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Abstract We characterize the meromorphic Liouville integrability of the Hamiltonian systems
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1 Introduction and main results

Hamiltonian systems play an important role in the theory of the dynamical systems due to the fact
that these systems occur frequently in mathematical physics, particularly in mechanics, engineering
and other fields. In order to describe global information on the Hamiltonian systems is good to
find sufficient number of first integrals. The fact that a Hamiltonian system has some additional
first integral independent with its Hamiltonian is a rare phenomenon which lead to a difficult
problem, how to determine whether a given Hamiltonian system has additional independent first

integrals.
In this work we consider the Hamiltonian systems of two degrees of freedom
. . av
qi = Di, pl:_aiqla 7'2172> (11)
with the Hamiltonian
12
szz;pH—V(q), (1.2)
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where V (q) = V (q1,¢2) € C|q1, ¢2] is a homogeneous polynomial potential of degree k € Z.
Let A= A(q,p) and B = B(q,p) be two functions with q = (q1, ¢2) and p = (p1,p2). Their
Poisson bracket is defined as
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The functions A and B are in involution if {A, B} = 0. A non-constant function I = I (q,p) is
called a first integral of the Hamiltonian system (1.1) if [ is in involution with the Hamiltonian
function H, i.e. {H, I} = 0. Since the Poisson bracket is antisymmetric, it is obvious that H itself
is always a first integral. The functions H and I are functionally independent if their gradients
are linearly independent for all points of C* except perhaps in a zero Lebesgue measure set. The
Hamiltonian system (1.1) is completely or Liouville integrable if it has two functionally independent
first integrals H and I.

During the past four decades, there have had an extensive study on the integrability of the
Hamiltonian systems (1.1), as it is shown in the papers [1, 2, 4-6, 8, 9, 14, 15, 19]. The funda-
mental tools to investigate the integrability problem for system (1.1) are Painlevé test [7] and
direct methods [10]. In [22, 23| Ziglin proved a relation between the integrability of Hamiltonian
systems and the monodromy group of variational equations along a particular solution, and gave
the necessary conditions of integrability for complex Hamiltonian systems. Yoshida proved some
criteria for the nonexistence of an additional first integral in Hamiltonian systems with homoge-
neous potentials, see |20, 21]. Using the differential Galois group Morales and Ramis [18] obtained
necessary conditions for the existence of an additional meromorphic first integral of Hamiltonian
systems (1.1) with homogeneous potentials.

Recently Maciejewski and Przybylska [16] completely solved the meromorphic integrability
problem of Hamiltonian systems (1.1) with homogeneous polynomial potentials of degree 3. Ma-
ciejewski et al. [17] and Llibre et al. [12] characterized all integrable Hamiltonian systems (1.1)
with homogeneous polynomial potentials of degree 4. The integrability of Hamiltonian systems
(1.1) with homogeneous potentials of degrees 2,1,0, —1 or —2 were characterized in [13]. We note
that Hamiltonian systems (1.1) with homogeneous potentials of degrees 2,1,0 or —1 has always
a polynomial first integral independent with the Hamiltonian. The polynomial integrability of
Hamiltonian systems (1.1) with homogeneous potentials of degree —3 have been classified in [11].

The objective of this paper is to study the integrability of the Hamiltonian system (1.1) with
homogeneous potentials of degree —4, i.e. with

1 1
agi +bgige + cqiqd +dqiqs +eqs  Q(q1,q2)’

V=V(n,q)= (1.4)

where Q (q1,q2) Z 0.
Our main results are the following.

Proposition 1. After a linear change of variables and a rescaling, the potential (1.4) can be
written in one of the following forms:

Vo = 4 Vi = i Vo =t Vo = A imay )2%— ) T A

Ve = m,% mwzthu>—f andu;é mwzthu#il.
Proposition 1 is proved in Section 4.

Theorem 1. Hamiltonian system (1.1) with the potential:

(a) Vi is completely integrable with the additional polynomial first integral po.

(b) Vs is completely integrable with the additional polynomial first integral gap1 — q1p2-

(c) Vi fori=1,2,4,5,6,7 does not admit an additional meromorphic first integral.

(d) Vg does not admit an additional meromorphic first integral if pu & {—f -2 Ifpe {—f —3

then Vg does not admit an additional polynomial first integral.

The proof of Theorem 1 is given in Section 5.



2 Darboux point

The point d = (dq,ds) € C?\ {0} is called a Darbouz point of system (1.1) if it satisfies the gradient
equation

V'(d) =14, (2.1)

where V' (d) is the gradient of V (d) and v € C\ {0}. If d is a Darboux point, then the point
d = wd, where w € C\ {0} satisfies V’ (&) = wkF=2yd = 5d, and consequently d is also a Darboux
point. Thus these Darboux points form an equivalence class. We can view a Darboux point d as
a point in a projective space d = [d : da] € CP!, for more details see [17].

Given a Darboux point d we consider the Hessian matrix V" (q) evaluated at the Darboux
point d, that is,

v (d) P2V (d)

" 9q3 0q10q2
vy = o . (2.2)
dpon (D) 5z (d)

Since the potential V' is a homogeneous function of degree k, the number £ — 1 is always an
eigenvalue for any Darboux point d. The eigenvalues of the Hessian matrix V" (d) are denoted
by {k — 1, A\}. We say that \ is the non-trivial eigenvalue.

Consider the following potential

1

aoq?" + ar1q" g+ ¥ am1q1gy T amgy?

Vg, q2) = (2.3)

with m > 2. Let z = ¢2/q1. The potential (2.3) can be rewrite as

V=

where v (z) = ap+a1z+ -+ anz™. In order to calculate the Darboux points and the non-trivial
eigenvalue \ associated to potential (2.3), we define the polynomials

h(z) =mu(z) — 20 (2), g(2)=(142%)0 (z) —mzv(2), (2.4)

where v’ (z) denotes the derivative of v (z) with respect to z.
The next result is due to Llibre et al., see Proposition 6 of [11].

Proposition 2. Assume that g # 0. The Darbouz points d = [1: z.| associated with potential
(2.3) are given by the zeros of g(z) = 0 for which h(z) # 0. Moreover the non-trivial eigenvalue

of V"(A) is given by A (z:) = ¢’ (24) /h (24) + 1.

3 Morales-Ramis theory

The necessary condition for the complete meromorphic integrability of Hamiltonian systems (1.1)
with homogeneous potentials V' was given by Morales and Ramis, see page 100 of [18].

Theorem 2 (Morales-Ramis). Assume that the Hamiltonian system defined by the Hamiltonian
(1.2) with a homogeneous potential V' of degree k € Z\ {0} is completely integrable with meromor-
phic first integrals, then the non-trivial eigenvalues A associated to its Darboux points must satisfy
the conditions of Table 1, where p is an integer.



Table 1: The Morales-Ramis table.

Degree Eigenvalue A Degree Eigenvalue A
2
k p+pp—1)% 21— 31 (5 +6p)

|
o

2 arbitrary 3 —a o (24 6p)*
-2 arbitrary 3 — a3+ 6p)2
-5 8- 5 (9 +10p)° 3 ~31+ 3 (3 +6)°
-5 19— (@ +10p)° 3 —gi 31 (2 +6p)°
> 1)’ ; ()’
-3 Z-Le+o) 5 ~it + a0 (3 +10p)°
-3 24 (3+op)” 5 — 2+ k(44 10p)?
3 21 (54 6p)’ b L (5 +p(p+1)K)

4 Homogeneous potentials of degree —4

To prove Proposition 1, we need the following result which was given in Theorem 2.6 of Cima and
Llibre in [3].

Theorem 3. For each real fourth-order binary form Q (qi,qe2) there exists some 0 € GL(2,R)
which transforms Q (q1,q2) in one and only one of the following canonical forms:

(1) Q = qf +6uqiq3 + g5 with p < —%;
(1) Q = o (qf +6pqiq3 +q3) with p> —% and p # 3;
(I1I) Q = qi + 6paias — a3
(1V) Q = ag3 (647 + 43);
(V) Q= ag; (647 — 43);
(VD) Q=a(q} +a3)";
(VII) Q = 6ap?p3;
(VIIT) Q = 4qiqo;
(IX) Q = aqi;
(X) Q=0;
where o« = 1 and GL(2,R) is the linear group.

Proof of Proposition 1. It follows immediately from Theorem 3 and the fact that the linear
changes of variables are canonical changes in the theory of Hamiltonian systems. O

5 Proof of Theorem 1

Potentials 1) and V3. It is immediate to check that the Hamiltonian system (1.1) with the
potentials V{, and V3 have polynomial first integral I = ps and I = gap1 — q1p2, respectively. So
statements (a) and (b) hold.



By Theorem 2 we know that if potential (1.4) is integrable, then its eigenvalue A must be one
of Table 1. For convenience, we define the following sets

9 1/4 2
Zl4:{8_8<3+4p) :pEZ},

22, ={p-2(p-p: peZ},
234:{;<Z—4p(p+1)> : pEZ}.

Potential V;. Using Proposition 2 we obtain the Darboux points z, = +1/1/3 and the
corresponding non-trivial eigenvalue A = —1. It is easy to check that —1 & {Zl4 uUz2,u 234}.
By Theorem 2 Vj is not integrable.

Potential V5. By Proposition 2 the potential V5 has the Darboux points z, = +1. The
corresponding non-trivial eigenvalue is A = —1. Since —1 ¢ {234 Uz?,u 234}, by Theorem 2
the Hamiltonian system (1.1) with the potential V5 is not integrable.

Potential V,. Analogously the potential V4 has the Darboux points z, = +V3 /2 with non-
trivial eigenvalue A = —5/3. It is not difficult to check that —5/3 ¢ {2, U 2%, U 2Z3,}. By
Theorem 2 V} is not integrable.

Potential V5. The potential V5 has the Darboux points z, = :I:\/é/2. The corresponding
non-trivial eigenvalue is A = —1/3. Since —1/3 ¢ {ZL; uz?,u 234}, the Hamiltonian system
(1.1) with the potential V5 is not integrable.

Potential V4. Using the notations of Proposition 2, we get g (z4) = 4 (3u —1—(Bu+ 1)23) Zx
and h(z.) = 1222 + 4.

If w = —1/3, then this potential has Darboux points z, = 0 with non-trivial eigenvalue
A=-1¢ {2, uz?,UZ3,} Therefore the potential Vs for 1 = —1/3 is not integrable.

If 4 # —1/3, it has 3 Darboux points of the form [1 : z,]

3p—1
«1=0 d zio=E4) 77—,
Z 1 and 2y 3071

and 2 Darboux points of the form [0 : 2] z = +/2. The corresponding non-trivial eigenvalues are
+3p and 4/ (1 + 9u2) —1. If potential Vg is integrable, then eigenvalues £3u € {Z£4 Uz?,u ZE4}.
So we need to analyse nine possible cases, that is, 3u € 214 and —3u € 2k, for j,k = 1,2,3.
The integer of Table 1 corresponding to the case 3u € Zz4 (respectively —3u € Z*,) is denoted
by po (respectively p). All the possible values of integers py and p are shown in Table 2, where

n=+/3(3—8u) and £ = \/3 (3 + 8u) satisfy n% + &2 = 18.

Table 2: Integers pg and p.

Eigenvalue 3u Integer pg Eigenvalue —3u Integer p
3uezt, & (—=4£3n) —3uezt, L (—4£3¢)
3pez?, GEX) —3u € 22, AGESS
3ue 22, i(=2%£n) —3p € 23, $(=2%9)

Case 3u € 21, and —3u € Z1 . Since po,p € Z we have (31,3¢) € N x N. From the equation
n? + €2 = 18, it follows that (n,&) = (3,3). Thus u = 0.

Case 3u € Z1, and —3u € 22,. Similarly (3n,£) € N x N. Using the equation 7% + ¢2 = 18
we obtain (n,£) = (3,3). So u = 0.

The remaining cases can be analyzed in a similar way. We summarize all the possible values
for n, £ and p in Table 3. Consequently if the potential V5 is completely integrable, then u = 0.
For p = 0 the non-trivial eigenvalue 4/ (1 + 9,u2) — 1 becomes 3 ¢ {2’3’14 uz2,u Z§4}. So the
Hamiltonian system (1.1) with the potential Vg is not integrable.



Table 3: The values of n, £ and pu.

Condition (n,€) 7
(37,3¢) € N x N (3,3) 0
(3n,6) e Nx N (3,3) 0
(7,3¢) e Nx N (3,3) 0

(n,§) e NxN (3,3) 0

Potential V7. From Proposition 2 it follows that the Darboux points of the form [1 : z]
are given by the zeros of g(z.) = 4(3u — 1)z, (22 — 1) for which h(z,) = —4 (3uz2+1) # 0.
We have that the Darboux points [1 : z,| are 241 = 0 and 2,2 = %1, and the Darboux points
of the form [0: z] are z = £+/2. The corresponding non-trivial eigenvalues are A\; = 3y and
A2 = —1+4+4/(1+ 3p). The necessary conditions for the complete meromorphic integrability of
potential V7 are A2 € {ZL1 U 2’34 U Z§4}. We need to consider nine possible cases, that is,
A € 214 and Ay € Zf4 for j,k = 1,2,3. For each case there exist two integers pg and p such
that A, € 27 4 and Ay € Zk,. All the possible values of the integers pg and p are given in Table 4,

where 7 = /3 (3 — 8u) and ¢ = /17 — 32/ (1 + 3u) satisfy n?¢% — 17¢% — 17? + 33 = 0. Recall
that p > —1/3 and p # 1/3. Thus n € [0,1) U (1,/17 ] and ¢ € [0,1) U (1,17 |.

Table 4: Integers pg and p.

Eigenvalue A\ Integer po Eigenvalue Ao Integer p
M€ 2L L (—4%3n) PUND-AN L(—4£3¢)
M€z AGEL) A€ 22, GELS)
A € 22, %(—2i77) Xy € 22, i(—QiC)

For A1 € Z1,, we have (31,3¢) € N x N due to the fact that py and p are integers. Combining
with the conditions n € [0,1) U (1, \/ﬁ], ¢elo,1)uU (1, \/T7] and n2¢% — 17¢%2 — 17T9?> + 33 = 0,
we conclude that  and ¢ do not exist. The analysis of other cases are similar. We list all the
possible values of 7, ¢ and ¢ in Table 5. So Ay ¢ {ZL, U 22, UZ%, }or Ny & {2, UZ2, UZ3,}.
Therefore the Hamiltonian system (1.1) with the potential V7 is not integrable.

In summary statement (c¢) of Theorem 1 is proved.

Table 5: The values of n, ¢ and p.

Condition (n,¢) 7
(37,3¢) e Nx N 1) %)
(37,{) e Nx N %) %]
(7,3¢) e Nx N %) %]
(m,6) e Nx N %] %)

Potential Vg. Applying Proposition 2 the Darboux points of the form [1 : z,] are given by the
zeros of g (z.) = 4(1 — 3p)z. (22 — 1) for which h (z,) = 4 (3uz2 + 1) # 0. The Darboux points of
the form [1 : 2z,] and [0 : z] are respectively 2.1 = 0 and 2,9 = £1, and 2z = +iV/2 with i = \/—1.
The corresponding non-trivial eigenvalues are A\; = 3u and Ay = —1+4/ (14 3u). By the same
reasons as above one can get Table 4. Next we will divide the proof into two cases:

Case (i) p > —% and p # %

Case (ii) p < —3.

The Case (i) is the same as the potential V7. Thus statement (d) holds for Case (i).

Now we consider Case (ii). Since u < —%, n = /3 (3 —8u) and { = /17 — 32/ (1 + 3p), we




get that n > /17, ¢ > /17 and

256
C=ylmop T (5.1)

Since p must be an integer we have Table 6. Let 77 = 3n and ¢ = 3¢. Then equation (5.1) becomes

. 2304
i=3 =15 17, (5.2)

mmﬁ>3%ﬁmm§>3¢ﬁQH@m%)ENXNJMH@f)ENmemﬁ213md§2B.

Furthermore, 13 < ¢ < 38 due to the fact that equation (5.2) is decreasing with 7. For each value
of ( =13,14,...,38, equation (5.2) provides a value of 77. We get the first row of Table 6. For the
second row of Table 6, equation (5.1) can be rewrite as

2304

with 7 > 3v/17 and ¢ > V17. If (,{) € N x N, then 7 > 13 and ¢ > 5. Since equation (5.3) is
decreasing with 77, we have 5 < ¢ < 12. The second row of Table 6 holds. The remaining rows of
Table 6 are obtained in a similar way.

Table 6: The values of n, ¢ and pu.

Condition

(1, ¢) o
(37,3¢) e Nx N (5,7) or (7,5) “2op 3
(3n,¢) e NxN (5,7) or (7,5) ~2op -2
(7,3¢) e Nx N (5,7) or (7,5) —2Zor -3
(n,§) e NxN (5,7) or (7,5) —%or—g

For 4 = —2/3 the non-trivial eigenvalues are \y = —2 and Ay = —5. For u = —5/3, the
non-trivial eigenvalues are \; = —5 and Ay = —2. Obviously —2 € 22, (p = 2) and -5 € 22,
(p = —1). For p = —2/3 or —5/3, we cannot use Theorem 2 to decide whether or not the
Hamiltonian system is meromorphically integrable. Next we show that Vg does not admit an
additional polynomial first integral when u € {—5/3,—2/3}.

Consider the following potential

1
1> (5.4)
T i+ 6ugla + db
with p € {—5/3,—2/3}. The corresponding Hamiltonian system (1.1) is
. . . g1 (43 + 3uq3) . 42 (3uat + ¢3)
@1 =p1, de=p2 pr1=_ sy a3 2= CRNVE (5.5)
(i + 6uaias + a3) (i + 6uaias + a3)

After a rescaling of the time variable dt = (qil + 6puq3qs + q§)2 ds, system (5.5) becomes

i =p1 (g} + 6+ a2, do=po (gF +6ugded +¢2)°, (5.6)
p1 = 4q1 (¢ + 3ug) P = 4o (3uqi + ¢3) -

Doing the transformation (q1, ¢2, p1,p2) — (¢1, 42, p1, P) with P = gap1 — q1p2, system (5.6) writes

. 2 . _@m-—P
g1 =p1 (qf +6paias +a3)" qQZT( gt +6uiad +43)°, 57)

pr=4q (¢ +3ug3), P=4(1-3u) qa(a+ae)(a—q¢).

7



Suppose that system (5.6) has a polynomial first integral F (q1,q2,p1,p2) € Clq1,q2,p1,p2]. In
the new variables (q1, g2, p1, P), it can be written as

n a2p1 — j
F(qlaq27plap) :F<917Q2,p1, > Z f] q27p17 qla (58)

j=—-n
where f; (g2, p1, P) € Clg2,p1, P]. Since F (g1, g2, p1, P) is a first integral of system (5.7), we have

. OF oF oF . 0F
5 — + P = 0. .
5q T2, TPrg, T Pap =0 (5.9)

For clarity we introduce the following differential operators acting on f; (g2, p1, P) € Clg2,p1, P]

Alf;] == jip1f; + (g2p1 — P) gg,

BIj] = 3ugbALfj] — (1 — 30) o203

>opP

of;
opr’
fi fi

Cm%=(wﬁ+4)ﬁAuﬂ+zO1_&02+am>

+ 3pu=—

Using the above notions equation (5.9) can be written as

n
}:( ”A+umﬁ¢”A+2ﬁ”c+4ﬁ¢“B+£ﬁ]-)uﬂzq (5.10)

j=—n

with f; € Clg2,p1, P]. Moreover F (q1,qa,p1, P) is a first integral of system (5.7) if and only if
the coefficients of q{_l in equation (5.10) are

A[f] 8] + 12#‘1 A[fy 6] +2C [f] 1] +4q B [f] o] + QS-A [f]] =0, (5.11)

where j = —n,...,n+8 and f; = 01if j < —n or j > n. Therefore system (5.6) has a polynomial
first integral if and only if there exist 2n + 1 polynomials f; such that equations (5.11) hold. The
existence of such polynomials are given by the following two lemmas.

Lemma 1. If F (q1,q2,p1,P) is a first integral of system (5.7), then f; (g2,p1,P) = 0 for j =
1,...,n.

Proof. For j = n + 8 equation (5.11) becomes A|[f,] = 0. The solution of A[f,] = 01is f, =
a(p1,P) /(P — qap1)", where a (p1, P) is a function in the variables p; and P. So f,, = 0 due to
the fact that f,, € Clge,p1, P]. If n =1 we are done.

When n > 2, taking j = n+8,n+7, we have A[f,] = 0 and A[f,—1] = 0. By the same reason
as above, f, = fr—1 = 0. If n = 2, then the lemma holds.

When n > 3, taking j =n+ 8,n+ 7,n + 6, we get, respectively, A[f,] =0, A[fn—1] =0 and
Alfn—2] + 12ug3A[f,] = 0. This implies that A [f,—2] = 0. Using similar arguments we obtain
fn = fn-1= fn—2 = 0. If n = 3, the proof is finished.

Consider n > 4. Substituting j = n+ 8,n + 7,n + 6,n + 5 into equation (5.11), we get,
vespectively, A[fu] = 0, A [fo_1] = 0, A[foa]+120G3A [fu] = 0 and A[fu_s]+12103 A [fn_1] = 0.
Using similar arguments to the case n > 3, it is easy to prove that f, = fn,—1 = fn—2 = fn_3 =0.
If n = 4, the lemma is proved.

When n > 5, we analyze respectively j = n+8,n+7,n+6,n+5,n+4 in equation (5.11). Using
similar arguments as in the previous cases, one can get that f,, = fnn_1 = fn_2 = frn_3 = fn_a = 0.
If n = 5 the lemma is confirmed.

Next we prove this lemma by induction when n > 6. Assume that f, = fr—1 =+ = fiz1 =0,
where i > 1. Now we consider equation (5.11) for j =i + 8, that is,

A[fi] + 12ug5 A [ fivo) + 2C [fiva] + 4638 [five] + 5 A[firs] = 0. (5.12)



By the induction hypothesis we have A [fiy2] = A[fixs] = C[fi+a] = B[fi+6] = 0. Thus equation
(5.12) reduces to A[f;] = 0. From the above analysis we know that the only polynomial solution
of differential equation A[f;] = 0is f; = 0. This ends the proof. O

Lemma 2. If F (q1,q2,p1,P) is a first integral of system (5.7), then f; (g2,p1,P) = 0 for j =
—n,—n+1,...,—1, and fo (q2,p1, P) is a constant.

Proof. We consider equation (5.11) for j = —n, —n+1, —n+2, that is, ¢§A[f-n] = 0, SA[f-nt1] =

0 and 4¢2B [f_n]) + ¢S A [f-nt2] = 0. So A[f-n] = A[f-n+1] = 0. The polynomial solutions of the

differential equations A [f_,] =0 and A[f_,,+1] = 0 are respectively
J-n=0a_y (P - Q2P1)n and  fopi1=app1 (P - C]2p1)n71 ) (513)

where a_,, = a_,, (p1, P) and a_p+1 = a—p41 (p1, P) are polynomials in the variables p; and P.
From equations 4¢2B [f—n] + ¢5A[f-n+2] = 0 and (5.13), we obtain

f—n+2 = (a—n+2 + ﬁ—n+2) (P - QZpl)n_2 ) (514)
where a_p, 49 = @_p42 (p1, P) is an integration constant, S_, 1o = ﬁﬁlnﬁ, and
2

Oa_y,
op1

Oa_,,

oP

B-n+2 = 15ngaa—p +5(1 — 3u) (3P — 4p1g2) g2 + 9p (5p1g2 — 4P) (5.15)
Since a_,, is a polynomial, we claim that S_, 2 is also a polynomial. Assume that 3_,12 is not
a polynomial. Then fB_, 42 (P — qul)”_2 is a rational function with denominator 15¢3. Since
f—n+2 must be a polynomial, we have that a_, 49 (P — qul)n_2 is also a rational function with
denominator 15¢3. This contradicts the fact that a_, o is independent of the variable go. This
means that S_,192 is a polynomial if and only if B_n+2 is divisible by ¢5. Thus B_n+2 = 0.
Evaluating (5.15) on g = 0, we have da_,/dp; = 0 due to the fact that 9u # 0. After division
by 5¢2 in equation (5.15), we obtain

Ja_
oP
Substituting go = 3P/4p; into (5.16), we get a—, = 0. Consequently f_, = 0 and f_, 4o =

api2 (P —qp1)" >
For j = —n + 3 equation (5.11) becomes 4¢2B [f—n+1] + ¢S A[f—n+3] = 0. In the same way as

fonta, we get

3na_n + (1 — 3p) (3P — 4dp1go) —— = 0. (5.16)

ffn+3 = (afnJrS + /BfnJrS) (P - Q2P1)n73 ’ (517)
where a_p,+3 = a_p43 (p1, P) is an integration constant, f_, 13 = ﬁﬁlnw, and
2
- B 80é_n+1 aa—n—i—l
Bon+s = 156gaa—n41 (n —1) +5(1 — 3p) 3P — 4p1g2) ¢2 5p 9u (5p1gz — 4P) “op
(5.18)

By the same arguments as above one can get that a_,11 = 0 and f_,,+3 = 0. Therefore
J-nr1=0and f ;43 =0a_ni3 (P - Q2p1)n_3-

Using exactly the same steps as in the previous cases, we can prove that f_,13=---= f_3 =0,
foo=a_o(P— q2p1)2 and f_1 = a_1 (P — q2p1), where a9 = a_9 (p1, P) and a—1 = a—1 (p1, P)
are polynomials in the variables p; and P.

From Lemma 1 we know that f; = 0 for j > 1. For j = 8 equation (5.11) becomes A |[fy] = 0,
that is 9o (¢2, p1, P) /Og2 = 0. This implies that fy does not depend on gs.

Finally we prove that f_; = f_2 = 0 and fy = constant.

Consider equation (5.11) for j = 0, that is

B[f_s] = B [afg (P — gop)?] = 0. (5.19)
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The general solution of the linear partial differential equation (5.19) is

1 P142
a—g(p1,P)= —————5¢ <P —DP1g2 + > )
9u? (P — p1ga)? 3p
where ¢ is a function in the variable P —p1q2 + %. Since av_5 does not depend on ¢o and i #0,
we have a_o = 0. Consequently f_o = 0.
Substituting j = 1 into (5.11) we have B|[f_1] = B[a—1 (P — g2p1)] = 0. The general solution
of this linear partial differential equation is

1 pl(h)
o , P)=———9 | P— +=—.
1o P) 3p (P —pm)w < DT
By the same reasons as above we get a—; = 0.
From Lemma 1 and f_¢ = f_4 = f_2 = 0, we obtain that
(Bu—1) qg% + 3,112}]}1) =0 forj=2in equation (5.11);
ofo , 9fo L (5-20)
(1—3p) ey + oy 0 for j =4 in equation (5.11).

System (5.20) is linear in the unknowns q20 fo/OP and Ofy/0p;. Its coefficient matrix is 9u?—1 # 0
due to the fact that u € {—5/3,—-2/3}. Thus 0fy/OP = 0fy/0p1 = 0 that is fy = constant.
This completes the proof of the lemma. O

Proposition 3. The Hamiltonian system (1.1) with the potential (5.4) does not admit an addi-
tional polynomial first integral.

Proof. From Lemmas 1 and 2 the proposition follows. O

This completes the proof of Theorem 1.
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