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LIMIT CYCLES OF 3-DIMENSIONAL DISCONTINUOUS
PIECEWISE DIFFERENTIAL SYSTEMS
FORMED BY LINEAR CENTERS

JAUME LLIBRE! AND JAIME R. DE MORAES?

ABSTRACT. In this paper we deal with 3-dimensional discontinuous piecewise
differential systems formed by linear centers and separated by one plane or
two parallel planes. We prove that these systems separated by one plane have
no limit cycles, besides the systems separated by two parallel planes have at
most one limit cycle, and that there are systems having such a limit cycle. So
we solve the extension of the 16th Hilbert problem to this class of differential
systems.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

One of the main goals in the qualitative theory is to study the number of limit
cycles of the differential systems. In part this problem was motivated by the 16-th
Hilbert problem (1900), see [8, 16] for more details. Limit cycles play a main role
for understanding the dynamics of many systems, see for instance [1, 2, 6, 9, 10].

On the other hand there are many problems that are modeled using discontinu-
ous piecewise differential systems. These systems appear in various situations like
mechanical systems and control theory, see for instance [3, 4]. In particular the
study of discontinuous piecewise linear differential systems in the plane separated
by straight lines is also an important class of differential systems which appear in
models of mechanics and electrical circuits among others, see for instance [5, 13, 15].

Following the Filippov’s convention [7] the discontinuous piecewise linear dif-
ferential systems can have sliding or crossing limit cycles. A sliding limit cycle
contains sliding segments on the line of discontinuity, whereas crossing limit cycles
contain only crossing points. In this paper we work with crossing limit cycles, or
simply limit cycles.

In [11] it was proved that discontinuous piecewise linear differential systems in
the plane separated by one straight line and formed by two linear centers have no
limit cycles, besides discontinuous piecewise linear differential systems in the plane
separated by two parallel straight lines and formed by three linear centers have at
most one limit cycle, and that there are systems having such a limit cycle.

The main goal of this paper is to extend these previous results to 3-dimensional
discontinuous piecewise differential systems in the space separated by one plane or
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two parallel planes and formed by linear centers. More precisely, we consider the
differential system

(1) i=-y, y=z, Z=0.

This differential system has the z—axis filled of singular points, and at every plane
z = zp, with zp a constant, there exists a linear center at (0,0, zp), i.e. all the orbits
in this plane are periodic formed by circles centered at (0,0, zq), of course with the
exception of the singular point (0,0, 2g).

We shall pass from the coordinates (z,y, z) to (X, Y, Z) through the affine change
of coordinates

X = a9+ a1x+ a2y +asz,
Y = b0+blm+b2y+b32,
Z = cot+cx+coy+csz,

assuming that the determinant of matrix of the change of coordinates
D= D(a, b, C) = —a1b203 + albgcg + a2b103 - a2l)361 - a3b162 + a3b2(31 7é 0,

where @ = (a1,a9,a3), b = (b1,b2,b3), ¢ = (c1,c2,¢3). In the new coordinates
(X,Y, Z) the differential system (1) writes

X = P+PX+RY+PZ

(2) Y = Qo+ @QiX +QY +Qs7
Z = Ro+ X+ RY + RsZ,

where
Po = —D_l(al(—aob103 + a0b301 — a36001 + a3b160)

+az(—agbacs + apbsca + asbocs — agbsco — asboca + asbaco)
+a?(b003 — bgCo)),

Pi = D '(—aibics + arbscr — asbacs + asbzes),

P, = D e (a% + a%) —az(a1c1 + azea)),

Py = —D (b3 (af + a%) —as(a1by + a2b9)),

Qo = D7 '(cs(ao (b +b3) — arbobs — azbobs) + bs(—ao(brc1 + bacs)
+arbico + asbaco) + as (bobicr + ba(boca — baco) — bico)),

Q1 = —D (s (b7 +b3) — bs(brcy + baca)),

Q2 = D (ez(arby + asbs) — az(bicy + bacs)),

Qs = —D '(bs(arby + asbo) — az (b7 +b3)),

Ry = —D !(—agbicics — agbacacs + agbsci + agbses + arcr (bocs — bzco)
+asbgcacs — asbscoes + as (fbo (C? + cg) + bicger + b2COCQ>),

R = fD_1(03(b101 + baca) — b3 (c% + c%)),

Ry = —D as(c]+¢c3) — cs(arer + asen)),

R3 = D Y(—aybscy — asbscy + asbicy + asbacy).

For simplicity we rename the variables X,Y and Z by z,y and z, respectively. Thus
system (2) writes
(i‘v y7 Z)T =V+M- ($7 Y, Z)T7
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where
P P B
V(aab: C) = (P()vQOaRO)T and M(a7b7 C) = Ql QQ QS
Ry Ry Rs

Now we consider the 3-dimensional discontinuous piecewise differential system
separated by plane z =0
(#,9,2)" =V(a,b,c) + M(a,b,0) - (v,9,2)",  inz>0,

) (&9, 5)7 = V(@ B,7) + M(a, 8:7) - (2,9,2)T, in <0,

and the one separated by the parallel planes © = —1 and « = 1
(#,9,2)" = V(a,b,¢) + M(a,b,c) - (x,y,2)", inz>1,
(4) (#,9,2)" =V(A,B,C) + M(A,B,C) - (w,y,2)", iz <1,
(#,9,2)" = V(a, 8,7) + M(a, 8,7) - (w,9,2)",  inz< -1,
where we assume that D(a, b, c) # 0, D(a, 8,v) # 0 and D(A, B,C) # 0.
In what follows we state the main results of this paper.

Theorem 1. The discontinuous piecewise linear differential systems (3) have no
limit cycles.

Theorem 2. The discontinuous piecewise linear differential systems (4) have at
most one limit cycle. Moreover there are systems in this class having one limit
cycle.

Theorems 1 and 2 are proved in sections 2 and 3, respectively. The main tool
for proving these theorems is the use of the first integrals of the differential sys-
tems which form the discontinuous piecewise differential systems, this technique for
studying the limit cycles already was used in [12].

Proposition 1. The discontinuous piecewise linear differential system separated
by the two parallel planes x = —1 and x =1

T = po, Y=y -z, Z = po, inx>1,
(5) & =p1, Y = p2; Z = ps, in |z <1,
T=—ax+2y—2z, y=—-c+2y—22, z=—-x4+2y—=z, nzxr<-—1,

where

Po = Yy ) b1 = 16 S ] 167

2
_br_ y_3z 3 _3Bz _Ty 92 T
PP=ra Ty Ty Ty BT 3 T 16 T 16 32

has one limit cycle, the one of Figure 1. Moreover this limit cycle is stable.

Proposition 1 is proved at the end of section 3.
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FIGURE 1. The limit cycle of discontinuous piecewise linear differential

system (5).

2. PROOF OF THEOREM 1

The differential system in x > 0 of the discontinuous linear piecewise differential
system (3) has the two independent first integrals

hl(xaya Z) =

hZ(xvya Z) =

(—azbico + a1bzco + azbocy — agbzer — arboes + agbics
+bscix — bicsr — agc1y + arcsy + azbiz — a1b32)2
+(azbaco — azbsco — azboca + agbzca + azbocs — agbacs
—bscox + bacsx + agcoy — ascsy — aszboz + (LngZ)Q,
—agbico + arbaco + azbocr — agbacy — arboca + agbica
+(bacr — bicg)r + (—azcr + aic2)y + (agby — a1ba)z,

and the differential system in & < 0 has the two independent first integrals f; and
fo obtained respectively from h; and ho, changing the parameters a;, b; and ¢; by
oy, B; and ~y; respectively, for i = 0,1, 2, 3.

A limit cycle for discontinuous piecewise differential system (3) must intersect
the plane x = 0 in two distinct points, denoted by (0,y1,21) and (0,ya, 22), and
such two points must satisfy the system of equations

er = hi(0,92,22) — h1(0,y1,21) =0,
ez = ha(0,y2,22) — ha(0,y1,21) =0,
es = fi1(0,y2,22) = f1(0,y1,21) = 0,
es = f2(0,y2,22) — f2(0,91,21) = 0.
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Taking the change of variables y; = y + y2 and z; = 2 + z2 we obtain

ea = (agzer —are2)y + (—ashy + arba)z,

es = (a1 —a1y)y + (—azf + 1)z

In order that the system es = e4 = 0 has non-trivial solutions we need that the
following determinant be zero

A = —agagfic + arazfacy + azazbiyr — aragbayr + aronfics

—a10q faca — aragbiye + a1 baye.

However now there are only three independent equations e; = e5 = e3 = 0 and four
unknowns variables y1, ¥z, 21 and z2. Thus always we have a continuum of periodic
solutions and no limit cycles. Therefore Theorem 1 is proved.

3. PROOF OF THEOREM 2

We note that the differential system in > 1 of the discontinuous piecewise
differential system (4) has the same two independent first integrals h; and ho given
in the proof of Theorem 1. The differential system in |z| < 1 has the two inde-
pendent first integrals fi; and fy obtained respectively from h; and ho replacing
the parameters a;, b; and ¢; by A;, B; and C;, respectively for i = 0,1,2,3, and
the differential system in x < —1 has the two independent first integrals g; and g
obtained respectively from h; and hs, changing the parameters a;, b; and ¢; by «;,
B; and ~y; respectively for ¢ =0, 1,2, 3.

A limit cycle of the discontinuous piecewise differential system (4) must intersect
each plane x = 1 and x = —1 in two distinct points, denoted by (1,y1,21) and
(1,y2,22), and (—1,ys,23) and (—1,y4,24), respectively. Such four points must
satisfy the system of equations
(6)

E1 = hl(l,yz,ZQ) — h1(1,y1,21) = 07 EQ = hz(l,yz,Zz) — hz(l,yl,zl) = 0,

Es = fi(1,y2,22) = fi(=1,93,23) =0,  Ea= fa(l,y2,22) — fa(=1,y3,23) = 0,

Es = g1(—1,93,23) — g1(—1,y4,24) =0, Es = g2(—1,y3,23) — g2(—1,y4,24) = 0,

Er = fi(=1,ya,24) — fi(l,y1,21) =0,  Es = fa(—1,y4,24) — f2(1,91,21) = 0.

Applying the change of parameters

Ko = bsci — bics, K, = asci — aics, K> = asbi —a1bs,
Ks; = bsca — baca, Ky = asca —ascs, Ks = asbz — a2bs,
K¢ = asc1 —aica, K; = asbi —aibs, Ks = BsCi— BiCs,
Ko = A3C1—A1Cs3, Ko = A3B1—Ai1B3, Kii = B3(Cy— B2C3,
K1z = A3Cy—AxC3, Ki3 = A3zBy—A3B3, Kis = BxCi— BiCh,
Kis = AxCi—AiCyy Kig = AsBi—Ai1By, Kir = a3fi —aip,
Kis = o3y1—a1ys, Ko = oa3fe—a28, Ko = PBivys— B,
Ko1 = aszye—aoys, Ko = Poyz— 372, Kaz = afi —a1fo,

Koy = a1 — arye,
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the polynomials E; for ¢ =1, ..., 8 write

Er = —((a0 — 1)Ko+ Ki(y1 — bo) + Ka(co — 21))* + ((ag — 1)Ko
+EK1(y2 — bo) + Ka(co — 22))* = ((a0 — 1) K3 + Ka(y1 — bo)
+K5(co — 21))? + (a0 — 1) K3 + Ka(y2 — bo) + Ks(co — 22))?,

E, = Ke(y1 - y2) - K7(21 - 22),

Es = ((Ao—1)Ks+ Ko(y2 — By) + K10(Co — 22))* — (Ao + 1)Ky
+Ko(ys — Bo) + K10(Co — 23))* + ((Ag — 1) K11 + K12(y2 — Bo)
+K15(Co — 22))* — (Ao + 1) K11 + Kia(ys — Bo) + K15(Co — 23))?,

Ey = 2Ky — Ki5(y2 — y3) + Kis(22 — 23),

Es = (Kir(zs — )+ Kis(Bo — y3) + (a0 + 1)K20)* — (K17(24 — 70)
+K18(Bo — ya) + (a0 + 1) K20)* + (K19(23 — 70) + K21 (50 — y3)
+(co + 1)K22)* — (K19(24 — 70) + K21(Bo — ya) + (o0 + 1) K22)?,

Es = Kos(23 — 24) — Koa(ys — ya),

E; = —((Ao—1)Ks+ Ko(y1 — Bo) + K10(Co — 21))? + (Ao + 1)K
+Ko(ys — Bo) + K10(Co — 24))* — ((Ag — 1) K11 + K12(y1 — Bo)
+K15(Co — 21))? + (Ao + 1) K11 + Kia(ya — Bo) + K15(Co — 24))?,

By = 2K+ Kis5(y1 — y1) — Ki6(21 — za)-

Remark 1. If (y1,y2, Y3, Ya, 21, 22, 23, 24) 18 a solution of system (6), then (y2, y1, y4,
Y3, 22, 21, 24, 23) 18 also a solution.

In what follows we provide 14 lemmas.

Lemma 1. If K6 7& 0, K24 # 0, K15 7& 0 and K16K6 — K15K7 # 0, then system
(4) has at most one limit cycle.

Proof. Since K¢ # 0 and Koy # 0, we solve E5 = 0 in the variable y; and Fg = 0
in the variable y3, and we obtain

K
(7) ho= Yot f;(a — 22),
K.
(8) Yys = Ya+ ?%(23 — z4).
24

Replacing y; and ys in each equation E; = 0 for ¢ € {1,3,4,5,7,8}, in particular

we obtain that

Ki5K93
Koy

Since K15 # 0 we solve F4, = 0 in the variable y» and we substitute it in each
E;=0forie{1,3,57,8} Thus Eg becomes

9) Ey =2K4+ Kis(22 — 23) + Ki5(ya — 12) + (23 —2z4) = 0.

Ki5Ka3
Koy

Since K16Kg— K15K7 # 0 we solve Eg = 0 in the variable z; and we substitute it in
each equation E; = 0 for i € {1,3,5,7}. Now we have the following four polynomial

K7 K5

Es = Kig(—21 + 22 — 23+ 24) + (21 — 22) + (23 — z1) = 0.
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equations in the variables za, 23, 24 and yy:

(K15K23 — K16K24)

= — 2Ty =0
' K5K3, (KK — KisKq)? (23 = 24)TL =0,
1
FEys=———-T5,=0
3 K125K24 2 )
1
E5 = *7(23 - Z4)T3 = 0,
K3
1
Er Ty =0,

- K} K3,(Ki6Ke — K15K7)?

where T7 and T3 are polynomials of degree 1 and T, and T, are polynomials of
degree 2. We do not explicit them here due to their lengths. If z3 = z4 then from
(8) we get y3 = y4 and we have no limit cycles. Thus we must study the zeros of the
system 17 =Ty = T3 = T, = 0. Taking E3 7 = E3 + Fr we get the new equation

1
Fao —
ST KisKg(KigKg — Ki5K)

5 (23 — 24)T5 =0,

such that T5 is a polynomial of degree 1. In short, we have four polynomials and
the product of their degrees is 2.

Thus if system (6) has finitely many solutions by Bezout Theorem (see for in-
stance [14]) it has at most 2 solutions. By Remark 1 these two solutions correspond
to the same limit cycle. So the discontinuous piecewise linear differential system
(4) has at most one limit cycle. O

Lemma 2. If K6 7é 0, K24 = 0, K15 7é 0 and K16K6 — K15K7 7é 0, then system
(4) has at most one limit cycle.

Proof. Since Kg # 0 we solve Ey = 0 in the variable y; and we obtain (7). Taking
K54 = 0 and replacing y; given in (7) in each F; = 0, for ¢ € {1, 3, .., 8}, in particular
we get Bg = Kag(z3 — z4) = 0. So z3 = z4, otherwise K33 = 0 and we do not have
finitely many solutions and therefore we have no limit cycles. Then we have that

1
Es = —2K14 + K624 + Ki5(y2 — ya) — T <(K16K6 — Ki5K7)z1 + K15K722>-
6

Solving Fs = 0 in the variable y, we obtain

2K14Ke + K16Ke21 — K15K721 + Ki5K720 — K16Kg24
Ki5Ks '

Y2 =Ya+
Substituting yo in each E; = 0 for i € {1,3,4,5,7}, in particular we have

1
Ey= K15(y3 - y4) - E(KMKG - K15K7)(21 - 22) =0.
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Solving F4 = 0 in the variable y3 and substituting it in each E; = 0 for i € {1,3,5,7}
we obtain the following four polynomial equations in the variables z1, 22, y4 and z4

E, = _ﬁf(g(b —21)Th =0,
1
Es = —ng =0,
Es = (KIG%%;K[?M{?) (22 — 21)T3 = 0,
E; = KLIQSTAL =0,

where 77 and T3 are polynomials of degree 1 and T, and T, are polynomials of
degree 2. If z; = 23 then from (7) we have y; = y» and we have no limit cycles.
Thus we must study the number of the zeros of the system T} =Ty, = T3 =Ty = 0.
Taking E3 7 = E3 + E7 we get the new equation

1

Eyq = —— (21 — 20)T5 = 0,
3,7 K125K6(21 z2)

such that T is a polynomial of degree 1. In short we have four polynomials and
the product of their degrees is 2. Thus as in the proof of the previous lemma we
conclude that the discontinuous piecewise differential system (4) has at most one
limit cycle. (I

Lemma 3. If Kg # 0, Koy # 0, K15 = 0 and K16Ks — K15K7 # 0, then system
(4) has at most one limit cycle.

Proof. Consider K15 = 0. So Ky # 0. Since Kg # 0 and Koy # 0 we substituted
y1 and y3 given in (7) and (8) respectively, in each equation F; =0 for i = 1,...,8.
Thus F4 and Eg become respectively

Ey =2K14 + K622 — Ki623, FEs = —2K14 — K621 + K1624-
Solving 4 = 0 and Eg = 0 in the variables zo and z; respectively, we obtain
21 = (=2K14 + Ki624)/ K16, 22 = (—2K14 + K1623)/Kie-

Substituting them in each equation E; = 0 for ¢ € {1,3,5,7}, we obtain the follow-
ing four polynomial equations in the variables ys, ys, 23 and zy4:

FE = m(zg —z4)T1 =0,
1

BT RgRg Y

Es = 7[('1224 (23 —24)T3 =0,

B = @n 0,

where T7 and T3 are polynomials of degree 1 and T and T4 are polynomials of
degree 2. As in the proof of Lemma 1 we conclude that the discontinuous piecewise
differential system (4) has at most one limit cycle. O
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Lemma 4. If K¢ =0, Koy # 0, K15 # 0 and K16Kg — K15K7 # 0, then system
(4) has at most one limit cycle.

Proof. Consider Kg = 0. So we have Fs = —K7(2z1 — 22) = 0. Since K7 # 0, we
have that z; = z9. Taking z; = 25 and solving Fg = 0 in the variable y3 we obtain
(8). Substituting it in each equation E; = 0 for ¢ € {1, 3,4,5,7,8}, in particular we
obtain E; = 0 given in (9). Solving E4; = 0 in the variable yo and substituting it
in each equation E; =0 for i € {1,3,5,7,8}, Eg becomes

Es = —2K14 + Ki5(y1 — ya) + K16(24 — 22).

Solving Es = 0 in the variable y; and substituting it in each equation F; = 0 for
t € {1,3,5,7}, we obtain the following four polynomial equations in the variables
Y4, 22, 23 and 24:

_ Ki5K93 — K16Ko24

£y (23 — z4)Th = 0,
K35 K3,
1
Ey=—— Ty =0,
’ K% Koy °
1
Es = ——5 (23— 24)T5 =0,
K3,

1
Er=—T1T,=0
7 K125 4 )
where 77 and T3 are polynomials of degree 1 and T, and T, are polynomials of
degree 2. As in the proof of Lemma 1 we conclude that the discontinuous piecewise
differential system (4) has at most one limit cycle. O

Lemma 5. If K6 = 0, K24 = 0, K15 7é 0 and K16K6 — K15K7 7é 0, then system
(4) has at most one limit cycle.

Proof. Consider K¢ = 0, Koy = 0 and K5 # 0. So we have that K7 # 0. From
E5 = 0 and Eg = 0 we obtain that z; = 22 and 23 = z4. Solving 4 = 0 and
Es = 0 in the variables y» and y;, respectively and substituting them in each
E; =0 for i € {1,3,5,7} we get the following four polynomial equations in the
variables ys, y4, 22 and z4:

1
Ey = E(yS — )T =0,
1
Fs—=—— Ty =0,
Kis
Es = (ya —y3)T3 =0,
1
E; = —-T, =0,
Kis

where T7 and T3 are polynomials of degree 1 and T and T, are polynomials of
degree 2. Again as in the proof of Lemma 1 we conclude that the discontinuous
piecewise differential system (4) has at most one limit cycle. (I

Lemma 6. If Kg # 0, Koy =0, K15 = 0 and K16Kg — K15K7 # 0, then system
(4) has no limit cycles.
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Proof. Take Koy = 0 and K5 = 0. So we have that K6 # 0, Eg = Kagz(z3 — 24)
and Fg = —2K14 — K121 + Ki1624. As in the proof of Lemma 2 we have that
23 = z4. Solving F5 = 0 in the variable y; we obtain (7). Solving Eg = 0 in the
variable z4 and substituting it in Fy = 0 we get By = —K16(21 —22) = 0. If 21 = 29
we have from (7) that y; = y2 and we have no limit cycles. Therefore system (4)
has no limit cycles. (I

Lemma 7. If KG 7é 0, K24 7& O, K15 7& 0 and K16K6 — K15K7 = O, then system
(4) has no limit cycles.

Proof. Consider K¢ # 0, Koy # 0, K15 # 0 and K16Kg — K15K7 = 0. Solving

E5 = 0 and Eg = 0 in the variables y; and y3 respectively, we obtain y; and ys3

given in (7) and (8). Substituting y1, ys3 and K16 = K15K7/Ks in E4 = 0 and

FEg = 0 in particular we obtain

K5 K7 Ki5K>3
Kg Ky

Solving F4 = 0 in the variable y5 and substituting it in EFg = 0 we obtain

_ K5(Ka3Ke — Koy K7)(23 — 24)
Koy Kg
If z3 = 24, then from (8) we get y3 = y4 and we have no limit cycles. If Ko3Kg —

Ko, K7 = 0, then there are more unknown variables than equations in system (6)
and therefore there are no limit cycles. O

Ey =2Ky4+ Ki5(ys —y2) +

(22 - 23) + (23 — 24) =0.

Eg =0.

Lemma 8. If Kg # 0 and Koy # 0, K15 = 0 and K16K¢— K15 K7 = 0, then system
(4) has no limit cycles.

Proof. Consider Kg # 0 and Koy # 0. Taking K15 = 0 we have that K14 = 0. So
we obtain £y = —FEg = 2K74. Therefore there are more unknown variables than
equations in system (6) and therefore there are no limit cycles. (I

Lemma 9. If Kg # 0 and Koy =0, K15 = 0 and K14 K¢ — K15K7 = 0, then system
(4) has no limit cycles.

Proof. The proof of this lemma is analogous to the one of the previous lemma. [

Lemma 10. If K¢ =0, K24 = 0 and K15 = 0, then system (4) has no limit cycles.

Proof. Considering K¢ = 0, K24 = 0 and K35 = 0 we have Ey = —K7(2z1 — 22)
and Fg = Ko3(2z3 — z4). So for having limit cycles it is necessary that z; = 23 and
z3 = z4. However in this case By = —FEg = 2K14 + K122 — K1624 and therefore
there are no limit cycles. (I

Lemma 11. If Kg # 0, Koy =0, K15 # 0 and K14K¢ — K15K7 = 0, then system

(4) has no limit cycles.

PT’OOf. Consider K@ §£ O, K24 = O, K15 7é 0 and K16 = K15K7/K6. Thus we have
that Fg = Ka3(z3 — z4) = 0. It is necessary that z3 = z4 for having limit cycles.
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Solving F5 = 0 in the variable y; we get y1 given in (7). Substituting it in E4 =0
and Fg = 0 we obtain

2K14 K¢ — K15Ksy2 + K15Key3 + K15K720 — K15K724

E4 = = 07
Kg
e — 2K14Ko — K15 Key2 + K15 Koys + K15 K720 — K15 K724 0
= — =0.
Kg

Solving Es = 0 in the variable yo and substituting it in £, = 0 we have that
E, = Ki5(ys — ya) = 0. If y3 = y4 we have no limit cycles because z3 = z4. O

Lemma 12. If Kg =0, Koy =0, K15 # 0 and K14K¢ — K15K7 = 0, then system
(4) has no limit cycles.

Proof. Consider Kg = 0, Koy = 0 and K15 # 0. Since Ki16Kg — K15K7 = 0 we
have K7 = 0. Thus we vanish F> and system (6) has seven equations and eight
unknown variables y1, .., Y4, 21, ---, 24. S0 there are no limit cycles. (I

Lemma 13. If Kg =0, Koy # 0, K15 # 0 and K16K¢ — K15K7 = 0, then system
(4) has no limit cycles.

Proof. The proof of this lemma is analogous to the one of the previous lemma. [

Lemma 14. If Kg = 0, Koy # 0 and K15 = 0, then system (4) has no limit cycles.
Proof. Consider K¢ = 0, K24 # 0 and K315 = 0. We have that Fo = —K7(21—22) =
0. So for having limit cycles it is necessary that z; = z5. Thus we obtain

Es = —2K14 — K629 + K124 = 0.

Note that if K14 = 0 we have no limit cycles. Solving Fg = 0 and Eg = 0 in the
variables y3 and zo, respectively and substituting them in £y = 0 and E5 = 0 in

particular we obtain Ey = —Kj6(23 — z4) = 0. Taking z3 = 24 we vanish E; and
Es. So there are no limit cycles because system (6) has more unknown variables
than equations. (I

Lemmas 1-14 show that if K14K¢— K15K7 = 0, then the discontinuous piecewise
differential system (4) has no limit cycles; and if K16K¢ — K15K7 # 0, then it has
at most one limit cycle, except when Kg # 0, Koy = 0 and K5 = 0 (in this case
there are no limit cycles).

In short, we conclude that the discontinuous piecewise differential system (4)
has at most one limit cycle. In order to complete the proof of Theorem 2 we must
prove Proposition 1.

Proof of Proposition 1. We shall prove that discontinuous piecewise linear differen-
tial system (5) has one limit cycle.
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The first integrals f1, fa, g1, g2, h1 and hy for the discontinuous linear piecewise
differential system (5) are

2

fi = §(5+6x+53x2+16y7801‘y+52y27362+132x27192yz+180z2),
1

fo = 6(—5—317—0—61/—62),

o= (—z+2y—2)°+27

g2 = —x+y,

hi = (—1—z+2y+2)%+(—2y+22)°

h2 = —1—$+Z.

So system (6) becomes
0= —8y?+8y2+4z — 527 +4y1(2+ 21) — 429 + 522 — dy2 (2 + 29),
0= —Z1 + 29,
8
= §(3 +13y2 — 13y3 + 2425 + 4523 — 16y2(1 + 322) + 4223 — 4523,
+24y3(—1 + 223)),

0= —1+y2—ys— 22+ 23,
0= Z§+(—1—2y3+23)2—22—(—1—2y4—|—Z4)2,
Ys — Ya,
8
0= _6(3 + 13y% — 13y§ + 24z + 452% — 16y1 (1 + 321) + 4224 — 4522,

+24y4(—1 +22’4)),
0= 1—y1+ys+21— 24

The unique isolated solution of the previous system satisfying (y1,21) # (y2, 22)
and (93,2’3) 7é (y4724) is
(yr? y;’ y§7 yZ7 ZT? Z;? Z;? ZI) = (17 07 0? 07 05 07 ]‘7 0)'

The solution (x1(t), y1(t), z1(t)) of system (5) in = > 1 such that (z1(0), y1(0),21(0)) =
(1,91, 21) is

z(t) = 2—cost+sint,
y(t) = 1+sint,
z(t) = 1—cost+sint.

The solution (z2(t), y2(t), 22(t)) of system (5) in |z| < 1 such that (22(0), y2(0), 22(0)) =
(Lys,23) is
1

xz(t) = 5(71 + 3cost —sint),

y(t) = —1+4cost+sint,
1
z(t) = Z(—1+cost+5sint).
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The solution (z3(t), y3(t), z3(t)) of system (5) in < —1 such that (z3(0), y3(0), 23(0)) =
(=193, 23) is

z(t) = —2+cost—sint,
y(t) = —1+4cost—sint,
z(t) = cost.

Finally the solution (x4(t),ya(t),z4(t)) of system of (5) in |z| < 1 such that
(4(0),4(0), 24(0)) = (=1, 95, 21) 1s

1

xz(t) = §(7177cost+93int),
1

y(t) = 1(5—5005t—sint),
13 .

z(t) = —E(—l—o—cost—l—smt).

The time that the solution (x1(t),y1(¢),21(t)) contained in 2 > 1 needs to reach
the point (1,43, 23) is t1 = 3w/2. The time that the solution (z2(t),y2(t), 22(t))
contained in —1 < x < 1 needs to reach the point (—1,y3,25) is to = m/2. The
time that the solution (z3(t),ys(t), z3(t)) contained in z < —1 needs to reach the
point (—1,y;, z5) is t3 = 37/2. Lastly the time that the solution (z4(¢),y4(t), z4(t))
contained in —1 < z < 1 needs to reach the point (1,yf, 27) is ¢4 = /2. The limit
cycle of Figure 1 is obtained drawing the orbits (z(t), yx(t), zx(t)), for t € [0, tx]
and k=1,2,3,4.

Now we shall prove that this limit cycle is stable. This limit cycle starts at the
point (1,0,0) of the plane & = 1, cross the region |z| < 1 until the point (—1,0,1)
of the plane x = —1, after travels in the region z < 1 until the point (—1,0,0) of
the plane z = —1, cross again the region |z| < 1 until the point (1,1, 0) of the plane
x =1, and finally it travels in the region x > 1 until the initial point (1,0, 0).

Let € and § be two small real numbers, then the point (1, ¢, §) is close to the point
(1,0,0) of the limit cycle. Using the first integrals f; and fo we compute where the
orbit through the point (1, ¢,0) intersect the plane x = —1 near the point (—1,0, 1),
this intersection takes place at the point (—1,y1, 21) where

1
=1 (\/44152 T 660(4 — 7e) + 1212 — 184e + 144 — 218 + 21 — 12) ,

1
n= (V/A4167 + 663(4 — 7e) + 1217 — 184 + 144 — 115 + 112 - 2)

Now with the first integrals g; and g2 we compute where the orbit through the
point (—1,y1,21) travels in the region 2 < —1 until intersecting the plane x = —1
at the point (—1,ys, 22) near the point (—1,0,0), where

1
v =15 (\/44152 T 660(4 —72) + e(121e — 184) + 144 — 216 + 21e — 12) ,

1
=1 (\/44152 T 660(4 —72) + e(121c — 184) + 144 — 316 + 31 — 12) .

Using again the first integrals f; and fo we compute where the orbit through the
point (—1,ya, 22) travels in the region |z| < 1 until intersecting the plane z =1 at
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the point (1, ys, z3) near the point (1,1,0), where
1 1
ys= 15 (216 T =21 +17), 2= (16T —1le+7),

here
T = /220562 + 65(354 — 665¢) — 42R(26 — 2¢ + 1) + £(1885¢ — 2044) + 553,
R = /44162 + 665(4 — Te) + e(121c — 184) + 144.

Finally with the first integrals hy and hy we compute where the orbit through the
point (1,ys, z3) travels in the region x > 1 until intersecting the plane x = 1 at the
point (1,y4, 24) near the point (1,0,0), where

1 1
= o (B HS+3le~7),  m= s

where § = /220552 + 60(354 — 665c) — 42R(206 — 2 + 1) + £(1885¢ — 2044) + 553.

Y4 (116 — S — 11e + 7),

In summary, the Poincaré map F near the point (1,0,0) and the limit cycle is
f(1,2,0) = (1, ya4, 24). Therefore
11
14
25 ’
T

-1
Df(1,0,0) =
4

1
and their eigenvalues are - (—16 +V 235)7 both negative. Hence the limit cycles is
stable. This completes the proof of the proposition. (I

Remark 2. We note that for the piecewise differential system of Proposition 1 we
have that K¢ = 0, K7 = 1, K15 = K16 = —2 and Koy = 1. So this piecewise
differential system only satisfies Lemma 4.
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