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The discovery of room-temperature skyrmions in some magnetic materials has boosted the investigation of
their dynamics in view of future applications. We study the dynamics of skyrmions in the presence of defects
or borders using a deterministic (finding and solving a deterministic Fokker-Planck differential equation) while
probabilistic (the solution is the probability density for the presence of a skyrmion) approach. The probability that
a skyrmion becomes trapped in a pinning center or the probability of the survival of a skyrmion along a racetrack
are obtained as a function of temperature. The present work can be relevant in the design of skyrmionic devices
where the probability of finding skyrmions at a given position and time is crucial for their feasibility.
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Magnetic skyrmions are whirling magnetic structures that
can be found on certain magnetic materials [1]. Their small
size and high mobility have promoted them as promising
information carriers as well as basic elements in ultradense
magnetic memories, logic devices, or computational sys-
tems [2–6]. In ferromagnetic ultrathin films, it has been found
that skyrmions can be stabilized with the aid of interfacial
Dzyaloshinskii-Moriya (iDM) interactions with a heavy-metal
substrate [7–10]. The same mechanism allows the formation
of skyrmions in multilayers with alternate ferromagnets and
heavy metals [11,12]. The experimental discovery of room-
temperature skyrmions [13] has boosted the potentiality of
skyrmions for applications and, as a result, the study of their
current-driving dynamics at nonzero temperatures.

Skyrmionic racetracks were proposed to transport
skyrmions using the spin-orbit torque produced by a
spin-polarized current fed into a heavy-metal substrate [2,14].
In such systems, defects or granularity result in a threshold
current density for the activation of the movement [15–20] and
the borders of the track create a confining potential that sets a
driving velocity threshold above which the skyrmions would
escape [21–24]. At increasing temperature, the stochastic
effects on the skyrmions’ position [25–27] could compromise
their existence when approaching the borders or de-
fects [22,28]. Also, their topological protection is weakened,
which can lead to their collapse [22,29–32]. This stochastic
motion sets different conditions (or restrictions) on the appli-
cability of racetracks that should be addressed. In particular,
some questions arise: What is the probability for the skyrmion
to escape from a pinning center? What is the probability for
a skyrmion to overcome the racetrack border’s confining
potential? What is the probability of finding a skyrmion at a
given distance from the initial position after a given time?

At temperature T = 0 the movement of the skyrmion is
not probabilistic [21,23,33,34] and the previous questions do
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not apply. The inclusion of thermal effects in micromagnetic
simulations can be done either by using a stochastic Landau-
Lifshitz-Gilbert equation, Landau-Lifshitz-Bloch equation, or
by stochastic atomic spin dynamics [35–38]. Thiele’s equa-
tion [39], originally introduced for magnetic bubble domain
motion, with the inclusion of extra stochastic terms [stochas-
tic Thiele’s equation (STE)], is also used to study the dy-
namics of skyrmions [17,25,27,28,40,41]. In this case, it is
assumed that the skyrmion maintains its shape during the
movement (rigid approximation). Even at room temperature,
this assumption can be a valid approximation as shown for
Pt/Co/Ir, Pt/CoFeB/MgO, or Pt/Co/Ta multilayers [13,20].
In all these cases, the simulations for a single skyrmion have to
be repeated a large number of times and the average quantities
evaluated with the corresponding statistical dispersion.

Here, we use a deterministic, while probabilistic, approach
for studying the dynamics of skyrmions including tempera-
ture. We evaluate the effects of pinning potentials as well as
racetrack borders. Instead of solving the STE many times, we
solve the corresponding deterministic Fokker-Planck equa-
tion [42] (FPE) for the probability density of the presence
of a skyrmion as a function of time. The main advantages
of this approach are as follows: (i) One needs to solve the
FPE only once; (ii) some approximations can be analytically
worked out; (iii) FPE is a partial differential equation that
can be solved using well-known numerical techniques (even
commercial software); and (iv) complex potentials can be
included without a significant increase in the computation
time.

Some previous works have also used the same de-
terministic approach for studying the dynamics of rigid
skyrmions [26,43] (and vortices [44]). In Ref. [26] the mobil-
ity of skyrmions in a periodic potential was evaluated in the
stationary limit. Also, in Ref. [43] the steady-state velocity
(of antiferromagnetic skyrmions in this case) for the lowest-
order traveling wave solutions of the probability density was
obtained. In contrast to these works, here we obtain the full
time and position dependence of the solution of the FPE for
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the case in which rigid skyrmions travel in the presence of a
pinning site or along a racetrack. From these solutions, all the
probabilistic properties of the dynamics can be obtained.

Our starting point is the stochastic Thiele’s equation for a
rigid skyrmion moving on a magnetic ultrathin film (thickness
d , volume V ) with background magnetization pointing in the
−ẑ direction and located on the z = 0 plane. The movement of
the skyrmion is described by the position of its center of mass
whose time derivative is the velocity of the skyrmion Vs. We
consider here that the skyrmion is driven through dampinglike
torques produced by spin-polarized currents coming from the
spin-Hall effect after feeding an in-plane current JH in a
heavy-metal substrate [45]. The STE can be written as [46]

(G − MsαD)Vs + MsNVH + γ M2
s (Fext + Fst ) = 0, (1)

where G and D are the gyrocoupling and dissipation ma-
trix, respectively. N comes from the integration of the spin-
transfer torque term in the Landau-Lifshitz-Gilbert equation.
They all are 2 × 2 matrices whose elements are (u, v = x, y)
Guv = ∫

V M0 · ( ∂M0
∂u × ∂M0

∂v
)dV , Duv=

∫
V ( ∂M0

∂u · ∂M0
∂v

)dV , and
Nuv=(1/d )

∫
V ( ∂M0

∂u × M0)
v

dV . VH= − μBθH

eMs
(z × JH ), with

μB the Bohr magneton, θH the Hall angle, and e (>0)
the charge of the electron. In the present case, considering
axisymmetric skyrmions, Gxy = −Gyx ≡ G, Dxx = Dyy ≡ D,
Nxy = −Nyx ≡ −N , where G > 0, D > 0, and N > 0. All
other elements of the matrices are zero. γ is the gyromag-
netic constant (γ = 2.21 × 105 m A−1 s−1), α is the Gilbert
damping constant, and Ms the saturation magnetization. The
force terms Fext and Fst come, respectively, from the exter-
nal and stochastic forces.1 Fst is considered a white noise
with 〈Fst, j〉 = 0 and 〈Fst,i Fst, j〉 = 2αDkBT

γμ0Ms
δi jδ(t − t ′) [25], with

i, j = x, y, z, μ0 the vacuum permeability, kB the Boltzmann
constant, δi j the Kronecker delta, and δ(t − t ′) the temporal
Dirac’s delta.

For a given initial position of the skyrmion, the stochastic
nature of Eq. (1) results in different trajectories for each simu-
lated solution. However, the probability density of finding the
center of mass of the skyrmion at position r = (x, y) and time
t , p(r, t ), can be directly evaluated from its corresponding
FPE (see Supplemental Material for the derivation [47] ) that
can be written as

∂

∂t
p(r, t ) = −∇ · [p(r, t )(Vdrv + Vext )] + Dd∇2 p(r, t ),

(2)
where we have used the definitions

Dd = γ M3
s αDkBT

μ0(G2 + D2α2M2
s )

, (3)

Vdrv = −(G − αMsD)−1MsNVH , (4)

Vext = −(G − αMsD)−1γ M2
s Fext. (5)

Equation (2) is a convection-diffusion equation. The first
term on the right-hand side indicates that the probability

1Strictly, Fext and Fst do not have units of force, but we follow the
usual nomenclature.

density is transported at a velocity Vdrv + Vext, whereas the
second term is a linear, homogeneous, and isotropic diffusion
term with constant Dd . Actually, the FPE is also a continuity
equation

∂

∂t
p(r, t ) = −∇ · Jp(r, t ), (6)

where one can define the current of probability density
Jp(r, t ) = (Vdrv + Vext )p(r, t ) − Dd∇p(r, t ).

Equation (2) can be analytically solved in some cases. If
one considers a free skyrmion [no driving (VH = 0), no exter-
nal forces (Fext = 0)], whose initial position probability den-
sity is described by a Gaussian function centered at the origin
of coordinates with a given variance σ 2, p0(x, y) = N (0, σ ),
the solution of Eq. (2) is p(x, y, t ) = N (0,

√
σ 2 + 2Ddt ),

which indicates that the initial Gaussian distribution diffuses
without translation, maintaining the Gaussian shape, where
the variance is a linear function of the time and proportional to
the temperature. These results are in complete agreement with
Ref. [25] which used a completely different approach (thermal
agitation of classical spins on a triangular lattice) to monitor
the Brownian motion of skyrmions.

Another interesting analytical solution of the FPE is the
stationary (t → ∞) solution of the probability density when a
harmonic pinning center is present. In this case, if the pinning
center is at the origin, the force felt by the skyrmion can
be described by Fext = −k(xx̂ + yŷ) (k indicates the restor-
ing coefficient of the force, assumed constant). No driving
current is considered. The stationary solution of Eq. (2) is
found to be, independently of the initial probability density,

p(x, y,∞) = N (0,
√

MskBT
μ0Dd k ). It is also a Gaussian distribution

whose variance increases linearly with temperature and is
inversely proportional to k. This indicates that the skyrmion,
regardless of the initial position, will go to the pinning site,
jiggling around it with a variance that represents a competition
between the thermal diffusive effect and the attractive pinning
force.

Consider a more realistic case of a skyrmion driven by
current density JH which finds an attractive pinning center
whose force is described by [46]

Fext = −F0p
r
λ

exp

(
−|r|2

λ2

)
, (7)

where λ and F0p control the scope and the strength of the
pinning potential, respectively. Although only the position of
the center of mass of the skyrmion is evaluated, the rigid
model assumes a fixed shape of the skyrmions. However, its
radius can change in an order of magnitude from T = 0 to
room temperature [20,31]. Since λ in Eq. (7) is related to
the radius of the skyrmion [21], we set λ = Rs and we use
the results of Ref. [31] to find its dependence on T (see
Supplemental Material for the details [47]). λ(T ) increases
with temperature in a nonlinear way, with a larger slope at
larger temperatures. We assume that G and D are independent
of temperature (models predict that G is basically independent
of the radius and that D depends on the diameter/domain wall
width ratio [40,48]; we are thus assuming that the change in
temperature maintains this ratio constant).
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FIG. 1. Snapshots for the probability density p(r, t ) (color bar in units of 10−3 nm−2), evaluated at different times, indicated in each
figure in ns. The central green cross indicates the position of the pinning center and the solid blue square indicates the initial position. The
open blue squares indicate the initial position of the skyrmions considered in Fig. 2. The parameters used in this simulation are T = 150 K,
α = 0.3, Ms = 580 kA m−1, D = G = 4π , VH = 277.4 m s−1, λ(T ) = 38.3 nm, and F0p = 5.8 × 10−14 m2 A−1. See Supplemental Material
for numerical details and video [47].

We want to evaluate the probability that a skyrmion is
trapped by this pinning center, as a function of the temper-
ature. The resulting FPE [Eqs. (2)–(5) with Eq. (7)] has to
be solved numerically (see Supplemental Material [47] and
Ref. [49] for the numerical details). Results do depend on the
initial position of the skyrmion. As described in Ref. [46] for
T = 0, for a given VH below a threshold velocity, the solution
of Thiele’s equation yields two differentiated regimes depend-
ing on the initial position of the skyrmion: (i) The skyrmion
is trapped and (ii) the skyrmion escapes. Actually, there is a
saddle point in the T = 0 phase portrait of the trajectories that
determines if the skyrmion is or is not trapped, depending on
from which side of the saddle point the skyrmion is approach-
ing. However, at T > 0 these two regimes are not so clearly
differentiated. Due to the thermal diffusion, it is possible that
a skyrmion that would escape at T = 0 does not at T > 0.
The opposite is also true: A skyrmion that would be trapped
at T = 0 has some “thermal chance” of escaping. We show
in Fig. 1 some snapshots, at different times, of the calculated
probability density p(x, y, t ) in a region close to a pinning
center (indicated as a green cross) for a given initial position
(blue solid square) and a given temperature (T = 150 K).
We observe that some probability density escapes from the
pinning center. After a long time the situation stabilizes and
the probability of being trapped,

Pt =
∫

Sc

p(x′, y′,∞)dx′ dy′, (8)

can be evaluated. To evaluate Pt , we have considered a calcula-
tion window Sc of dimensions much larger than λ(T ) × λ(T ).
Note that the persistence of the driving currents makes that
the final probability density distribution is not centered on the
pinning site but at a nearby position [46,50].

In Fig. 2 we show the calculated Pt as a function of the tem-
perature, for different initial positions. At T = 0 the situation
is binary: Pt is either one or zero, depending on the initial
position. Increasing T , the potential well becomes broader
and shallower [due to the λ(T ) dependence], increasing the
probability for those skyrmions that would escape at T = 0
(red lines) to fall into the well at relatively low T . At the
same time, for those skyrmions that would be trapped at
T = 0 (blue lines) the probability of trapping decreases when
the potential becomes shallower, although the broadening
acts as a counteracting effect. Finally, at large T , regardless

of the initial position of the skyrmions, the thermal energy
overcomes the potential well and Pt goes to zero in all cases.
An increase in the F0p factor would shift the temperature at
which Pt goes to zero to higher values.

One of the important issues in the skyrmionic roadmap
is the transport along racetracks [2]. The feasibility of such
systems is based on the survival of skyrmions when they
are driven along the racetrack. We now want to evaluate the
probability of such a survival. Consider a long racetrack along
the x axis, with a width 2W in the y axis (the center line of the
racetrack is y = 0). The force over the skyrmion due to the
borders can be modeled as [21]

Fext = F0t
[ − e− W −y

λ + e− W +y
λ

]
ŷ. (9)

The corresponding FPE [Eqs. (2)–(5) with Eq. (9)] is also
solved numerically (see Supplemental Material for numer-
ical details [47]). In Fig. 3 we show the probability den-
sity evolving with time for two temperatures [T = 100 K in
Fig. 3(a), and T = 300 K in Fig. 3(b)] at a fixed driving

FIG. 2. Probability Pt that a skyrmion is trapped in a Gaussian
pinning center when it is driven by currents as a function of the
temperature, for different initial positions of the skyrmion, indicated
with the x coordinate with respect the green cross in Fig. 1 (the
initial positions are shown as open blue squares in Fig. 1). The blue
(red) dots correspond to cases where the skyrmion would be trapped
(escape) at T = 0. The rest of the parameters are the same as in
Fig. 1. The encircled point corresponds to the case of the snapshots
in Fig. 1.
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FIG. 3. Snapshots [(a) T = 100 K; (b) T = 300 K] of the prob-
ability density (color bar in units of 10−5 nm−2) for the central
position of a rigid skyrmion driven along a track, p(x, y, t ). In
each track, the blue dot (at left) indicates the initial position and
p(x, y, t ) at several times t (indicated in the figure in ns) are
plotted. The gray regions correspond to y’s such that W > |y| >

W − λ(T ). The parameters used are W = 150 nm, VH = 325 m s−1,
F0t = 5.325 × 10−14 m2 A−1, λ(T = 100 K) = 25.05 nm, λ(T =
300 K) = 70.33 nm. The rest of the parameters are the same as
in Fig. 1. See Supplemental Material for numerical details and
videos [47].

velocity VH below the threshold (thus, at T = 0, the skyrmion
would not escape from the track). When T > 0 there is some
probability of escaping through the borders due to thermal
diffusion.

One interesting figure of merit is the probability that a
skyrmion reaches a certain position along the track, which is
evaluated from the flux of current density through a section
of the track at position x [initially, the skyrmion is located at
(x, y) = (0, 0)],

Ps(x) =
∫ W −λ(T )

−W +λ(T )
dy′

∫ ∞

0
dt ′ x̂ · Jp(x, y′, t ′). (10)

Note that, in order to consider the radius of the skyrmion at
different temperatures, apart from considering λ(T ) in Eq. (9),
we have considered that the skyrmion escapes from the track
when |y| > W − λ(T ) (that is, when the “skyrmion border”—
not its center—reaches the track border). In Fig. 4(a) we
show Ps(x) at different temperatures. The region of Ps 	 1
corresponds to small distances where the skyrmion has not yet
reached the borders. The subsequent decay in the probability
indicates that, when the skyrmion is moving along the border,
the probability of escaping increases as it goes further away
[thus, the Ps(x) track decreases with increasing x].

In Fig. 4(b) we show Ps at a fixed value of x = xL, as
a function of temperature, for several values of the driving
velocity. In general, the probability of survival up to a given
distance decreases with increasing temperature. We observe
a plateau, even a slight increase in Ps(xL ) at intermediate
temperatures: The confining potential from the borders can
compensate the thermal diffusion (and the increase in the
radius of the skyrmion) up to a certain temperature and the
skyrmion can reach the desired xL. For large temperatures,
the borders are not able to compensate the diffusion and it
becomes less likely to reach xL.

FIG. 4. (a) Probability of surviving a certain distance x along the
track as a function of x, Ps(x), for different temperatures (indicated
in the figure). (b) Ps(xL = 1115 nm) as a function of temperature for
different driving currents (indicated in the figure). The parameters
not shown are as in Fig. 3. The encircled points in (b) correspond to
the simulations of Fig. 3.

Averages over infinite runs of the STE could give the same
information as the FPE. Comparing similar computational
times and/or precision, the presented calculations are a better
approach since the numerical errors in the solution of FPE
are orders of magnitude lower that the statistical errors in
the averages of the solutions of the STE (see Supplemental
Material for a comparison of both methods [47]).

Some of the most promising applications of skyrmions are
those based on the one-skyrmion one-bit principle. Knowing
the probability of finding a skyrmion at a given position and
time is crucial for assessing the viability of such systems at
room temperature. Since borders and defects are unavoidable
in realistic samples, the present results may help in the future
design of skyrmionic devices.
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(UE) for financial support. J.C.-Q. acknowledges a Grant
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