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THE TWO-PHASE PROBLEM FOR HARMONIC MEASURE IN VMO
MARTI PRATS AND XAVIER TOLSA

ABSTRACT. Let QF € R™! be an NTA domain and let 2~ = R™™ \ Q+ be an NTA domain as
well. Denote by w' and w™ their respective harmonic measures. Assume that Q7 is a §-Reifenberg
flat domain for some § > 0 small enough. In this paper we show that log % € VMO(w™) if and
only if Q7 is vanishing Reifenberg flat, Q" and Q™ have joint big pieces of chord-arc subdomains,
and the inner unit normal of Q% has vanishing oscillation with respect to the approximate normal.
This result can be considered as a two-phase counterpart of a more well known related one-phase
problem for harmonic measure solved by Kenig and Toro.

1. INTRODUCTION

In this paper we study a two-phase problem for harmonic measure in R"*!. The study of this
type of problems has been a subject of thorough investigation in the last years. Roughly speaking,
given two domains Q1, Q™ C R"! whose boundaries have non-empty intersection, one wants to
relate the analytic properties of the respective harmonic measures w™,w™ in 9QT N 9N~ with
some geometric properties of QT NN . For example, the recent works [AMT2], [AMTV], which
solve a long standing conjecture of Bishop [Bi], show that if w* and w™ are mutually absolutely
continuous in some subset £ C 9Q7 N 9N~, then w'|g and w™|g are n-rectifiable measures,
that is, they are concentrated in an n-rectifiable subset of E¥ and they are absolutely continuous
with respect to the Hausdorff n-dimensional measure H". Recall that a set F' C R? is called
n-rectifiable if there are Lipschitz maps f; : R — R, i = 1,2,.. ., such that

(1.1) 1 (F\U, fi(R™) =0.

Let us remark that inn a previous work, Kenig, Preiss, and Toro [KPT] had already shown that,
under the additional assumption that QO and Q~ are non-tangentially accessible (NTA) domains
with Q= = R**1\ QF, the mutual absolute continuity of w and w™ implies that both harmonic
measures are concentrated in a set of Hausdorff dimension n, which is n-rectifiable in the particular
case that 9Q™ has locally finite Hausdorff n-dimensional measure. See also [AM] for another more
recent work which extends this and other results in different directions, in particular it applies
to more general domains and also to the case of elliptic measure associated to elliptic PDE’s in
divergence form associated with matrices with VMO type coefficients.

In other related problems of more quantitive nature one assumes stronger quantitative analytic
conditions, and consequently one tries to obtain some rather precise quantitative geometric infor-
mation. For instance, Kenig and Toro in [KT3] showed that, given two NTA domains Q*, Q™ so
that Q= = R**1\ QF and QF is 6-Reifenberg flat for some § > 0 small enough, if w* and w™ are

mutually absolutely continuous and log ZZ—; € VMO(w™), then 9O is vanishing Reifenberg flat.
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search Council under the grant agreement 834728-QUAMAP. .
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See Section 2.3 for the notions of NTA domain, Reifenberg flatness, vanishing Reifenberg flatness,
and VMO.

In another series of papers [KT1], [KT2], [KT4], Kenig and Toro also studied the so called one-
phase problem for harmonic measure in chord-arc domains, which has a strong connection with
the main results we will prove in this paper. By a chord-arc domain we mean an NTA domain
Q C R"*! whose surface measure H"|gq is n-AD-regular (see (2.1)). Some of the main results in
that series of papers of Kenig and Toro can be summarized as follows.

Theorem A (Kenig, Toro). Let Q C R"*! be a bounded chord-arc domain which is §-Reifenberg
flat, with 6 > 0 small enough. Denote by w the harmonic measure in ) with pole p € Q and write
o =H"|sq. Then the following conditions are equivalent:

d
(a) log d—w € VMO(o).
o
(b) The inner normal N to 0 exists o-a.e. and it belongs to VMO(0o).

(c) Q is vanishing Reifenberg flat and the inner normal N to 02 exists o-a.e. and it belongs
to VMO(o).

The preceding theorem is not valid without the §-Reifenberg flatness assumption on the domain.
Indeed, as shown in [K'T2, Proposition 3.1], the harmonic measure with pole at infinity in the cone
Q = {(z1, 22,23, 74) € R*: 27 + 23 + 23 < 2%} coincides with its surface measure, while it is clear
that the inner normal does not belong to VMO(o), by the singularity at the origin. By modifying
suitably this domain, one can obtain a bounded chord-arc domain with similar properties. See
also [AMT3], where it is shown that, in R3, if both © and its exterior domain are NTA, then the
Reifenberg flatness assumption in Theorem A is not necessary.

Concerning the two-phase problem, by analogy with Theorem A, one should expect that the
assumption that Q7 and Q= are NTA and J-Reifenberg flat and the fact that log 3:’—; € VMO(w™)
imply that the inner unit normal N of Q% belongs to VMO(w™).

Recently Engelstein [En] proved (among other results) that if one strengthens the VMO condi-
tion on w™ by asking log ij—; € C? for some o > 0 (still under the d-Reifenberg flat assumption)
then the inner unit normal N of QF belongs to C% and QF is a C'** domain. His work uses
Weiss type monotonicity formulas, among other tools, and such methods cannot be applied to the
VMO case, as far as we know. Remark that if one does not impose the Reifenberg flat condition
on QF, then there may be singular points in the boundary 9Q%, i.e. points whose blowups are
not flat (still under the assumption log% € C%). In the recent papers [BET1] and [BET?2]
Badger, Engelstein and Toro have obtained very remarkable results about the structure of the
singular set. First, in [BET1] they have proven the existence of some stratification theorem for
the singular set (just assuming that log % € VMO(w™)), and then in [BET2] under the stronger

condition log Z‘;—; € C?* they have proven the uniqueness of the blowup at singular points. Again
their methods rely strongly on the use of Weiss type monotonicity formulas which, apparently,
are not useful in the VMO case. It is also worth mentioning that the work [AMT4] contains a
quantitative version of the solution of the two-phase problem in [AMT2] and [AMTYV] described
above.

In the current paper we obtain a characterization of the condition log 3:—; € VMO(w™) in terms
of the oscillation of the unit normal of the boundary and other geometric conditions. Our precise
result is the following.
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Theorem 1.1. Let QF C R™! be a bounded NTA domain and let Q= = R"1\ QF be an NTA
domain as well. Denote by w™ and w™ the respective harmonic measures with poles p™ € QT and
p~ € Q7. Suppose that QF is a §-Reifenberg flat domain, with § > 0 small enough. Then the
following conditions are equivalent:

dw
(a) wT and w™ are mutually absolutely continous and log F € VMO(w™).
(b) Q7 is vanishing Reifenberg flat, the inner normal N to Q" exists w'-a.e. and it belongs
dw™ dw™
to VMO(w™), and both —— 5 € Bsjo(w™) and = Bso(w™).

(c) QF is vanishing Reifenberg flat, the inner normal N to 00" exists wt-a.e. and it belongs

dw™ dw™
to VMO(w™), and either —— ToF € Bso(wt) or 7= € Bsgja(w™).

(d) Q7 is vanishing Reifenberg flat, QT and Q= have joint big pieces of chord-arc subdomains,
and

(1.2) lim sup ][|N Np|dwt =0,
=0 r(B)<p

where Np is the normal to the n-plane L pointing to QT and minimizing
max{ sup dist(y, L), sup dist(y, 89)}
yedONB yeLNB

Some remarks are in order. First, recall that Bj /2(w+) is the class of functions satisfying a

reverse 3/2-Holder inequality with respect to w™. So ﬁ € Bsjy(w™) means that for any ball B

centered in 00T,
_\ 3/2 _ 3/2
[ ()" <o (8"
B \dwt w+(B)

for some fixed constant C' > 0. Second, the assumption logﬁi—; € VMO(w™) implies that
W™ € Aso(w™) (see Lemma 3.1), which in turn is equivalent to the fact that QT and 2~ have joint
big pieces of chord-arc subdomains, and also to the fact that both w™* and w™ have big pieces of
uniformly rectifiable measures, as shown recently in [AMT4] (for this result to hold, the Reifen-
berg flatness condition on Q% is not required; one only needs Q* and Q= to be NTA domains).
See Section 2.3 for the notion of joint big pieces of chord-arc subdomains, and (2.3) for the defi-

nition of big pieces of uniformly rectifiable measures. In fact, the condition log ‘;Zj—; € VMO(w™)
together with the John-Nirenberg inequality implies that fil‘:)—; € By(w™) for any p € (1,00), and
in particular for p = 3/2. So our contribution in the implication (a) = (b) is that the unit normal
N belongs to VMO(w™) under the condition (a) (recall that the vanishing Reifenberg flatness
follows from [KT3]).

Notice that the condition (d) is essentially of geometric nature, providing a geometric charac-

dw
terization of when log JoF € VMO(w™), which is a property of more analytic nature. The vector
w

Np should be considered as an approximate normal to 02 in the ball B. We do not know if
the condition (1.2) in (d) can be replaced by the (a priori) weaker condition N € VMO(w™), or
equivalently, if N can be replaced by the mean value of N with respect to w™ in B.

Finally we remark that again the Reifenberg flatness condition on the domain is necessary
in the theorem. This can be easily seen by taking a suitable smooth truncation of the cone
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QOF = {1, 72,73, 74) € R*: 22 + 23 < 23+ 13}, for which the harmonic measures w* and w™ with
pole at oo coincide.

It is worth comparing Theorem 1.1 to Theorem A. Notice the analogies between the respective
equivalences (a) < (c) in both theorems. The main difference is the presence of the B s(w™)
condition in (c) in our result. The condition (d) in Theorem 1.1 also looks similar to (c) in
Theorem A. Indeed, in Theorem A, € is assumed to be a chord-arc domain, and the condition on
the joint big pieces of chord-arc subdomains that appears in (d) in Theorem 1.1 holds trivially in
the particular case when QF are chord-arc domains. Further, remark that under the assumptions
of Theorem A, when 2 is Reifenberg flat, the condition N € VMO(o) is equivalent to

lim sup ][ |IN — Np|do =0,
P=0r(B)<p /B
which is the analogue of (1.2).
When Q7 is a chord-arc domain we derive the following corollary.

Corollary 1.2. Let Q1 and Q= and their harmonic measures satisfy the assumptions of Theorem

dio—
1.1 and assume that log dw—Jr € VMO(w™). Suppose in addition that Q" is n-AD regular. Then,
w
N € VMO(H"|50+)-

We think that the analogous theorem and corollary for unbounded NTA domains with poles at
oo also hold and can be obtained by similar techniques. However, for the sake of brevity we have
only written the detailed arguments in our paper assuming Q% to be bounded. We also point out
that almost the same proof of Theorem 1.1 shows that, if instead of assuming log Zﬁ—; € VMO(w™),

one assumes some local BMO(w™) norm of log fjlg—; to be small enough, then one gets smallness
for some local BMO(w™) norm of the inner unit normal of 9Q%. See Theorem 3.15 for the precise
statement. The same happens regarding the converse statements and Corollary 1.2.

The proof of Theorem 1.1 relies on four basic ingredients: first, it is essential to use the in-
formation provided by the solution of the two-phase problem for general domains satisfying the
so-called capacity density condition (CDC) in the work [AMT?2] (see Theorem 2.3 below). This
result implies that, under the assumptions of Theorem 1.1, w' and w™ are rectifiable measures
concentrated in the set of tangent points for Q.

The second main ingredient for the proof of Theorem 1.1 is the availability of suitable jump
identities for the Riesz transform. Let us remark that Bortz and Hofmann already realized in [BH]
that such identities are useful in connection with two-phase problems for harmonic measure. Their
work deals with a somewhat different problem: assuming that 9Q% is uniformly n-rectifiable and

that the measure theoretic boundary of QT has full surface measure and that both log %
Q

VMO(H"|p0+) and logﬁ’ﬁ € VMO(H"|ga+), in [BH] it is shown that N € VMO(H"|50+).

The same result had been obtained earlier by Kenig and Toro in [KT3] under the somewhat
stronger assumption that QT and Q~ are chord-arc domains by using blowup methods. See also
[MMV] for a related result of Mitrea, Mitrea, and Verdera involving jump identities for the Riesz
transforms and the VMO character of the boundary of a domain with n-AD-regular boundary.
A vpriori, the assumptions in Theorem 1.1 do not ensure that the surface measure H"|yo+ is
locally finite (to this end, see a related example in [AMT4, Section 7], which shows that there exists
a planar NTA domain whose boundary has non-o-finite length, and whose harmonic measure is
concentrated in a dense rectifiable subset of the boundary). This does not allow the application
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of the rather classical jump formulas for Riesz transforms for chord arc domains, such as the ones
from [HMT]. Instead, in our work we use the more general formulas obtained recently by the
second author of this paper in [Tol], which are valid for arbitrary n-rectifiable sets.

The third main tool to prove Theorem 1.1 is the rectifiability criterion for general Radon
measures in terms of Riesz transforms obtained by Girela-Sarriéon and Tolsa in [GT] by using
techniques inspired by the solution of the David-Semmes problem in [NToV] and the previous
related work [ENV]. The application of such criterion is essential to prevent the degeneracy of the
n-dimensional density of harmonic measure in suitable big pieces of sets in some key estimates.
Notice that the use of this criterion is also one of the essential tools in the works [AMT2]| and
[AMTYV]. An interesting novelty in the present paper is that to obtain the required big piece where
the density of harmonic measure does not degenerate we apply that criterion in an iterated way.
See also [AHM?*TV], [MT], and [GMT] for other applications of the solution of the David-Semmes
problem to questions in connection with harmonic measure.

The fourth main ingredient of the proof is the Kenig-Toro solution of the one-phase problem
for harmonic measure in Theorem A. We will apply their result in the implications (¢) = (a) and
(d) = (a) in Theorem 1.1. To this end, we will construct some approximating chord-arc domain
following an idea from [AMT1]. The most delicate point consists in showing that the unit normal
of the new approximating domain belongs to BMO(o) with a very small constant, where o is the
surface measure of this new domain. To prove that this holds we need to use the fact that the
oscillation of the unit normal is small with respect to the approximate normal Np. It is in this
key point that the Bs /o (w¥®) condition in (c) is required. Once this is done, we will transfer the
estimates for the harmonic measure in the approximating domain obtained by Theorem A to our
original domain Q% by means of the maximum principle.

The plan of the paper is the following. Section 2 contains some preliminary results on geometric
measure theory, harmonic analysis and potential theory that are used in the subsequent arguments
of the paper. Section 3 is devoted to the implication (a) = (b) of Theorem 1.1. The implication
(b) = (c) is trivial, while (¢) = (a) is proven in Section 4. One of its main steps is the proof of
Lemma 4.5, which deals with the oscillation of the unit normal N with respect to the approximate
normal Np in a ball B. In the final Section we show (b) = (d) = (a). The arguments in this
final section are very similar to the ones for the implication (¢) = (a) (and also (b) = (a)).

Acknowledgement. We would like to thank the referee for the careful revision of the paper.

2. PRELIMINARIES

We denote by C' or ¢ some constants that may depend on the dimension and perhaps other
fixed parameters. Their value may change at different occurrences. On the contrary, constants
with subscripts, like Cp, retain their values. For a,b > 0, we write a < b if there is C > 0 such
that a < Cb. We write a = b to mean a S b S a.

2.1. Measures, rectifiability, and tangents. All measures in this paper are assumed to be
Borel measures. A measure p in R? is called doubling if there is some constant C' > 0 such that

w(B(x,2r)) < Cu(B(z,r)) for all x € supp p.
The measure p is called n-AD regular (or n-Ahlfors-David regular) if
(2.1) C™" < w(B(z,r)) < Cr"  for all 2 € supp u and 0 < r < diam(supp ).
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Obviously, n-AD regular measures are doubling. A set E C R? is called n-AD regular if H"|p is
n-AD regular. In case that u satisfies the second inequality in (2.1), but not necessarily the first
one, we say that u has n-polynomial growth.

Recall the definition of n-rectifiable sets in (1.1). Analogously, one says that a measure p is
n-rectifiable if there are Lipschitz maps f; : R® — R% i =1,2,..., such that

(22) u(RIU, fi(R™)) =0

and moreover g is absolutely continuous with respect to H™. An equivalent definition for rectifi-
ability of sets and measures is obtained if we replace Lipschitz images of R™ by possibly rotated
n-dimensional graphs of C'! functions.

A measure g in R is called uniformly n-rectifiable (UR) if it is n-AD-regular and there exist
constants €, M > 0 such that for all x € supp p and all 0 < r < diam(supp p) there is a Lipschitz
mapping g from the ball B,,(0,7) in R" to R? with Lip(g) < M such that

w(B(z,r) N g(Bp(0,1))) > Or™.

A set E is called uniformly n-rectifiable if the measure H"|gp is uniformly n-rectifiable. The
notion of uniform n-rectifiability is a quantitative version of n-rectifiability introduced by David
and Semmes (see [DS]). It is very easy to check that uniform n-rectifiability implies n-rectifiability.

We say that a measure v in R? has big pieces of uniformly n-rectifiable measures if there exists
some ¢ € (0, 1) such that, for every ball B centered supp(v) with radius at most diam(supp(v)),
there exists a uniformly n-rectifiable set F/, with UR constants possibly depending on ¢, and a
subset F' C E such that

(2.3) v(B\ F)<ev(B)
and
~, H" v(B) or a
(2.4) v(D) ~. H" (D) (B)" forall D C F.

For a point z € R"™! a unit vector u, and an aperture parameter a € (0,1) we consider the
one sided cone with axis in the direction of u defined by

Xo(z,u) = {y € R (y —2) - u > aly — z|}.

We say that E C R"™! has a tangent n-plane at x € E and that z is a tangent point for F if there
exists a unit vector u such that, for all a € (0,1), there exists some r > 0 such that

EN (Xa(z,u) UXe(z,—u)) N Blz,r) = 2.

The n-plane L orthogonal to u through x is called a tangent n-plane at x.
We say that E has an approximate tangent n-plane at x € E if there exists a unit vector u such
that, for all a € (0,1),
H"(EN (Xa(z,uw) UXe(z, —u)) N B(z,7))

lim =
r—0 rn

The n-plane L orthogonal to u through z is called approximate tangent n-plane. Recall that if
H"(F) < oo (or H"|g is locally finite) and F is n-rectifiable, then there is a unique approximate
tangent n-plane at H"-a.e. x € E.
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2.2. The jump identities for singular integrals. Let K : R"*1\ {0} — R (or K : R**!\ {0} —
R"*1) be an odd Calderén-Zygmund kernel satisfying
H{(x)

(2.5) K(z) = 2 IVIK ()] < P

for j =0,1,2 and = # 0,

where H is homogeneous of degree 0 and C? in the unit sphere. Given a signed Radon measure
v in R"*! we denote

Tv(a) = [ Kz =) dv(y).

whenever the integral makes sense, and for ¢ > 0
Lo = [ K- y)duly)
lz—y|>e

and also
pvTv(x) = lim T.v(x),
e—0

whenever the last limit exists. In fact, as shown by Mas [Mal, it turns out that, for any n-rectifiable
set £ C R"*! and any finite signed measure v in R"*! (not necessarily supported on E), pv Tv(x)
exists for H"-a.e. x € F, for a kernel K satisfying the estimate on the right hand side of (2.5),
not necessarily homogeneous.

As mentioned above, if H"(E) < oo (or H"|g is locally finite) and E is n-rectifiable, there is a
unique approximate tangent n-plane at H"-a.e. ¢ € E. We denote by L, the approximate tangent
n-plane at « and by N, a unit vector orthogonal to L,. We also write

XH(x) = Xo(z, Ny), X, (z) = Xo(z, —Ny), Xo(z) = X (z)u X, (2).

For H"-a.e. x € E there are two possible choices for N,, depending on the sense of the normal to
L. In the next theorem the choice x — N, does not matter as soon as it is H"-measurable (or
Borel, say if E is Borel).

Fix b € (0,a), so that B(y,bly — z|) N L, = @ for all y € X} (x) U X, (z). We define the
non-tangential limits
(2.6) THv(z) = ) im Ty (y), T v(r)= lim  Tye_yv(y),

X4 (z)2y—x X (z)2y—a

whenever they exist. Note that we use the truncated operators Tp,_,| in these definitions, which
may appear rather unusual. On the other hand, if x is a tangent point for £ and suppv C FE,
then we can replace Tj|,_yv(y) by Tv(y) in the above definitions. The following result is proved
in [Tol].

Theorem 2.1. Let T be the operator associated with an odd Calderon-Zygmund kernel of homo-
geneity —n, C? away from the origin, and satisfying (2.5). Let E C R" be an n-rectifiable set
and let v be a finite signed Radon measure in R" 1. For fived a € (0,1) and b € (0,a) as above, the
non-tangential limits Tv(x), T-v(x), and the principal value pv Tv(z) exist for H"-a.e. x € E
and moreover the following identities hold for H"-a.e. x € E too:

(2.7) %(TJFV(Q:) + T u(@)) = pv Tola),
and
L _ dv
(2.8) §(T v(z) — T v(z)) = Cx(Ny) d’H"|E(x)’
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where Ck (N,) is defined by
H(y+ N;) — H(y — Ny)
N 2(|y|? + 1)n/2

where N;- is the hyperplane orthogonal to N, through the origin.

(2.9) Ck(Ne) = dH" (y),

We remark that for (2.9) to hold, we assume H™ to be defined with a normalization factor
so that it coincides with the n-dimensional Lebesgue measure on any hyperplane. Further, we
dv

understand that T, is the density of the absolute continuous part of v with respect to H"|g.
x

In the particular case when K is the n-dimensional Riesz kernel, i.e., K(z) = Gt the integrand
in (2.9) coincides with NV, times some multiple of the Poisson kernel and it easily follows that

w
Ck(Ny) = 7”
where w,, is the n-dimensional volume of the unit sphere in R”*!. For additional remarks, as well
as for the proof of Theorem 2.1, see [Tol].

Ne,

2.3. NTA and Reifenberg flat domains. Given Q C R"*!, we say that Q satisfies the Harnack
chain condition if there are positive constants ¢ and R such that for every p > 0, A > 1, and
every pair of points z,y € Q with dist(z,9Q), dist(y,0Q) > p and |z — y| < Ap < R, there is
a chain of open balls By,..., B, C Q, m < C(A), with € By, y € By, Bx N Bpy1 # & and
¢ diam(By) < dist(By,09) < cdiam(By). The chain of balls is called a Harnack chain. Note
that if such a chain exists, then any positive harmonic function w : 2 — R satisfies

u(z) = u(y),
with the implicit constant depending on m and n. For C' > 2, Q is a C-corkscrew domain if for
all £ € 0 and r € (0, R) there are two balls of radius r/C contained in B(&, )N and B(&,r)\Q
respectively. If B(z,r/C) C B(&,r)NQ, we call x an (interior) corkscrew point for the ball B(§,r).
Finally, we say that Q is C'-non-tangentially accessible (or C-NTA, or just NTA) if it satisfies the
Harnack chain condition and it is a C-corkscrew domain. Also, 2 is two-sided C-NTA if both
and Qeyt := ()¢ are C-NTA.

NTA domains were introduced by Jerison and Kenig in [JK]. In that work, the behavior of
harmonic measure in this type of domains was studied in detail. Among other results, the authors
showed that harmonic measure is doubling in NTA domains, and its support coincides with the
whole boundary.

Given a set £ C R, 2z € R, r > 0, and P an n-plane, we set

(2.10) Dg(z,r, P) = r~ ! max sup  dist(y,P), sup dist(y,E)p.
yeENB(z,r) yePNB(z,r)

We also define

(2.11) Dg(z,r) = i%fDE(x,r, P)

where the infimum is over all n-planes P. For a given ball B = B(z,r), we will also write Dg(B)
instead of Dg(xz,r). Given §, R > 0, set E is (0, R)-Reifenberg flat (or just J-Reifenberg flat) if
Dg(xz,r) < forall z € E and 0 < r < R, and it is vanishing Reifenberg flat if

lim sup Dg(z,r) = 0.

r—=0,cp
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Let Q € R™"! be an open set, and let 0 < § < 1/2. We say that Q is a (§, R)-Reifenberg flat
domain (or just d-Reifenberg flat) if it satisfies the following conditions:

(a) 0 is (6, R)-Reifenberg flat.
(b) For every z € 00 and 0 < r < R, denote by P(x,r) an n-plane that minimizes Dg(z,r).
Then one of the connected components of
B(z,r)N{x € R"*!: dist(z, P(x,7)) > 207}
is contained in 2 and the other is contained in R™"*1\ Q.

If, additionally, 02 is vanishing Reifenberg flat, then () is said to be vanishing Reifenberg flat,
too. It is well known that if € is a §-Reifenberg flat domain, with ¢ small enough, then it is also
an NTA domain (see [KT1]).

Given two NTA domains Qt ¢ R**! and Q= = R"!\ QF, we say that QF and Q~ have joint
big pieces of chord-arc subdomains if for any ball B centered in Q" with radius at most diamdQ*
there are two chord-arc domains Q5 C Q°, with s = +, —, such that H"(0Q5N9N0%5N B) 2 r(B)™.
Recall that a chord-arc domain is an NTA domain © C R™"! whose surface measure H"|sq is
n-AD-regular.

2.4. The space VMO. Given a Radon measure p in R**!, f ¢ L}
1y, A( ffu— (/fu
Assume p to be doubling. We say that f € VMO(pu) if

(2.12) lim sup ]{3( | }f — My Blay)f du‘Z dp = 0.

=0 zesupp p

(1), and A C R™L we write

loc\H

It is well known that the space VMO coincides with the closure of the set of bounded uniformly
continuous functions on supp g in the BMO norm.

2.5. Dyadic lattices and densities. To prove Theorem 1.1 we will use a dyadic decomposition
of 90" to obtain the VMO estimates by iteration arguments. In [Ch] Michael Christ introduced
a dyadic decomposition of the support of a doubling Radon measure in certain metric spaces
which in particular applies to our case. We state below the precise result applied to our particular
situation when the metric space is the boundary of the domain Q7 in Theorem 1.1 and the
doubling measure is w™.

Theorem 2.2 ([Ch, Theorem 11]). Let QT and w™t be as in Theorem 1.1. There exist a family
D of relatively open subsets of o0 and constants 0 < rg < 1, 0 < ay,n,C1,Cy < oo such that
D = Uiez Dr with Dy, = {Q" }ier,,, and the following holds:

(a) For every k € Z we have w™ <8Q+ \ U Q) =0.
€D

(b) For every ko < k1 and Q; € Dy, for ;26 EO, 1}, then either Q1 C Qp or Q1 N Qo = @

(c) For each Q1 € Dy, and each ko < ki there exists a unique cube Qo € Dy, such that
Q1 C Qo.

(d) For Q € Dy there are zg € Q and balls By = B(zq,airy) and BQ = B(zq,C178) such
that Bo N Q™ € Q C Bg.

(e) For Q € Dy we have wt({z € Q : dist(x, 00"\ Q) < trk}) < Cot" wt(Q) for every t > 0.
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We say that @ € Dy is a dyadic cube of generation k, and write £(Q) := 2011"’5. We call £(Q)
the side length of Q.

Whenever we want to control the BMO(w™) norm of a function, it is not enough to study
JKQ |f —myg+of 2 dwt in dyadic cubes @, since there may be balls that are not included in any of
those cubes with a comparable diameter. In the Euclidean space it is enough to take dilations of
the cubes. The drawback is that these dilated cubes do not have a lattice structure. To deal with
this technical issue we will take unions of neighboring cubes, so that every such union decomposes
in dyadic cubes at every scale. The definition in the Euclidean space of neighboring cubes is quite
simple: two cubes are neighboring if their closures intersect. In Christ’s decomposition we have
to be a little more careful. _ B

We say that two cubes @, S € Dy are neighbors, writing S € N (Q), if %BQ N %BS %+ . We

write NDy, := {USEN(Q) S}Q - and ND := |J, NDj. We say that P € N'Dy, is an extended
€Dy

cube of generation k, and write £(P) := 2C;r§.

Many of our arguments on cubes will need to be applied both to the dyadic and the extended
cubes. We write Dy, = Dy UND; and D = DUND. We refer as cubes to both the dyadic and
the extended cubes. R

We need also to introduce “dilations” of cubes. Given ) € D;, and A > 1, we write

AQ = {z € QT : dist(z,Q) < (A — 1)4(Q)}.
and £(AQ) := 2C1(Arg)*. Obviously, we also define 1Q = Q.

Let 4 be a Radon measure in R"*!. Given a ball B C R"*!, we denote

(2.13) 0,(B) = :ESBB)EL, P.(B) =Y 27760,(2B).

J20

So ©,(B) is the n-dimensional density of 4 on B and P,(B) is some kind of smoothened version
of this density. Analogously, given (Q € D and A > 1, we denote

0,(AQ) = Z(AASL PiAQ) = 3227 6,(2A0)

2.6. The two-phase problem for harmonic measure in domains satisfying the CDC.
For n > 2, let Q C R™"! be open. We say that the capacity density condition (or CDC) holds if
there exists constants ¢(Q2), R(£2) > 0 such that

Cap(B(z,7) N Q%) > ¢(Q)r" ! forallz € 9Q and 0 < r < R(Q),
where Cap stands for the Newtonian capacity. By the corkscrew condition, any NTA domain

satisfies the CDC.

Next we record the precise result from [AMT2] regarding the solution of the two-phase problem
for harmonic measure for domains satisfying the CDC:

Theorem 2.3. Forn > 2, let QT C R™1 be open and let Q= = (QF)°. Assume that @7, Q" are
both connected, satisfy the CDC, and 0Q+ = 0Q~. Let w™ be the respective harmonic measures of
OF. Let E C 0Q% be such that wt and w™ are mutually absolutely continuous in E. Then there
exists an n-rectifiable subset E' C E such that all points from E' are tangent points for 90T and
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E’ has full harmonic measure in E (that is, wT(E\ E') = w™(E\ E') = 0), and moreover wt,
w™, and H™ are mutually absolutely continuous on E'.

Consider now the particular case of two NTA domains Q1, Q™ C R**! satisfying the assump-
tions of Theorem 1.1. By Theorem 2.3 there exists a Borel set F' C 90" satisfying the following:

(a) F is n-rectifiable, has full harmonic measure (both for wt and w™), and w™, w™, and H"
are mutually absolutely continuous on F',

(b) all points from F' are tangent points for 9Q%, and

(c) F is is dense in OQ27.
The first two statements are a direct consequence of Theorem 2.3, while the last one follows from
the fact that suppw™ = suppw™ = 9QT.

By the definition of tangent points, for every x € F and a € (0, 1), there exists some r = r(a, x)
such that
X (2, Nyyr) U X, (z,Nyym) CQTUQT,

where N, is one of the two possible choices of the normal to the tangent n-plane of 9Q" at x, and
to shorten notation we wrote

XE(x,Ny,7) = XE(x,N,) N B(z, 7).
Assume a < 1 (to be chosen in a moment depending on the NTA constant of Q). By connect-
edness, either X1 (x, N,,r) C Q" or X (2, N;,r) C Q~, and the same happens for X, (x, N, ).
On the other hand, X} (z, N,,7) and X, (x, N, r) cannot be both contained in QF, because oth-
erwise Q- NB(z,r) C R"™\ X, (x, N, r), which would violate the interior corkscrew condition for

Q™ assuming a small enough. Analogously, X (z, N,,r) and X, (z, N, r) are not both contained
in Q7. Thus, we may (and will) assume, by interchanging N, by —N, if necessary, that

(2.14) X (2, Ng,r) c QY and X, (2, N,,7) C Q.

Further, it is immediate to check that once NN, is chosen so that this happens, then the same
property will hold for all cones with arbitrary aperture a € (0,1) and small enough radius.

2.7. Riesz transform and jump identities. Given a signed Radon measure v in R? we consider
the n-dimensional Riesz transform

Rux) = / e dv(y)

whenever the integral makes sense (for example, when v has bounded support and = ¢ suppv).
For € > 0, the e-truncated Riesz transform is given by

Rev(z) = / s ()

z—y|>e |.CL‘ -
and we set
Ryv(z) = sup |R:v(z)|.

e>0

1
loc

R,uf = R(fu)’ Ru,sf = Rz—:(flu)a Ru,*f = R*(fﬂ)a

whenever these notions make sense. We say that R, is bounded in L?(u) if the operators R,
are bounded in L?(x) uniformly on € > 0. Recall that if x4 has n-polynomial growth and R, is

If i is a fixed Radon measure and f € L; .(u), we also write
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bounded in L?(j), then R is bounded from the space of finite signed Radon measures M (R%)
to LY%°(u) (with its norm bounded above depending on sup,- IRpellr2(uy—r2(u) and the n-

polynomial growth of ;). This means that, for every v € M(R%) and every t > 0,
p({z € R |Rov(z)| > t}) < C+—,

with C uniform on € > 0. Recall also that if E C R is n-rectifiable, then the principal values
= 1‘
pv Rv(x) lim Rev(x)

exist for H"-a.e. x € E. See [To2, Chapters 2 and 8] for the detailed proofs of the latter results,
for example. Abusing notation, we will also write Rv(z) instead of pv Rv(z).

Assume now that we are under the assumptions of Theorem 1.1. Let F' be the set of tangent
points for 90" described just after Theorem 2.3. Recall that this set is n-rectifiable, has full
measure for wt and w™, and both w™ and w™ are mutually absolutely continuous with #" on F.
Consider an arbitrary Borel subset F’ C F such that H"(F’) < co. From the definition, it is clear
that the tangent points for 90T that belong to F” are also tangent points for F’. By the discussion
at the end of Section 2.6, to each € F’ we can assign the inner normal vector N, to 9Q" so that
(2.14) holds for r > 0 small enough. Then, according to Theorem 2.1, for H"-a.e. z € F’' (and
thus for w'-a.e. and w™-a.e. z € F’) and any signed Radon measure v, the non-tangential limits
RTv(z) and R™v(x) defined in (2.6) exist and satisfy

(2.15) %('RJFI/(.T) + R v(z)) = pvRr(z) = Rv(z),
and
(2.16) Rtv(zr) — R v(z) = wn(”j:’p(x) N,,

Wn

taking into account that Cx(N;) = %+ N, for the Riesz kernel. Observe now that, since F” is
n-rectifiable and has finite H"™ measure,
"F'NB

o K10 B, 7)

r—0 Cpr™

=1 for H"-a.e. x € F,

where ¢, is the n-dimensional volume of the unit ball in R"™. As a consequence, for H"-a.e. x € F’,
dv o) — Tim v(B(z,r)) ~ lim v(B(z,r))
dH™| =0 HM(F'N B(x,r)) r=0 ¢y
where the last identity consists of the definition of the n-dimensional density of v at . So we can
rewrite (2.16) as follows, for H"-a.e. x € F’:

=: C;I 0" (x,v),

(2.17) Rtv(z) — R v(z) = 2 0"(z,v) N,.
Cn

Finally, notice that since F” is an arbitrary Borel subset of F' with finite H™ measure, the identities
(2.15) and (2.17) hold for H"-a.e. x € F, or equivalently for w'-a.e. and w™-a.e. z € 90"

Observe also that for all x € Q" which are tangent points for Q1 (in particular for x € F),
if suppr C 9N, then, for all y € X,(z) close enough to x, and b € (0, a), we have Ripjao—yV(y) =
Ruv(y). Thus,
(2.18) Rfv(z)= lim  Ru(y), R v(x)= lim Rv(y).

X5 (z)vy—z Xa (2)2y—
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2.8. Riesz transform and rectifiability. For a signed measure v in R"*!, we consider the
maximal operator

(2.19) Mpv(x) = 51>113|V|(Br(nx’r)).

Given an n-plane L C R"! a (positive) measure y, and a ball B C R™*! we denote

Lo 1 dist(a,L) ,
£8) = o [ S ).

This coefficient measures how close is p to the n-plane L in the ball B.
The following theorem is a consequence of the main result in [GT]. For the precise statement
below and the arguments that show how to deduce this from [GT], see [AMT2, Theorem 3.3].

Theorem 2.4. Let i be a Radon measure in R" and B € R™*! q ball with u(B) > 0 so that
the following conditions hold:

(a) For some constant Cy > 0, P, (B) < CoO,(B).

(b) There is some n-plane L passing through the center of B such that, for some constant
0<dy <1, B (B) <8OuB).

(c) For some constant C1 > 0, there is Gg C B such that

M (x2pp) (%) + Ri(x2B p)(x) < C104(B)  forallz € Gp
and

w(B\ Gg) < 6o u(B).
(d) For some constant 0 < 19 < 1,

[ Ry (R < 708, (B ().
B

Then there exists some constant 0 > 0 such that if 09,70 are small enough (with 0,5, 7o de-
pending on Cy and C1 ), then there is a uniformly n-rectifiable set I' C R"* such that

pGpNI) =0 u(B).

The uniform rectifiability constants of I' depend on all the constants above.

2.9. A T1 theorem for Riesz transforms involving suppressed kernels. The following
theorem follows easily from the T'b theorem with suppressed kernels of Nazarov, Treil, and Volberg
[INTV].

Theorem 2.5. Let 1 be a Radon measure in R"™. Let G C supppu. Suppose that the n-
dimensional Riesz transform satisfies

Mpp(z) + Raop(z) < Cy  forallz € G.

Then R, is bounded in L*(p|c) with |R .l 2(ue)—r20ue) < ¢Co, with ¢ depending only on n.

G

The precise arguments to reduce this result to the aforementioned theorem of Nazarov, Treil,
and Volberg are quite similar to the ones from the proof of Theorem 3.3 from [AMT2]. However,
for the convenience of the reader we show the details. Further, we remark that the theorem also
holds assuming that the ambient space is R%, with d > n, instead of R**1.
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Proof. For pi,ps > 0 to be fixed below, consider the sets

E;l = {z e R"™ : M,u(z) > p1Co}
and

Ezzz = {z e R"™ : R u(x) > paCo}.

For x € E;l, we denote

p1(z) = sup{r > 0: p(B(z,r)) > p1Cor™}
and for z € EgQ,
p2(z) = sup{r > 0 : |R,u(z)| > p2Co}.
Define
H;, = U B(z, pi(x)), i =1,2.
z€E],

Note that H1 and Hy are open sets.

Next we will show that, for p; and ps big enough, H; U Hy C G°. Notice first that if y € Hq,
then there is x € E;l so that y € B(x, p1(x)), and so

w(B(y, 2p1(x))) = p(B(z, p1(x))) 2 p1 Copr(z)" = p1 Co27"[2p1 ()]
We conclude that H; C G€, if we choose p; so that p; > 2".

We turn our attention to Hy. If y € Hy \ Hy, then there exists 2 € E7, so that y € B(x, pa(z)).
We will prove that

(220) |Rp2(z):u'( ) RP2($ ( )‘ < Cnplc()a
where C,, > 0 is some absolute constant depending only on the dimension. Indeed, we have that
|RP2( ):U’(I) - sz(a:)u( )|
< ’sz (z) (XB(y,sz(x) )( )‘ + ’Rpg (z) (XB(y,sz(:v)) )( )‘

+ R py (@) (XRr+1\ B(y,202()) ) (£) — Ry () (XRr+1\ B(y, 200 (2)) 1) ()|
=11+ 1+ I3.

Notice now that

B(y,2
L4+ 1< C:U’( (ya 02(33))) < 02np1007
p2(z)"
where the second inequality follows form the fact that y ¢ H;y. It just remains to handle I3. To
this end, we write
I3 = [R(Xrr+1\ B(y,20 () 1) (T) — R(XRn+1\ B(y,200 () ) (¥)]
|z —yl

<C ——=—du(z
RnH\B(y 2p2 ) 12—yl (=)

<CZ 2]p2 n+1'u

where in the last inequahty we used that y ¢ Hy. This concludes the proof of (2.20). Therefore,
since |R,,(z)1(7)| > p2Co, we have that Ha \ Hi C G, if we choose p2 so that py — Cyp1 > 1.
Let H = Hy U Hy and consider the 1-Lipschitz function

B(x) = dist(z, H) > max(py (x), pa()),

(B(y, 27 pa(2))) < C 2"p1Cy,
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and the associated “suppressed kernel”

m_
ch(l',y) = Y

(|2 = yl? + () @(y)) "2
We consider the operator Re , defined by
Rauf (@) = [ Kolw.9) 1) du(v).

and its e-truncated version (for € > 0)

Roepnf(x) = / Ko(x,y) f(y) du(y).

|x—y|>e

We also set
Raupuf () = sup Re e f ().
e>0

We say that Rg,, is bounded in L?(p) if the operators Re.c ,, are bounded in L?(u) uniformly on
e>0.
We now prove that

(221) R‘I)7>k7p,1(x) < C(p17p2> 007

for all x € R™"1. To do so, we need the following lemma whose proof can be found in [To2, Lemma
5.5].

Lemma 2.6. Let x € R"™ and ro > 0 so that u(B(z,7)) < A1r™ for r > ry and |Rep(z)] < Ay
for e > ro. If ®(x) > 1o, then [Rocpl(x)] < C Ay + Ag for all e > 0 and some constant C
depending only on n.

By Lemma 2.6 for A; = p1Cy, Aa = p2Cy and ro = max{pi(z), p2(z)}, we obtain (2.21). We
further apply the T'b theorem for suppressed operators by Nazarov, Treil, and Volberg [NTV] (see
also Corollary 5.33 in [To2]) and it follows then that Re ,, : L*(u) — L?(p) is bounded with norm

IRa ull L2 ()= 1200 < Co-
Since ® vanishes on G C H®, we have that R, : L*(p|a) = L*(u|g) is bounded and

IR uie L2y~ L2(ul ) S Co-

3. PROOF OF (A) = (B) IN THEOREM 1.1

Throughout this section we assume that we are under the assumptions of Theorem 1.1 (a),

unless stated otherwise, and we denote
dw™
Cdwt’

We allow the constants denoted by ¢ or C' and other implicit constants in the relation < to depend
on the NTA constants of QF, and also on the ratio dist(p*, 9Q7T)/diam(9QF) (recall that p* is
the pole for the harmonic measure w®). Without loss of generality, we can think that p* is deep
inside QOF, so that dist(p*, 9QT) > R, where R is the constant appearing in the (8, R)-Reifenberg
flatness.



16 MARTI PRATS AND XAVIER TOLSA

At the end of the current section we will show how to deduce Corollary 1.2 from the implication
(a) = (b) in Theorem 1.1.

3.1. The function h as a Muckenhoupt weight.

Lemma 3.1. Let QT € R™! be an NTA domain and let Q= = R™1\ QF. Denote by wt and

w™ the respective harmonic measures with poles pt € Q1 and p~ € Q™. Suppose also that w™ and

w™ are mutually absolutely continuous and suppose that h = Z:—; satisfies

logh € VMO(w™).
Then, for £y > 0 small enough, every Qg € D with Qo) < Ly satisfies that xgoh € A2(xguw™)-

Let us remark that w*|g, is a doubling measure. This follows easily from the fact that w™ is
doubling and the properties of the lattice D.

Proof. Given f € LL (wt) and Q € D, we write

loc
1f

£Q = Sup |f(x) = my+ pfldw™ (x).
pPeD:PcQ VP

From the John-Nirenberg inequality we know that

][ exp (’f _ mw+’Qf|> dw™ <2

for C' big enough (see [Bu, Theorem 0.4] for instance).
Being log h € VMO is equivalent to

(3.1) ]é llog h — my+ p(log h)| du™ < e(£(P))

for every P € D with e(0) 29 0. In particular, [[loghll«q < e(¢(Q)) for every Q € D.

We want to see that
<][ hdm) (][ ! dw+> <C
BNQo BNQo

for every ball B centered in (g, which is equivalent to showing the same inequality with both
integrals over all possible () € D contained in Q.
Let us write ag = e fologhdw™ Applying the John-Nirenberg inequality to f = logh and

Qe D contained in Qo, with £(Qo) small enough, we get

| log h—log aQ\
][ ellog(h/aq)l g+ < ][ ¢ TG gt < 2,
Q Q
that is
h oo 4 a@Q  + +
(3.2) —dw™ + —dw™ <2wT(Q).
Qn{r>ag} 4Q Qn{h<ag}

In particular, we obtain

w (Q) :/ hdw" < / hdw™ +/ hdw" < 3agw™(Q).
Q Qn{h>aq} Qn{h<ao}
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On the other hand, Jensen’s inequality gives

ag = e Tologhdw™ ][ hdw™ = v (Q)
Q

wH(Q)’
SO
(3.3) ag ~ Z+Eg;
Estimate (3.2) also gives
1 1 wt(@Q) _wh(Q)?
- —d —dwt <3 ~ .
/h /Qm{h<aQ}h . +/Qﬂ{h2aQ}h vis aQ w (@)
Therefore,
bt ) (et < T @et@
(]{g ¥ )(Jg o) g =

as wished. ([l

Remark 3.2. The same calculations above hold for any dilation AQ of ) € D (with A > 1) such
that AQ C Qq. In particular, the coefficient

ang = e fAQ log h dw™
satisfies
w™ (AQ)
3.4 N7

as in (3.3), with constants independent of A.

3.2. The good sets Gg and éAQ. For every @ € D,A>1,and & € (0,1/2), let us define the

good set
GAQ:{xEAQ: M) 4 gal}.
anQ

We remark that below we will fix A big enough, and then §; small enough depending on A and
other parameters.

As ((AQ) — 0 it turns out that WL;((C/;\/Z%) — 1. Indeed, by Chebyshev’s inequality, for any
01 < 1/2 we get

h($) — 1‘ > 51}
anQ

wT(AQ \ Grg) = wt {x e AQ:

<wh {xEAQ log Mz )‘ >51/2} 2 / ‘log i) dw™.
arQ 51 arQ
and using Jensen’s inequality and (3.1) we get that
w (AQ\GaQ) _ 2 h(z)| 4
. _ = < — < —
(3.5) T (AQ) <7 ‘log v ‘ dw 6 e(CUAQ)).
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Lemma 3.3. There exists £1(01) > 0 small enough such that if {(AQ) < £1(61), then
(3.6) / |h — apgl dw™ S Sw (AQ).

AQ

Proof. Using the definition of Gq, (3.4) and (3.5) we get

[ h—asoldst = [ h-anglast+ [ jh—anglau®
AQ Grq AQ\Grq

< 51aAQw+(AQ) —I—CLAQw+(AQ\GAQ) +/ hdw™
AQ\Ghrq

S (51 + QE(CZ(AQ))) w (AQ) _,_/A hdw™

Q\GAQ

To control the last term, we recall that h|g, is a local Ay weight for any Qo € D with small enough
side length, and so h|pq satisfies a reverse Holder inequality with exponent p (depending on the
Ag constant) if £(AQ) is small enough too. Using also (3.5) we obtain

1
/ hdw < wt(AQ\ Gag)? <][ W dw+> " oHAQ)
AQ\Ghrq AQ

1
7

2
< (Zetena)) vt 0@ fndat £ b4
1 AQ
assuming ¢(AQ) small enough for the last inequality. O

Remark 3.4. Applying the preceding lemma to 2A(Q), we infer that
/ |h — agpg|dw™ < / |h — aspng| dw™ < S1w™ (2AQ) =~ §1w™ (AQ).
AQ 2AQ

Together with (3.6), this implies that
(3.7) |aAQ — CLQAQ| < Cdrang.

Next we consider the set

(3.8) éAQ = {:l: € AQ : M+ (hx210)(z) < 2aprg and M+ (XQAQ\G2AQ)(1‘) <

N

Here we denoted by M+ the centered maximal Hardy-Littlewood operator
1
M+ f(x) = sup/ dw™.
T = B o
Lemma 3.5. Let 0 < 61 < 1/2. If {(AQ) < £1(d1), then
(3.9) W (Gag) = (1 - e0) w(AQ),
where eg = Céy.

Notice that G AQ depends on 1 because of the dependence of Gapg on 61. Further, abusing
notation we allow the constant ¢1(d1) to be smaller than the analogous constant in the previous
appearances.
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Proof. We will estimate w™(AQ \ G AQ)- First, note that by the weak (1,1) inequality for the
maximal operator, Lemma 3.3, and (3.7), we get
wh ({22 M+ (hx2ag) () > 2aaq} ) < wh ({ M+ (P — arg)xen)(z) > ang})

< I = arg)xanellLrw)

CZAQ
_ Ik = azng)xangllprw) + lang — azng| w™ (2AQ)
~ CLAQ
~(2A
<5, CAQ) 5+ aQ).

anQ
On the other hand, again by the weak (1,1) boundedness of M+ and by (3.5) we obtain

W ({1 Myt (x200\Gano) (@) > 5}) S Ix2a@\Gano 1wy = @ T (2AQ \ Gang)

_ =(CE(24Q)) " (2AQ)
S 2

Combining the previous estimates we get, for §; small enough,
wH(Gaq) = wH(AQ) — wt ({z: Mys (hxang) (8) > 2aaq}) — ' ({2 : My (xa2\Giong) (&) > 3})

> (1 — by — Cg(cfl(AQ))) wH(AQ).

Choosing for instance £1(d1) so that Ce(Ct1) < (61)?, then for every AQ with £(AQ) < ¢1 we

derive

w(Grg) > (1 — C81) wt(AQ).
O

3.3. The Riesz transform of w™. In this section we will estimate the oscillation of the Riesz
transforms RTw™ and Rw™ on G(AQ). First we need to prove a few auxiliary results.

Lemma 3.6. Let 61 € (0,1/2). For every x € éAQ with ((AQ) < £1(41), and for B = B(z,r)
with 0 < r < L(AQ) we have

w Q) e (B)

wH(AQ) W (B)

P(B) _ @' (AQ)

(b) 7"” —_ g(AQ)n fors € {+7_}
Proof. Let x € éAQ. By the definition of (N?AQ and (3.4), we get
w”(B) + w™ (AQ)
= <M <2 N ———=
B L < M (ang)(a) < 200 ¥ S
Also by the definition of Gapg and (3.7),
w™(B) S 1 wh (BN Gapg)

> hdw™ > agn
wH(B) = w*(B) /BG © 2wH(B)
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Using the fact that for z € Gag we have M+ (X2AQ\Garo)(T) < %, we get that

w™(B) | a21q <1 B 1> W (AQ

wt(B) = 2 2]~

wh(AQ)’

proving (a).
On the other hand, let ¢g& be the Green function of Q* with pole at p* and consider the

functional
s 2
VOIS | 2(/3 de(y))

]
se{t,—} r (z,r) ’x - y’n

By the well known Alt-Caffarelli-Friedman monotonicity formula [ACF, Lemma 5.1], this func-
tional is non-decreasing in r. Therefore, vy(z,r) < v(z,¢(AQ)). Moreover, by [KPT, Theorem
3.13] we have that

1 w*(B(x,r w™ (B(z,7)) w(B(x,7))?
e st

s€{+,—}
Combining this estimate with the monotonicity of v we get
w™ (B(z, 1) wh(B(z,r)* _ v (AQ) w™(AQ)?
whH(B(x,r))  r o T wh(AQ) ((AQ)*
Together with (a), this gives (b) for s = 4. The case s = — follows analogously. O

Lemma 3.7. For some § > 0 and R > 0, let Q@ C R"™! be a bounded (8, R)-Reifenberg flat
domain with bounded boundary and w its associated harmonic measure with pole in p € Q such
that R < dist(p,0Q) < diam(f2). Given v9 > 0 and A > 1 if M = M(~) is big enough and if
8 = (0, M) is small enough, every x € O satisfies

(3.11) C7rAMIT0)y(B(x, 1)) < w(B(z, Ar)) < CA"IH0)G(B(z, 1)) for allv < (AM)™'R.
Also, if § is small enough, then there exists some constant M depending on diam(02) /R such that
P,(B(z,r)) < CO,(B(z,1)) for all0 <r < MR,

where C' is some absolute constant.

Proof. The first assertion is an immediate consequence of [KT1, Theorem 4.1]. Indeed, this
theorem asserts that, given any 3 > 0, there exists M’ > 1 big enough and § > 0 small enough
such that for any (0, R)-Reifenberg flat domain 2 ¢ R"*! its associated harmonic measure w = w?
satisfies

(1—-p)2"w(B(z,s)) <w(B(x,2s)) < (1+ 5)2"w(B(z,s)) foralzed, 0<s<R/M,
assuming also |p — z| > M’s. Then, letting s = 2¥r for some k > 1, we deduce that
(1—-8)2"w(B(z,2" 1)) < w(B(x,2"r)) < (1+6)2"w(B(z, 28 17))  for x € 99, 0 < 28r < R/M’.
As a consequence, by iteration,

(1—B)* 2" w(B(x,r)) < w(B(z,2r)) < (14 B)F2"*w(B(x,r)) for x € 990, 0 < 28r < R/M’.
Hence, in the particular case A = 2, we infer that
(1—B)kA"w(B(z,7)) < w(B(x, Ar)) < (1 + B)*A"w(B(z,r)) for x € 89, 0 < 25+ < R/M’,
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which clearly implies (3.11) with C' = 1 by choosing 8 = 1 — 27, The case when A # 2F for
any k follows also from the previous estimate.

To prove the second statement of the lemma, assuming § small enough, we take M = My big
enough such that (3.11) holds with A =2 and ~ = 1/(2n) (so the smallness of § and My depend
just on n). Next let ng be the largest integer such that 2™"0r < R/My. Then, writing B = B(z, ),
we have that

9in(1+70) ,( B , ‘
(3.12) => 270,2'B)< > 2 i¢ i w(B) | > 2770,(2B)
7>0 0<]<n0 " Jj=no
<C’Z2J (z-Dg B) + 27" sup 0,(2’B)
7>0 jzno
< CO,(B) +27" sup 6,,(2'B).
Jj=no

To estimate the last term, for each j > ng we write

w(2'B) - . w(09)

r(2roB)r — r(2r0B)rp(2n0 B

Observe now that, since €2 is an NTA domain whose NTA character depends on diam(9€)/R
(assuming 0 small enough),

w(89) < O(diam(9Q) /R, diam () /2"0r) w(2" B) < C"(diam(9) /R) w(2" B).

0,(2B) <

Hence,
_ ; _ 2M0 B)
27 sup 0,(2B) < 27" C'(diam(0)/R L
sup (2B) < (diam(5€2)/ )T(QnOB)n
< 200~ ¢ (diam(8Q) /R) O, (B) = 2770/ ' (diam (99Q) / R) ©,,(B).

So, for ng big enough depending on diam(92)/R, the right hand side above is at most 20,,(B),
which together with (3.12) gives

Fu(B) < 6u(B)
for ng big enough depending on diam(9€2)/R. O

Remark 3.8. For definiteness, we will assume that the Reifenberg flat constant ¢ of QF is small
enough so that we can take nyy < 1/2 in the preceding lemma.

Remark 3.9. If x € Q7 then K(z—-) = W is harmonic in Q7 and continuous in its closure.

Hence, by the definition of harmonic measure,
Rwt ()= K(x—p") ifzeQ.
Analogously,
Rw (x)=K(x—p~) ifzeQr.
Hence, for any tangent point z € 9Q7,
(3.13) R wh(z)=K(x—p") and RTw (z)=K(x—p).
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Lemma 3.10. Let A > 1 and assume {(AQ) < ¢1(61). Then we have
(3.14) M (xaaow ™) (@) + Re(xangw™)(z) S O+ (AQ)  for allx € éAQ.

The analogous estimate also holds replacing w™ by w™.

Proof. By Lemma 3.6 we have

wH(B(a,r)) _

sup SO+(AQ) forallzx e éAQ.

0<r<AL(Q) rr

So we only need to estimate R.(x2a0 w™)(x). To this end, given 0 < ¢ < A(Q), consider a point
zl € B(z,e)\ QT such that dist(z.,0Q") ~ ¢ (this point exists because of the exterior corkscrew
condition of 21). Consider also the analogous point x;w(Q). Then we have, by Remark 3.9,

Rw™(zg) = K(al —p*)  and  Rw™ (2] q) = K(@)yq) —p")-

By standard Calderon-Zygmund estimates, we have
[Rew™ (z) = Rw™ (20)] S P+ (B(z,¢))

and by Lemma 3.7 we get

R=(X(28@)w ) (o)) — Rw™ (@hy(0))| S Pur (AQ) S O+ (AQ).
It is also easy to check that

P+ (B(x,e)) £ Mp(xangw™)(z) + Pyt (AQ) < O+ (AQ).
So we deduce that
[Re(xonqw™)(z)| = [Rew™ (2) = Re(x(angyew™) ()]
SIE (2l = p™) = K(z)yq) —P7) + 0u+(AQ)

((AQ)
~ dist(pt, 0Q+)n+l

Observe now that, by the first statement in Lemma 3.7 (with nyy = 1/2),
((AQ) L AQ)

+ 0,4 (AQ).

wh(0Q™)

dist(pT, 0Q+)" 1 7 diam(9Q*)n+1
(AQ)  diam(oQF)"tl/2 O AQ)?
N diam(0QF) L AQ)2 (AQ) = dam(00F)1/2 ©,+(AQ).

From the preceding estimates we infer that
IR:(x2rqw™ ) (2)| £ ©,+(AQ)  for z € éAQ and 0 < e < A(Q).

Using also that Re(x2aow™)(z) = 0 for all z € AQ when ¢ > diam(2AQ), we deduce that
Ri(xaagw™)(z) S O+ (AQ) for all 2 € Gpg, and the proof of the lemma is concluded. O

Lemma 3.11. Let A > 1 and and assume ¢(AQ) < (1(61). The operator R + is bounded in
L2 (w™| @AQ) with

IRt llr2@rig, =12, ) S Our (AQ).

The analogous statement also holds replacing wt by w™.
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Proof. This is an immediate consequence of Lemma 3.10 and Theorem 2.5 applied to p = wt|aag
and G = Gxq. O

Lemma 3.12. Given ¢’ > 0, assume that A is big enough (depending on £'), &1 small enough
(depending also on A), and suppose that £(Q) < l2(d1, A, €"). Then

n n 2
[ 10m s ING) — g, (O INO) dt (0) < £ 0,1 () Q)
QQGAQ ’
Proof. Recall that, by (2.17), for wt-a.e. x,
(3.15) Rtwt(z) - R wh(x) = ,0"(z,w")N(z),
for some absolute constant ¢/, > 0. Notice that the second identity in (3.13) implies that
(3.16)
RYw™(z) = RTwh (z) — aXé? (RTw™(z) - K(z—p7)) =R ((1 - aXéQh)w+)(x) + aXéK(a: —p).
Therefore,

c,0™"(z,wT)N(r) = Rtwt(z) — R wt ()
=R (1 — ayph)w) (@) + aypK(x —p~) — K(z —p*) =: f.

Denote
MmQ =Myt 0nGro (7?,+ (XRn+1\AQ(1 - aXéh)er)) + aXCIQK(zQ —-p ) —K(2q — ph).
To prove the lemma, it suffices to show that

(3.17) o 1= mef at <0 @R @)
AQ

To this end, we split
(3.18)

/~ ‘f—medw+
QNGaq

< / R (xag(1 — agph)w™) [* dw*
QﬂGAQ
+ / _ ‘R+ (X]R"‘H\AQ(l - aXéQh)w+) — mw'*‘,QﬂéAQ (R+ (XR”'H\AQ(l - aXézh)w+)) ‘2 dw™
QNG
+ aA%/Q ’K(m —p ) — K(2q — p_)’2 dw™ (z)

+/ |K(z—p") — K(zq — p+)\2 dwt (z) = I + Iy + I3 + 1.
Q
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To estimate the term I notice first that, for all z € QN G AQ, using the jump formulas (2.15),
(3.15), and Lemma 3.10,

[RT (eag(l = axgh)e®) (@)] < [RT (xagw™) (2)] + axg[R™ (xaw™) ()]

G _ - 1 % gyn
< |R(xaqw™)(@)] + f@”(w,ofr) + aAé?‘R(XAQw )(@)| + aAég 5 O"(z,w™)
, B B s _
< Re(x2nqw™) () + 5 Mn(x2w™) (@) + ajgRe (xargw ™) (2) + axg o Ma(xaqw™) ()
S 0.+ (AQ) +050,- (AQ) ~ C(4)0,+(Q).
Recall also that R+ is bounded in L?(w| éAQ) with norm at most CO_+(AQ) (see Lemma
3.11), and thus also bounded from the space of finite signed Radon measures M (R"*1) to L1 (w™| éAQ)

with norm at most C'O,,+(AQ) (using also that M,, (xaqw™) (z) < O,+(AQ) in C~}AQ, see [To2,
Theorem 2.16 and Remark 2.17]). Then, given ¢ > 0, if we let

{$€QQGAQ (XAQ(l—aAQh )‘ >t@w+(Q)}
using also Lemma 3.3, we get
-1
L (AQ ] o
() S t@((g Ixaqt ~ axgh)lzer) < €0 22 xaglang ~ Wllixr)
< o2 50 (1) ~ SOt ),

Then,

hS/ ~ IR* (xa(l — axph)w™) [* du™ +/ IR* (xaq(l — axph)w™) [* du™
QNGAQ\Et E:

9 01

—w(Q).

< 0,0 (Q%(Q) + C(A)0, Q)

1/2

Hence, choosing t = (41)'/, we obtain

L S (01 + C(A)(81)?)0,+ ()%™ (Q) £ C(A)(01)'20,+(Q)*w ™ (Q).
Next we will estimate the term I3 in (3.18). To this end, notice that for all z, 2" € Q we have

(3.19) IR* (xRn+1\aQ(1 — axclyh)aﬁ) (r) —R" (XRn+1\aQ(1 — aXégh)oﬁ) ()|

< / =2l d(w* + athw ) (y)
™ Jrninag |z —y[m AQ '
By Lemma 3.7,
4Q) + -1 -1 —-1/2
T g dwT SAT R (AQ) S ATO,+(AQ) S AT O0,+(Q),
Rrti\AQ [T — y["
and analogously replacing w™ by w™. Hence,

x—a I _ -
/Rn+1\AQ|x’_W+1d<w+ g ) SATP0,(Q) +apph 10, (AQ) S A6, (Q)
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Plugging this estimate into (3.19) and averaging over all 2’ € QN G AQ, we infer that the integrand
in the term I5 is at most CA=10,+(Q)?, and thus

I S A0+ (Q)*wH(Q).

Now we turn our attention to I4. Observe that, by Lemma 3.7, for all z € Q,

0Q “Q wH (OOt
(320)  [K(z—p") =~ K(zq —p")| S dist(p+,(as)2+)n+1 ~ diam((OQ)+)1/2 diam(a(m)n)ﬂ/z
" /
() Q@ o

~ diam(0QT)Y2 ¢(Q)" /2 diam(9Q1)1/2

Hence,

15 G O (@ (@)

For I3 the arguments are similar: as in (3.20), we have

- - UQ)M?
Therefore,

b S a3 g 0, (QP (@) £ O O

Gathering the estimates obtained for Iy, ..., I4, the estimate (3.17) follows, with

CAUQ)
diam(0Q+)’

which is as small as wished if A is taken big enough and then ¢(Q) and ¢; small enough. O

0,+(Q)° w(Q).
e~ C(A)(O)P+ A7 +

Lemma 3.13. Given &” > 0, assume that A is big enough (depending on €”), &1 small enough
(depending also on A), and suppose that £(Q) < l2(01,A,e"). Then

/Q o TR = g (R < 0,0 Q)

We remark that, strictly speaking, the constant 2 above may differ from the analogous one in
Lemma 3.12.
Proof. From (2.15), (3.15), and the first identity in (3.13) we infer that, for w™ a.e. z € 907,

Rw't(z) — ,0"(z,w")N(z) = R w'(z) = K(z —p").

Therefore, for w* a.e. z,2’ € 90T,

RwT (z) — Rwt(2)) = ¢,0"(x,w)N(x) — ,0" (2, w")N(2') + K(z — p") — K(2' —pT).
Averaging for ' € QNG AQ, we deduce that

Rw™(z) —m (Rw™) = ¢, (0™(z,w")N(z) — Myt anGrg (0", w™)N))

+K(@—p") = m . gog, (K(—p")).

w+,QﬂéAQ
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From the estimate (3.20), it follows easily that

K N " N < E(Q)l/Q o
’ (x—p") _mm,QnéAQ( (—p ))’ ~ m Wt (Q).
Thus,
[Rest(2) = m, 1 o (R™)| S 107 @0 N (@) —my g, (07" IN())|
UQ)'?
—— 0 .
diam (0Q+)1/2 Q)
Then, by Lemma 3.12,
+ B +112 + < 2 + E(Q) 2, .+
/QﬂéAQ ’Rw mw+,QﬂGAQ (Rw )’ dw ~ € ®w+ (Q) W (Q) + dlam(6(2+) @w+ (Q) w (Q)a
which proves the lemma, with ¢’ = C(¢' + %). O

3.4. Non-degeneracy of the density of w™ in a big piece of Q N éAQ. Consider @ € ﬁk,

for some k € Z, and G, CNJAQ as above. Observe that if Q € N'Dy and Q' is any of the cubes
from Dy, that forms Q, then O+ (Q’) ~ 6,+(Q), by the doubling property of w™.

Given 0 < 7 < 1, we denote by LD, the family of maximal cubes P € Uj>k D; such that

P C Q and O,+(P) < 70,+(Q). The notation LD stands for “low density”. We also denote
LD.-= |J P
PeLlD,
Notice that if P € LD,, then
O+ (P) = 7O+ (Q)-
Indeed, by definition O+ (P) < 70,+(Q), and by the maximality of P, the father P’ € D of P
satisfies O+ (P') > 7 O,+(Q) and, since w* is doubling, O+ (P) ~ O+ (P").

Lemma 3.14. For alle; > 0, there exists some constant T = 7(e1) € (0,1/10) such that, for {(Q)
small enough,

wh(LD,) < e1wt(Q).

Proof. We choose 7 of the form 7 = AM | for some 0 < A < 1 and some integer M > 1 to be fixed
below. Let us emphasize that A will depend only on n and other fixed parameters, while M will
depend on 7 and thus on €;. For k > 1, we denote

LD* = LD, LoF= | J P
PeLDF

We also set LD = {Q} and LD® = Q. Observe that any cube from £D* is contained in some
cube from £D*7!, and so LD* c LD*~!. The lemma is an easy consequence of the following:

Claim 1. Suppose that X is small enough depending only on n. Then there exists some n € (0,1)
such that for every k > 0 and every P € LD,

wh (PN LD < nwt(P).
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From this claim it follows that
wt(LD¥1) < pwt(LDF),
and thus
wH(LDY) <MWt (LD?) = nMwt (@),
which proves the lemma if M is big enough.

To prove the claim above we intend to apply Theorem 2.4 to the ball B = %Bp (recall that
Bp is the ball associated with P introduced in Theorem 2.2) and the measure w™. First we will
check that the assumptions in Theorem 2.4 hold. The second statement in Lemma 3.7 ensures
that P+ (B) < C©,+(B) if ¢(P) is small enough, and thus the assumption (a) in Theorem 2.4 is
satisfied. On the other hand, the condition (b) is an immediate consequence of the J-Reifenberg
flatness of 7, assuming ¢ small enough.

To check the condition (c) in Theorem 2.4, for some A > 1 to be fixed below we take Gp =

Gap N B, with G 4p defined in (3.8) (with @, A replacing P, A). Observe that Lemma 3.5 implies
h
o wH(B\ Gp) < wh(P\ Gap) < eowt (P) = egwt(B).
Further, we have
Re(x2pw™)(2)] S |Re(x2apw™) ()] + IRy (p) (x2apw™ ) (2)| + O+ (B)  for all z € B,
and then it easily follows that
Re(xepwh)(2) < Ru(x2apwh)(z) + 6,4+ (B) forall z € B.
Thus, by Lemma 3.10, with () = P, we obtain
Mn(X23w+)({L‘) + R*(XQB w+)(x) 5 @w+(B> + O+ (AP) for all z € Gp.
By Lemma 3.7, we have
CTAT"Q ., (P) < O+ (AP) < CA™"Q,,. (P)

with vy as small as wanted if the Reifenberg flat constant is small enough. In particular, if the
Reifenberg constant is small enough (depending only on A), then A7"™ = 2 and thus O+ (AP) ~
O,+(P) = O,+(B) and so (c) holds with constant C; = 2C for C as in (3.11).

The last assumption (d) is a direct consequence of Lemma 3.13 applied to P. Indeed,

/ |Rwt (z) — my+ g, (Rw™) P dw™ (z) < / Rw™ (x) —m_, PG ap (Rw™)|? dw™ ()
Gp ’

Gp
< e"0,+(P)wh(P) = & ©,+(B)*w*(B),
with €” as small as wished (assuming ¢(Q) and ¢; small enough and A big enough).
The application of Theorem 2.4 ensures the existence of a uniformly n-rectifiable set I' ¢ R?*!

such that
wH(GpNT) > 0wt (B),
for some fixed # > 0, with the UR constants of I" uniformly bounded. Claim 1 is an easy corollary

of this fact. Indeed, let I denote the subfamily of cubes from £D*+! which intersect Gg N T (and
thus are contained in P). Consider a subfamily J C I such that

e the balls 2B r, R € J, are pairwise disjoint, and
® UR’EI R/ C UR6J6BR‘
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Then, using the fact that O+ (6Bg) ~ O,+(R) < A0+ (P) for R € J, we get

(3.21) whH(GpNT ALDMY) <> " wh(6BR) SAO+(P) Y U(R)".
ReJ ReJ

By the n-AD regularity of I' and the fact that BrNT # @ for R € J, we derive
U(R)" =~ H"(I' N 2Bg),

and thus, using the fact that the balls 2§R are disjoint and contained in some fixed multiple of
Bp, and the n-AD regularity of I" again, we get

> UR)" =Y H'(I'N2BR) S H(INCBp) ~ L(P)".
ReJ ReJ

Plugging this estimate into (3.21) and choosing A < 6, we obtain

wH(GpNT ALDMY) < CAwT(P) < C'Awt(B) < —wt(B) < ZwH(GpNT).

N |

Thus,

wH(Gp AT\ LDMY) > %M(GB AT) >

| D

wh(B) = 0wt (P).

In particular, this shows that wt(P\LD**1) > #w*(P) and proves the claim, and the lemma. [

Notice that in the argument above the Reifenberg flatness constant asked for Q% does not
depend on 7. Indeed, in the application of Theorem 2.4 during the proof of the claim we fixed Cy
and (] fitting the constants appearing in Lemma 3.7, which are universal. Thus, to check that the
assumption (d) of the same theorem is satisfied, we chose ¢” = 79(Cp, C1) in the notation of that
theorem. Then A = A(e”) was fixed according to Lemma 3.13, in terms of these universal constants
and the NTA parameters of the domain. This made vy = m needed in (3.11) a constant
just depending on the NTA parameters and, therefore, the Reifenberg constant ¢ also depends on
the NTA parameters so that Lemma 3.7 and condition (b) of Theorem 2.4 can be applied. The
parameter d; used to define the good set needs to satisfy §; < d1(¢”, A) when applying Lemma
3.13 with A = A but it also needs to satisfy Lemma 3.5 with §; < Cdy(Cp, C1) so that part (¢) in
Theorem 2.4 could be checked. Finally, the side length of the cube needed to be very small so that
Lemmas 3.5, 3.7, 3.10 and 3.13 can be applied, that is, £(Q) < min{A~11(61), M1 R, £5(51, A, ")}
(depending on the NTA parameters, on R/diam(9Q"), and on the VMO character of N+ ). Note
that also # and the uniform rectifiability constants are universal, and 1 depends on the NTA
parameters. To end, the NTA parameters can be thought to be uniformly bounded if § is small
enough by [KT1, Theorem 3.1].

This is an important point in our proof, because to show that

lim ][ |N —mg,+ Q(N)|2dw+ — 0,
{(Q)—0 Jg ’

we need to take 7 — 0.
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3.5. End of the proof of (a) = (b) in Theorem 1.1. Given two non-zero vectors u,v € R**1,
we have

_|l(w —v) +v(fol = Jul)| _ u— o] N [[v] — [ul|

u — v

(3.22)

<2

Juf Jv] |ul |ul Jul

Obviously, the same estimate is valid in the case v = 0, replacing ﬁ by 0. Applying this inequality
with u = ©"(z,w™)N(z), v =m (O™, wh)N(-)) for z € Q N Gag \ LD,, we infer that

w+,QﬂéAQ
/ ) IN(2) — Co|* dw™ (x)
QNGag\LD~
4 2
< — |0 (z,w")N(z) —m =~ (0", wHN()|" dwt (2),
< /Q o, O ST O IV = s 0, (O" (N i (2)

mw+,QnéAQ(en('7w+)N(')) . n + .
where Cg = ek mw+,Qm(~}AQ(@ (,wT)N(-)) # 0 and Cg = 0 otherwise.

o |mw+,QﬁéAQ

Using the fact that ©"(z,w™) > 70,+(Q) in QN CNJAQ \ LD; and Lemma 3.12, we obtain

/ ) IN(2) — Co|* dw™ (x)
QNGAQ\LD-

B 4

- 7_2 @w+ (Q)2

Therefore, taking also into account Lemmas 3.5 and 3.14,

[ IV = Cof do <457 (@\ @ro \LD) + [ N~ Cof du
Q QNGAQ\LD+

4’

f 187 NG~ g (07 IO () < T3 0%(@)

<4UJ+(Q\6AQ)+4W+(LD7—)+/ B !N—C’Q‘Qduﬁ
QNGa\LD-

Q)

7(e1)?

where €9 = Cd1. Thus, given any 2 > 0, choosing appropriately the parameters £g, €1, and &/,
and taking ¢(Q) small enough, we infer that

/Q‘N—mw+7Q(N)‘2dw+ < /Q |N — C’Q‘2dw+ < ew(Q).

< degw™(Q) +4e10w™(Q) +

Given any ball B centered in 9Q" with small enough radius, there exists some Q € D such that
BnoNt c@Q and £(Q)~r(B).
It follows then that

lim sup ][ |N — mw+,B(N)‘2dw+ Slim sup ][ |N — mw+’Q(N)‘2dw+ =0,
=0 g.r(B)<r JB =0 0ebu@)<t /Q

where all the balls B in the first supremum are assumed to be centered in 9QT. So we have
N € VMO(w™). O
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3.6. Proof of Corollary 1.2. Let QF, Q™ be as in Corollary 1.2. We have to show that N €
VMO(H"|pq+)- Since we are assuming that Q7 is a chord-arc domain, it follows that w™ is an A,
weight with respect to the surface measure o = H"|y0+, by results due independently to David
and Jerison [DJ] and to Semmes [Se].

Consider an arbitrary ball B centered in 9Q" with r(B) < diam(Q%). By Theorem 1.1, we
know that

LIV = s dit < ealr(B) " (B),
with e3(r) — 0 as r — 0. L(th
E={z€BnaQ" :|N(x)—my+ g(N)| > es(r(B))"/*}.
By Chebyshev we deduce that
W (E) < 25(r(B) 2wt (B).

Hence, by the Ay, property of wt, given an arbitrary €4 > 0, if 7(B) is small enough (and thus
e3(r(B))"/? small enough), then o(E) < £40(B). Therefore,

/B}N—mg’B(N)’Zdag/B‘N—mWJF,B(N)Izda

§4U(E)+/ ‘N—mw+7B(N)|2da
B\E

< 4e40(B) +e3(r(B))? o(B),
which shows that

lim sup ][ }N—mU’B(N)Fda:O
=0 B:r(B)<r /B

(with the balls B in the supremum centered in 9Q), or equivalently, that N € VMO(o). O

3.7. A final result. Essentially the same arguments used to prove (a) = (b) in Theorem 1.1 and
Corollary 1.2 give the following.

Theorem 3.15. Let QF € R™*! be a bounded NTA domain and let Q= = R"1\ QF be an NTA
domain as well. Denote by w™ and w™ the respective harmonic measures with poles p™ € QT and
p~ € Q. Suppose that Q is a §-Reifenberg flat domain, with § > 0 small enough, and that w™
and w™ are mutually absolutely continuous. Let ro € (0,diam(Q")). For every e > 0 there exists
n > 0 depending on € and ro such that if

dw™ dw™ n
]i\logdw = morn(log g )| ot <

for all balls B centered in ONT with radius at most ro, then the inner normal N(x) exists at
wt-almost every v € 00T and

][ IN —my+ pN|dw" <e
B

for any ball B centered in O with radius small enough.
If, additionally, OQ" is n-AD regular, then also

‘%B‘N_mHn|BSZ+’BN’d,Hn|8Q+ S e
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for any ball B centered in O with radius small enough.

4. PROOF OF (C) = (A) IN THEOREM 1.1

We assume that we are under the conditions of Theorem 1.1 (¢). So we suppose that QF is
dw™

vanishing Reifenberg flat, the inner normal N belongs to VMO(w™), and either € Byja(w™)

W

or —
dw™

(4.1) ]{9 0
N

d
if r(Byp) is small enough. First we will prove this assuming that % € B3/o(w™), and in the last
w

€ B3/2(w+). Our objective is to show that, given 7 > 0, for any ball By centered in 052,

dw™ dw™ n
logder —mBO7w+(logdw+)‘ dw™ <71

Section 4.6 we will explain the arguments in the case % € Byjo(w™).

4.1. Stopping cubes. To prove the estimate (4.1) we intend to construct some approximation
domains for QT and 2~ and apply to them Theorem A from Kenig and Toro. To this end, in this
section we need to introduce some stopping cubes.

According to [AMT4, Theorem 1.3], both w™ and w™ have very big pieces of uniformly n-
rectifiable measures. This means that, for every € € (0,1) and for every ball B centered in OS2
with radius at most diam(952), there exists uniformly n-rectifiable sets £, E~, with UR constants
possibly depending on ¢, and subsets F* C E* such that

(4.2) wH(B\ F*) < ew*(B)
and
(4.3) wE(D) =~. H"(D)O"+(B) for all D C F*.

We consider the lattice D of Christ cubes from 9€2. Given a ball By centered in 99 with
r(Bp) < diam(Q") and two parameters § € (0,1) and A > 1 to be chosen below, we consider
some stopping cubes defined as follows: we say that @ € Stop(Bp) if @ € D is a maximal cube
contained in 2By such that one of the following options holds:

e 0,+(Q) > A6+ (By). We write Q € HD'(By).
e 0,+(Q) <60, (By). We write Q € LD (By).
We denote
HD™(Bo)=  |J @ wfBy)= U @
QeHD(Bo) QELDT (By)
and
GB) =3B\ |J @

Q€EStop(Bo)

Lemma 4.1. For any ¢ > 0, if A is big enough and & small enough, then
wT(HD'(By) ULD(By)) < &' w™(By).

Let us remark that A and § depend on ¢’ and the A, relation between w™ and w™.
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Proof. First we estimate w™(HDV(By)). Let F*, Et and € be as in (4.2), with B replaced by 2B
and ¢ to be chosen below. We claim that if Q € D' (By) and A is big enough, then

WHQNFY) < Swt (@)
In fact, observe that if wt(Q N F*) > 1wt (Q), then
wi(Q) < 2wTH(QNFT) < Ce)Ou+(Bo) H'(QN FT) < C(e)O,+(Bo) UQ)",
and thus
Ot (Q) < 0(5)@w+ (BO)

So Q € HD"(By) if A is chosen big enough (depending on ) and the claim follows. Then we
deduce

Yooowt@<2 ) WwH@\FY) <2wT(2By\ FT) < Caw™(By).
QEHD(By) QeHD(Bo)
Next we estimate w™ (LD (By)). We write
Y. @@= ) «T@\FH+ Y wHQNFY)

QeLDT(By) QeLDT(By) QeLDT(By)

The first sum on the right hand side is at most
wh(2Bg \ F1) < cew™ (By).

To deal with the sum Y o pp+ (g, w' (@ N FF), denote by J the family of cubes @ € LD (By)

such that Q N F™ # @, and consider a subfamily Jy C J such that the balls 2§Q (defined in
Theorem 2.2), with @ € Jy, are pairwise disjoint, while

J@c | 10B,.
QeJ QeJy
Then, using the doubling property of w™, we obtain

Yo W QNFN) <> wh(@Q) < ) wh(10Bg) < C Y wh(Q) < Co0,+(Bo) Y UQ)™

QeLD*(Bo) QeJ QeJo QeJo QEJo

Now we take into account that, for Q € Jy, EQ N ET # @, and by the n-AD regularity of ET,
Q)™ < H™(2Bg N ET). Thus, using that the balls 2B are disjoint,
C30,+(By) Y UQ)™ < C(e)80,+(Bo) > H"(2Bon ET)
QeJo QeJy
()8 ©,,+ (BoYH"(4By N E*)

C
C(£)8 O+ (Bo) r(Bo)" = C(e)dwt(Bo).

IA A

Therefore,
Y. wH(Q) < (e + Cle)d)w™ (By).

QeLDT (By)
Altogether, we have

w " (HD™(Bo) ULD™ (By)) < (ce + C(e)d)w™ (Bo) < ew™ (Bo),
assuming d = 0(e) small enough (and also A = A(e) big enough). O
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4.2. Construction of the approximating domains. Next we will follow an idea from [AMT1].
To this end, first we have to introduce some Whitney type cubes with restricted size.

Given an open set V C R"! and K > 4, we denote by Wk o (V) the set of maximal dyadic
cubes ) C V such that diamKQ < rg and KQNV¢ = g. These cubes have disjoint interiors and
can be easily shown to satisfy the following properties:

(a) min{rg,dist(Q, V) }/K < 4(Q) < min{rg,dist(Q,V°)}/K, where £(Q) denotes the side
length of the cube.

(b) If Q, R € Wk (V) and £Q N LR # @, then €(Q) ~k

(c) ZQeWK,TO(V) XEqQ SKon XV

2 U(R).

)

Consider the open set V = R"1\ G(By) and, for some constant 0 < 79 < 1/100, the associated
Whitney cubes WT(;Q (BO)(V). Denote by Wy the family of cubes @ € W -2 T(BO)(V) such that

Na T

Q NIt # . Notice that
Q) < 78 dist(Q, G(By)) for all Q € W,

and
00"\ G(By) c | S
SeEWy
For each S € W), fix some point zg € S N 9N and set
(4.4) Bg = B(zg, 7 min{r(By),dist(S, G(By))}).

Notice that
0(S) =~ 19r(Bs) ~ 702 min{r(By), dist(S, G(By))}.
Then we consider the domains

o =0"u |J Bs, af=0%\ | Bs
SeEWy SeEWYH

Q;:Q—UUBS, Qg:Q—\UBS.
SeEWy SeWo
The subindex b stands for “big” and s for “small”. Notice that the domains Q,:)t are obtained by
increasing QF, while QF are obtained by reducing Q*. Further, by [AMT1, Lemma 2.2],
G(By) C 991 N oQE N oy,

Let us remark that the use of approximating interior or exterior domains is not new in potential
theory. They can be constructed by different methods. The method we use here has the advantage
of being quite straightforward and producing Reifenberg flat domains, as the next lemma shows.

Lemma 4.2. Let pg = r(By), and let 19 > 0 be small enough. There exists o9 = dp(79) > 0 such
that if @ C R s (11, po)-Reifenberg flat for some 11 € (0,8), then QF and QF are (CT&/z, po/2)-

Reifenberg flat. Further, for each S € W, 1035(\892‘5 and 10BsNINT are 075/2—Lipschz'tz graphs
with respect to the best approzimating n-plane for Q" in Bg.

This result is an immediate consequence of Lemmas 2.2 and 2.3 from [AMT1].
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4.3. Some properties of the approximating domains.

Lemma 4.3. Suppose that Q1 is (11, 7)-Reifenberg flat for some 0 < 11 < 79, and that Agr(By) <
ro for some Ag > 1. Denote o = H"\aﬂj. If 11 is small enough and Ay big enough (both depending
on 1p), then

(4.5) o(B(z,1)) < C(A,8)r"  for allz € 99, 0 <r < r(By).
An analogous estimate holds for H"|5q+.

Remark that the preceding lemma implies that Q; and QF are chord-arc domains and thus the
surface measures H"| o0y and H"|yq+ are n-rectifiable.

Proof. Consider a ball B = B(z,r), with z € 9, 0 < r < r(Bj). Suppose first that B is
centered in 10By. By the stopping conditions, it follows that

w(B(y, s)) a5 Ou+(Bo) s* for all y € G(By), 0 < s < r(Bp).

This can be easily deduced from the fact that any such ball B(y, s) contains a cube @ € D such
that £(Q) ~ s and Q ¢ HD'(By) ULD'(By). Then we infer that
Sas .

(4.6) o(B(z,r) NG(By)) =a,s O+ (Bo)_1w+(B(:z:, r)NG(Bp)) <

Denote by I the family of cubes S € W)y such that B¢ N B # @ and r(Bg) < r(B) (with Bg
defined in (4.4)) and by I, the family of cubes S € W) such that B¢ N B # & and r(Bg) > r(B).
Consider subfamilies Iy C I1 and Iy C I5 such that, for ¢ = 1,2,

e the balls Bg, S e fi, are pairwise disjoint, and
e BN USEIi Bg C USEE 5Bg,
Then we have
o(B) < o(BNG(Bo)+ »_ o(5BsNB)+ > o(585N B).
Sel Sels
Observe that if Iy # @, then we can assume that .72 is made up of a single ball and that .71 is
empty (since a ball 5Bg, with S € I, suffices to cover B).

We will use now that, by [AMT1], 5Bg N 89; is a Lipschitz graph (with slope at most CTS /2
with respect to some suitable axis). Concerning the last sum on the right hand side, since there
is at most one ball Bg, S € I,

> o(5BsNB) Sr(B)™.
Sely
For the sum over fl, we write
> o(6BsnNB) S Y r(Bs)™
Sel Selh
Now we use the fact that
O+ (7-0’25) ~as O+ (Bo),
by the stopping conditions and the doubling property of w™. Also, if 7; is small enough and Ay is
big enough (both depending on 7), by [KT1, Theorem 4.1] or Lemma 3.7 we have

O+ (15 2S) & Oyt (15 ' S) = O+ (Bs),
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and therefore
r(Bs)" = ©,+(Bg) " wT(Bs) ~a, O+ (Bo) "' wt(Bg).

Thus, using that the balls Bg, S € .71, are disjoint and contained in 3B,

Z r(Bg)" ~As O+ (Bo)_l Z w+(BS) SAs O+ (Bo)_1 w+(3B).
Sel Sel

From the fact that I; is non-empty, it follows easily that O+ (B) ~ A5 ©,+(Bo) (applying [KT1,
Theorem 4.1] or Lemma 3.7 again), and so

O,+(Bo) ' w (3B) = O+ (Bo) ' wt(B) mas r(B)",
which implies that
> o(5BsNB) Sas r(B)".
seh
Together with the previous estimates, this shows that (4.5) holds for any ball B centered in
10By N 09 with radius at most r(By).

Suppose now that B is centered in 89; \ 10By. Consider the families fl and fg defined as
above, and denote I=LUL. By construction, in this case all the balls Bg, S € IN, have radius
equal to 7or(By) and are contained in a ball B’ concentric with B with radius r(B’) = 3r(Bj).
If 7 is assumed small enough, then the best approximating planes Pg for all these balls will be
very close in B, and then BN aﬂlf will be a C’ 7‘3 / 2—Lipschitz graph (since it is a CT& / 2—Lipschitz
graph with respect to Pg in each ball 10Bg). So (4.5) also holds in this case. O

1
loc

£z = sup ][ 1 — M pen it
zedQt J B(z,r)
o<r<¢

Given a measure p, for every ¢ > 0 and every function f € L; (u), we denote

Our next objective is to prove the following.

Lemma 4.4. Suppose that Qt is (11, 70)-Reifenberg flat for some 0 < 71 < 79, and that Agr(Bg) <

ro for some Ao > 1. Suppose also that w* and w™ are mutually absolutely continuous, that

dw™
dw—_ € Bsjs(w™) and that the inner normal N belongs to VMO(w™). Denote o = H"|BQJ. If
w

is small enough (depending on 19 and Ag), then the oscillation of the inner unit normal to 8(2;;
in any ball B centered in OQ; with radius 0 < r(B) < r(By) satisfies

1/2
][ ‘Nﬂ+ - mB,UNQ* ’ do 5 C(A7 5)HNQ+ *,7(10A0Bo),w* + 7—0/ + e,
BNaQy b b

with €1(70) as small as wished if 7o is small enough. Analogous estimates hold for €~ and QF.
To prove this lemma we will need the following key result.

Lemma 4.5. Let QT C R™! be a bounded NTA domain and let Q= = R™1\ QF be an NTA
domain as well. Suppose that QT C R is (19,70)-Reifenberg flat for some 19 > 0 and 9 > 0.

dw™
Suppose also that w™ and w™ are mutually absolutely continuous, that

€ Bsjp(w™) and that
w
the inner normal N belongs to VMO(w™). Let B be a ball centered in QT with Agr(B) < ro/4.
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Let L be a best approximating n-plane for 00T N B and N the unit normal to Ly pointing to
QF. For any 1 > 0,

|Ng — mp o+ No+| < e1 = ei(r0,7(B)),

with £1 as small as wished if 7o is small enough and r(B) small enough,

We defer the proof of this result to the next subsection, and we show first how this can be used
to prove Lemma 4.4.

Proof of Lemma /.4. First consider a ball B centered in 10By N 99, with radius 0 < r(B) <

r(Bp). Take the same families of cubes Iy, Io, .71, .72 C W, as in the proof of Lemma 4.3. For any
unit constant vector C'g to be chosen below, we split

(@7) / Nos — Cpldo < / Ny — Cpldo
BNnaQy b BNG(Bo) b

+> / [Nt — Cpldo+ ) / [Nos — Cp| do.
sel, 5BsNB Selo 5BgNB

Suppose first that Is # @ and let .72 = {So} (recall that .?2 has at most one cube and that
I, = @ in this case). Denote by Ng, the inner unit normal to a best approximating hyperplane

Lg, for 5Bg, N 89;. By [AMT1], since GQI': is a Lipschitz graph with slope at most CTS/ % over
Lg,, it follows that

]NQ; () — Ng,| < 75/2 for o-a.e. x € 5350.

Therefore, choosing Cp = Ng,,
[ Nop = Colda < [ Noy — Cpldo < 7/%0(5)
Bnoy P 5BsnB "

In the case where Iy = & it is immediate to check that 2B N 902" # &. Then we choose

Cp = f,5 No+ dw™. Observe that, in G(By), Ngt = Na+ o-ae. and 0 ~a5 Oy (Bo)"tw™ (ie.,

they are comparable measures) by (4.6). Using also that ©,+ (4B) =5 ©,+(Bo) if G(By)NB # 9,
we get

(4.8) / |INg+ — Cgldo =5 O+ (BO)_I/
BNG(Bo) b BNG(By)

<6 INo+ llwr(10Bo) w+ O+ (Bo) "' w' (4B)

~as [|[No+ H*,r(wBO),wU(B)-

|No+ — myp g+ No+ | dw™

Consider now the sum over S € I; in (4.7). For each S € I, denote again by Ng the inner unit
normal to the best approximating hyperplane Lg for 5Bg N 9Q2". Then we write

/ ) |NQ;L — Cpldo < / |NQb+ —Ns\da—i-/ |Ns — mpg o+ Not+|do
BN5Bg 5Bs 5Bs

+/ Impg ot Not+ — myp ,+ Not| do.
5B
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By Lemmas 2.2 and 2.3 from [AMT1], ]NQ; — Ng| < 73/2 on 5Bg and, by Lemma 4.5, we know
that
(4.9) |Ng — mBS,erNQJr‘ <er.

So we get
/  Ng+ = Cpldo 5 (1 2 4 1)0(5Bs) + [mpg o+ N+ — myp o+ No+| o(5Bs)
BN5Bg

1/2 _
~ ()" 4+ €1)0(Bs) + O+ (Bs) ! |mpg o+ No+ — myp o+ No+|wh (Bs).

Here we have used that on 5Bg the measure o is the surface measure on a Lipschitz graph and
thus is doubling on 5Bg (with constants independent of A and ). Next we take into account that

Impg v+ No+ — myp w+ No+|wh (Bs) < [ [N+ —mpg o+ No+|dw™ + | [No+ —myp g+ No+ | dw™
Bg Bs

< INot (10800 (Bs) + /B Not — map e Nos | do*
S

and that ©,+(Bs) ~a5 ©,+(Bo). Then, summing over S € I, and using the disjointness of the
balls Bg, we derive

C(A.S
3 / Nogs — Coldo < (% +21) Y 0(Bs) + o 200 Nt e sqaomprr 3 0 (B5)
BsﬁB ®w+( )

Sel Sefl Sel

C(A
+ —— @w+ BO Z/ |NQ+—m4Bw+NQ+‘dW

S (1% + &1+ C(A,0) [No |l (1080) 0+ )7 (B)

C(4, )
T\ Neoo — N. +
®w+ (BO) / ‘ Qt — MyputiVot ‘ dw

S ( 12 4 el + C(4,6) HN9+||*7“(1OBO)°”+> (B)-

Together with (4.8), this yields
/B [Nojy = CBldo < (Tom +e1+C(4,9) ||NQ+H*,r(lOBO),w+>U(B)7

and proves the lemma for balls B centered in 10By N 89;.

In the case where B is centered in €2, \ 10By, we know that BN9Q; will be a C’ Tg / ®_Lipschitz
graph (by the same arguments as in the end of the proof of Lemma 4.3), and thus the lemma also
holds. O

4.4. The proof of Lemma 4.5. Let B be a ball satisfying the assumptions of Lemma 4.5, and
consider some big constant A such that 1 < A < Ag. Consider the set G(AB) defined in Section
4.1, with By interchanged with AB. Denote

dp(z) = min (r(B), dist(z, G(AB))).



38 MARTI PRATS AND XAVIER TOLSA

For each 7, € (19,1/10) and g € (0,7,/10) to be chosen later we denote
(4.10) h(z) = max(eor(B), T, dp(x)).

Notice that h is Lipschitz with constant 7,. We remark that, to prove Lemma 4.5, below we will
need to choose the parameter 75, small enough, and later we will take 79 depending on 73, so that
in particular 7y < 73.

Remark that if x € 2AB and r € [h(x),r(AB)], then

(4.11) Ou(B(z, 1)) =as Ou(AB) = 0,(B),
assuming Ag/A big enough and 7y small enough, depending on 75,. This follows easily from the
stopping conditions in Section 4.1 and Lemma 3.7.

Given x € 9Q", we consider a best approximating n-plane Lo(z) for 0Q% N B(z, 7, 1/2h(:v)).
We denote by No(z) the inner unit normal to Ly(x), and we consider the function

H(z) := h(z) No(x).
Observe that x + H(z) € QF if € 9QF Next we consider the auxiliary kernels
Ki(z,y)=K(z+ H(z)—y) forzecd0t, ye R
and
Ki(z,y)=K(x+H(y)—y) forxzecR"™ yeoQt,

where K (-) is the signed Riesz kernel of homogeneity —n. We denote by Rf, Rf the respective
associated integral operators. That is, for any finite measure v, we write

:/Kli(g;,y) dv(y), Rgu(x):/fﬂf(w?y) dv(y),

whenever the integrals make sense.

Notice that, for each y € 0%, K (-,y) is harmonic in Q% and continuous in QF (the last
condition holds because g9 > 0); and for each z € 9QT, K (z,-) is also harmonic in QT and
continuous in QF. As a consequence, for each z € Q7 R; wT? is a function which is harmonic
in QT and continuous in QF, and thus

(4.12) / Ryw™*dw™? = Rfw*(2).

Regarding the kernel K|, we have Ry w™*(z) = K (z,2) and so

(4.13) /R T (2) dw* (z /K z,2)dwt?(x) = /K(CL‘ — H(z) — 2) dwt*(x)
- / K(z+ H(x) — x)dw™*(z) = =Ry w?*(2).

We will apply the identities (4.12) and (4.13) to a corkscrew point z € QN B. More precisely, we
will choose z to be the point pg € Q7 such that both pp and the center g of the ball B have the
same orthogonal projection on a best approximating plane Lg for 9Q", and so that, moreover,
dist(pp,zp) = r(B)/4.

First we need to introduce some notation and prove some auxiliary lemmas. For any Radon
measure v, we write

,
P@) = [ e )
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Notice that P,v(z) ~ P,(B(z,r)), where P,(B(x,r)) is defined in (2.13).
In this section, from now on, to simplify notation, sometimes we will write w instead of w™ and
w? instead of wt?.

Lemma 4.6. Under the assumptions of Lemma 4.5, for every x € OQT N2AB

wPB(B(z,r(B))) 1
w(B) r(B)"

(4.14) PwPB(z) < Oy (B(z,1)) for allr >0,

assuming No/A big enough and 19 small enough.

Proof. Observe that, for any x € 9Q" N 2AB and every r > r(B),

1 1
O.r5 (B(.Z‘,’r‘)) < g T(B)”'

On the other hand, for r < r(B), using the well known change of pole formula for NTA domains
of Jerison and Kenig, we have

w(B(x,r)) PP (B(z,r(B))) _ Ou(B(z,r)) " (B(z,r(B)))

(4.15) Ours (B(z, 1)) » w(B(z,r(B)))r" - w(B) ,

where we took into account that w(B(z,r(B))) ~ w(B), with a constant independent of A, because
of the (79, Agr(B))-Reifenberg flatness of QF, and we assume 75 small enough and Ay > A big
enough (see Lemma 3.7). Then we deduce

1
—k k —k
PuwtP(x) S Y 27RO (B 2+ ) 2 PoR
k>0:2kr<r(B) k>0:2kr>r(B)
wPB (B(z, r(B))) 1 wP? (B(z,r(B))) 1
< P, < Ou(B(x, )
using again the Reifenberg flatness of Q7 and Lemma 3.7 for the last inequality. U

Lemma 4.7. Under the assumptions of Lemma 4.5, for every x € 0",

(4.16) P (2) Sas r(l}?)" for 1 € [h(x),r(B)],

assuming No/A big enough and 19 small enough. Further, in the case x € QT \ 2AB, the implicit
constant in (/.16) is independent of A and 0, assuming 19 small enough (depending on 1, and A).

Remark that the estimates in this lemma may depend on A, unlike in the preceding lemma.

Proof. First we show (4.16) for x € 2AB. In this case, by (4.14), the trivial estimate w?B (B(z,r(B))) <
1, and the fact that ©,(B(z,7)) a5 Ou(B) by (4.11), we deduce

. Ou(B(z,r)) 1 1
b (@) 5 = HB) M B
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To estimate P.wPE(z) in the case x € 9QT \ 2AB, we take into account that dg(z) ~ r(B) for
all x € 901 \ 2AB, so that for any r € [h(z),r(B)], arguing as in (4.15),

oy @B w7 (B(r.r(B)) _ Ou(Blr.r) e (Blr.r(B)
Ours (B(z,7)) o(Ba.r(B)r w(B@.r(B)))
. Ou(Ba,r(B))wr® (Blz, r(B) _ w(Bla,r(B) _ 1

w(B(z,7(B))) - (B r(B)"

Therefore,

PuP S Y 270 (B, 2 )+ > 27 <
k>0:2kr<r(B) k>0:2kr>r(B)

Lemma 4.8. Under the assumptions of Lemma /.5,

1/2
T0+Th/

+ +
/‘731 wP? — R wa‘ dwP? Sas W7

assuming No/A big enough and Ty small enough.

Proof. We have

/ IRfwPB — RYwP? | dwP? < / |K(z+ H(z) —y) — K(z + H(y) — y)| dwP (y)dw?® (z)

_// +ﬂ o= 1 + Is.
lz—y|>7, *h(x) lz—y|<r;, " *h()

First we estimate I;. Observe that, for x,y in the domain of integration of I,

[h(x) = h(y)| < Tnldp(x) — dp(y)| < |z —yl.

Thus, since |z — y| > Th_l/Qh(x),

[H(z) - H(y)| < [H(z)| + |H(y)| = h(z) + h(y) < 2h(z) + [h(z) — h(y)| < 3r,"%|z —y| < |2 —y].

Hence,

H(z)— H h(z) + h
|K(z+ H(z) —y) — K(z + H(y) — y)| 5’ ‘iiyw(ly)‘ S ‘; iz‘ni‘?

Then, using also Lemma 4.7, we get

he )00 3 e
e—y|>r Y h@) 1T —yI"

h(z) h(y)
< ———— dwPB (y)dw?? (x —i—// ——— dwPB (x)dwP® (y)
[/|a:—y>‘rh1/2h(r) |z — y[" ! ) ) oyl >r 2h(y)/2 [T — y" ( (
1/2
Th

<20/ [P yny 07 (2) d?(0) S e
h
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Next we consider the integral I. The points x,y in the domain of integration I satisfy |x —y| <
~1/2
7, ' “h(zx) and thus

[h(x) = hy)| < lds(2) — dpW)] <7 le —y| <7/ hx).
In particular, this implies
Sh(x) < h(y) < 2h(x).
Then we deduce
|H (x) — H(y)| = [h(x)No(z) = h(y)No(y)| < |h(z) — h(y)| + h(y) [ No(z) — No(y)|
< (75/2 + 2| No(z) = No(y)]) h(z).
Observe now that, since [z —y| <7, 1/2h(:c) ~ T{l/zh(y), by the Reifenberg flatness, we have
|No(z) — No(y)| < 7o,

and so

[H(x) = HW)| S (7" +70) hix) ~ (5% +70) hy) < min (jo + H(@) =yl. |o+ H(y) ~y])

(to check this, notice that if | — y| < 2max(h(z),h(y)), then H(x) and H(y) are “almost per-
pendicular” to x — y and thus |z + H(z) — y| > |H(x)| = h(z), and the same happens replacing
H(x) by H(y)). Therefore,

|H(x) — H(y)| (7% + 70) h(x)
(417) |K(z+H(z) —y) — K(z+ H(y) — y)| S z + H(z) -yt < z — y" 1+ h(z)n L

Then, by Lemma 4.7, we obtain

(/% + 7o) h(x)
ks // |z — y|n+1£h( )t dwP® (y)dw? (x )5( /2 +T0)/Ph(z)wp3(x) dwP? ()

1/ R 0
<A [ =
T
Together with the estimate we obtained for Iy, this proves the lemma. O

Lemma 4.9. Under the assumptions of Lemma /.5 and the above notation,

CB(TO, Thy 57 A) A)
r(B)" 7

[, (RIS~ REW) 87 = 2R ) o) +

with
|CB(T07 Th 6) A7 A)’ <e
if 70, 7Th,0 are small enough and Ay, A, A big enough.
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Proof. Recall that G(AB) C 3AB. We write
(4.18) /G ) (RYwP? — Ry wP?) dwPB = / (RywPB — Ry wPB) dw?
+ / (RYwP? — R wP?) dwPB

— / (R-ll-wa _ Rl—wa) dwPB
80+\G(AB)
=5+, —Is.
Observe now that, by (4.12) and (4.13),
I = 2R3 wPE (pp).
Also, by Lemma 4.8,

1/2
7’0+Th/

4.19 | < D
( ) ‘2’NA’5 T.(B)n

Finally, to estimate I3 notice that, for any x € 9QT,
[Rwrs (o) - Rywrs(@)] < [ Ko+ H(z) ~ ) K@ — H@) = )| do?(3) $ Py (),
by arguments analogous to the one in (4.17). Thus,

FEIBS / PpywP? dwP? + / PyywPB dwP® =: I3 4 + I3
99+\2AB 2AB\G(AB)

To estimate I3, recall that Pp,)wP?(x) S r(é)”’ by (4.16) (with an implicit constant independent
of A and §). Hence,

I34 < PE (90T \ 2AB).
3.a S T'(B)n w (8 \ )

Concerning I3 notice that, for any x € 90T N 2AB, by Lemma 4.6,

Ou(B(z, h(z 1
Puopra) € S0

Thus,

1 1
I3y < (B /AB\G(AB) Oy (B(z,h(x))) dwPE (z) + o(B) /QAB\AB Oy (B(z, h(x))) dwP® (z)

+

wPB +
By (097 \ (ABNG(AB)))

= J1+ Jo+ Js.

First we estimate the term J;. By Holder’s inequality, for any p > 1 we have
(4.20)

1/p
/ Oy (B(z,h(x))) dwPE () < < O, (B(x,h(x)))? dwP? (x)) wPB(AB\ G(AB))l/p/.
AB\G(AB)

AB
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To show the last term is small, consider a Besicovitch covering of AB\ G(AB) with balls B; with

radius equal to r(B). Using that w(B) ~ w(B;) by Lemma 3.7 we get

w(BiNAB\ G(AB))wPB(B;)
w(Bi)

(4.21)  wPB(AB\ G(AB)) ~ ZWPB(Bi NAB\G(AB)) ~ Y _
w(zZXB \ G(AB
w(B)

w(B;NAB\ G(AB
~Z n \)( )

with ¢/ = ¢'(A,0), by Lemma 4.1. Next we estimate the integral on the right hand side of (4.20).
To this end, for x € AB we write

< ) <o,

@w+<B<x,h<x>>>>V2
O, (B(z, h(x)))

- 1/2
< (0,+(AB)©,-(AB))"? (gﬁggg ng;g) ’

by the ACF monotonicity formula (see the proof of Lemma 3.6). Denoting by M, - the centered

Ou(B(x. h(x)) = (Ou+ (B(z, h(x))) O, (Blx. h(x)))) "> (

maximal Hardy-Littlewood operator with respect to w™ and f := gi—f,

r(AB)),

we get (since h(z) <

0., (B(x,h(2))) £ (O+ (AB) O, (AB))"* M, (fxanp) (@)
Also, arguing as in (4.21), it follows that

wt(ABNF)

(4.22) WPEABOF) S

for all F c R+,

and thus, for any function g supported in AB,

J ot 5 ity [ 0 = g [ 9

Altogether, we get

p/2
(4.23) AB Ou(B(x, h(x)))? dwP?(x) S (Ot (Ai)?(ué)(AB)) / | M, (fxann)|P/? f dw™
(©.+(AB) O, (AB))"” b2 g
= w+(B) /AB | M, (fxaan)|" /2 dw
(0u+(AB) 6, (AB))"" Lenf2 g
< s /QABm du™

by the L'*7/2(w~) boundedness of M,,—. Now, since f € Bsja(w™), by Gehring’s lemma it follows
also that f € B€+3/2(w_), for some ¢ > 0. Hence, for p close enough to 1, we have

14+p/2 14p/2
][ ‘f|1+p/2 dw™ < ( fdw_> +p/ _ <w+(2AB)> v/ _
9AB ~ \Joan w~(2AB)
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So we deduce

N B p/2 s 14+p/2
I B e e v

SA @w+ (AB)p
As a consequence,
/C"') +(AB) / ].
Ty <a (NP ZwT\Z) o (2P )
13 (€) o (B) A () (B

Next we turn our attention to the term J,. To this end we consider a Besicovitch covering of
o0t N2AB \ AB with balls B; of radius r(B). We split

Jy < Z wf(B) /B O+ (B(z, h(z))) dw’s (z).

Now we argue as we did to deal with the term J;. However, instead of (4.22), we use the more
precise estimate

w+(Bi N F) wa(BZ') - w+(BZ~ M F) wa(Bi)
PV R

where again we used the fact that w™(B;) ~ w™*(B). Then we obtain, for any function g supported

on B;,
5 WPB(By) _ wPB(By) _
/gdwp < o (B) /gdw+ = (D) /gfdw .

Then, arguing as in (4.23) and (4.24), choosing now p = 1, for each ball B; we get

WwPB(B;NF) ~ for all F C R,

1/2
/Bi Ou+ (B2, h(2))) dw () < W (B;) (Our (AB:F(B) / | M~ (fxam,)|"? f dw_
po (. (Our (AB) 6, (AB))"?
< wPB(By) ) / | 32 deo
PB (6“’+ (AB)©,- (AB))1/2 wt(2B;) 32
Sw (Bz) w+(B) <w_(23i)> w (QBZ-),

Since wt(2B;) ~ wt(B;)
derive

~ wt(B) and O+ (AB) ~ O,+(B) (by the Reifenberg flatness), we

/@w+ (2, h(2))) du® () < PP (B:)O,+ (B).

Summing on % and using the finite overlap of the balls B;, we derive

J2<@“+(B)prB(BZ-)§ ! wPB (00T \ IAB).

~ Wt (B) & r(B)"
Gathering the estimates obtained for J; and .J, we obtain
| 1
Isp S C(A) (VP + WwPB (90T \ 1AB) + wPE (90T \ (AB N G(AB))).

r(B)r - r(B)"

and combining this with the estimate for I3 ,, we get

1
I <

r(B)"

(C(A)(e’)l/p' + WP (00 \ (JAB N G(AB)))).
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Now we write
wPB (00T \ (3AB N G(AB))) < wPB(9Q1 \ $AB) + wP? (AB\ G(AB)).

To deal with the first summand on the right hand side, we use the fact that dist(pg, 02T\ 1AB) ~
r(AB), and by the Hélder continuity of w()(0Q% \ JAB) in JAB (see Lemma 4.1 [JK]), we have
wPB (90 \ 1AB) < (WY ~ AT,
for some constant 1 > 0 just depending on the NTA character of Q. Recall also that, by (4.21),

wPE (AB\ G(AB)) <a €. Therefore,
1 1
r(B)" r(B)"

In combination with (4.18) and (4.19), and the fact that I; = 2R wP?(pg), this yields the lemma,
with

JEIS (CAENP +AT+€) (C(A) (VP + A7),

Cr(r0, 1,0, A4, A) = C(A,8)(ro +7,/*) + C(A) () + CA™,
and ¢’ = ¢/(A, ) as small as wished if A is big enough and § small enough. O

Lemma 4.10. There is an absolute constant ¢, > 0 such that for any o > 0, if 179, Th, €0, 7(B) /70

are small enough, then
Cn o

@y = By

Recall that we assume Q to be (79, 79)-Reifenberg flat.

R3w? (pp) —

Proof. Suppose this fails for some a > 0 and some ¢, to be fixed in a moment. Consider a sequence
of balls By, with r(By) < ro/k and suppose that Q: is (7, 70)-Reifenberg flat, with 7, — 0. Let
Thik = 10% and ok = 100~%, say, and suppose that

Cn «

" N - -
w(Bor T B

where we denoted by R;k the singular integral operator associated with the kernel K2+ defined
choosing 7, = 73,1, and ¢ = £q k-
Let

(4.25) Ry Bk (pp, ) —

~ 1

= r(B)
where z, is the center of Bj. Rotate §~2k to get a new domain €2 such that the best approximating
n-plane for 0Qy at B(0,1) is horizontal. Further, the harmonic measure w}® of € with pole at
po = (0,...,0,1/4) equals the image measure of w?Px by the map y — @ (y — zp,). From
(4.25) we deduce that

(4 — ),

R;kwio (po) — ¢n en+1‘ >«

for every k. However, it is easy to check that € converges locally to the upper half-space
H = {z ¢ R""! : 2,,1 > 0} in Hausdorff distance. This implies that, wi® converges weakly to
wh (where wy is the harmonic measure of H). Assuming this for the moment, we deduce that

|Rw%) (pO) —Cn enJrl‘ > a,
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since py is far away from the boundary. By symmetry, it is clear that Rwk? (pg) = ¢, €541 for some
¢, > 0. So we get a contradiction if we choose precisely ¢, = .

It remains to check that w],zo converges weakly to wiy. This follows by rather standard techiques.

In fact, similar arguments have appeared in works such as [KT2] or [KT3], for example. However,
for the convenience of the reader we will give some details. So let gx(-,po) and g (-, po) be the
respective Green functions with pole at pg of the domains € and H (assuming, by definition,
that they vanish identically in ()¢ and H€, respectively). For any ¢ € C°(R"*1), we have

(4.26) o)~ [ ¢dul? = [ Vgula,m) Vola) da.

The analogous identity holds replacing wi’ by w¥; and gx(x, po) by gr(x,po). From these identities

it follows that, to show that wio converges weakly weakly to w?y, it suffices to check that gi (-, po)
converges weakly to gg (-, po) in VVllo’g(R"H) for some ¢ > 1.
Choosing g > 1 small enough, standard uniform bounds for the Green function, and the weak

compactness of the unit ball of W1H4(R"1), any subsequence of {gx(-,po)}x has a subsequence
{9k, (-,p0)}; converging weakly to some f € VVllo’cq(R"“). It is easy to check that f vanishes in the
Sobolev sense in H¢ and by (4.26) it also satisfies

w(po) = /Vf(x) Vo(x)dx for all p € C(H).

From this identity and the analogous one for gy (-, pg), we deduce that

/V(f(w) — g (2, p0)) V(z)dz  for all p € C2°(H).

So, by Weyl’s lemma the function F' = f — g(+,pp) is harmonic in H. One easily checks that the
function obtained by extending F|y antisymmetrically with respect to OH is harmonic in R"*1
and vanishes at oo, and thus it is identically zero'. So f = gg(-,po) in H. This implies that
gr (-, po) converges weakly to gp (-, po) in Wfﬁ)’cq(R”“), as wished. O

Lemma 4.11. Let € > 0. Under the assumptions of Lemma 4.5 and the above notation,

Cp C (10, Th, 0, A, A)
4.27 / O™ (z,wPB) N+ () dwPB (z) = Np 4 —B\T0:Th: 9 72 ’
( ) G(AB) ( JNar (@) (z) r(B)™ B r(B)"

for some absolute constant C,, > 0, with
|C25’(T0) Thy 67 Av A)’ S 9
if 10, 0,7(B)/ro, T, are small enough and A, A, Ay big enough.

Proof. This is an easy consequence of Lemmas 4.9 and 4.10 and the application of the jump
formulas for the Riesz transforms, letting ¢g — 0. Indeed, momentarily write Rli(m) instead of

Rf to reflect the dependence of Rf on the parameter ¢y in (4.10). Then by the jump formulas
for the Riesz transform, we know that
lim (Ri(so)wa (z) = Ry . \wPB(z)) = CO"(z,wP?)Ng+(z) for w-a.e. x € G(AB)

804)0 1’(60)

Hnstead of using this reflection argument, one can also prove that f vanishes continuously at 9H, by the uniform
Holder continuity of gi (-, po) far away from pg. This implies that F' is continuous in H and then, recalling that F
vanishes at co, one can appeal to a standard maximum principle to deduce that F' = 0.
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(see Sections 2.6 and 2.7). Also notice that for all x € G(AB),
1
r(B)*’

IR . wPP(z) — R]

1,(c0) WPB ()] S Pr(ayw?® (z) Sae

(c0)

by Lemma 4.7. Thus by the dominated convergence theorem,

lim (RT

wPB — RT,WwWPB) dwPB :C'/ O™ (x,wPB)Nq+ (z) dwPB ().
eg—0 G(AB) 7(60) 17(50) ) G(AB) ( ) Q+( ) ( )

Proof of Lemma 4.5. Denote

o(r) = w(2AB) r(B)" 0" (2,7%) ™ () X0 ().

By the change of pole formula, the doubling property of w and Harnack’s inequality, we have

dwPB 1
~ in 2AB
dw M w(B) o ’
and thus
0" (z,w) 1

O"(z,WPB) mp — =
by the stopping conditions. Thus
g(x) =p a6l in G(AB),
Observe now that the identity (4.27) can be rewritten as follows:
1 -
— N, dw=C,Np+C 4, A, A
W(QAB) /AB g(I) Q+($) w nVB + (T07Th7 y 41, ))
with |5’(7‘0,Th, 0, A, N)| < e if 79, 1p,0,7(B)/ro are small enough and A, A, Ay big enough. So we
deduce that

1 ~
/ g(x) (NQJr(:L') — mQAB7wNQ+) dw = (CnNB — CQABmQAB,wNQJr) + C(To,Th, (5, A, A),
w(ZAB) AB

where

),
COAB = o mv gdw ~a5 1.
w(2AB) Jons

As a consequence,
1

|CnNp — caapmanpwNo+| < / 9(@) [Ng+(z) — monpwNo+ | dw + C (70,74, 0, A, A)
w(2AB) Joan

5 C(A7 67 A) ||NQ+ H*,?"(?AB),w+ + 5’(7—07 Th 5) A7 A)

From the previous estimate and the inequality (3.22) (with v = C,Np, v = coapmaaBwNo+),
we infer that

maaBwNa+ ~
(4.28) ‘NB - m S O(A,6,A) [ No+ i r2aB)wt + C (70, h, 6, A, A).
w
Now we claim that
maAB,wNa+
(4.29) [mpwNas = Tt B Sy [ No e rons) wt-

|m2AB,wNQ+|
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In fact, by the triangle inequality,

MaABwNo+ maABwNo+

‘mB,ngﬁ - < }mB,ngﬁ — maABwNo+ | + ‘m2AB,wNQ+ -

|manB.wNo+| |maoaBwNo+| !

By standard estimates, the first term on the right hand side does not exceed C(A)||No+ ||+ r (24 B) w
while the second one equals

mMaABwNo+
< ‘N ) — [PABWIOT | g0,
]éAB o+ (@) |manB.wNo+| (z)

m2AB,wNQ+
‘m2AB,wNQ+ I ’

mMaABwNo+ ) ‘

N, —
’mQAB,w ( O+ ‘m2AB,wNQ+ ‘

Using again (3.22) with u = No+(z) and v =

N,
][ ‘Nm (2)— maoAB,wNo+
AB |manBwNa+|

we get

dw(z) < 2][/\ |No+ (@) —manpwNo+ | dw(z) S | Nat ||« r2aB)wt
2AB

and so our claim follows.
By combining (4.28) and (4.29), and taking into account that || No+ | r2aB)wt — 0as r(2AB) —
0, the lemma follows. O

dw™
4.5. The end of the proof of (c) = (a) in the case d:—_ € By/a(w™). As explained in [KT1],

it is enough to show that there exists some § > 0 such that for all € > 0, for any ball B centered
in 9Q1 with radius 7(B) small enough, the following reverse Holder inequality holds:

148 1/(1+8) _
B
][<dw> dw™* <48
B dw* (_/J+(B)
For some big A > 1 to be chosen below, we consider the ball By = AB, we define Gy = G(By)

as in Section 4.1, and we construct the domains QE—L and QF as above (whose construction depends
on By and thus on B). Observe that by the maximum principle, for all E C Gy,

w () <w, (E) and wh(B) > wl(B).

As a consequence,

dw dwb
qot S gy Go

So we have

/ (dw‘)”ﬂw_ /[ (dw—)ﬂdw— </ (dwb)ﬁdw—_ /[ (dwb>“ﬂdw+
+ B dwt = dwT b — dooF s -
BNGy dw BNGo w BNGo Ws BNGo Ws

Then we write

N\ 1+8 dw™ 14 N\ 1+8
(4.30) ][ <dw+> dw™ < +1 / < wi) dw? + +1 / <dw+> dw™.
B \dw wt(B) JBna, \dws wt(B) Jp\q, \dw

To estimate the last term, we just apply Holder’s inequality and we take into account that %
satisfies some reverse Holder’s inequality with exponent 1 + 23 (because w™ € A (w™) and we
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choose f in this way). Then we get, by Lemma 4.1,

1+8

1 dw™ 1+5 n 1 dw™ 1+28 n 1H2p n B8
- - - - B
10 5 oo (7)) @ < () ) wwoor

C (“W)H%B <5+2g;>1+5

o 145
<omE ()

IN

IN

Next we deal with the first term on the right hand side of (4.30). The following lemma is a
straightforward consequence of the arguments above and the techniques in the work of Kenig and
Toro [KT1].

Lemma 4.12. For any e4 > 0, if 79 is small enough, A is big enough and r(AB) is small enough,

we have
£ (55 wr < (52

Proof. Denote o = H"|yq+ = H"| 00; - Recall that, by Lemma 4.3, Qf is a chord arc domain, and

by Lemma 4.4, the unit normal to 9} satisfies

1/2
[No+ s r(aB).0 S C(A, 8)||No+[lxr0aB)wt + 7o/ +e1,

with €1(7p) as in Lemma 4.4. So given any 2 > 0, if r(AB) is small enough, and 7y small enough,
we will have

”Nnj

«Ar(B)c < €2

Then by a suitable quantitative version of (¢) = (a) in Theorem A from Kenig and Toro (more
precisely, by [KT2, Theorem 4.2] and [KT1, Corollary 5.2]), given any €3 > 0, assuming A big
enough, 7y small enough, and €9 small enough, we have that

+
S

<e and
do 3

*r(AY/2B)o

log

<es.

*r(A/2B)o

From this fact and Korey’s work [Ko] it follows that, given any e4 > 0, if €3 is small enough and

A big enough, then d‘i—": and % satisfy the following reverse Holder inequalities:
4 _ 4
dw, w, (B)
—2 ) do<(1 b
£, () arsaren (S

() = e (565)

and
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(here we have chosen the exponents 4 and 3 because they are useful for our purposes, although
Korey’s work shows that one can choose arbitrarily large exponents if €3 is small enough). There-

fore,
() = i f ()
1 dw \* 1/2 do \2 1/2
<t (A (2) ) (1) )
b 2 1/2
- o (]{g(dﬁ )d) / (ﬁ(;g)gdw:) /
(1+e4)"/? o(B)Y/? <wb(B)>2(1+€4)1/2 < o(B) >3/2

wj(B)l/Q O'(B)

e (52

IN

From (4.30), (4.31), and Lemma 4.12 (assuming 5 < 1), we deduce

f<)f<) )"

wi(B) dw 2 ’1+ﬁ2 w=(B)\'"?
= wt(B) < dw:> deos ) ()12 w+<B)>

1+ w+ Wy H’B w” 1+5
<tve® 5 (Ghio i) W (555)

<<1 m)lf (“I(B

ws (B

~— | —

) () rewers) (56)

In view of this estimate, to conclude the proof of Theorem 1.1, it suffices to prove the following.

Lemma 4.13. Given €5 > 0, if r(AB) is small enough, A big enough, and 19 small enough
(possibly depending on A), then

(4.32) wh(B) < (1+e5)w(B) and wy (B)<(l+e5)w (B).
Proof. We will show first that w, (B) < (1 + Ces) w™ (B) for some C depending just on n, which

clearly is equivalent to the second estimate in (4.32).
Notice that Q~ C €, and

(4.33) dist 7 (09,09 ) < CAror(B),
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by the construction of the approximating domains associated with AB. Then, we can write

(4.34) w, (B) =w, *(B) = /89 w, " (B) dw™ P ()

_ / wp " (B) dw P (z)
(1+€5)Bﬂaﬂ_

+ / w, " (B) dw™P(z) + Z/ w, " (B) dw™ P ().
(2B\(1+e5)B)NoQ- =1/ (@+1B\2¢B)non-

Next we estimate each of the three terms on the right hand side separately. Regarding the first
one, from Theorem 4.1 in [KT1], we deduce that if 7y is small enough and A big enough,

/ wy " (B) dw™(x) < w™ (1 + 25)B)
(14¢5)BNOQ—

< (1+2e5)w™(B) (W)n < (14 Ces)w™ (B).

Now we turn our attention to the second term on the right hand side of (4.34):

/ wy, " (B)dw™P(z) < w™(2B) sup w, " (B).
(2B\(1+¢5)B)NoQr— z€(2B\(14+e5)B)NoQ2—

Assuming that Amy < Eéﬂ/n, from (4.33) and the Holder continuity of w, " in (2B\ (14¢5)B)NQ,
(see Lemma 4.1 [JK]) we obtain

sip w(B) < (

z€(2B\(1+e5)B)NoQY—

ATy T(B) K —1\n
i S — <
557“(3) ) (AT0€5 ) S €5,

for some 7 > 0 depending only on the NTA character of Q*. Thus, using also that w™(2B) ~
w™(B) we derive

/ wy, “(B) dw™P(z) S esw™ (B).
(2B\(1+¢5) B)noQ—

Finally we deal with the last term on the right hand side of (4.34). We argue as above:

wy, " (B) dw™ P (x <Zw (281 B) sup w, " (B).

1 /(2k+1B\2kB)naQ E>1 z€(2k+1 B\2k B)noQ~

Using the Holder continuity of w, " and [JK, Lemma 4.4, we get
_ A B)\" _
2251 B\ 2k B)noQ- r(2B)

where py, is a corkscrew point for 28 B. Now we take into account that

_ w, (B)
Pk B ~ b
and then we deduce that
(B
Z/ wb_ﬂ:(B) dw™ ’P < Zw 2k+lB) (2ka7_0>77 C‘ib (k ) )
k>17 (281 B\2F B)noQ- >1 wy (28B)
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Next we use that, by Lemma 3.7,

T(2k+1B)

v r n—y
w™(2¥1B) < <7”(B)> w (B) and w,(B) < <7“(2(51;)) w;(2kB),

and then we get
>/ i (B) (@) § 3 (2744m) " (297w (B).
e>1 2k+1 B\ 2k BNoQ—~ 1

Assuming 79 small enough, we have 2y < 7n/2, and then we deduce that the right hand side is at
most C (A7p)". Gathering the estimates obtained for the three terms on the right hand side of
(4.34), the second estimate in (4.32) follows.

The proof of the inequality in (4.32) is analogous. We just have to replace w, by w* and w™
by wi. O

dw
4.6. The proof of (c) = (a) in the case —- Tt € Bss(w™). First we claim that the assumptions
wt

N € VMO(w*) and w™ € Ax(w™) imply that N € VMO(w™). The proof of this fact follows in
the same way as the proof of Corollary 1.2 in Section 3.6, just replacing ¢ by w™. We leave the
details for the reader.

Now it is easy to see that in all the arguments in Sections 4.1 - 4.5 one can interchange the
roles of w+ and w™, and then one deduces that log e VMO(w™). Let us see that this implies
that log & € VMO(w*) Given a ball B centered in 9QF, denote

- ().

Then we have, for any p > 1,

dw™ w™(B) dw™ dw™
log —— dw™ = log =2 _ w a
][ ogd++C’B w w*(B)][ 08— Cg T w™
/ 1/p’
w™(B) dw™ N dot™\" = _
< log — — d — | d .
= o7 (B) (][ %8 g~ ~ O W () @
Since w™ and w™ satisfy an A, relation, ¢ F € By (w™) for some p’ € (1,00). Together with the
John-Nirenberg inequality, this implies that
d dw™
][ log LJF + Cp| dw™ log — ,
dw W *,Cr(B),w™

which tends to 0 (uniformly on B) as r(B) — 0, because loggsj—f € VMO(w™). Clearly, this
implies that log % € VMO(w™).

5. PROOF OF (B) = (D) = (A)

5.1. The implication (b) = (d). This is a direct consequence of Lemma 4.5. In fact, this
ensures that, under the assumptions in (b),

lim sup !NB —mb+NQ+‘ =0,
P=0r(B)<p
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where the supremum is taken over all balls centered in 9Q" with radius at most p. Together with
the fact that No+ € VMO(w™), this implies that

(5.1) lim sup ][]NQ+—NB\dw+_ .
r=0r(B)<p /B

Also, the fact that Z‘;’—; € By jp(w™) tells us, in particular, that w™ € Ao (w™), which is equivalent
to the fact that Q" and Q~ have joint big pieces of chord-arc domains.

5.2. The implication (d) = (a). This is proven like (¢) = (a) in the case g:j—ir € B3/2(w*) in
Section 4. Indeed, the reader can check that the only place where the assumption gz—f € Bz/y (w™)
is used is in the proof of Lemma 4.5, which in turn is necessary for the proof of Lemma 4.4. The
remaining arguments for (¢) = (a) only require the condition w™ € Ax(w™). So the only changes
that one has to do for all these arguments to be valid for the implication (d) = (a) consist of
eliminating Lemma 4.5 and the whole Section 4.4 which is devoted to its proof, and then replacing

Lemma 4.4 by the following variant:

Lemma 5.1. Suppose that Q7" is (11, 7¢)-Reifenberg flat for some 0 < 71 < 79, and that Agr(Bp) <
ro for some Ag > 1. Suppose also that w™ and w™ are mutually absolutely continuous and denote
o= Hanj If 71 is small enough (depending on 19 and Ag), then the oscillation of the inner

unit normal to O in any ball B centered in OSY with radius 0 < r(B) < r(By) satisfies

1/2
#,r(10A0Bo)w + 715" + €1,

][ |NQ+ - mB,oNQ+|do* S C(A, (5)”NQ+
Broot b

where

g1~ sup ][ [No+ = Ni(gr)l dw™
zeoQt  JB(x,r)
0<r<5r(B)

and Ng stands for the inner unit normal to the best approzimating hyperplane for B(x,r) N
0", Analogous estimates hold for Q, and QF.

Observe that, by the assumption in (d), &1 — 0 as r(B) — 0.

Proof. The proof is almost the same as the one of Lemma 4.4. The only difference is that now we
do not have to appeal to Lemma 4.5 to prove (4.9). Indeed, this estimate just has to be replaced
by

|N5 —mBS,w+NQ+| < ][ ’NQ+ — N5|dw+ 5 ][ |NQ+ — Ns|dw+
Bg 5Bg

< sup ][ |No+ = Np(pml do™
zcdQt B(a,r)
0<r<5r(B)
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