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Abstract

Given a parity-check matrix H,, of a ¢g-ary Hamming code, we consider a par-
tition of the columns into two subsets. Then, we consider the two codes that
have these submatrices as parity-check matrices. We say that anyone of these
two codes is the supplementary code of the other one.

We obtain that if one of these codes is a Hamming code, then the supplemen-
tary code is completely regular and completely transitive. If one of the codes
is completely regular with covering radius 2, then the supplementary code is
also completely regular with covering radius at most 2. Moreover, in this case,
either both codes are completely transitive, or both are not.

With this technique, we obtain infinite families of completely regular and
completely transitive codes which are quasi-perfect uniformly packed.
Keywords: Completely regular codes, completely transitive codes, Hamming
codes

2000 MSC: 94B25, 94B60

1. Introduction

Let F, be the finite field of order g. The weight of a vector v € Fy, denoted
by wt(v), is the number of nonzero coordinates of v. The vector of weight 0,
or zero vector, is denoted by 0. The distance between two vectors v, w € Fy,

denoted by d(v, w), is the number of coordinates in which they differ. A subset

Preprint submitted to Elsevier November 7, 2019



C C Fy is called a g-ary code of length n. Denote by d the minimum distance

among codewords in C. The packing radius of C is e = |[(d — 1)/2] and C is

n

o> its distance to

said to be an e-error-correcting code. Given any vector v € F
the code C'is d(v,C) = minkec{d(v,x)} and the covering radius of the code C
is p = maxyerr {d(v,C)}. Note that e < p. If e = p, then C'is a perfect code. If
e = p—1, then C is called a quasi-perfect code. If C' is a k-dimensional subspace
of Fy, then C'is linear and referred to as an [n, k,d; plq-code. If C is linear of
length n and dimension k, then a generator matriz G for C' is any k x n matrix
with k linearly independent codewords as rows. A parity-check matriz for C' is
an (n — k) x n matrix H such that C is the null space of H, i.e. Hx? = 0T if
and only if x € C. The dual code C* is the orthogonal subspace to C. Hence,
H generates C- and G is a parity-check matrix for C-.

A linear single-error-correcting (e = 1) perfect code is called a Hamming

code. Such a code has parameters
n=("-1)/(¢g-1),k=n-m,d=3p=1], (m>1)

and is denoted by H,,. A parity-check matrix for H,,, denoted by H,,, contains
a maximal set of n = (¢™ — 1)/(q — 1) pairwise linearly independent column
vectors of length m [18]. The dual code H:: generated by H,, is called simplex
and it is a constant-weight code, that is, all nonzero codewords have the same
weight g™~ 1.

We denote by D = C' +x a coset of C, where + means the componentwise
addition in IFy.

For a given g-ary code C of length n and covering radius p, define
C(i) = {xeFy: dx,C)=i}, i=0,1,...,p.

The sets C'(0) = C,C(1),...,C(p) are called the subconstituents of C.
Say that two vectors x and y are neighbours if d(x,y) = 1. Given two vectors
X = (21,--, %),y = (Y1,---,Yn) € Fy, we say that y covers x if y; = x;, for

all 4 such that x; # 0.



Definition 1.1 ([19])). A g-ary code C of length n and covering radius p is
completely regular, if for all 1 > 0 every vector x € C(l) has the same number
¢ of neighbours in C(I — 1) and the same number by of neighbours in C(I + 1).
Define a; = (¢ —1)n — by — ¢ and set cg = b, = 0. The parameters a;, b
and ¢; (0 <1 < p) are called intersection numbers and the sequence TA =

{bo,...,by—15¢1,...,¢cp} is called the intersection array of C.

Let M be a monomial matrix, i.e. a matrix with exactly one nonzero entry
in each row and column. Such a matrix can be written as M = DP, where D is
a monomial diagonal matrix and P is a permutation matrix. If ¢ is prime, then
the automorphism group of C', Aut(C), consists of all monomial n X n matrices
M over IFy such that xM € C for all x € C. If g is a power of a prime number,
then the monomial automorphism group of C is denoted by MAut(C'), however,

Aut(C) also contains any field automorphism of F, which preserves C.

Lemma 1.2. If DP is the corresponding matriz to an automorphism « of a
code (where D is a monomial diagonal matrixz and P is a permutation matriz),

then D™'P corresponds to an automorphism o of the dual code.
Proof. See [13, Thm. 1.7.9, p. 27]. O

Remark 1. As a consequence of Lemma 1.2, for a code C, we have that
MAut(C) and MAut(Ct) are both transitive on the set of one-weight vectors,
or both are not. Note also that if MAut(C) is transitive, then so is Aut(C) since
MAut(C) C Aut(C).

It is well known, e.g. see [18], that the monomial automorphism group of a
Hamming code H.,, is isomorphic to the general linear group GL(m,q), which
acts transitively on the set of one-weight vectors. In the binary case, the action
of GL(m,2) on the set of coordinate positions is even doubly transitive.

The group Aut(C) acts on the set of cosets of C in the following way: for
all m € Aut(C) and for every vector v € ' we have 7(v + C) = n(v) + C.



Definition 1.3 ([11, 22]). Let C be a linear code over Fy with covering radius
p. Then C is completely transitive if Aut(C) has p+ 1 orbits when acts on the
cosets of C.

Since two cosets in the same orbit have the same weight distribution, it is
clear that any completely transitive code is completely regular.

Completely regular and completely transitive codes are classical subjects in
algebraic coding theory, which are closely connected with graph theory, combi-
natorial designs and algebraic combinatoric. Existence, construction and enu-
meration of all such codes are open hard problems (see [3, 4, 6, 14, 15, 16, 19, 23]
and references there) and also related to the existence of perfect colourings (see
[1, 9, 10]).

It is well known that new completely regular codes can be obtained by the
direct sum of perfect codes or, more general, by the direct sum of completely
regular codes with covering radius 1 [2, 22].

In the current paper, starting from Hamming codes and choosing appropri-
ate columns of their parity-check matrices, we obtain parity-check matrices for
completely regular codes. More precisely, given the parity-check matrix H,,
of a g-ary Hamming code, we consider a partition of the columns of H,, into
two subsets. We consider these two subsets of columns as parity-check matrices
of two codes, A and B, of length na4 and np, respectively. We say that B is
the supplementary code of A (and A is the supplementary code of B). If A or
B is a Hamming code, then the supplementary code is also completely regular
and completely transitive. We point out that, in this case, the dual code of
the supplementary code belongs to the family SUI in [7]. If A (respectively
B) is a completely regular code with covering radius 2 and dimension ng —m
(respectively ng —m), then the supplementary code is completely regular with
covering radius at most 2. Moreover, in this situation both codes are completely
transitive or are not, simultaneously. The condition on the dimension of A (or
B) might seem very restrictive. However, this condition is just equivalent to say

that the parity-check matrix of A (or B) has the same rank as the matrix H,,.



In this way, we construct infinite families of g-ary completely regular and
completely transitive codes. It is worth mentioning that for fixed ¢, we obtain
a growing number of completely regular codes as the length of the starting
Hamming code increases.

In the next section, we recall several known results on completely regular
codes, which we shall use later. The main results and constructions are presented

in Section 3.

2. Preliminary results
In this section we see several results we will need in the next sections.

Lemma 2.1 ([19]). Let C be a completely regular code with covering radius p
and intersection array {bo, ..., by—1;¢1,...,¢p}. IfC(i) and C(i+1), 0 <1i < p,

are two subconstituents of C, then

Let C' C I be a code. For any vector x € Fy and for all j =0,...,n, define

By ; as the number of codewords at distance j from x:
By =z € Cldx2) = j}|.

Definition 2.2 ([12]). A quasi-perfect e-error-correcting q-ary code C is called
uniformly packed if there exist natural numbers A and pu such that for any vector

x:
A ifd(x,C) =e,
Bx,e+1 =
pooifd(x,C)=e+1.
Van Tilborg [24] (see also [17, 21]) showed that no nontrivial codes of this

kind exist for e > 3.

Proposition 1 ([12], see also [21]). A wuniformly packed code is completely

reqular.



For a code C, we denote by s + 1 the number of nonzero terms in the
dual distance distribution of C', obtained by the MacWilliams transform. The
parameter s was called external distance by Delsarte [8], and is equal to the
number of nonzero weights of C* if C' is linear. The following properties show

the importance of this parameter.

Theorem 2.3. If C is any code with packing radius e, covering radius p, and

external distance s, then
(1) [8] p<s.
(ii) [8] C is perfect (e = p) if and only if e = s.
(iii) [12] C is quasi-perfect uniformly packed if and only if s = e+ 1.

(iv) [22] If C is completely regular, then p = s.

3. The new construction of completely regular codes

Let H,, be the parity-check matrix of a g-ary Hamming code H,,, of length
n = (¢"™—1)/(¢—1), where m > 1. Take a non-empty subset of n4 < n columns
of H,, as the parity-check matrix of a code A. Call B the supplementary code
that has as parity-check matrix the remaining ng = n —na columns of H,,. In
this section, we see that if A or B is a completely regular code with covering
radius p(A) < 2, then so is the supplementary code, under certain conditions.

For the rest of this section, we write n; = (¢ —1)/(¢ — 1), for any integer

value j > 0.

3.1. The case p(A) =1

Since there are no two linearly dependent columns in H,,, we have that, for
na > 3, the minimum distance of A (and of B, for n4 < n — 3) is at least three
and thus, the packing radius is at least 1. If p(A) = 1 (hence n4 # 2), then
e = p(A) =1 for ng > 3, by Theorem 2.3. Therefore, A is a perfect Hamming

code for ny > 1.



For w € {1,...,m — 1}, H,, can be written as:

Hm:{HZ

Hum |- (1)

where the first u rows of H; are as the parity-check matrix of #, and the
remaining m — u rows are all-zero vectors. For the case u = 1, the matrix H
is simply the column vector (1,0,...,0)T. We call B, ,, = B the code that has

parity-check matrix H, ,,. Note that for n4 > 1, we have A = H,,.

Lemma 3.1. The dual code of By, m, i.e. the code Bim generated by H,, ., has

m—1 _ u—1

exactly two nonzero weights, namely, w, = ¢™ ! and wy = ¢ q

Proof. Clearly, H generates the simplex code, i.e. the dual of the Hamming
code, of length n, = (¢* — 1)/(¢ — 1). Hence any vector generated by H has
weight 0 or ¢“~!. Since any nonzero vector generated by H,, has weight ¢!,

the result follows. O

Proposition 2. The code B, has parameters

np = (¢" —q")/(q—1),k=(¢" —q¢")/(q—1) —m,d; p=2],, where

4 ifu=m-—1,q=2;
i f q

3 otherwise.

Proof. The length ng of B, », is simply the length of H,,, minus the number of
columns of H;. The dimension k is the length of B, ,, minus the number of
rows of Hy ,, (or Hy,).

Of course, H, , has no scalar multiple columns, hence d > 2. Given two
columns h; and h; of Hy ,, we know that there is a column h, in H,, which is
linearly dependent with h; and h;. If v < m —1 or ¢ > 2, we can choose h;
and h; such that the last m —u entries are linearly independent, then h; cannot
be one of the first n, columns of H,,. Indeed, those columns have zeros in the
last m — u entries. Hence, B,, ,,, contains codewords of weight 3. For the case
u=m — 1 and ¢ = 2, the previous argument does not work since the last row

of H, p, is the all-ones vector. Thus, H,, can be written as:



H, | H, | 0T
Hy=| "“| " : (2)
0 1 1
In fact, in this case, By, is the binary extended Hamming code of length 2%
and, therefore, it has minimum weight 4.

Finally, since B,, ,,, is not perfect, p > e = 1 and, by Lemma 3.1, B, ,, has

external distance s = 2, hence p < 2 by Theorem 2.3. O

Lemma 3.2. The sizes of the subconstituents By m (1) and Bym(2) of Bym

are, respectively:

|Bu,m(1)| = ¢""7"(¢™ —q"), and

[Bum(2)] = ¢""7"(¢" = 1),
where np = (¢™ — q*)/(q — 1) is the length of By m.

Proof. The number of vectors of weight 1 is (¢ — 1)ng. All these vectors are

at distance 1 from exactly one codeword (the zero vector). Thus, |B, m(1)] =
(¢ = Dnp|Bum| = q¢"#7"(¢™ — ¢").
Since the covering radius of B, ,, is p = 2, we have that
| Bum (2)| =[Fg®| = |Bu,m (1] = [Bu,m| =
"’ —=q"P (" = 1) = ¢ =q"" " (¢" — 1).

O

Corollary 1. The code B, ,, is quasi-perfect uniformly packed (hence com-

pletely regular) with intersection array:
IA={¢" —q¢",¢" - 1;1,¢" — ¢"}.

Proof. Since s = p = e+ 1, By, is a quasi-perfect uniformly packed code, by
Theorem 2.3. Since d > 3, it is clear that by = (¢ — 1)ng = ¢™ — ¢* and ¢; = 1.
Given a vector x of weight 1, the vectors y of weight 2 covering x not at distance
one from B, ,, are those which are covered by codewords of H,, of weight 3, but

not in By ,,, hence with the third nonzero coordinate in the first n, positions.



In other words, for x we can choose anyone of these n,, first positions and, for
each of these positions, anyone of the ¢ — 1 multiples. Therefore x is covered
by (¢ — 1)n, = ¢" — 1 vectors of weight 2 at distance 2 from B, ,,,. Thus, we
obtain b; = ¢* — 1.

By Lemma 2.1, we know that b1|By, (1) = c2|Bum(2)|.- Applying Lemma

3.2, we obtain:

Co = (qu - 1)qn3—m(q7n — qu) _ qm _ qu
’ g2 (g — 1) '

O

Remark 2. It is not difficult to prove directly that given a vector x € By m(2),

any neighbour of x must be in By, (1), obtaining the value of ca.

Denote by (x | X') = (w1,..., %, | 27, 11,7

') a vector in F?™ such
m q

that x € Fg~ and x' € Fym~". Let e; denote any one-weight vector with its

nonzero coordinate at position j.

Lemma 3.3. The number of cosets of By, of minimum weight 2 is ¢* — 1.
Moreover, for any vector x' € Fym="u in one such coset, the vector (0 | x') is
contained in a coset of weight 1 of H,, with leader e;, which has its nonzero

coordinate at position j € {1,...,n,}.

Proof. The total number of cosets of By, is ¢"2/¢"B~" = ¢™. Since there are
one coset of minimum weight 0 (the code By ) and (¢—1)ng = ¢™ — ¢* cosets
of minimum weight 1, we obtain that the number of cosets of minimum weight
2isq™ —(¢"—q")—1=¢q"—1.

Since d(x’, By,m) = 2, we have that there is some codeword ¢’ € B, ,, such
that y’ = x’ — ¢/ has weight 2. Hence, (0 | 3/) is covered by some codeword
(of weight 3) (e; | ¥') € Hm. Thus, (0| y') = (0| X' —c') € Hp — e,
Note that (0 | ¢’) € H,,. Then, (0 | X' —c') + (0| ) € H,n — e, implying
(0| x') € Hum — €. O



The matrix H,, given by (1) can be written as:

a, |w)| B |0,
H,, = : (3)
Om—u,nu Gl ‘ e ‘ qu—u_l ‘ Hm—u
where 0; ; stands for the all-zero matrix of size ¢ X j and Gy,...,Ggm-u_1 are

(m—u) Xn,, matrices, each one with identical nonzero columns and such that no
two columns of distinct Gis are equal. To see that the matrix (3) is equivalent
to the matrix (1), note that no two columns of the matrix (3) are linearly
dependent. Therefore, the matrix (3) is a parity-check matrix for H,,. Indeed
the total number of columns is ¢ "1, + N, = N,

For i = 0,...,¢™ ™, we call i-block of coordinate positions the set {in, +
1,...,(i 4+ 1)ny,}. Thus, the first block, or 0-block, corresponds to {1,...,n,}.
Fori=1,...,¢™ " —1, the i-block corresponds to the set of coordinates of the
matrix G;. Finally, the last block, or ¢~ “-block, corresponds to the coordinates

of the matrix H,,_,.

Lemma 3.4. If o € Aut(H,) (acting on the coordinates {1,...,n,}), then
there exists B € Aut(B,,m) (acting on the coordinates {n, +1,...,ny}) such
that v = (a | B) € Aut(H).-

Proof. Given o € Aut(Hy ), consider vy = (a | ay | -+ | agm-u_y | id), where the
action of each «; is identical to the action of « but on the corresponding i-block
of coordinate positions, and id is the identity on the last block of coordinates.
Clearly, v € Aut(H;;) and 8 = (o1 | -+ | agm-u_y | id) € Aut(B;,,). By

Lemma 1.2, the result follows. O

Proposition 3. The automorphism group Aut(B, ) is transitive (on the set

of one-weight vectors with coordinates in {n, +1,...,ny}).

Proof. Recall that the automorphism group of a Hamming code H,, is isomor-
phic to GL(m, ¢), which acts transitively on the set of one-weight vectors.
Consider the parity-check matrix of H,, given in (2). Consider the m x m

matrices Hg a,n, where K, M are uxu, (m—u) X (m—u), nonsingular matrices,

10



respectively, and N is a u X (m — u) matrix.

K N
0 M

Hyg pyn =

The matrices Hg prn are in GL(m, ¢) and act on H,, as monomial automor-
phisms, stabilising the Hamming code #,, so we can consider these matrices
as automorphisms of B, ,,. Now, we want to show that these matrices assure
the transitivity of Aut(B,, ). Take the ith and jth columns, say h; and h;, re-
spectively, where i,j € {n, +1,...,n,,}. We want to find appropriate matrices
K, M, N such that Hg ar,n(h;) = Ay, for any A € F,.

Take the projections of both h;, h; on the first u coordinates, say hz(.u) and
hE“), respectively. And also let hgm_u) and hgm_u) be the respective projections

on the last m — u coordinates.

First of all, consider the case when ¢ and j are not in the last block of
()
J

N = 0, take the matrix K such that K(hg")) = )\hgu) and the matrix M such
that M(hgmfu)) = )\hgmfu). Indeed, we can do these last assignations since the

coordinate positions, so that hgu) and h:"’ are nonzero vectors. Now, take

matrix K is in GL(u,q), the matrix M is in GL(m — u,¢) and the monomial
automorphism group of a g-ary Hamming code is transitive on the set of one-
weight vectors. Hence, we have Hg as,n(h;) = Ahj;.

Secondly, consider the case when i and j belong to the last block of coordi-
nate positions. Then, hgu) and h;u) are the all-zeros vector. Now, take N = 0,
any nonsingular matrix K and the matrix M such that M(hgm_u)) = Ah§m_").
Hence, we have Hg a,n(h;) = Ahj.

Finally, consider the case when ¢ is in the last block of coordinate positions
and j is not. In this case, hgu) is the all-zeros vector and h;u) is a nonzero
vector. Now, take as matrix K any nonsingular matrix and the matrix M
such that M(hgmfu)) = )\h§-m7"). Let ¢ be anyone of the nonzero coordinates
of h{™™™ and say v its value. Take the matrix N with all columns equal to
the all-zeros vector, except the fth column which is )«yflhgu). Hence, we have

()

Hg pyon(hy;) = Ahj;. Tor the inverse case, when h; "’ is a nonzero vector and

11



h§-u) is the all-zeros vector, we can use the same argumentation and finally take

the inverse matrix of Hy ar N- O

Remark 3. In fact, Proposition 3 shows that the action of MAut(B,, ) on the
set of one-weight vectors is transitive. As a consequence, see Remark 1, the full

automorphism group Aut(By. ) is also transitive.
Corollary 2. The code B, ,, is completely transitive.

Proof. By Proposition 2, p(B,,.,) = 2. Hence, we have to see that the cosets of
weight ¢ are in the same orbit, for i = 1 and ¢ = 2.

Since Aut(By,m) is transitive by Proposition 3, we have that all the cosets
of B, with minimum weight one are in the same orbit.

By Lemma 3.4, it follows that Aut(#,) = GL(u,q) acting on the first n,
coordinates is contained in Aut(H,,) = GL(m,q), acting on the full set of n,,
coordinate positions. Let B, ,, + x and B, ,, + ¥y be two cosets of minimum
weight 2, where we assume that x and y have weight two. Let H,, + e; and
Hom + e, with 4,5 € {1,...,n,}, be the corresponding cosets of H,,, according
to Lemma 3.3. Since Aut(H,) = GL(u,q) is transitive, and by Lemma 3.4,
there is an automorphism v € Aut(H,,) fixing setwise the first n,, coordinates
(and the last n,, — n,) such that v(H,, + ¢;) = H,, + ¢;. By Lemma 3.4, it
is clear that the action of v in the last n,, — n, coordinates sends B, ,, + x to
By,m +y. Indeed, if v(By m + x) = Bym + 2, for some z of weight two, then
e; +y and e; + z are codewords in H,,. Thus, y and z are in the same coset.

Therefore, all the cosets of B, ,, of weight two are in the same orbit. O
3.2. The case p(A) =2
For this case, we have the following result.

Theorem 3.5. If the code A has dimension na —m and is completely reqular
with p(A) = 2, then the supplementary code B, of length np, is completely
reqular with p(B) < 2.

12



Proof. If A is completely regular with p(A) = 2 then, by Theorem 2.3, the
external distance of A is s(A) = 2. Hence, A1 has two nonzero weights, say w,
and wy. Consider any nonzero vector z = (x | y) € H;., where x € AL and
y € Bt. Since z is a nonzero codeword of the simplex code of length n,,, we
know that the weight of z is wt(z) = ¢~ 1. Also, wt(z) = wt(x) + wt(y) and
thus we obtain that wt(y) = ¢™ ! — w; or wt(y) = ¢™ ! — wy. Note that x
cannot be the zero vector because the dimension of A+ is m. We conclude that
B~ has at most two nonzero weights (if w; or wy equals ¢!, then B+ has only
one nonzero weight). Therefore s(B) < 2, implying p(B) < 2, by Theorem 2.3.

If s(B) = 1, then B is the trivial code of length 1, B = {(0)}, or B is a
Hamming code, by Theorem 2.3. In any case, B is completely regular. In fact,
if s(B) =1, we are in the situation of Section 3.1, interchanging the roles of A
and B.

If s(B) =2 and p(B) = 2, then B is a quasi-perfect uniformly packed code,
by Theorem 2.3. Therefore, B is completely regular by Proposition 1.

Finally, note that s(B) = 2 and p(B) = 1 is not possible:

(i) If ng =1, then s(B) cannot be 2.
(ii) If ng = 2, then B = {(0,0)}, which has p(B) = 2.

(iii) If np > 3, then B has packing radius e > 1. Since e < p(B), if we assume
p(B) =1, then we have e = p(B) < s(B) contradicting Theorem 2.3.

O

Remark 4. If the length of A verifies ng > n.,—1, then the zero vector cannot
be a row of the parity-check matrix of A, otherwise H,, would have two linearly
dependent columns. Hence, the zero vector could not be generated by the rows of
the parity-check matriz of A and, as a consequence, the dimension of A+ would
be m. Therefore, the condition ny > n,,—1 implies that the dimension of A is

na — m. Note that the converse statement is not true (see the next example).

13



Example 1. Let A be the ternary Golay [11,6,5;2]3 code. Consider the ternary
matriz Hs, which is the parity-check matriz of a ternary Hamming [121, 116, 3; 1]5
code. Let B be the supplementary code which has length ng = 110.

Since A is perfect (so completely regular) with covering radius p(A) = 2,
we have that B is a completely regular code. Clearly, B is not perfect, thus
p(B) = 2. Therefore, the parameters of B are [110,105,3;2]3. Moreover, we
have computationally verified that B is completely transitive and with intersec-
tion array

IA = {220, 20; 1,200}.

Note that the hypothesis about the dimension of A in Theorem 3.5 cannot

be relaxed, as the next example shows.

Example 2. Let A be the punctured ternary Golay [10,6,4;2]3 code. As in Fx-
ample 1, consider Hs, the parity-check matriz of a ternary Hamming [121,116, 3;1]3
code. Now, let B be the supplementary code with length ng = 111. In this case,
the dimension of A is6#nas —m =25.

The code A is completely reqular and completely transitive with intersection
array

IA = {20,18;1,6}.

The code B has parameters [111,106, 3; 2|3 and it is not completely reqular since

its external distance is s(B) = 4.

Remark 5. The construction described in Theorem 3.5 does not work for cover-
ing radius p(A) = 3. For example, let A be the extended ternary Golay code and
consider the ternary matriz Hg, which is the parity-check matriz of a ternary
Hamming 364,258, 3;1]|3 code. Let B be the supplementary code.

The code A is completely transitive with p(A) = 3. The code B has param-
eters [352,346, 3; 25 and it is not completely regular since its external distance

is s(B) = 3.

We also give the expressions of the intersection numbers of A and B in terms

of the lengths n4 and np and the parameter b;.

14



Corollary 3. Assume that the code A is completely regular with dimension
na —m, covering radius p(A) = 2, and the supplementary code B has also

covering radius p(B) = 2.
(i) The code B is completely regular with dimension ng — m.

(ii) The code A has intersection array

A

TA(A) = {by,b1;c1,¢2} = {(¢ — D)na,bs; 1, Z—Bbl}.

(iii) The code B has intersection array
n
IA(B) = {b), by ci, b} = {(q—1)np, (¢—1)na— ﬁbu 1, (g—1np —bi}.

Proof. For (i), we already know that B is completely regular, by Theorem 3.5.
Assume that the rank of the parity check matrix for B is less than m. Thus, the
dimension of B is greater than ng —m. Hence, the parity-check matrix of B can
be written containing at least one zero row. Since s(B) = p(B) = 2, the dual

code B contains two nonzero weights, say w; and wo. But, in this case, A+

m—1 m—1 m—1
)

would contain three nonzero weights: ¢ q —wp and ¢ — wo; leading
to a contradiction because A has external distance s(A) = 2. On the other side,
the rank of the parity check matrix for B cannot be greater than m, which is
the number of rows.

For (ii) and (iii), with similar computations as in Lemma 3.2, we have:

A = (¢ —1)nal4],
1A(2)]

¢"* — (¢ —)nalAl - [A].
By Lemma 2.1, we obtain
bi(g — nalAl = c2 (¢"* — ((g = 1)na + 1) [A]).

Taking into account that |A| = ¢"4~™ and np = n,, — na, the expression
simplifies to

bina = conp. (4)
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By (i), we have that |B| = ¢"5~™, thus we symmetrically obtain
b'lnB = CIQTLA. (5)

Let J4 (respectively Jp) be the set of ng (respectively np) coordinate po-
sitions corresponding to the code A (respectively B). Define X4 (resp, Xg) as
the set of one-weight vectors with coordinates in J4 (respectively Jp). Define
also Yy (respectively Yg) as the set of two-weight vectors in A(2) (respectively
B(2)) with coordinates in J4 (respectively Jp). Consider the bipartite graph
I'4 (respectively I'g) with vertex set X 4 UY, (respectively XpUYp) and edges
joining pairs of vertices x, y, where x € X4, y € Y, (respectively x € Xp,
y €Yp), ifd(x,y) =1.

The degree of any vertex in X4 (respectively Xp) is by (respectively b))
by definition. Hence, the total number of edges in 'y (respectively T'p) is
b1(q — 1)na (respectively by (q — 1)np).

Consider the set of all two-weight vectors with one nonzero coordinate in
Ja and one nonzero coordinate in Jg. There are (¢ — 1)2n anpg such vectors.
If e; + e; is one of these vectors (i € Ja, j € Jp), then there is exactly one
codeword z € H,, of weight three which covers e; +¢e;, say z = e; + e; + ey. If
k € Ja, then e; + e, € A(2) and e; + e is a neighbour of e;. Else, if k € Jp,
then e; + e, € B(2) and e; + e, is a neighbour of e;. Therefore, the vector
e; + e; induces either one edge of I'4, or one edge of I'p.

We conclude that
bina(g—1) +bing(q—1) = (¢ —1)’nans,
which simplifies to
bina +bing = (¢q—1)nang. (6)

The values by = (¢ — 1)na, by = (¢ — 1)ng, c1 = ¢§ = 1 are trivial since
A and B have minimum distance at least three. From Equation (4), we obtain
¢a = naby/np. Using Equation (6), we compute b = (¢ — 1)na — nabi/np,

and by Equation (5), ¢5 = (¢ — 1)ng — b;. O
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Finally, we will also show that the codes A and B, under the hypothesis of

Corollary 3, are both completely transitive or both are not.

Proposition 4. Assume that the code A has dimension na —m and the sup-
plementary code B has dimension ng — m. Then Aut(A) and Aut(B) are iso-

morphic as abstract groups.

Proof. Let ¢ € Aut(A). Let Hy (respectively Hp) be the parity-check matrix of
A (respectively B). Note that since the dimension of A is n4 —m, the minimum
distance of A is not less than three. Let hy,...,h, be a set of s columns in
H 4 such that Zle ash; = 0, where o; € Fy. Hence, we are assuming that
the columns hy,...,h, are the support of a codeword in A. Since ¢ is an
automorphism of A we should have > ;_, a;¢(h;) = 0 and so the action of ¢ is
linear over the columns in H 4. Since the dimension of A is n 4 —m we can extend,
by linearity, the action of ¢ over all columns in H,, obtaining ¢(¢) € Aut(H,).
The projection of ¢(¢) over the columns of Hp gives ¢5§) € Aut(B). The map
¢ — ¢(§) is a bijective homomorphism as we can see repeating the above
argumentation switching the roles of A and B. In fact, both Aut(A) and Aut(B)
are isomorphic to the subgroup of Aut(#.,,) which stabilizes both A and B. O

Theorem 3.6. If the code A is completely transitive with dimension na — m
and covering radius p(A) = 2, then the supplementary code B is also completely

transitive.

Proof. From Theorem 3.5, when A is a completely regular code with p(A4) = 2,
then B is completely regular with p(B) < 2. When p(B) = 1 the code B is a
completely transitive code, so we are interested in proving that B is a completely
transitive code in the case when p(B) = 2. Since A is completely regular, we
have that the dimension of B is ng — m, by Corollary 3. Hence, the minimum
distances of A and B are not less than three.

First of all we show that taking h;, h; two different columns in H g, we have
an automorphism in Aut(B) which leads h; to h;. It is easy to see that there

n—1

are "5=(q — 1)? codewords of minimum weight in the Hamming code H,, con-
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taining in its support the coordinate position corresponding to h;. Of those
codewords, there are (a] — (¢ — 2))(¢ — 1)/2 such that they are also codewords
of weight three in B (a) is the corresponding parameter of the code B in Defi-
nition 1.1 and corollary 3). Also there are b} (¢ — 1) codewords sharing exactly
two coordinates with the support of the code B. Hence,

nil(Q*l)szll(qfl)— (allf(q72))(q71)

2 2
L (=10~ 1)~ 2 — (g —1) ~ by~ 1~ (g —2))] =
T na—Dla—1)~ b+ (g - 1) =
A

(7)
(the last two equalities follow from Corollary 3) is the number of codewords of
weight three from 7, with the coordinate corresponding to h; in its support
and the other two coordinates in the support of the code A. Equation (7) gives
a number greater than or equal to one, hence for any h;, h; there exists two
pairs in the support of code A which can be reached one from the other by some
¢ € Aut(A), since A is completely transitive. The corresponding (bs;) € Aut(B)
sends h; to h;.

Now, to finish the proof we need to show that taking two cosets of B of
weight two, say B 4+ x and B + y, where x and y have weight two and their
supports are into the support of B, we can find an automorphism in Aut(B)
which takes one coset to the other. Let A+ e; and A+ e; be the corresponding
cosets of A such that e; + x,e; +y € H,,. Since A is completely transitive
then, by Proposition 4, there exists ¢ € Aut(A) such that ¢(A+e;) = A+e;
and ¢536) € Aut(B) sends B+ x to B+y. Indeed, if ¢S_§)(B +x) =B+1z for
some z of weight two then e; +y,e; +2z € H,, and so there exists v € H,,
with z = y 4+ v; the vector v not only belongs to H,, but its support is into
the support of B, hence z and y are in the same coset of B. This proves the

statement. O

It is worth mentioning that, in some cases, the construction used here can
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be equivalent to the construction described in [5]. But this is not always the

case as the following examples show.

Example 3. Consider the binary matrix Hg, which the parity-check matrix of
the binary Hamming code of length 63. Take 35 columns of Hg following the
procedure described in [5], as the parity-check matriz of the code A. The code
A has parameters [35,29,3;2]s and the supplementary code B has parameters
[28,22,3;2]y. Computationally, we have verified that both codes are completely

regular but not completely transitive.

Example 4. Now, consider the binomial code A’ = C\"% | whose parity-check
matric HY contains as columns all the binary vectors of length 7 and weight
4 (see [20]). Note that adding all the rows of H™Y gives the zero wector,
hence the dimension of (A')* is 6. The code A’ has parameters [35,29,3,2]>
and the supplementary code B’ has parameters [28,22,3;2]5. In this case, we
have computationally verified that both codes are completely regular and also

completely transitive.

The codes A and A’ (respectively B and B’) in Example 3 and Example 4
are completely regular codes with the same parameters and TA. However, A
and A’ (respectively B and B’) are not equivalent since A’ (respectively B’) is

completely transitive, but A (respectively B) is not.
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