AB Diposit digital
de documents
Universitat Auténoma de la UAB
de Barcelona

This is the accepted version of the journal article:

Martin i Pedret, Joaquim; Ortiz Vargas, Walter Andrés. «Symmetrization
inequalities for probability metric spaces with convex isoperimetric profiley.
Annales Fennici mathematici, Vol. 45, Issue 2 (2020), p. 877-897. DOI
10.5186/aasfm.2020.4548

This version is available at https://ddd.uab.cat/record /291897
under the terms of the license


https://ddd.uab.cat/record/291897

SYMMETRIZATION INEQUALITIES FOR PROBABILITY
METRIC SPACES WITH CONVEX ISOPERIMETRIC PROFILE

JOAQUIM MARTIN* AND WALTER A. ORTIZ**

ABSTRACT. We obtain symmetrization inequalities on probability metric spaces
with convex isoperimetric profile which incorporate in their formulation the
isoperimetric estimator and that can be applied to provide a unified treatment
of sharp Sobolev-Poincaré and Nash inequalities.

1. INTRODUCTION

Let (2,d, 1) be a connected metric space equipped with a separable Borel prob-
ability measure p. The perimeter or Minkowski content of a Borel set A C (, is
defined by

oy oo B (AR) — p(A4)
=R
where A, = {z € Q:d(x, A) < h} is the open h—neighborhood of A. The isoperi-
metric profile I, is defined as the pointwise maximal function I, : [0, 1] — [0, c0)
such that

W (A) = 1 (n(A)),
holds for all Borel sets A. An isoperimetric inequality measures the relation between
the boundary measure and the measure of a set, by providing a lower bound on I,
by some function I : [0, 1] — [0, 00) which is not identically zero.
The modulus of the gradient of a Lipschitz function f on Q (briefly f € Lip(2))
is defined by

d(z,y)—0 d(x7 y)
The equivalence between isoperimetric inequalities and Poincaré inequalities was
obtained by Maz’ya. Maz’ya’s method (see [21], [20] and [8]) shows that given
X = X(Q) a rearrangement invariant space!, the inequality

W Hf—/ﬂfduHX < c|IVSll, . f € Lip(€),

2000 Mathematics Subject Classification. Primary 46E35.

Key words and phrases. Sobolev-Poincaré inequalities, Nash inequalities, symmetrization,
isoperimetric convex profile .

*Partially supported by Grants MTM2016-77635-P, MTM2016-75196-P (MINECO) and
2017SGR358.

**Partially supported by Grant MINECO MTM2016-77635-P.

This paper is in final form and no version of it will be submitted for publication elsewhere.

1i.e. such that if f and g have the same distribution function then I fllx = llgll x (see Section
2.2 below).
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holds, if and only if, there exists a constant ¢ = ¢(€2) > 0 such that for all Borel
sets A C Q,

(2) min (¢x (1(A4)), ox (1 — p(A))) < eu™(4),
where ¢x (t) is the fundamental function? of X :
ox(t) = lIxal x , with p(A) =t.
Motivated by this fact, we will say (2, d, ) admits a concave isoperimetric estimator
if there exists a function I : [0,1] — [0,00) continuous, concave, increasing on
(0,1/2), symmetric about the point 1/2, I(0) = 0 and I(¢) > 0 on (0, 1), such that
I,(t)>1I(t), 0<t<1
In his recent work the first author (see [16], [17]) proved that (£2,d, u) admits

a concave isoperimetric estimator I, if, and only if, the following symmetrization
inequality holds

ok * t k% .
(3) Jr) = fat) < o) IV @), (f € Lip(€2))
where f1*(t) = %fg fi(s)ds, and f} is the non increasing rearrangement of f with

respect to the measure u. If we apply a rearrangement invariant function norm
X on Q (see Sections 2.1 and 2.2 below) to (3) we obtain Sobolev-Poincaré type
estimates of the form3

() |- 22| <[ws

Example 1. (see [18], [19]) Let Q@ C R™ be a Lipschitz domain of measure 1,
X =LP(Q),1<p<n, andp* be the usual Sobolev exponent defined by p% = %— %,
then?

% .

) (ERCEAUIEY

t

~ ([ () = fH @D Lo o

Lr
follows from the fact that the isoperimetric profile is equivalent to I(t) = ¢, min(¢, 1—
t)1=Y" and Hardy’s inequality (here LP" P is a Lorentz space (see Section 2 below)).
In case that we consider R™ with Gaussian measure 7y, and let X = LP, 1 < p < 00,
then (compare with [12], [10]), since Ign q.,)(t) = t(log 1/t)'/2 for t near zero, we
have

I(t)

©  |eo-nos

= [ (50 = S5 ) o ogyor

Lp

where LP(logL)P/? is a Lorentz-Zygmund space (see Section 2).

In this fashion in [16], [17], [18] and [19], the first author in collaboration with
M. Milman were able to provide a unified framework to study the classical Sobolev
inequalities and logarithmic Sobolev inequalities, moreover embeddings (4) turn
out to be the best possible in all the classical cases. However the method used in
the proof of the previous results cannot be applied with probability measures with

2We can assume with no loss of generality that ¢x is concave.

3The spaces X are defined in Section 2.2 below.

4Here the symbol f ~ g indicates the existence of a universal constant ¢ > 0 (independent of
all parameters involved) such that (1/c)f < g < c¢f. Likewise the symbol f < g will mean that
there exists a universal constant ¢ > 0 (independent of all parameters involved) such that f < cg.
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heavy tails, since isoperimetric estimators of such measures are non concave. Let
us illustrate this phenomenon with some examples (see [7, Propositions 4.3 and 4.4]
for examples 2 and 3 and [22] for example 4).

Example 2. (a— Cauchy type law). Let a > 0. Consider the probability measure
space (R™,d, u) where d is the Fuclidean distance and p is defined by du(x) =
V=t dy with V : R™ — (0,00) convex. Then there exits C > 0 such that for any
measurable set A C R™

p*(A) > Cmin (u(A), 1 — p(A) e
Example 3. (Extended p-sub-exponential law). Let p € (0,1). Consider the proba-
bility measure on R™ defined by du(z) = (1/Z,) e~V @dx for some positive convex

function V : R™ — (0,00), then there exits C > 0 such that for any measurable set
ACR”?

1 1-1/p
+ .
pw(A) > Cmin (u(A),1 — pu(A <10g - ) .
) ()1 =l A) o8 L), 1= )
Example 4. Let (M™, g, ) be a n—dimensional weighted Riemannian manifold
(n > 2) that satisfies the CD(0, N) curvature condition with N < 0. Then for every
Borel set A C (M™, g)

p(A) > Cmin (u(A), 1 — p(A)) "N

Motivated by these examples, we will say (€2, d, 1) admits a convex isoperimetric
estimator if there exists a function I : [0, 1] — [0, 00) continuous, convex, increasing
on (0,1/2), symmetric about the point 1/2, I(0) = 0 and I(¢) > 0 on (0,1), such
that

I,(t)y>1I(t), 0<t< 1.

The purpose of this paper is to obtain symmetrization inequalities on probability
metric spaces that admit a convex isoperimetric estimator which incorporate in their
formulation the isoperimetric estimator and that can be applied to provide a unified
treatment of sharp Sobolev-Poincaré and Nash type inequalities. Notice that if T
is a convex isoperimetric estimator, then

min (¢, 1 —t) = I(t)

therefore (unless I(t) ~ min (¢,1 — t)), the Poincaré inequality
1= [ g <l s e Live,
I

never holds, that means from |V f| € L' we cannot deduce that f € L!, hence a
symmetrization inequality like (3) will not be possible since f;;* is defined if, and
only if, f € L!.

The paper is organized as follows. In Section 2, we introduce the notation and
the standard assumptions used in the paper. This Section also contains the basic
background from the theory of rearrangement invariant spaces that we will need. In
Section 3 we obtain symmetrization inequalities which incorporate in their formu-
lation the isoperimetric convex estimator. In Section 4 we use the symmetrization
inequalities to derive Sobolev-Poincaré and Nash type inequalities. Finally in Sec-
tion 5 we study in detail Examples 2, 3 and 4.
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2. PRELIMINARIES

We recall briefly the basic definitions and conventions we use from the theory of
rearrangement-invariant (r.i.) spaces and refer the reader to [2], [13] and [23] for a
complete treatment.

We shall consider a connected measure metric spaces (€,d, 1) equipped with a
separable, non-atomic, probability Borel measure u. Let M(£2) be the set of all
extended real-valued measurable functions on 2. By M () we denote the class of
functions in M(Q) that are finite y— a.e.

2.1. Rearrangements . For u € M;(Q), the distribution function® of u is given
by

y(t) = p{z € Q:u(z) >t} (t€R).
The decreasing rearrangement of a function u is the right-continuous non-
increasing function from [0,1) into [0, 00) which is equimeasurable with w, i.e.

pu(t) = pf{z € Q: u(z)] >ty =m{s € (0,1) : uj(s) >t} , teR
(where m denotes the Lebesgue measure on (0,1)), and can be defined by the
formula
uy,(s) = inf{t > 0y (t) < s}
The signed decreasing rearrangement of f is defined by

uX(t) =inf{s € R: pf{x € Q: p,(z) > s} < t},

o
It follows readily from the definition that
*
“w

(7) u:(0+) =esssupu and u)(00) = essinfu.

The maximal function u},* of u}, is defined by
wy,"(t) = 7 uy,(s)ds = 7 sup u(s)du : p(E)=t;.
0 E
This operation is subadditive, i.e.
(8) (u+ v):* (5) <uyt(s) + v (s).

Moreover, since uy, is decreasing, uy," is also decreasing and uy, < uy".

When no confusion ensues, because the measure is clear from the context, or we
are dealing with Lebesgue measure, we may simply write uv* and u**.

Definition 5. Let f € My(Q). We say that m(f) is a median value if
wlf > m(f)} > 1/2 and p{f <m(f)} > 1/2.

It is easy to see (see for example [16]) that fX*(1/2) is a median of f. Moreover,
if f has 0 median and fX is continuous then flf(l/2) =0.

5Note that this notation is somewhat unconventional. In the literature it is common to denote
the distribution function of |u| by g, while here it is denoted by H|y| since we need to distinguish
between the rearrangements of u and |u|.
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2.2. Rearrangement invariant spaces. We say that a Banach function space
X = X(Q) on (92,d, u) is rearrangement-invariant (r.i.) space, if
(9)

f € X and g is a p — measurable such that f; = g;, = g € X and | f[|x = ||gl/x-

If, in the definition of a norm, the triangle inequality is weakened to the re-
quirement that for some constant Cx, ||z +yl|x < Cx(||z] x + ||yl x) holds for all
x and y, then we have a quasi-norm. A complete quasi-normed space is called a
quasi-Banach space. We will say that X is a quasi Banach rearrangement-invariant
(q.r.i.) space if (9) holds.

If X is a r.i space, since u(Q) = 1, for any r.i. space X (2) we have

(10) L™(Q) c X(Q) c L),

with continuous embeddings.
A r.i. space X () can be represented by a r.i. space on the interval (0, 1), with

Lebesgue measure, X = X (0, 1), such that
Ifllx =1/l =

for every f € X. A characterization of the norm || - || 5 is available (see [2, Theorem
4.10 and subsequent remarks]).
A useful property of r.i. spaces states that if

/ fu(s)ds < / g,.(s)ds, holds for all r > 0,
0 0
then, for any Banach r.i. space X = X(Q),

Ifllx < llgllx -

Classically conditions on r.i. spaces can be formulated in terms of the bounded-
ness of the Hardy operators defined by

Pro = [ feas @ = [ 1%

The boundedness of these operators on r.i. spaces can be best described in terms
of the so called Boyd indices® defined by

Inh
(11) ax =inf ————* and ay = supm

s>1 Ins <1 Ins '’

where hx(s) denotes the norm of the compression/dilation operator Es on X,
defined for s > 0, by
@) o<t<s,
E“”f(t)_{o s<t<l.
It is well known that

P is bounded on X < @y <1,

(12) Q is bounded on X < ay > 0.

The next Lemma will be useful in what follows (see [15, Lemma 1]).

Lemma 6. Let Y be a r.i. space on (0,1). Let ¢y be its fundamental function.
Assume that ¢y (0) = 0. Then

SIntroduced by D.W. Boyd in [6].
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(1) If @y < 1, then for every @y < 7 < 1 the function ¢y (s)/s” is almost
decreasing (i. e. ¢ > 0 s.t. ¢y (s)/sT < chy (t)/tY whenever t < s).

(2) If oy > 0, then for every 0 < 7 < ay the function ¢y (s)/s? is almost
increasing (i. e. 3¢ > 0 s.t. ¢y (s)/s? < coy (t)/t7 whenever t > s).

(3) If ay > 0, there exists a concave function ¢y and constant ¢ > 0 such that

br(t) = ov(t) and oy (1)t < Sy(t) < cov (it

Associated with an r.i. space X there are some useful Lorentz and Marcinkiewicz
spaces, namely the Lorentz and Marcinkiewicz spaces defined by the quasi-norms

1
0
vy = 5w S @0x @, sy = [ L g0x(0).

Notice that
drr(x) () = dax)(t) = dx(t),
and that

(13) AX)Cc X Cc M(X).

2.2.1. Ezamples. Classical Lorentz spaces: The spaces LP? (Q) are defined by
the function quasi-norm

/a
W= ([ (i) )"

when 0 < p,q < oo, and
£l 00 = sup s'/Pfr(s),
0<t<1

when ¢ = oco. Note that || f[|, , = || f][, . (We use the standard convention || f[|,, ., =

1f1lso)-

Lorentz-Zygmund-spaces. Let 1 < p,¢ < oo and « € R. The spaces LP4(log L)
are defined by the function quasi-norm

! 9 g6\ /4
1£1p,q.0 = </0 (51/p(1 + lni)af;(3)> ;) .

Weighted q.r.i-spaces: Given X a r.i. space on Q and w a weight (i.e a positive
measurable function), we define

X(w) = {f Nl ) = 1wl ¢ < OO}'

It is easy to see that X (w) is a q.r.i-space. For example if X = L7(Q) and w(s) =
59/P=1 then

Li(w) = LP(Q)) .
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3. SYMMETRIZATION AND ISOPERIMETRY

We will assume in what follows that (£2,d, ) is a connected measure metric
spaces equipped with a with a separable, non-atomic, probability Borel measure p
which admits a convex isoperimetric estimator.

In order to balance generality with power and simplicity, we will assume through-
out the paper that our spaces satisfy the following:

Condition 7. We assume that 2 is such that for every f € Lip(Q2) and every
¢ € R we have that |V f(z)] =0, a.e. on the set {x: f(z) = c}.

Theorem 8. Let I : [0,1] — [0,00) be a convex isoperimetric estimator. The
following statements are equivalent:

(1) Isoperimetric inequality: for all Borel sets A C Q,

(14) ph(A) = I(u(A)).
(2) Ledouz’s inequality (cf [14]): for all f € Lip(Q),

(15) / T L)) < [ sl

(3) For all function f € Lip(Q), f:’ is locally absolutely continuous, and

(16) | t=rryneyas < [ 9 s

(The second rearrangement on the left hand side is with respect to the
Lebesgue measure).

(4) Bobkov’s inequality (cf [4]): For all f € Lip(QY) bounded with m(f) = 0,
and for all s > 0

(17) /Q (@) dyt < Bu(s) /Q V(@) dya + 5 Oy (),

t —
where Osc,(f) = esssup f — essinf f, and f1(s) = sup L
s<t<1/2 (1)

Proof. 1) — 2) By the co-area inequality applied to f (cf. [3, Lemma 3.1]), and
the isoperimetric inequality (14), it follows that

[ i@z [~ s > sy
Q —0
> [ty (eds

2) — 3) Let —oo < t; <ty < co. The smooth truncations of f are defined by

ta — 1 if f(z) > to,
@) =4 fl@)—t1 ift1 < f(z) <t

Obviously, f{* € Lip(Q), thus by (14), we get

| tgpenas< [ (952 @)d
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By condition 7
VI = V]

X{t;<f<ty}’

and moreover,

| tngtonas= | L (5

— o0 t1
Observe that, t; < z < t9,
pf 212} < ppa(2) < pdf > 11}

Consequently, by the properties of I, we have
ta
(18) [ (s > (t2 ~ ) min{T{f = ). 1S > 1)),
ty

Let us see that f:' is locally absolutely continuous. Indeed, for s > 0 and h > 0,
pick t; = f:’(s +h), ta = f;f(s), then

(19)  s<p{f(z) 2 fX(s)} < pya(s) < p{f(z) > fX(s+h)}<s+h.

Combining (18) and (19) we have,

(20 (FX(s) = FX(s W) minfI(s + 1), 1)} < [ IV F) du
{rX()<r<fX(s+h)}

which implies that fl'f is locally absolutely continuous in [a,b] (0 < a < b <

1). Indeed, for any finite family of non-overlapping intervals {(ax,bi)},_,, with

(ak,bx) C [a,b], and >, _, (bx — ax) < 4, we have

p{ \JAEK () < f < fX(an)} =D p{fx ) < f < fFlar)} <) (e —ax) < 6.
k=1 k=1 k=1

therefore, combining this fact with (20), we have

§ (f,f(ak) - f,f(bk))min{l(a),l(b)} < E (f;t(ak) - f;(bk))min{j(ak)’](bk)}
k=1 2

< E . d

S /{f:(b’“)<f<fl’(ak)} IV f(x)|du

_ / V£ ()| dp
Uiy LT () <f< S (ar)}

Z;:ﬂbk*ak) "
< / VAL (bt

~Jo
)
< /0 VAL (@t
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and the local absolute continuity follows.
Now, using (20) we get,

* _ X
(i (5) i” (s 4 1)) min(I(s+ h),I(s)) / . N
{Fi (s+R)<f<fi(s)}

IN

V()| dp

IN

1
= IV f()] d.
b J sk (s+my<r<st )}
Letting h — 0,
B
(—fX)()I(s) < = IV f(x)|du.
g 9s J =12 (o)}

Let us consider a finite family of intervals (a;,b;), i =1,...,m, with 0 < a1 <
b1§a2<b2§-~-§am<bm<1,then

! 0
=) ()1(s)d =~ V()| du(z) | d
/U1<i<m(ai7bi) ( fl’« ) (s> (8) ’ S /U1<i<m(a7',,b'i) (88 /{f|>f:(5)} ‘ f(xﬂ u<x)> ’

[V f(2)| dp()

I Ms i Mg

/{fu X o) <IFISF¥ (i)}

/ |V f(x)| du(x) (by condition 7))
fu (b <‘f‘<fu ai)}

V(@) dp(z)

Uy <1<m{fu (b)<IfI<f¥(as)}
o (bi—ay) y
< / IV fI% (s)ds
0

Now by a routine limiting process we can show that for any measurable set £ C
(0,1), with Lebesgue measure equal to ¢, we have

|E|
[myenis< [ v s
E 0
Therefore
t—*’~-*ss t “ () (s)ds
(21) [ oy eass [ (950 e

where the second rearrangement is with respect to the Lebesgue measure. Now,
. * . .
since |V ], (s) is decreasing, we have

(19715, () (5) = IV 11, (9),
and thus (21) yields
| om0y s < [ 1911 s
0 0

3) — 4) Assume first that f € Lip(2) is positive, bounded with m(f) = 0.
By 3) we have that f: = f (since f > 0) is locally absolutely continuous and
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[ (1/2) =0 (since m(f) = 0). Let 0 < s < z <1/2, then

1/2 /2 p1/2
/|f )| dp = fal dz-/ / x)dxdz =
0

- /Ol/zz(_f;)'(z)dz—5/01/2(—f;)’(z)dz+s/01/2(—f;)’(z)dz

1/2 =S5 *\/ 1/2 *\/
- / SR 1)+ s / (—12)(2)d=

s —g 1/2 o 1/2 o
< s T [Ty @i s [T sy e

1/2 1/2
< Bi(s) / (—f2)(2)(2)dz + s / (—f2)(2)de.
Since
1/2
s / (12 (2) = s(£2(0%) — £2(1/2)) < s Ose, ().

we get

/ (@) dpt < B(s) / (=12 (2)1(2)dz + 5 Osc(f)
Q 0
1/2
< Bi(s) / (= F2Y(I)” (Bt + 5 05, (f)
1/2
<A [ VI O+ s0sa.(f) (b (16)
= By(s) /Q V(@) da + 5 Osc,(f)

In the general case, we follow [4, Lemma 8.3]. Apply the previous argument to
ft = max(f,0) and f~ = max(—f,0), which are positive, Lipschitz and have
median zero, and we obtain.

| U@lda<ps) [ (9@ldnsOse,(£)
{r>0} {r>0}

/ F(@)] du < Bus) / IV f(@)]dp+ 5 Oseu(f).
{f<0} {f><0}

Adding the two inequalities and since Osc,,(f7) 4+ Osc,(f1) < Osc,(f), we get
(17).

4) — 1) This part was proved in [4, Lemma 8.3], we include its proof for the
sake of completeness. Given a Borel set A C () we may approximate the indicator
function x 4 by functions with finite Lipschitz seminorm (see [3]) to derive p(A) <
B1(s)put(A) + s, therefore if pu(A) =t

t—s < Bi(s)ut(A)
thus the optimal choice should be

t—s
10 = s 57y
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4. SOBOLEV-POINCARE AND NASH TYPE INEQUALITIES

The isoperimetric inequality implies weaker Sobolev-Poincaré and Nash type
inequalities, in what follows we will analyze both.

4.1. Sobolev-Poincaré inequalities. The isoperimetric Hardy operator @ is the
operator defined on Lebesgue measurable functions on (0, 1) by

1/2
sz(t)zt (s);(lz), 0<t<1/2,

where [ is a convex isoperimetric estimator. In this section we consider the possi-
bility of characterizing Sobolev embeddings in terms of the boundedness of Q.

Lemma 9. Let Y, Z be two q.r.i spaces on (0,1). Assume that there is a constant
Cy > 0 such that

(22) 1@t flly < Collfllz-

Then, there exists a constant C1 > 0 such that

|Qrflly <Crllflly,

where Q7 is the operator defined on Lebesgue measurable functions on (0,1) by

~ 1/2
Qrf(t) = f f(s);éz), 0<t<l.

Proof. Since

B _ 1/2 ds
Qrf(t) = x,1/2)t)Qrf(t) + X(1/2,1)(t)/t f(S)TS)
1/2 dS

= X01/2OR M +xa20® [ FE) 75

it is enough to prove the boundedness of x(1,2,1)(t) ftl/z

For ¢t € (1/2,1), we have that

1/2 ds t ds 1-t ds
/t f5) 55 = /1/2f<s>1(5) o PRSI

1/2

f1- 8)% (since I(s) = I(1 — s)).

1—-t
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Thus
1/2 ds 1/2 ds
t s)——| = t 1—s)—
xaen® [ 1675 B R AR
1/2 ds
= |[xa/2,n(1—1) f(1- S)@ (since |||y is r.i)
t 1%
1/2 ds
= ||x(0,1/2)(%) f(l=s)+—
t I(s) v

< C|x.1/2)(t) f(1 = B,
< C | F®)(x0,1/2)(1 = f))HZ (since [|-||x is 1.i)
<C HX(1/2,1)(t>f(t)Hz
<Clfllz-
O

Theorem 10. Let Y be a q.r.i. space on (0,1), and let X be a r.i. space on .
Assume that there is a constant C > 0 such that

(23) 1Qiflly <Clflx
then, for all g € Lip(Q)) we have that

inf ||(g —); | = 119glllx -

Proof. Given g € Lip(Q), by part 2 of Theorem 8, g;f is locally absolutely contin-
uous on (0, 1). Thus, for ¢ € (0,1), we have that

1/2

(~g%)’ (s)ds &

t [ oy o
= |@r (a2 1)) )]

lgX(t) — gX(1/2)| =

Then
llg® = gx /2|l = || ((—9%) 1) @)
< H (~g*)’ (.)1(.)HX (by (23) and Lemma 9)
= IVyllly  (by (16)).
Therefore
int (o - e, = int o -k @,
< |lgx @ =g/,
=MVl x -

O

Theorem 11. Let X be a r.i. space on ). Assume that ax > 0 or that there is
¢ > 0 such that the convez isoperimetric estimator I, satisfies that

/2 gg
(24) /t %gc%7 0<t<1/2
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Then, for all g € Lip(QY), we have that

o=, 02| =1l

29) 2%

Moreover, if Y is a q.r.i. space on (0,1) such that
(26) lQrflly 2N fllx

then for all p—measurable function g on Q, we have that

In particular, for all g € Lip(Q2), we get

*
Iully =

- 02| <0l

inf H(g — C);H = inf
X

ceR Y ceR

Proof. We associate to the r.i. space X, the weighted q.r.i space Z on (0, 1) which
quasi-norm is defined by

151 = |02

We claim that there is C' > 0 such that

1Qiflz <Clflx,

and therefore (25) follows by Theorem 10.
Case 1: ayxy >0:

1/2 <\ 12 o\
¢ . ] .
1/2 .
- Isft)/t £ (s) I(fs) _ (since Qr |f] (t) is decreasing)
_ I(t) 1/2 s ds
S AL I()HX
1/2 . )
= /t |f(s)] % (since ) decreases)

IA

[fllx  (since ax > 0).

Case 2 : The convex isoperimetric estimator satisfies (24).
Consider @ defined by

Qrft) = @Qlf(f)-

We claim that Qr : L'(0,1) — L(0,1) is bounded, and Q; : L>(0,1) —
L>(0,1) is bounded, then by interpolation (see [13]) Q; will be bounded on X.
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Thus

X

10171 < 12117l = | " @i 1) o
_ H“t%f 10 (since Qr171()is dcreasing)

X
= |@rir1)
= IIflx

and Theorem 10 applies.

We going to prove now the claim.
I(t)

X

By the convexity of I, =~ is increasing for 0 < ¢ < 1/2, thus
/s @dt < I(s),
o ¢t
therefore
~ 1 ~
@], < [ @i
B 1/2 I(t) 1/2 ds
-3 (/ |f<s>|1(8)) dt
VO ()
=) ()
1/2
< d
<[ e
=11y
Similarly,
|@ur] < s Qramn®
I(t) [Y? ds
<m0 el
<

o (10 77 as
||f||°oo<st<1?/2< 3 /t I(s)

<clflle (by (24)).

To finish the proof of Theorem it remains to see that

(27) 1]y =

Let Cy be the constant quasi-norm of Y, then

(28)

[ filly = 1 Fn@®x0.172)®) + Fi®)x1/a1/2) () + Fi(Oxa/2.8/0 @) + Fi (x|
<ACY || £ (O x0,1/9 @)y -
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Since f; is decreasing,

1 [t . ds 12 I(s) ds
Fu®x01/9(t) = 1n2//2 #(s)? 2 s fu(s )X(o,1/4)(5)?m.
Thus
@) 500l = @ (50x0mO ™) o2
v
< | fsermanme 2| v eo)
<m0
e L)
= f“(t)tH
Combining (28) and (29) we obtain (27). O

Remark 12. If g € Lip(Q) is positive with m(g) = 0, then it follows from the
previous Theorem that

4.2. Nash inequalities. In this section we obtain Nash type inequalities. We will
focus in the following type of probability measures.

072 <l

Definition 13. Let pu be a probability measure on ), which admits a convex isoperi-
metric estimator I.

(1) Let a > 0. We will say that u is a— Cauchy type if
I(t) = ¢, min(t,1 — )11/«
(2) Let 0 < p < 1. We will say that p is a extended p—sub-exponential type if
1 1-1/p
I(t) = ¢, min(t,1 —t) <log mm(t71—t)> .
In both cases c,, denotes a positive constant.

Theorem 14. The following Nash inequalities holds:

(1) Let o be ao—Cauchy type. Let X be a r.i. space on Q with ay > 0. Let
1< g < oo such that 0 < 1/q < ax. Then for all f € Lip(Q?) positive with
m(f) =0, we have

£l = min (7 IV AL + 1l 0 63 (/7).

(2) Let pu be extended p—sub-exponential type. Let X be a r.i. space on Q) . Let
B > 0. Then for all f € Lip(Q) positive with m(f) =0, we have

L _1
1Al 2 MVANS™ IS H‘”( a1y A0y
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Proof. Part 1. Let f € Lip(Q) positive with m(f) = 0 and let w(t) = t~ 1/
(0 <t<1/2).Let r > 1 and let 8 > 0 that will be chosen later. Then

wl(t) w(t)\”
30 f :f*g‘f*tpr tH +f*t< prt
( ) H ||X ‘ 17215°¢ ”()w(t) {<)}())_{ p() w(t) {>}())—(
< ()¢ *ﬁ‘ ()P %y o e ( H
<r|ree|| e | O N @)
=1 ||| 4| e e @)
< |l )t/ —B qup(t1/4 £* (¢ Ht—ﬁ/a—l/q NG H
< arhe] P supt /g ) Xm0 ¢
< ()¢ —B Ht*ﬂ/a*/q Ca tH by (1
<r |00 4 1l X0, o (v (13)
* 1/ —B m —ﬂ/(x—l/q¢X(t>
j r fp,(t)t e +r Hf”q,oo 3 T (by Lemma 6)
0
=r||frt)Ee X+r‘ﬂHf||q,oo J(r).

Let 0 <1/g <~ < ay, by Lemma 6,
/T tfﬁ/afl/q ¢X(t) = ¢X(T7a) /T t—ﬁ/afl/qu’y*l.
0 0

=y T ey

At this stage we select 0 < 8 < a(y —1/q), then

/ " Blam et L ma(-Bla1/at)
0

thus
J(r) = gZ)X(r*"‘)rﬁJra/q.

Inserting this information in (30) and by Remark 12, we get
10 = v || £ @8]+ 11l (e
<NV Allx + 1 llg 00 &x (rm*)r/ .

1_
Part 2. Let f € Lip(Q2) positive with m(f) = 0 and let w(t) = (In })? fo<t<1/2).
Let r > 1 and 8 > 0.

e w(t)
fu(t)w(t)X{w«)}(t)HX +

f2 0 (lni)lé

=r |||vf|”X(1og(l)ﬁ<%’1))

We finish taking the inf for r > 1. (]

o (45) o ®

”fHX = ’ w(t)

p

o <

X

<r —|—r*'8

1>5(51)

jite) (g

+7r77)flx (by Remark 12).

Remark 15. Let X be a r.i. space on Q with ax > 0. Let 1 < ¢ < oo such that
0<1/q < ax. Then
LT (Q) C A(X) C X (92).
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Effectively, by Lemma 6

1
1l = [ F02a <, [ 2w

The last integral is finite since takmg 0<1/g<~v< ay, we get
1 1
ox(t) 4 :/ patr-19x () ) < / /oty =1 <
tY

141
t1+1/q 0 0

0
5. EXAMPLES AND APPLICATIONS

In this section we will apply the previous work to the probability measures
introduced in examples 2, 3 and 4.

5.1. Cauchy type laws. Consider the probability measure space (R™,d, ) where
d is the FEuclidean distance and p is the probability measure introduced in Example
2. Such measures have been introduced by Borell [5] (see also [4]). Prototypes of
these probability measures are the generalized Cauchy distributions™:

1 1/2\ ~(nte)
du(z) = 7 ((1 + |x\2) ) , a>0.

A convex isoperimetric estimator for these measures is (see [7, Proposition 4.3]):
I(t) = min(t,1 —t)' T/,
Obviously for 0 < ¢t < 1/2, we have

2 gs - t
" 81+1/a — t1+1/a'

Thus by Theorem 11, given a r.i. space X on R" we get

. min(t,1 — )1/«
i |l —
int |9 - o =5

=2 IVdlllx s (g9 € Lip(R™)).
X

Proposition 16. Let 1 <p < o0, 1 < ¢ < oco. For all f € Lip(R™) positive with
m(f) =0, we get
(1)

1Al e g 2Vl q -
(2) Foralls>p
1£1lp.q = V£

where 3 = oz(1 1.

el il

Proof. 1) By Theorem 11 we get

s, L
ta <IVf
e 1Vl

Now by [13, Page 76] we have that
q ! 1 * 179 dt Lo adt
=" = tE*t)tE}—’—V/ (52 050) = = 1%
e / IGIAG F= 50) T =1,

"These measures are Barenblatt solutions of the porous medium equations and appear naturally
in weighted porous medium equations, giving the decay rate of this nonlinear semigroup towards
the equilibrium measure, see [24] and [9].
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2) is a direct application of Theorem 14. O
Remark 17. If in the previous Proposition we take p = q = 1, we obtain
(31) [/ B 1 0 1 P
If% = % + 5 then we get
(32) 141, pcsser < NIV AL, s
Forp>1 and s = oo, we have that

_B_ 1

(33) 11, = VAN AT

Inequalities 31 and 32 were proved in [22, Proposition 5.13]. Inequality 33 was
obtained in [22, Proposition 5.15].

We close this section with the following optimality result:

Theorem 18. Let o > 0. Let X be a r.i. space on (0,1) and let Z be a q.r.i. space
n (0,1). Assume that for any probability measure u be of a—Cauchy type in R™,
there is a C,, > 0, such that for all f € Lip(R™) positive with m(f) =0, we get

A PR 2

<
Then for all g € Lip(R™)
1(t)

QZ(t)t‘ )
X

ol <|

Proof. Let pu be the Cauchy probability measure on R defined by

du(s) = %ds =p(s)dz, seR.

2 (1+ |3|2) ?
It is known (see [7, Proposition 5.27] and [11]) that its isoperimetric profile is given
by
L(t) = ¢ (H'(t)) = a2"*min(t, 1 — ¢)" T/, te0,1],
where H is the distribution function of u, i.e. H : R — (0,1) is the increasing
function given by

H(r)= /T o(t)dt.

—0o0

Consider on R™ the product measure p™, by Proposition 5.27 of [7] the function

I(t) = c—aa min(t, 1 — ¢)+1/«

nl/
is a convex isoperimetric estimator of u™ (¢, denotes a positive constant depending
only of a).
Given a positive measurable function f with suppf C (0,1/2), consider
1
ds
F(t :/ f(s , te(0,1),
0= se7g e
and define
u(z) = F(H(z1)), x € R™
Then,
o) H'(x4)
V(o) = | gu(o)| = | s o) | = stan)
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Let A be a Young’s function and let s = . Then,

A(S(H (2 /A D)du(ar)
=/mmw8
0

()= 1),

n=[ 16

Since m(u) = 0, by the hypothesis we get

M%@

Rn

Therefore, by [2, exercise 5 pag. 88]
|Vu

Similarly

pell
< C;t" |Vf|;n

= Cun 177l x
= Cun [[fllx -

=l
Z

Finally, from
a2l/apl/a
Lu(t) = ————1(t)

Ca
we have that

caCun
1Q1fllz < W /1%
and the results follows by Theorem 11. (I

5.2. Extended p—sub-exponential law. Consider the probability measure on

R™ defined by

1 »
du(x) = Z—e_v(x) dx = p(z)dx

P
for some positive convex function V : R™ — (0,00) and p € (0, 1).

A typical example is V(z) = |z|P, and 0 < p < 1, which yields to sub-exponential
type law.

A convex isoperimetric estimator for these type of measures is (see [7, Proposition
4.5] and [11]):

1 1-1/p
I(t) = in(t,1 —1t)(log—— .
(t) = ¢y min (¢, %%m@pﬁ
By Theorem 11, given a r.i. space X on R" with ay > 0, we get

1-1/p
. cpmin (t,1—1) (10g m)
Inf || (g — ), t

=Vyllx, (g€ Lip(R")).

X
In the particular case that X = L™? we obtain

Proposition 19. Let 1 <r < o0, 1 < g < oco. For all f € Lip(R™) positive with
m(f) =0, we get
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(1)
Hf||LTw<I(]0gL)1*1/P j |||vf|||'r,q .
(2) Forall >0

B L
11l = IV AUET A1 o 0170

Theorem 20. Let p € (0,1). Let X be a r.i. space on (0,1) and let Z be a q.1.i.
space on (0,1). Assume that for any extended p— sub-exponential law p in R™, there
is a Cy > 0, such that for all f € Lip(R™) positive with m(f) =0, we get

120, < €| vt

% .

Then, for all g € Lip(R™), we get

Proof. Let i be the probability measure on R with density

g;|zj‘

o

QZ(t)T )
X

o—lsl?

Zp

du(s) = ds = p(s)ds, seR.

Its isoperimetric profile is (see [7, Proposition 5.25])

1-1/p
I,(t) = (H'(t)) = cpmin (t,1 — t) (log mm(tll_t)> , tel0,1],

where H is the distribution function of p, i.e. H : R — (0,1) is defined by
T
H(r)= / o(t)dt.
—o0

Consider on R™ the product measure u™, by Proposition 5.25 of [7], there exists a
positive constant ¢ such that the function

n 1-1/p
I(t) = cmin (¢,1 — ) (log Y - t)) )

is a convex isoperimetric estimator of ™
Let f be a positive measurable function f with suppf C (0,1/2), consider

ds
IM(S)’

1
F(t) = / £(s) te(0,1),

and define
u(z) = F(H(z1)), x € R™

Using the same method that in Theorem 18, we obtain

Vil ()= 170 s e 0) = [ )77
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Since m(u) = 0, by the hypothesis we get

= [lwinll;

< Gy 19112

=Cur 11 ()l 5

= Cun |1 fll5 -
Finally, from

I,(t) ~I(t)
we have that
1Qrfllz = Iflx-

and Theorem 11 applies. ([

5.3. Weighted Riemannian manifold with negative dimension. Let (M", g, 1)
be a n—dimensional weighted Riemannian manifold (n > 2) that satisfies the
CD(0, N) curvature condition with N < 0. (See [22, Secction 5.4]).

A convex isoperimetric estimator is given by

I(t) = min(¢,1 —t)~ YN,
Obviously for 0 < t < 1/2, we have

12 ds t
7 v
/t s—1/N — (—1/N°

Thus by Theorem 11, given a r.i. space X on R" we get
min(t,1 — )~ /N

(9 =), ]

b

t
In particular if 1 § < 00,1 <g<o0)and X = LP9, then for all f € Lip(R™)
positive with m(f) =0, (1 <p , 1< g <o0)

inf =Vyllx. (g € Lip(R™)).

ceR

||fH’y,q j |||vf|||p’q °

where v = % for any p, ¢ satisfying % <p< =N and % = % — % — 1.
And by Theorem 14, we have that

1£1lp,q =
where s > p and § = a(% -1
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