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Abstract

We define additive G-codes over finite fields. We prove that if C' is an additive
G-code over [Fy with duality M then its dual with respect to this duality oM is
an additive G-code. We prove that if M and M’ are two dualities, then C™ and
CM' are equivalent codes. Finally, we study the existence of self-dual codes for
a variety of dualities and relate them to formally self-dual and linear self-dual
codes.
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1. Introduction

In this paper, we shall consider additive G-codes over finite fields. In [9],
linear G-codes over finite Frobenius rings were studied by examining ideals in
the corresponding group ring RG. The rank, kernel and self-duality were studied
for the particular case of codes in Z4G in [6]. In [8], [9] and [12], group ring
constructions were used to construct self-dual codes over rings and fields. Special
attention was given to self-dual codes over the infinite family of rings Ry, with
an eye to their image as binary self-dual codes. In [7], group rings with infinite
rings were used to study finite codes that were ideals in group rings by examining
the projection of ideals in the infinite group ring to finite codes.

Here, we expand on these ideas by examining codes which are additive rather
than linear and whose alphabet is a finite field. Additive codes have applica-
tions in quantum coding and in cryptography and have received a great deal of
attention lately.

Additive codes were first defined by Delsarte in 1973 in terms of association
schemes [3], [4], where the set of points X in the association scheme is endowed
with the structure of an abelian group. In general, an additive code, in a
translation association scheme, is defined as a subgroup of the underlying abelian
group. In classical theory coding, the primary alphabet for codes has been
finite fields. On one hand, additive codes over finite fields have become more
important recently due to their application to the construction of quantum
error-correcting codes given in [2]. On the other hand, in the last years, the
used alphabet has been extended to finite Frobenius rings, and also the product
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of finite Frobenius Rings. In this sense, additive codes over rings have become
more rellevant [1],[15]. Additive codes also allow for a variety of dualities to
be used (see [10], [11] for example). We shall examine these various dualities,
focusing on codes which are equal to their dual under specific dualities.

The family of cyclic codes is one of the most widely studied family of codes,
firstly over finite fields and later over Frobenius rings. Cyclic codes of length n
over R can be seen as ideals in the group ring RC,,, where C,, is the cyclic group
of order n. As a generalization of cyclic codes the so called additive G-codes
are ideals in an arbitrary group ring RG [14], [7], [9].

We begin with the necessary definitions and notations. We denote the finite
field of order ¢ = p®, p a prime, by F,.

A code over a finite field F, of length n is a subset of Fy. If the code is a
subspace then we say that it is a linear code. If it is an additive subgroup of Fy,
then we say that it is an additive code. Any additive code over a field of prime
order is necessarily a linear code. However, additive codes need not be linear.
For example, the field I, is a non-trivial additive code of length 1 in Fpe, e > 1,
but there are no non-trivial linear codes of length 1 over a field.

For any two vectors v = (v;1,...,v,), W = (wy,...,w,) € Fy, define the
Hamming distance to be dg (v, w) = |{i | v; # w;}|. The Hamming weight of a
vector is the number of non-zero coordinates of the vector and corresponds to
dp (v, 0), where 0 denotes the all-zero vector. The minimum Hamming weight of
a code is the smallest weight of all non-zero vectors and the minimum Hamming
distance is the minimum of {dy(v,w) | v,w € C,v # w}. For any code C the
Hamming weight enumerator is defined as

WC(I’,y) _ Z xnfth(c)yth(c)‘
ceC
Since the finite field F,, ¢ = p®, is a vector space over F, of dimension e,
each element of IF; can be written as

ag + a1+ a4 - 4 ae_1C5L, (1)

for some (. We let K; be the 7 dimensional subspace of this vector space formed
by letting a; = 0, for j > ¢ — 1 in the representation given in Equation 1.
Namely,

Ki={ao+ar{+a(®+ -+ ac1C" | a; =0if j>i—1}. (2)

Lemma 1.1. Let g = p®, p a prime, and let K; C Fy as defined in Equation 2.
Then K; is an additive subgroup of (Fgq,+).

Proof. Any two elements in K are of the form a = ap+ayC+aC?4- - Ha;_ 11
and b = b +b1¢ +b2¢* + -+ +b;1¢" " Then a+b = (ag +bo) + (aq + b1)¢ +
(ag + b2)<2 + -4 (ai_l + bi_l)Cl_l which is in K. O

We note that this does not imply that the corresponding finite field of the
same size is a subfield, (in general it is not), but rather that this space is an
additive subgroup of the finite field.



Let N be a matrix with elements from the finite field F;,. We denote by
(N),i the span of N with coefficients from Kj;. Namely, if v € (N),:, then
v = > apNg, where Ny is the k-th row of N and «; € K;. Denote albo by
() = (N),e

Let G = {gl, 92,...,9n} be afinite group of order n. The group algebra F,G
consists of elements of the form:

n
E 71N
=1

o; € Fq, g; € G.
Addition in the group algebra is done by coordinate addition, namely

Zazgz + Zﬁzgz = Z Oli + ﬂi)gi
i=1

The product of two elements in a group algebra is given by

O ig) O Bigi) =D aiBigig;-
i=1 j=1 Wj

We associate each element in the group algebra with an element in Fj.
Namely, let © : F;G — F} be the canonical map that sends ag, g1 +a4,92+- -+
g, gn 10 (ag,,ag,, ..., aq,). Note that an additive code in Fy corresponds via
the map © to an additive subgroup of F,G. It is easy to see that a linear code
in Fy corresponds to an ideal in FyG. We are mainly concerned with additive
(G-codes, which we define now.

Definition 1.2. An additive G-code is a subgroup of F,G that is invariant
under the action of multiplication by elements of G.

Note that unlike in the linear case, we are not asserting that the code corre-
sponds to an ideal in the group algebra but simply that it is additive and held
invariant by the action of the group. We note that given a vector in an additive
G-code, multiplication by an element of the group G is necessarily in the code
but multiplication by an element of the field may not be in the code. As such,
additive G-codes need not be ideals in F,G. In essence, these codes are a richer
class of codes that are in Fy.

Let C be an additive G-code. It follows immediately that if Aut(C) is the
group of automorphisms of the code C', where an automorphism is a permutation
of the columns of C fixing C, then G is a subgroup of Aut(C).

We expand the definition of equivalent codes beyond the definition of auto-
morphisms to the following.

Definition 1.3. Two additive codes C and C' in ¥y are equivalent if |C| = |C’|
and there exists a permutation of coordinates w, and n permutations ¥; on
the set of elements of Fy satisfying ;(0) = 0 for i € {1,...,n} such that
(Y1(cr@))s -+ s ¥nlcamy)) € C' for all (ci,...,c,) € C.



Example 1.4. Consider the following codes in F3, where Fy = {0, 1, w,w?}:

Ol :{(0707 O)a (07 17 1)}7
02 :{(0,0,0),(w,w,O)},
C3 ={(0,0,0), (1,0,w?)}.

These three codes are equivalent additive codes. The code Cs is obtained from
C1 by permuting the first and third coordinates, # = (1,3) and applying the
permutation of elements given by ¢ = 19 = (1,w) and ¢35 = Id. The code Cs
is obtained from Cq by permuting the second and the third coordinate, 7 = (2,3),
and applying ¢y = (1,w), v = Id and 3 = (w,w?).

Notice that we are not only allowing for multiplication of a coordinate by a
constant because these codes are not necessarily linear codes but rather additive
codes.

We note that each of the three equivalent codes given in Example 1.4 have
the same Hamming weight enumerator, namely We (x,y) = 23 + 2y?. This fact
is true for equivalent codes as it is shown in the following lemma.

Lemma 1.5. Let C and C' be additive codes in [y that are equivalent, then:
e The minimum Hamming distance of C and C' are the same.

e The minimum Hamming weight of C and C' are the same.
L4 WC(x?y) = WC'(Z‘,y)-

Proof. Tt is immediate that permuting the coordinates does not change the
Hamming weight of a vector. Then the statement follows from the fact that
¥;(0) = 0 for all ¢+ € {1,...,n}, which gives that applying ¢; on a coordinate
does not change the Hamming weight of any vector. O

We now discuss the definitions for codes over a group. The group that is
used as an alphabet is not the same as the group G, so we shall denote the
alphabet by H. This group will be used to define the duality which gives rise
to the orthogonal of codes. In general, throughout this paper, H will refer to
the additive group of the finite field of order q.

A character of the finite group H is a homomorphism from H to the mul-
tiplicative group of the Complex numbers, C*. Sometimes, characters are de-
scribed as having images in Q/Z, however we shall use the complex version as
was done in [10] and [11]. The set of all characters of the group H, denoted by
H is defined by N

H = {x : x is a character of H},

and it is a group. This group is isomorphic to H, but not in a canonical manner.
The isomorphism that we chose between H and H gives a character table M.
Let {h;} denote the elements of the group and we let ¢ : H — H be the
isomorphism. We establish the following notation. Let the character x5, be the



image of h; under the isomorphism ¢, namely xn, = ¢(h;). Index the rows by
@(h;) and the columns by the elements of the group where the element of the
table M corresponding to (xa,, ;) i Xn, (hj)-

Example 1.6. Consider the additive group of Fs. Let £ be a primitive com-
plex fifth root of unity. Then the duality that corresponds to the Euclidean
inner-product for linear codes is given by x.(b) = £%°. This gives the following
character table:

11 1 1 1
1 ¢ ¢ & ¢
Mi=|1 ¢ ¢ ¢ &
1 g ¢ ¢ ¢
1o¢t & ¢ ¢

Alternatively, we can take xq(b) = £~ which gives the following character

table:
1 1 1 1 1

I SR S S
Myp=| 1 & ¢ ¢ &
1 g ¢ ¢ &
1 ¢ ¢ ¢ ¢

We note that there are four primitive complex roots of unity. The matriz M,
can be thought of as taking a different primitive root. We can form two other
dualities in a similar manner. Fach character table gives a duality for Fs. Since
any additive code over Fy is also linear, each of these dualities coincides with
the standard Euclidean duality.

We fix an isomorphism ¢ between H and H and we consider the characters
Xh;s hi € H, and the table M related to ¢ as described above. We shall refer
to this isomorphism as a duality of H™, where n is the length of the code, with
respect to M or, simply, as the duality M of H.

Definition 1.7. Fix a duality M of H, that is, an isomorphism of H and H.
Let C be a code over H. Then, the orthogonal of C' with respect to this duality is
defined as CM = {(h1,ha, ..., hy) | [Ti=] Xni(ci) =1 for all (i, ..., c,) € C}.

This duality of codes is specific to the fixed duality for the group H. We can
get a different dual by changing the duality of the group.

Given that (H)™ = H", each element of H" is associated with an element
of H™ in a canonical way. The code CM is associated with the set {x € H |
x(¢) =1 for all ¢ e C}. The orthogonal code is necessarily additive.

We mainly consider only symmetric dualities, namely we want x,(b) = xs(a).
This gives that the character table M satisfies M = M7

If a code satisfies C C CM then the code is said to be self-orthogonal with
respect to M. If the code satisfies C = C'M, then we say that the code is self-
dual with respect to M. If We(z,y) = Wenm(x,y) then the code is said to be
formally self-dual with respect to M.

Let C be a linear code over F, with a fixed duality M. We have from [5]
and [11] the following results.



Lemma 1.8. Le C be a G-code over Fy and let M be a duality of C. Then,
o (CMYM = for symmetric dualities;
o [ClICM]=q";
o cwegm(X) = ﬁcwec(M - X), X = (zo, 21, .., Tge_1).

We define some dualities over finite fields. Let [, be a finite ﬁeld? q = p°,

p a prime. Let £ be a primitive complex p-th root of unity, & = e Every
element in IF, can be written as ag +a1C+aC?+- - +ac_1¢°'. Then associate
to each element a € I, its vector a in K.

First, we define the standard Euclidean duality, Mg, as

(ME)a,b = f[a7b]a

where [a,b] = ) a;b;, which is the standard inner-product in Fy. This duality
corresponds to the standard Euclidean duality for linear codes. By that we
mean if C' is a linear code then CM& = C'*,

The trace function Tr : Fpe — F,, is defined to be Tr(a) = a + a? + a?” +

o 4aP” Tt is well known that Tr(ca+ 8b) = aTr(a) + BTr(b), where o and
B are in F,. We can define the duality Mz by

(MT)a,b — gTr(ab).

If e is an even integer and p = 2, then let e = 2k and define an involution
on the finite field as @ = a2 . This gives @ = (czzk)?’c =a? = a. We can define
the duality Mrg by -

(MTH)aJ) — gT’r(ab)'
2mi

Finally, let x(ap 4+ a1 + aaC® + -+ ae_1¢¢ 1) = %1 for £ = e’» . Define

(My)ap = x(a-b).

Example 1.9. The following are some symmetric dualities obtained for Fy
using the ordering 0,1,w,w? for the indices in the matriz (see [10]).

11 1 1

1 -1 1 -1

Mg=141 1 1 1 |

1 -1 -1 1
11 1 1 1 1 1 1
1 1 -1 -1 1 1 -1 -1
Mp=M.=1 1 4 4 ¢ |"Mem=| 1 1 1
1 -1 1 -1 1 -1 -1 1



Example 1.10. Consider Fy = F3[z]/(x? + 1). Consider the elements of Fyg
27

in the following order {0,1,2,z,x + 1,z + 2,2x,2x + 1,2z + 2}, and { = €5 .
Then the duality M, in Fg is given by the following character table:

11 1 1 1 1 1 1 1
1 ¢ & 1 & & 1 & ¢
1 & ¢ 1 & ¢ 1 & ¢
11 1 & & & ¢ & ¢
M,=[1 ¢ & & 1 ¢ ¢ & 1
1 & ¢ & ¢ 1 & 1 ¢
11 1 & & & & ¢ ¢
1 ¢ & ¢ & 1 & 1 ¢
1 & ¢ & 1 & & ¢ 1

We note that the MacWilliams relations for the Hamming weight enumerator
are the same for all dualities (see [10] for details). Namely,

1
Wem (2,y) = @Wc(m + (- 1y, z—y)

for all dualities M. This follows from the fact that collapsing the first row and
any other row gives the matrix

(1)

2. Orthogonals

In this section, we consider the properties of the orthogonal code CM for a
given duality M.

Theorem 2.1. Let C be an additive code in ]Fg. Let M and M’ be two dualities
of C. Then CM and M’ are equivalent codes.

Proof. Let C be an additive code in Fj and let M and M " be two of its duali-
ties. Consider the characters xj and xj, related to M and M’, respectively, and
take the ordering hg = 0,h1, -, hgn_1 for the indices in the matrices. Since
the character group is isomorphic to the group, any two representations of the
character group are isomorphic, see [5] for details. Then there is a group iso-
morphism ¢ : Gy — G given by o(xi) = X;Z;(i)’ with ¢ a permutation in the
set of elements {ho =0, k1, -+, hgn_1} satisfying ¢(0) = 0.

By definition, we have that (y1,...,y,) € C™ if and only if TI? ; x,, (¢;) = 1
forallc = (c1...,c,) € CM, that is, I Xy (i) = Lioralle = (c1 ..., cn) €
CM that is equivalent to (¥(y1),...,¥(yn)) € CM'. Therefore, the codes CM
and CM" are equivalent. O



Example 2.2. Consider the additive code over Fy C = {(0,0),(1,1)}, and the
matrices Mg, My and My for Fy given in Example 1.9. Then, we obtain the
following additive codes:

cF = {(0,0), (1, 1), (w,w), (WQ’wz)a (law2)a (0,w), (w,0), (w2, D},
cT =T = {(0,0),(1,1), (w,w), (W?, w?), (w,w?), (W w),(1,0),(0,1)}.

Each one of the 3 codes can be obtained from another one just applying a per-
mutation 1 of the elements of F, satisfying ¢(0) = 0.

‘ CE CT CTH
CF | Id (1Lw,w?) (1,w?)
cT Id (w2, w)
ctH Id

The Hamming weight enumerator for all of these codes is x?+2xy+5y%. Applying
the MacWilliams relations to this weight enumerator we get 22 +y? which is the
weight enumerator of C'.

Corollary 2.3. Let C be an additive code in IFy. Let M and M’ be two dualities
of C. Then dg(CM) = dp(CM') and Wen (z,y) = Wenr (2, y).

Proof. Follows directly from Theorem 2.1 and Lemma 1.5. O

Classically, one of the most important results about cyclic codes is that the
dual of a cyclic code is a cyclic code under the standard Euclidean duality. We
now generalize this result, showing that the dual under any orthogonality of a
code held invariant by the action of a finite group G is a an additive code held
invariant by the action of the group G.

Theorem 2.4. Let C be an additive G-code in Fy, and let M be a symmetric

duality on the additive group of Fy. Then CM s an additive G-code in Fy-

Proof. We know that C™ is an additive code, so all that remains is to show that
CM is held invariant by the action of the group G. Let w = (wy, ws, ..., wy,) €
CM  and g; € G. We want to show that z = wg; € CM . By definition, we have
that

wai(ci) =1, Ve=(c1,...,cn) € C.
i=1

Let d € C and let ¢ = dg;. We have c € C since C' is a G-code. Then, we have

T e () = [T (e = 1.

which gives that z € C* and so CM is held invariant by the action of the group
G, giving that CM is a G-code. O

It is interesting to note then that if C' is an additive G code and M and M’
are two dualities on the additive group of F,, then C™ and CM are equivalent
codes and both are G-codes.



3. Construction of G-Codes and Quasi-G-Codes

Let G = {g1,92,...,9n} be a group of order n. Let v = g, g1 + ag,92 +
-+ ay, gn € FyG. Define the matrix o(v) € M, (F,), first given in [13], to be

o - o - a - . a-
gt “arlee “orles 91 'gn
o - o - o - . A -
9o 191 9o 192 9o 193 9o lgn
o(v) = . : . . . : (3)
Cgtgr Ygntge Ygntgs Qylgn

We note that this matrix consists simply of all elements that are formed by the
action of an element of G on the element v. We shall use this matrix to generate
codes. This matrix is not necessarily a minimal generating set in any sense. For
example, if a5, = 1 for all g; then the matrix has n repeated rows. But a code
generated by this matrix is ensured to be invariant under the action of G.

In general, the G-code obtained form the action of G over an element v is

defined as
C(v) = (o(v)).

We note that this code is a linear code over F, and in the notation of this paper
C(v) = (o(v))pe. We are concerned with the span of this matrix using K; as
coefficients as well to generate additive codes. We shall show in Theorem 3.2,
that the K; span of this matrix is an additive G-code.

Lemma 3.1. Let N be any matriz with rows that are elements from Fy, ¢ = p°,

p prime. Then the (N),: is a subgroup of Fy.

Proof. Let v; be the rows of N. Let w = > a;v; and u = )_ 5,;v;, where
aj, B € K;. Then w+u =) (a; + 5;)v; and o + §; € K;. Therefore, the K;
span of N is a subgroup of Fy. O

We note that in this theorem all that is required is that the set of coefficients
is an additive subgroup of F,. Namely, other additive subgroups can easily be
used to construct codes as well.

Let v € F,G and denote A;(v) = (o(v)),:, the K; span of o(v).

Theorem 3.2. Let G be a finite group of order n, v € FyG and M be a duality
of Fq. Then A;(v) is an additive G-code of length n and we have the following
chains of additive codes:

A1(v) C As(v) C--- C Ae(v). (4)
Ae(v)M C Ae,l(v)M c.--C Al(U)M. (5)

Proof. By Lemma 3.1, we know that A;(v) is an additive code. Next, we show
that it is a G-code. If w; is a row of the matrix o(v) and z = >~ a;wj, o € Fpi
then acting by an element g in G on z to get z', we have z’ = }_ a;w/, where

w;» is formed from w; by the action of g. We notice that w§« is another row



of o(v) and so this vector is in A;(v) giving that A;(v) is invariant under the
action of G and so A;(v) is a G-code.

The first chain follows from that fact that if z = )" a;w,, a; € K, then
since K; C K;y1 we have that z € 4,11 (v). The second chain follows from the
first, noticing that taking the orthogonal reverses the inclusion. O

The following definition was first given in [9]. The version we give is a direct
generalization of this earlier definition as applied to additive codes. It is a
generalization of the notion of quasi-cyclic codes.

Definition 3.3. Let G be a finite group of order n and A be an alphabet. Let
D be a code in A®™ where the coordinates can be partitioned into n sets of size
s where each set is assigned an element of G. If the code D is held invariant by
the action of multiplying the coordinate set marker by every element of G then
the code D is called a quasi-group code of index s.

Example 3.4. Let G be the dihedral group Dy (which is also the Klein-4 group).
Then, using Equation 3, we generate a dihedral additive code by taking the Fo
span of

o & o
E o~ o
(=
— o & o

This is an additive code with 16 elements. Taking the natural projection to
binary elements, we have a binary code generated by

O R OO
OO O
= o O O
o o= O
o O O
O = OO
o O = O
= o o o

It is easy to see that this code is a quasi-dihedral code of index 2 with dimension

4.
Let I1 : K; — IE"; be the canonical projection. That is, if ag + a1& + --- +
a;1&1 € Ky, for € = 75, then
M(ag + ar1€ + -+ a;i 167" = (a0, a1,...,a; 1)

Theorem 3.5. If C is an additive G-code over Fpe of length n then II(C) is a
linear quasi-G-code of length ne.

Proof. The action of the group moves the set of e coordinates corresponding
to the projection of an element in F,.. Moreover it is easy to check that II
is a homomorphism of groups. Then the result follows from the definition of
quasi-G-cyclic. O

10



Corollary 3.6. Let G be a finite group, v € F,G and M be a duality of F,.
Then II(A;(v)) is a linear quasi-G-code overF,, and we have the following chains
of linear codes:

(A1 (v)) € TI(Az(v)) C -+ - C TI(Ae(v)). (6)
T(A (0) ™) € TI(A,1 (0)™) C -+ € TI(A (0)™). (7)
Proof. The result follows from Theorem 3.2 and Theorem 3.5. O

Note that we do not know if the projection of the orthogonal with respect
to M is related to the standard orthogonal of II(A;(v)) as a code over F,,.

Example 3.7. Let G = {1,«a, 5,7} be the Klein-4 group. Letv =1+ 1la+wl+
wy € F4G and

1 1 w w
1 1 w w
U(U) - w w 1 1
w w 1 1

Then A (v) is the additive G-code {(0,0,0,0), (1,1, w,w), (w,w, 1,1), (w?,w?, w? w?)}
and Ay (v) is the code with cardinality 16 generated by

1 1 w w

00 1 1 )°
The canonical projection over Fy is given by I1(0) = (0,0),II(1) = (1,0),I(w) =
(0,1) and (w?) = (1,1). The linear quasi-Klein-code T1(A1) is

{(0,0,0,0,0,0,0,0),(1,0,1,0,0,1,0,1),(0,1,0,1,1,0,1,0),(1,1,1,1,1,1,1,1)}.

The linear quasi-Klein-code TI(Asg) is generated by

101 0 01 01
01011111
00 0O0T1O0T1O0
00 0O0O0OT1TO01

Under the duality Mg we have Az(v) = Aa(v)ME. The code A1 (v) has | Ay (v)Me
64 and consists of precisely half the vectors in FEg, the even code.

4. Self-Dual Codes

Self-dual codes are a widely studied family of codes. The vast majority of
this study has been about linear self-dual codes over both fields and rings. We
shall study codes that may not be linear, but are still self-dual with respect to
some duality. A code C is a self-dual code with respect to the duality M if
C = CM . This implies that |C| = ¢% where n is the length of the code and F, is
the alphabet since |C||CM| = [F7|. Additive self-dual codes over fields of even
order were studied in [10], here we shall extend some of these ideas and expand
on them for any g.

11



Theorem 4.1. Let g = p°. If e is odd then there is no self-dual code of length
1 corresponding to any duality.

Proof. If C were a self-dual code of length 1, then |C|?> = ¢, which gives that
|C| = p? which is a contradiction if e is odd. O

The following lemma has the standard proof, see [5] for example.

Lemma 4.2. If C' is a self-dual code over F, of length n with respect to duality
M and D is a self-dual code of length m with respect to M then C x D 1is a
self-dual code of length n + m with respect to M.

This lemma leads naturally to the following theorem.

Theorem 4.3. If C is a self-dual code of length 1 with respect to duality M.
Then the n fold product of C' is a self-dual code of length n that is a G-code for
any group G of order n.

Proof. The fact that the code is self-dual follows from Lemma 4.2. Given any
permutation of the coordinates the code C remains the same. Therefore, the
action of any group fixes C' and so the code is a G-code for any group G of order
n. O

Self-dual codes naturally give rise to formally self-dual codes in the next
theorem.

Theorem 4.4. If C' is a self-dual code over a group H with respect to the duality
M, then C is a formally self-dual code with respect to M’ for all dualities M’
of H.

Proof. Since C = CM and C™ and CM " are equivalent by Theorem 2.1, we have
that We(z,y) = Wea (2, y) and the code is formally self-dual with respect to
M’ by Lemma 1.5. O

This theorem guarantees that if we have a self-dual code, then we can pro-
duce numerous formally self-dual codes by changing the duality.

4.1. Self-dual codes with respect to Mg, My and M,
In [10], the existence of self-dual codes over Fy is proven for any self-duality.

Theorem 4.5. [10] There exists a linear self-dual code with respect to a duality
M of all even lengths.

We want to generalize the previous theorem to F, considering different du-
alities.

Theorem 4.6. There exists a linear self-dual code in terms of the usual inner-
product of length se over Fy, if and only if there exists an additive self-dual code
with respect to Mg of length s over Fy, ¢ = p°.
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Proof. We know that Fy, = F,(¢), where ¢ = p°. For any element a € F,, let a
be its corresponding vector. Namely, if a = ag+a1{+a2(?+-- -+ ac_1¢(°! then
a= (ag,a1,...,ac—1). Let C' be an additive self-dual code of length s over F,,.
Then if (¢1,¢2,...,¢5), (d1,da,...,ds) € C, we have [] xc, (d;) = 1 which implies
[(c1,c2,...,¢5),(d1,d2,...,ds)] =0inF,. Let D be the set of length se vectors
formed from the elements of C, namely, D = {(cy,ca,...,¢s) | (c1,¢2,...,¢5) €
C}. Then any two vectors (c1,¢a,...,Cs),(d1,ds,...,ds) € D are orthogonal,
so that D C D*. We note that the sum of any two vectors in D must again
be in D since C' is additive and addition of the vectors corresponds to standard
addition in F,. Since C is self-dual, |C| = ¢2. Moreover, |C| = |D| and this
gives that |D| = p%. Hence, D is a self-orthogonal code with |D||D+| = p%
which gives that D = D+.

If D is a linear self-dual code over F,, of length se, then let C' be the code
over F, formed from D, namely C' = {(c1,¢2,...,¢5) | (c1,¢€2,...,¢5) € D}.
Then, since D is self-orthogonal, for any two (¢1,ca, ..., ¢s), (d1,da,...,ds) € C,
we have []xe,(d;) = €° = 1. Hence, the code is self-orthogonal. Then by
the identical cardinality argument given in the first half of the proof we have
C =CMs, O

Corollary 4.7. Let g = p®, p a prime.

o Ifp =2 then additive self dual codes over F, exist with respect to Mg for
all even lengths if e is odd and for all lengths if e is even.

o If p=1 (mod 4) then additive self-dual codes over F, exist with respect
to Mg for all lengths over Fy if e is even and for all even lengths if e is
odd.

e If p =3 (mod 4) then additive self-dual codes over F, exist with respect
to Mg for all even lengths if e is even and for all lengths congruent to 0
(mod 4) if e is odd.

Proof. Follows from Theorem 4.6, Theorem 4.5 and that fact that if p = 1
(mod 4) then self-dual codes exist for all even lengths and if p = 3 (mod 4)
then self-dual codes exist for all lengths congruent to 0 (mod 4). O

Even more can be said about these self-dual codes. If p =1 (mod 4) and e
is even, then there exists an additive self-dual code of length 1 over Iy, ¢ = p°.
We know that this code is not linear since there cannot be a linear code of
length 1 that is neither the entire field nor just the zero element. Then using
Lemma 4.2, we have that there exist additive self-dual codes of all lengths over
F, that are not linear.

Example 4.8. Consider the binary self-dual [8,4,4] Hamming code with the
standard duality. Consider the duality with respect to Mg over Foe, e > 1. As
an additive self-dual code over Fy as in Theorem 4.6, we get a (4,16,3) additive
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self-dual code. It is generated by

1 0 w w
0 1 w? w
w 0 w? 1
0 w 1 w?

As a code over Fig, we get a (2,16,2) additive self-dual code. As a code over
Fose it is a (1,16,1) additive self-dual code.

Example 4.9. There is no self-dual code of length 2 over Fs with the standard
duality. As such, by Theorem 4.6, there is no self-dual code with respect to Mg
of length 1 over Fg. However, the code {0,z + 2,2z + 1} is a self-dual code
with respect to M, of length 1 over Fy. This gives that C and CM= are formally
self-dual codes. The corresponding Fs code is {(0,0),(1,2),(2,1)}. Its dual is
{(0,0),(1,1),(2,2)}. These codes are formally self-dual as well.

Proposition 4.10. Let C be an additive code over Fy. If C is a self-dual code
with respect to Mg, then C is self-dual with respect to Mr.

Proof. Let C be an additive code of length s over IF; and consider the character x

related to My, that is, . (b) = €77(@) for a,b € F,. For (c1,c¢2,...,¢5),(d1,do, ...

C we have [(c1,¢2,...,¢5), (di,da,...,ds)] = [[i_; Xe: (di) = [[j_, E77(cd) =
gXima Trleitdi) — ¢Tr(Xioy cidi) hecause of the linearity of the trace function.

If C is self-dual with respect to Mg then, for (¢1,¢a, ..., ¢s), (d1,da,...,ds) €
C we have 3°;_, ¢;d; = 0 and, therefore ¢77(2i=1 ¢d:) = 1 that implies that C is
self-orthogonal with respect to Mp. Self-duality follows from the fact that the
cardinality condition in both cases is the same, namely that |C|? = ¢°. O

We note however, that this theorem is not biconditional as shown in the next
example.

Example 4.11. Consider the field of order 9, Fg = F3[z]/(z® + 1) as in Ez-
ample 1.10. Here we have Tr(0) = Tr(z) = Tr(x?) = 0. Now (1 + x)? = 2x
and (2 + 2z)% = 2z which gives for any of these elements a, fT’“(’IQ) =£0=1.
Namely, these three elements are self-orthogonal. Hence, the code {0,1+ x,2 +
2z} is an additive self-dual code of length 1 with respect to Mr. Moreover,
(2+2)? = (1+21)? = z and so by the same reasoning the code {0,2+x,1+ 2z}
1s an additive self-dual code of length 1 with respect to M. These two codes
do not correspond to a Fuclidean self-dual code given in Proposition 4.10 since
there is no self-dual code of length 1 over Fg with respect to M.

Theorem 4.12. Let p be a prime. The additive code F}; is a self-dual code of
length n with respect to My in IFZQ. Moreover, it is a G-code for all groups G
of order n.

n

Proof. Since the code is the entire space F,

of any group of order n.

it is held invariant by the action
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Given any two vectors v,w € F,, we have that Y Tr(v;w;) = 0 since the
trace of any element in the ground field is 0. Therefore, this code is self-
orthogonal with respect to Mp. Then [F}'| = p™ and p"p" = p** = (p*)"
which is the size of the ambient space. Therefore, the code is self-dual. O

Example 4.13. Let p be any prime. The code C =T, is a self-dual code with
respect to My of length 1. Then C' = F,, has weight enumerator We(z,y) =
x+ (p— 1)y. Applying the MacWilliams relations, we have:

1
];Wc(a? + (p2 —Dy,z—y)=x+(p—1)y.

In particular, Theorem 4.12 gives that the code C' = F is a cyclic self-dual
code with respect to M. In general, cyclic self-dual codes are found examining
algebraic properties of the factors of ™ — 1. However, this does not apply to the
present situation since the cyclic codes here do not correspond to ideals in the
polynomial ring.

Theorem 4.14. Let g = p°, p a prime, with e = 2s for some integer s. Let C
be the code of length 1 consisting of all elements of Fy with a; =0 fori > s—1.
Then C is a self-dual code with respect to M,..

Proof. The code C' is additive since the sum of any two elements in C' which
are polynomials in ¢ of degree at most s — 1, is a polynomial in { of degree
at most s — 1. The cardinality of the code C is p®, since there are p choices
each for ag,ai,...,as—1. This gives |C]? = (p*)? = |F,|. Take the product of
any two elements in C'. Since both elements are at most of degree s — 1 in (,
their product is of degree at most 2s — 2 and hence their product has ass—1 = 0.
Then, if a,b € C, we have x,(b) = 1. Therefore, the code C is self-orthogonal
and |C|? = ¢ and so the code is self-dual. O

Example 4.15. By Theorem 4.14, the code C = T, is a self-dual code with
respect to M, in F,2. Theorem 4.12 gives that C' = CMt in this case. This
means that in this particular case CMr = CMr,

Corollary 4.16. There exist self-dual codes with respect to M, for all lengths
n that are G-codes for all groups G of order n.

Proof. The self-dual codes with respect to duality M, exist for length n =1 by
Theorem 4.14. Then self-dual codes with respect to M, exist for any length n
by Lemma 4.2 and they are G-codes by Theorem 4.3. O

For any linear code C' over the field Fg, let C* denote the standard dual,
namely C+ = {v | [v,w] = 0,Vw € C}. We note that the code C* is a linear
code, even when C is not.

Theorem 4.17. Let M be either Mg, My or M,.. Then for any linear code C
we have

1
cweg (X) = Ecwec(M - X).
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Specifically, M works for the MacWilliams relations for linear codes over the

field.

Proof. We know that F, is a Frobenius ring. Then we know that a generating
character on the character module is any character that is non-trivial on the
minimal ideal of the ring. Since the ring is a field, this is a trivial statement.
Therefore, these dualities are given by a generating character and so either
suffice for the MacWilliams relations for linear codes. (See [5] for background
details.) O

This theorem indicates that the MacWilliams relations for linear codes are
not unique and that these three different dualities give the MacWilliams rela-
tions for linear codes. This means that two different matrices M will always
give the complete weight enumerator of C from the complete weight enumer-
ator of C'. This does not, however, mean that they give the same MacWilliams
relations for additive codes. This is easily seen in the next example.

Example 4.18. Let C = {0,1} be an additive code over Fy. Considering
the dualities Mg and Mr, we obtain the following dual codes CMe = {0,w}
and CMr = {0,1}. Note that these two codes have different complete weight
enumerators, cwecnmy (Lo, 1, T2,23) = To + T2 and cwepmr (o, T1, T2, Tg) =
xo+x1, but they give cwec = xg+ x1 when applying the Mac Williams relations
to each one of the two matrices Mg and Mr. Of course, both of these dualities
give the same MacWilliams relations for the Hamming weight enumerator which
coincide in both cases, Wer(x,y) = Wem (2,y) = x + y.

In Corollary 4.7, we have shown that there exist numerous additive self-dual
codes that are not linear. This result is very important for the following reason.
The MacWilliams relations for linear codes over F, are given by cweco. (X) =
|—é|cwe(M g - X) which is the same as the MacWilliams relations for additive
codes using Mg as the duality. If I is the set of polynomials in ¢ variables that
are held invariant by the action of ﬁM £, then the possible weight enumerators

for both sets of self-dual codes (additive and linear) are the same. Usually, we
ask that the codes also have even length for linear codes.

Let I’ be the set of polynomials held invariant by %M g and the action of the
matrix guaranteeing that the length must be even. Then there exist elements
in I’ that are weight enumerators of additive self-dual codes with respect to
Mg but not linear self-dual codes with respect to the usual inner-product. For
example, consider the self-dual code C' of length 1 over Fy, ¢ = p®, e even. The
code C'x C' has length 2 but has vectors with Hamming weight 1. No vector with
Hamming weight 1 can be self-orthogonal over F, in the usual inner-product so
this cannot be the weight enumerator of a self-dual code with respect to the
usual inner-product.

4.2. Self-duality in chains of additive G-codes

Let G be a finite group of order n, v € F;G and M be a duality of F,. Recall
the chains of additive G-codes of length n A;(v) C Ay(v) C --- C A.(v) and
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Ac()M C A, ()M C -+ C Ay (v)M given in Equations (6) and (7). We begin
the study of these chains with a lemma.

Lemma 4.19. Letv € F,G. Then we have |A;(v)| < |Aiy1(v)| for1 <i<e—1.

Proof. The code A;(v) has a minimal generating set of vectors, say {v; | 1 <
i < t}. Then, given a codeword w € A;(v), there is a unique way of writing
w = 22:1 a;v;, for some t > 1. Then, there are precisely p* multiples of w.
Namely, fw = 8 22:1 a;v;. However, there are p*1 multiples of w in A;,1(v).
Therefore, the two codes are not equal. Given the containment of A;(v) in
Ai+1(v), we have that A;(v) C A;41(v) which gives the result. O

In general, we want to look in this chain to find additive self-dual codes.

Theorem 4.20. Consider A1(v) C As(v) C -+ C Ag(v) the chain of additive
G-codes of length n defined in Equation (6). There is at most one j, 1 < j < e—1
such that A;(v) is self-dual with respect to M, for any duality M.

Proof. By Lemma 4.19, |4;(v)| < |Aj+1(v)] for 1 < i < e — 1. Therefore, at
most only one code in the chain can satisfy |A;(v)|* = ¢°. O

Corollary 4.21. Consider A.(v)M C A._1 () C --- C A1 (v)M the chain of
additive G-codes of length n defined in Equation (7). There is at most one j,
1 <j<e—1 such that Aj(v)™ is self-dual with respect to M, for any duality
M.

Corollary 4.22. Consider A;(v) C Az(v) C --- C Ac(v) the chain of additive
G-codes of length n defined in Equation (6). Let j, 1 < i < e —1, be the
possible index for A;(v) being self-dual code with respect to M. If A;(v) is not
formally self-dual with respect to M, then A;(v) is not self-dual with respect to
any duality M'.

Proof. From Theorem 4.20, consider the index j, 1 < j < e—1, such that A;(v)
may be self-dual with respect to M. Assume A;(v) = A;-VI(’U). Then, if A;(v) is
not formally self-dual with respect to any other M’, we get a contradiction by
Theorem 4.4. O

Therefore, for the possible index j in the chain A;(v) C As(v) C -+ C A.(v)
with the proper cardinality, if it is not formally self-dual to A;(v), for a fixed
M, then there is no self-dual code in the chain with respect to any duality.

Example 4.23. We illustrate these results with the following three examples.
Let Ky = {1,, 8,7} be the Klein-4 group. Let v be an element in F4K4. Then
we have Ay (v) C As(v) and Az(v)M C Ay (v)M for any duality M.

o [fv=140a+ 18+ 0y then

o(v) =

O = O =
= e
O = O =
_ o = O
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Deleting identical rows we have the matriz:

1 010
010 1)°

Then the code Ai(v) has 4 elements and cannot be self-dual. The code
As(v) has cardinality 16 and is self-orthogonal with-respect to Mg and
M. Therefore, it is self-dual with respect to both dualities.

o [fv=140a+ 08+ 0y then

100 0
0100
cW=10901 0
000 1

Then A1(v) has 16 elements and is self-orthogonal with respect to My and
is therefore a self-dual code with respect to Mp. The code As(v) is Ff,
i.e. the entire space. The code A1(v) is not self-orthogonal with respect to
duality Mg and, therefore, in the chain A1(v) C A2(v) there is no self-dual
code with respect to Mg.

o Ifv=w?+0a+03+0y then

w2 0 0 0
0 w® 0 0
cW=1 9 o W o
0 0 0 o?

Then A1 (v) has 16 elements and is self-orthogonal with respect to Mg and
is therefore a self-dual code with respect to Mg. The code Aa(v) is F4, i.e.
the entire space. The code Ai(v) is not self-orthogonal with respect to
duality My and, therefore, in the chain Ay(v) C As(v) there is no self-
dual code with respect to M.

4.8. Constructions

We shall show how self-orthogonal and self-dual codes can be constructed
in this setting. In [8], it was shown that if R is a finite commutative Frobenius
ring and G is a group of order n, with v an element in RG, satisfying v = v7,
v? =0 and |C,| = |R|? then C, is a self-dual code.

In our setting, the situation is different. Consider the matrix given in Equa-
tion 3. It is quite possible that the matrix o(v) generates a self-orthogonal code
over the additive group K;, but this does not guarantee that the code over K,
is also going to be self-orthogonal. As a trivial example, consider the code of
length 1 over F4 generated by (1). Using the duality My, this code is a self-dual
code over the additive group K; = F,. However, over F4, this code is the en-
tire ambient space which is obviously not self-orthogonal. This simple example,
however, leads to an important computational technique.
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In the search for self-dual codes using the matrix o(v). It happens quite often
that the dimension of (o (v)) is greater than & which prohibits the matrix from
generating a self-dual code that is invariant under the action of G. However, it
is possible that (o(v)),: may be a self-dual code for a given duality M as we
describe in the next theorem.

Theorem 4.24. Letv € FpeG for some finite group G. Assume that dim{o(v)) =

d>%. If s = 55 is an integer and (o(v))ps is self-orthogonal with respect to
duality M, then the code C generated by the d linearly independent vectors of
a(v) over the additive group K is a self-dual code with respect to M that is held

invariant by the action of the group G.

Proof. If the d vectors are linearly independent over [, then they are indepen-
dent over the additive group K. The size of the code they generate over K
is (p°)? = (p2d)? = p=". Then since the code is self-orthogonal with respect to
M, the code is self-dual. O

5. Conclusion

Previous work about G-codes considered only linear codes over the finite field
F, (see [8], [9] for example.) Additive self-dual codes are defined over the field Fy
as in [10]. In this paper, we have expanded both notions to consider additive self-
dual G-codes over any finite field. We have discussed several dualities attached
to these codes and we have examined the properties of these duals. We have
found examples of additive self-dual codes of length 1 and have used this to
show that additive self-dual codes exist for all lengths in certain cases.
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