
because
—1t(VKE—detkz)
zo(t,yo) = ‘ < k% —4e <2aeét<\/@+k2) —(a—1) (e'ﬁ\//"?gf46 + 1))
2y/k3 — 4e
f(a + 1)k2 <et\/k§—4£ _ 1) + 2y (615 k2—4e _ 1) >’
and

Ouc(tiye) _ 2 kgt .o (%M)
ay2 k:% —4e 2 ?

Here ¢ is the time that the solution (z¢(¢, y2), yo(t, y2)) starting at the point (1, y2) needs in order to arrive
at the point (1,y4). Since the determinant (23) is nonzero the Implicit Function Theorem proves the claim.

Recall that Ag > 0, the finite singular point E¢c = (a, k2a) is an unstable node. We obtain the explicit
expression of the solution of the central zone as follows:

retyn) = o = 5= e OV (kyfa+ 1) ~ 20 = (1 - 0}V
—I—ie%(_k?_m) (k2(a+1) = 2yr + (1 — a)V/Az),
2v/ Ay (24)
1 ¢
ye(t,yr) = kaa+ o e2(~R2V82) ((aky — yp) (ka — vAg) + 2(1 — a)e)
2
1
_27\/5 %( ka++v/Az) ((ak‘g — yR)(kQ =+ v/ AQ) + 2(1 — a)e) .
Substitute (24) into (22), from the first equation of (22), we obtain that
/A L(ka+VAy)
o — 4 62 (25)

+ .
(V32 — 1) (VAL = k1 + k) + VB (1 — 262 VA — o1Va)



Fig. 4. The orbit of system (1) satisfying (2) with k1 > 0,k2 < 0,k3 < 0 and Ay > 0,A3 =0,A3 > 0.

Replace (25) and (20) into the second equation of (22), we have
_263\/?2(;1

G =
(etVB2 — 1) (VAT — ki + ko) + VBa(1 — 232 tVB2) _ tVs)

(26)
with
G = (VA1 — k1 + /B3 + ks) vBaCosh (;\/E)
(ks (ks — ks — V/I53) + ko (ks — /AT + vB3)) Sinh Gm) (27)
(ks + VA3) VAT - 4¢) Sinh <;\/A7> .

Note that Ay = k% —4e > 0 and ky < 0, we introduce a new parameter Ko = ko/+/2, then Ky < —2. For
¢ > 0 sufficiently small we can expand G and obtain

2 2

Gi1=+K;—4 <l<: — T 2t> e%/2 4 0(e3/?).
3 k1

It is obvious that G has no zeros because k1 > 0,k3 < 0 and ¢ > 0. From this analysis we can conclude
that the closing equations (21) have no zeros, and thus systems (1) satisfying (2) have no canard limit
cycles contained in the three zones.

Second we consider canard limit cycles contained in two zones. It is obvious that there is no canard
limit cycles located in the middle and right zones because the invariant manifolds (15) exists. Note that
the traces of systems (1) satisfying (2) have the same sign in the left and in the middle zones, so canard
limit cycles also can not exist in there two zones.

(II1.2) For the subcase Ag = 0, that is ko = —24/e. First we consider the canard limit cycles contained
in three zones. Since A; > 0 and Az > 0, the invariant straight lines I'p and T';, given by (13) and (18)
respectively exist in the external zones. In the middle zone the finite singular point Ec = (a, kea) is an
unstable node with the invariant manifold

Te: y=—(r+aVe -l<z<l, (28)
see Fig.4. B

Let yr and g1, denote the intersection points of I'c with = 1 and = —1 respectively. From (28) we
have

yr=-(1+a)Ve,  gr=(1-a)/e (29)



For the fixed values k1 > 0, k3 < 0 and —1 < a < 1, since ¢ > 0 is sufficiently small, substituting
ko = —24/e into (17) and (20), we can expand yr and yy, as the following series

1 _
Yr = —2/¢ — az—: + o(e),
5 (30)
1+a
yL =2+ k: e+o(e).
3

Note that yr < yr and yr, > gy by (29) and (30). Suppose that there is a canard limit cycle contain in the
three zones, then it should contain the invariant line I'c given by (28). Since at all the points (—1,%) with
y € (yr,yr) the vector filed associated to systems (1) satisfying (2) points to left, there is a contradiction.

In a similar way to the proof of statement (III.1), we can prove that there are no canard limit cycles
contained in two zones when Ay = 0.

(IT1.3) For the subcase Ay < 0. The singular point Ec = (a, k2a) is an unstable focus. We claim that
there is a canard limit cycle contain in two zones. It is obvious that a canard limit cycle can not exist in the
middle and left zones, so we just need to consider the middle and right zones. Let X =z — 1,Y = ko — y
and T' = —t, then systems (1) satisfying (2) become

IV (31)
o7 = &A4=-X),

where A =a — 1 and

kX X >0,
F(X) = (32)
—koX if —2<< X 0.
For the case Ay < 0, note that A < 0 and A; > 0. According to statements (IV) and (V) of Corollary
3 of [Li & Llibre , 2019], there is a canard limit cycle surrounding the singular point (a, k2a), which is
unique and stable.
(IV) The proof of statement (IV) follows from (III) doing the linear change of variables X = —z,Y =
—y.
This completes the proof of Theorem 1.
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