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Abstract. This article considers the neural adaptive control issues of a category of non-integer-
order non-square plants with actuator Nonlinearities and Asymmetric Time-Varying pseudo-
State Constraints. First, the original non-square non-affine system with input nonlinearities is
transformed into an equivalent affine-in-control square model by defining a set of auxiliary
variables and by employing the mean-value theorem. Second, Neural networks and Nussbaum
functions are exploited to obviate the requirement of a complete knowledge of the system
dynamics and the control directions, respectively. Third, a novel adaptive dynamic surface
control method based on Caputo fractional derivative definitions and fractional order filters is
developed to overcome the “explosion of complexity” problem in the traditional backstepping
design process and to determine the parameter update laws and control signals, concurrently.
Then, Asymmetric Barrier Lyapunov Functions with error variables are adopted to ensure the

uniform stability of the closed-loop system and to prevent the violation of the full pseudo-State
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constraints. The novelties and contributions of this article are : (1) through the introduction of
new technical Lemmas and corollaries, existing control design and stability theories linked to
integer-order square systems are developed and extended to non-square non-integer-order ones.
(2) all signals, including variables and errors in the closed-loop system are semi-
global practical finite-time stability whereas the the tracking errors are asymptotically driven to
zero without transgression of the constraints. Finally, the effectiveness and potential of the

proposed control approach are substantiated by two example simulations.

Keywords: Adaptive control, Neural Networks, Non-integer-order non-square plants,
Backstepping design process, dynamic surface control method, Nussbaum functions,

Asymmetric Barrier Lyapunov functions.

1. Introduction

In the last decade, there has been a surge in interest in adaptive control schemes for nonlinear
plants due to their exceptional adaptability and their potential applications to handle the
structural and parametric system uncertainties existing in various research branches of physics,
mathematics, engineering and sciences (see [1-28] and the references therein). In the open
adaptive control literature, two techniques are used to design the adaptive controller: indirect and
direct techniques [27-56]. Subsequently, in the control research areas, several adaptive control
approaches based on the Lyapunov stability theory have been developed and provided for both
linear and nonlinear dynamical systems, such as Barrier Lyapunov Functions-based adaptive
control [1-3, 18, 21, 24, 28, 34, 40, 43, 45, 52, 55], Adaptive Synchronization Control [4, 13, 26,
31, 57, 58 ], Robust adaptive control [1, 35, 38, 39, 44], Distributed coordination adaptive
control [40], Variable structure adaptive control [7, 22], Backstepping adaptive control [8, 22,
23, 33, 36-38], Data-driven adaptive control [49], Feedback adaptive control [30, 42, 54],
Decentralized adaptive control [5, 50], Observer-based adaptive control [9, 11, 19, 27, 29, 47,
59], Sliding mode adaptive control [13, 14, 60], Adaptive model predictive control [15], Finite-
Time adaptive control [50, 58], Dynamic surface adaptive control [1, 23, 33, 51] and Bipartite

consensus control approaches [52]. Traditional adaptive control methods can only be applied to
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plants whose dynamics are partially (or almost) known [1-58]. In order to overcome this issue,
intelligent adaptive controls (such as fuzzy-logic system (FLS) and neural network (NN)-based
controls) have received significant research attention and achieved considerable evolution [3-5,
7-12, 15, 16, 19-21, 23-34, 39, 41-44, 46-49, 51, 54, 55, 61-63]. The main idea of these
approximation-based adaptive control methods (i.e., intelligent control methods) is that with little
a priori knowledge of systems, universal approximators like neural networks and fuzzy systems
are used to approximate uncertain nonlinear dynamics or to identify ideal control signals,
whereas adaptive techniques are employed to build the controllers on the basis of Lyapunov’s
synthesis methods and tracking errors [16, 19-21, 23-34, 39, 41-44, 46-49, 51]. In view of the
fact that the universal approximation capabilities of neural networks and fuzzy systems only hold
over compact sets, nearly all current approximation-based adaptive control schemes can only
ensure the semi-global stability of closed-loop control systems [23-34, 39, 41-44, 46-49, 51, 54,
55]. Universal approximators associated with the development of well-organized algorithms to
adjust the control parameters have paved the way for the successful utilization of intelligent
adaptive control methods in different branches of engineering and science, such as optimization
on graphs, circuit design, brain modeling activities, financial systems, image processing,
biomedical systems, synchronization of chaotic systems and many others [3-5, 7-12, 15, 16, 19-
21, 23-34, 39]. Several intelligent adaptive control schemes do not require any offline tuning (or
preliminary training phase) to deal with unstructured (or nonlinearly parameterized) and
unmatched uncertainties existing in real plants [23-34, 39, 41-44, 46-49]. The foremost
limitations of some abovementioned research on adaptive control approaches are as follows:
(1) Controlled systems are supposedly square (with an equal number of outputs and inputs ) and
affine; (2) The effects of the input (actuator) nonlinearities and the state constraints are omitted;
(3) The control directions (or the control gain signs) are assumed to be known a priori (strictly

negative or strictly positive without loss of generality).

In the real world, there is no doubt that non-square plants with actuator nonlinearities,
Constraints, non- affine structures and unknown control directions are more widespread than
square affine ones and that the analysis of their stability and designs of their controllers are
extremely difficult tasks [21]. Constraints, uncertainties, nonlinearities, unknown control

directions and non-affine structures are arbitrary factors existing in practical plants that cause
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considerable troubles, hinder systems from attaining their targets and make the corresponding
control issue rather difficult, which has drawn research' attention, and led to major developments
[21]. The foremost types of constraints encountered in practical applications and systems, and
performed as safety specifications, physical stoppages, and nonlinear saturation are constraints
on incremental control variations, control amplitudes, and outputs or states [8, 43]. However, the
control direction is the sign of the partial derivative with respect to the “control variable” in non-
affine plants or the sign of the “control variable” gain in affine plants [9, 14, 16, 21, 23-28].
Despite this progress, it should be noted that breach of the constraints and ignoring or being
unaware of the effects of control directions and input nonlinearities can be sources of instability
or poor performance for the controlled systems and can give rise to serious problems, notably
poorer transient responses, longer time responses, excessive steady state errors, and large
overshoots [21]. From both the engineering and theoretical point of views, the vast majority of
control approaches are not directly applied to non-square plants in the presence of actuator
nonlinearities, constraints, non-affine forms and unknown control directions due to their special
structures [21]. So far, five approaches have mainly been employed in the literature to address
the problems with non-affine forms, specifically [6, 7, 10, 21, 24-28]: (1) the implicit function
theorem, (2) intelligent affine models (fuzzy logic systems or neural networks), (3) Taylor-series
expansions, (4) differentiation of the original state-space systems and (5) the mean value
theorem. Furthermore, to prevent system outputs or system states from violating the constraints,
several constraint-handling techniques are applicable in the literature [1-3, 18, 21, 24, 28, 34, 40,
43, 45, 52, 55], such as (1) error transformation techniques, (2) reference governors, (3)
constrained models, (4) predictive controls, (5) override controls, (6) barrier Lyapunov
Functions, and so on. Moreover, there are numerous methods employing continuous functions to
alleviate the harmful effects of input nonlinearities [8, 16, 20-22, 24, 26, 27, 28, 31, 57], such as
(1) direct decomposition methods, (2) inverse compensation methods, and so on. Additionally,
there are popular approaches utilized in the adaptive control literature to counteract the lack of a
priori knowledge of control directions [14, 16, 21, 23-28], namely: (1) approach employing
Nussbaum- type functions; (2) approach employing hysteresis-type functions; (3) approach based
on the identification of the unknown control direction; (4) correction-vector approach; and (5)
approach employing switching and monitoring functions. Nevertheless, the traditional methods

to deal with the problems arising from non-square structures are commonly squaring (-down or -
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up) methods based on the addition or removal of suitable manipulated variables (inputs) or
controlled variables (outputs) [21]. From the aforementioned studies [1, 2, 8, 12, 18, 21, 24, 28,
46 1, it is apparent that: (1) approaches that address state and output constraints cannot solve the
issues of input nonlinearities, and (2) the backstepping design technique has been employed as a
methodical tool for the conception of regulation and tracking schemes, adapted to a large group
of state feedback linearizable nonlinear systems. During the adaptive backstepping control
procedure, the “explosion-of-terms” issue is commonly encountered because of the repeated
computation of virtual signals’ derivatives [8, 22, 23, 33, 36, 37, 38]. In recent years, three
techniques have been developed to cope with the above issue with the classical adaptive
backstepping design [1, 23, 33], namely: (1) command filtering technology, (2) Dynamic surface
control (DSC), (3) estimation of the virtual control inputs and their derivatives in every step
using neural networks or/and fuzzy systems. The Dynamic surface control technique does not
take into account the issue of errors resulting from the filters, which might cause system damage
and lead to poorer system performance or even closed-loop instability [1, 23]. As is well known,
the use of the command filtering technique based on an introduced error compensation
mechanism provides an effective technique in the literature for dealing with the drawback of the
Dynamic surface control technique [1]. Note that most of the above-mentioned control schemes
[1-49, 51-57] ensure the asymptotic stability of systems, implying that system trajectories will
converge towards the equilibrium when time tends to infinity. Compared with asymptotic
stability, finite-time stability habitually offers better robustness, higher tracking precision,
greater accuracy, and faster convergence rates [50, 58]. For this reason, the study of finite-time
control has attracted considerable academic attention in recent decades [50]. Specifically,
approximation-based finite-time adaptive control methods have alleviated the drawbacks of
traditional control schemes and have ensured the semi global practical finite time stability of
nonlinear integer order systems [58, 64]. That is, most of the above research [1-12, 14-16, 18-20,
22] took no account of control techniques of fractional order systems, which might restrict their

application to various fields of engineering, mathematics, physics, and science.

Recently, the use of fractional-order (Non-Integer Order) calculus has attracted much attention in
many fields of physics, engineering and applied mathematics as it provides outstanding tools for

explaining numerous physical phenomena and for expressing the hereditary, memory and genetic
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characteristics of real world systems as opposed to classical integer-order calculus [13, 17, 21,
23-28, 31, 33, 41, 50, 52, 53, 58, 64-74]. It is a fact that with the development of modern
information technology, fractional-order (Non-Integer Order) integral and differential equations
have enhanced the accuracy of modeling and controlling physical systems and that they can be
regarded as generalized conventional integer-order models [23-28, 31, 33, 41, 50, 52, 53, 58, 64-
74]. It is well known that the fundamental characteristics of fractional-order derivative are
nonlocal and possess singular kernels, which leads to infinite memory and greater degrees of
freedom for fractional plants [23-28, 31, 33, 41, 50, 52, 53, 72-74]. From the mathematical view,
fractional calculus is regularly viewed as an extension and superset of integer-order ones [23-28,
31, 33, 41, 50, 72-74]. In addition, various physical plants and science systems from the real
world, such as diffusion processes, COVID-19 transmission dynamics, viscoelastic systems,
electromagnetic waves, dielectric polarization, flexible structures, biological systems,
electrochemical processes, finance systems and so on, illustrate fractional order dynamic
behaviors and are well defined by differential fractional equations, i.e. equations comprising both
non-integer (fractional) derivatives and integer -order derivatives [13, 17, 21, 23-28, 31, 33, 41,
50, 52, 53, 58, 64-74]. It has been noted that fractional calculus can cope with problems with
derivatives and integrations of arbitrary orders and can ameliorate the stability margins,
robustness and performance properties of classical integer-order systems, observers and
controllers [21, 23-28, 31, 33, 41, 50, 52, 53, 58, 64-79]. What’s more, fractional-order
controllers are outstanding methods for disturbance elimination and are extremely robust for
modeling uncertainties [23-28], such as fractional-order adaptive control, fractional order sliding
mode control, fractional-order optimal control, fractional-order Proportional-integral-derivative
(PID) control, and so on. It is hard to generalize the traditional methods of stability analysis and
control of integer order plants to those of fractional (non-integer) order ones, because Fractional
calculus is a theory of integrals and derivatives of non-integer orders characterized by a group of
remarkable, unusual and atypical properties such as transgression of the usual Leibniz rule,
deformations of the usual chain rule and violation of the semi-group property [66-68]. There are
various outstanding approaches to deal with these problems and to study the properties of
fractional order systems, including observability, controllability, and stability, such as: (1) the
method based on Matignon’s stability theorem [72]; (2) the method based on Gronwall-

Bellman-Bihari type inequalities [73]; (3) the method based on Volterra-type Lyapunov
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functions [67]; (4) the method based on equivalent frequency distributed models [26, 27]; (5) the
method based on Mittag-Leffler functions [33, 50, 52, 58, 64-67, 69, 70, 73, 74]; (6) the method
based on convex Lyapunov functions [21, 23]; (7) the Laplace transform method [17, 33, 41, 50,
52,53, 66, 67, 71], (8) the linear matrix inequality (LMI) method [33, 50, 58]; and so on. Despite
the increasing amount of research on fractional calculus, there have been very few
control engineering practices until recently [23-28, 31, 33, 41, 50, 52, 53, 58, 64-79]. To date and
to the best of the authors’ knowledge, there have been no effective research studies on neural
approximation-Based adaptive tracking controls produced for non-square non-integer order
systems in the presence of input nonlinearities, asymmetric Time-Varying pseudo-State

Constraints, non- affine structures or unknown control directions.

Motivated by the above insight, this research mainly investigates the neural adaptive control
problems for a group of fractional-order non-square systems with unknown control directions,
Input Nonlinearities and Asymmetric Time-Varying pseudo-State Constraints. In the process of
designing the controller, the original non-square non-affine system with input nonlinearities is
first converted into an equivalent affine-in-control square form by introducing auxiliary variables
and using the mean-value theorem. Second, Neural Networks are utilized as universal
approximators to estimate the uncertain parameters and unknown functions. Third, the
difficulties from the unknown control directions are handled by Nussbaum functions. Then, a
dynamic surface control approach based on fractional order filters and Caputo fractional
derivative definitions is applied to solve the “explosion of complexity” issue via the traditional
backstepping design procedure and to calculate the control signals and parameter update laws,
simultaneously. Moreover, Barrier Lyapunov Functions in asymmetric forms are used
to address the issues of pseudo-State constraints and to guarantee the uniform stability of the
closed-loop system. Based on the Lyapunov stability theory, it is proved that for any bounded
initial conditions, the semi-global practical finite-time stability of the overall closed-loop system
is achieved and the the tracking errors asymptotically approach zero without violating the

constraints. This paper makes the following contributions:

(1) Through the medium of new corollaries and lemmas about fractional calculus,

approaches and techniques concerning the controller design process and the stability
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analysis of conventional integer-order plants are extended and applied to a more general
category of non-square fractional-order systems with non-affine forms, Input
Nonlinearities, unknown control directions, and Asymmetric Time-Varying pseudo-State

Constraints.

(2) In comparison with existing works [19, 35, 43, 55], this research does not need frequent
restrictive Assumptions and conditions connected to system functions, estimation errors,
input nonlinearities, uncertain nonlinear dynamics, desired trajectories and unknown

control directions.

(3) Compared with papers [17, 33, 41], this article provides a new finite time control design
method for non-square fractional-order systems with unknown control directions,
Asymmetric Time-Varying pseudo-State Constraints and Input Nonlinearities. Therefore,
the proposed control strategy successfully improves the robustness of a closed-loop
system. It also allows reduction of the convergence rate and avoids possible issues raised

by the chattering phenomenon and control singularity.

The remainder of this article is structured as follows. Descriptions of the system and
preliminaries are presented in Section 2. The system transformation, controller design, and
stability analysis are provided in Section 3, followed by some example simulations that show the

feasibility of the proposed controller in Section 4. The conclusions are presented in Section 5.

2. Description of Preliminaries and the Problem

2.1. Preliminaries
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The following Definitions 1-3, Properties 1-4, Lemmas 1-12 and Corollaries 1-2 will play a

significant role in the subsequent developments.

Definition 1 (Riemann—Liouville integral) [21, 23, 41, 58, 64, 74]. Let f(.) be an integrable

function. Then, its fractional integral of order 0 < <1 is defined by

) 4 (D1.1)

D f()=1 (1 b ! (T)

with F(5)=I0+w r°exp(—7) dr being the Euler Gamma function. exp(.) represents the natural

exponential function.

Definition 2 (Caputo derivative) [17, 21, 23, 31, 33, 41, 50, 52, 58, 74].The Caputo fractional-

order derivative of a differentiable function /(. ) is defined as

ol

with f'(.) being the first integer-order derivative of /(.). 0 <& <lrepresenting the order of the

derivative.

Definition 3 [9, 16, 23]. A continuous function N (.)is called a Nussbaum-type function when it

has the following properties:

lim sup j:zv(g)dg = +o0 and lim inflj:N(g)dg = -, (D3.1)
Ky s—>to0 KY

§—>Fo0

where s — too includes s - —ooand s — +00.
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Property 1 [23]. Let f () be a continuously differentiable and integrable function.

Afterwards, the subsequent mathematical equations are satisfied for any time instant >0 and

constants0<o <1, fe™ , (,>0

D)=L (=0 [ ()] -0 [0 1)
D [D7f(1)]=1(1)

D’[f(0)]=D'[P"f (1)]

D f()=D""[D7f () ]=D [ D" f (1) ] =] f(r)dz (P1.1)
D[ D°f(t)]=f(t)-1(0)

D°l=0

Dol = r(1+£l) =0
F(£1—5+1)

with T'(.) being Euler’s Gamma function.

Property 2 [13, 17, 21, 23-28, 31, 33, 41, 50, 52, 53, 58, 64-74]. In common with the
integer-order differentiation and integration, the Caputo fractional integral and derivative

operators are linear operators

{D‘? [/ (0)+ 0.1, (1) ] = 6D [ i (1) ]+ 6,D° [ £ (1) ]
D[+ LA (0)]= 607 [ £(0)]+ D7 [A(0)]

where  f,(¢)and f,(¢)are continuously differentiable and integrable functions. 0<d&<1,

(P2.1)

¢, €™ and (, €™ are constants.

Property 3 [23-28, 31, 33, 41, 74]. For any continuous and integrable function f(#)>0, the

following inequality holds
D[ f(r)]=0 (P3.1)

with 0 <0 <1 being a constant.
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Property 4 [17, 21, 23-28, 31, 33]. Let D°[g(¢)]<0 and g(0)=0, then g(¢)<0, for any

time instant # >0 and constant0 <o <1.

Lemma 1 [15, 19, 21, 23, 32, 34, 46, 47, 74]. Let f(x): ™" — ™ be a continuous or bounded

function defined on a sufficiently large compact set Q< ~". Then, for any strictly positive

scalar & , there is a neural network w'¢&(x) such that

sup‘f(x)—w*Ti(x)‘Sg (L1.1)

xeQ

where w" e ~ ?is the ideal constant weight vector, ¢ is the number of neurons in the hidden layer

(the number of neural network nodes,), & () €~ 7 is an activation function vector.

Lemma 2 [21, 23-28]. Forany 4 €~ and 4, € ~, the following relation holds

A 2 (L2.1)

N vk

where ~ is the set of strictly positive real numbers.

Lemma 3. Let f(x,,...,x,)” " =~ be a function of class C*. Assume that the function f(.) is

convex or concave with respect to the variables Xeee, X

azf(xl,...,xn) 82f(x1 ..... xn) sz(xl,...,xn)

(i.e., its Hessian matrix

ox,” Ox,0x, . Ox,0x,
O’ f (x..x,) O f(x..00x,) O’ f(x,....x,)

H,= Ox,0x, ox,’ Ox,0x,, is positive semi-definite or

Of(x..x,) O f(x,...x,) O f(x.....x,)
0x,0x, 0x,0x, ox,?

n

negative semi-definite for all xz[xl,...,xn]T €~ " ). Then, for any time instant >0 and

constant0 < 0 <1, the subsequent inequality is satisfied
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sgn(tr(HO)) 1”1 af(?ﬁ (t)a;”xn (t))| D? ( )< sgn(tr(HO))D5f(xl (l‘) ’’’’’ X, (t))
’ t=0 (L3.1)
<sen(ie(1,) 2L (xl(t)a’);"’x"(’) Dx, (1)

where sgn (.) stands for the sign function. tr(.)denotes the trace of a matrix.

Remark 1. Functions are said to be of class C? if their first and second derivatives both exist

and are continuous.

Lemma 4 [9, 16, 23]. Let V(¢)be a positive definite, radially unbounded continuously

differentiable function satisfying the following inequality
V(t)Sfo+I;(l+g€(r)N(§))[.(r)dr (L4.1)
where N (¢)is a smooth Nussbaum-type function. g, (.)is a nonzero bounded function. ¢ (.)is

a continuously differentiable function. /¢ is a constant. Then, V(t), 4 (t) and

I;(l+g,f(r)N(())é(r)df are all bounded for any time instant ¢>0. Note that lim V' (¢),

t—>+w0

.|‘O+Oo(l+g€ (T)N(é’))é(r)dr and lim g“(t) exist and are finite.

t—>+00

Lemma 5 [3, 4, 16, 21, 23]. Let f () €~ be a uniformly continuous function forz > 0. Then,

lim f =0 if lim I f dr exists and is finite.

t—>+o0 t—>+00

Lemma 6 [3, 28, 34, 43, 74]. For any strictly positive functlons(k kx ), if -k, <x<k_,the

following inequality is satisfied,

kx2 kxz h l_h
hlog(kXIQszjﬁL(l—h)log{kxzzz_les{kxf_xz +k s 52 (L6.1)

Page 12 of 83



Lemma 7. Suppose that a continuous, positive-definite function V(t) satisfies the inequality:
DV (t)<—tV (t)+1, (L7.1)

where ¢/, €™, ¢, €™~ and 0< 5 <1 are all constants.

+9

Then, for any time instant ¢ >0, the following inequality holds

V)< V(O)+i—?{l—exp(—r élfd)ﬂ L72)

Lemma 8. Assume that there is a Lyapunov function candidate V(x) for the system

D’x=f (x) satisfying the following inequality

) 2 V
DV (x) <L, (x)~ L7 (x)—a%% (L8.1)

where0 <6 <1 and/, >0are constants, for i=0,...,3. The strictly positive function o is
continuously differentiable, such thato, & and J.; o(r)drare bounded, V¢ >0. f(.)is a
continuous function. The initial condition ¥ (0)is bounded.

Consequently, the system D°x = f (x) is semi-global practical finite-time stable (SGPFS).

Lemma 9. Consider the equation
Do (t)=b|a(t)-a(t)] (L9.1)

where (0)=a“(0). The continuous functionsa (), D°a(¢)and D*’c(r)are bounded. b >0

and 0<0 <1 are constants. Then, there are strictly positive constants ¢and M such that the

subsequent properties hold
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1 3
= £>ﬁ and ‘DZba(t)‘SM.

= a(1), D°a‘(t) and D*’a°(t) are bounded,

. 2 A0 4b0* -1)1° .
‘Dba (t)Dﬁa(t)‘S\/(Dﬁa(O)) +4b£21{lexp[% for any time

instant 1> 0.

Lemma 10. Let 2 ()€™ and x,(7) €~ be monotonic functions, so, the following inequalities

hold for any time instant # > 0 and constant0 <6 <1

ot ot
Ssgn(aﬂét( 6,uz j [M ]
s[yl(r)D FAGIEA [#1(t)ﬂsgn£aﬂét(t)8ﬂ;t(t)] (L10.1)
an| 200 0) s <san 24 o )
o, ’
<sgn( 'uat(t)j,ul(l‘)r(;+l)

Lemma 11 [74]. Let V(t)satisfy V(1)< [ 4 (z)V () dr +p,(t)with p()being a real
function and 4, (.) being a differentiable real function. Afterwards, we have

v()<m (O)exp( [l (z')dr)+ [\ 1 '(f)exp( [ (U)du)dr (L11.1)
If 1, (t)= u,is a constant, therefore

V()< ﬂzexp(j;yl (r)dr) (L11.2)
with 11,"() being the first integer-order derivative of s, (..
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Lemma 12. Let functions ¥, and V, satisfy 0 <V, <V, . Then, we have

AN/
Vio Vio (L12.1)
V<

where o is a strictly positive function.

Corollary 1. For any constants(O <d6<l,nee *), time instantz >0, and continuously

differentiable functions( 7 (t) €7, W (t) e~ 1 (t) e™’ ) , the following inequalities are

satisfied
Dﬁlog[ 1 j: —D5log(/12 (t)) <1 D’ u, (1)
H, (t) Hy (Z)
20" (0) D gy, (1) < D p* (£) < 2np0>" ™ (1) D py (1)

(CL.1)

where ~ "is the set of non-zero real numbers. o “is the set of non-zero integer numbers.

Corollary 2. For any time instantz >0, constants (0 <d<l,nee ) and continuously

2
differentiable functions( w(t)e™, m(t)e” ) satisfying 0 < ( s (t)] <1, the following

s (t)

inequality holds

%Délog( /132” (t) J < w2 (t) ){Dalul (t)—,u3 (0)( H, (l) JDé/Jz. (t)J (C2.1)

n ﬂ32n (t)_/llZn (t) - ,Ll32n (t)_IUIZn (t
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Remark 2. The proofs of Lemmas 3, 7-10, 12 and Corollaries 1-2 are given in Appendices 1-8,
respectively.

2.2. Description of the problem

Consider a category of fractional-order systems with Input nonlinearities and Time-varying full-

pseudo-state Constraints in the form of

S j; — SR
D"x, =1, (x, X0 d ) for j, =1,...,n,—1,
O —
D xi,n,- - f;,n, (x’ Vi d)’ (1)
v,=A,,0n, (ui)+Ai,2
y,=x,,fori=1...,p
where:
4o
= D :£ 5 J is the Caputo fractional differential operator or Caputo fractional
dt”
derivative of known constant order 0< ¢, , <1, for j, =1,...,n,, i =L...,p.
_ T T T ~m _ T T u ~n _ u ~p
. u—[u1 peenll, J € , X —[xl X, J e "and y —[yl,...,yp} € are the system

control input, measurable pseudo-state and output vectors, respectively,

T . T
thy = ~Ji ¥ =y = ~n
w1thxl.)ji = [xu, X ] € , X, =X = [xl.,l,...,xi)ni] € s Xij+1 €

AR

T P D
_ ~m ~ . o _ _
ui—[uu,...,um‘_] e ", y, e, j=L..,n-1,i=1..p, E m,=m and E n =n.
i=1 i=1

» All pseudo-states are required to remain in the compact set,—x,,; <x,, <k,,;, (Time-

i
varying pseudo-state Constraints) with the time-varying barrier functionsxk,,; and

K,,, being bounded, known and strictly positive. Additionally, the fractional order

derivatives of the functions («,, ; and «,, ; ) are bonded, for j, =1,...,n,, i =1,...,p.

i

n

= The external disturbance vector d € ~ " is bounded and unknown.
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= The wunknown functionsf,, (.),j,=L....n,, i=L1...,p are continuous and

1

differentiable.
= 7 (u)= [77[,1 ()10 ()02, (u )]T €e~" is a vector of unknown continuous
functions, for i =1,...,p .

T . .
" A= [A. Ay A } e~ " is a vector of unknown, nonzero and bounded functions,

1,12 >
fori=1,...,p.
= (O means the Hadamard product (also known as the element-wise, entrywise or Schur

product).
T . .
- Aﬂ=[Ail’l,Au,z,...,Ai’z,r_] €~ "is a vector of unknown bounded functions, for
i=1...,p.
. . T ~ T
= The vector of unknown continuous functions v, =[Vi,1:V,~,z:~--’V,~,r,] €~ "denotes the

input nonlinearities, for i =1,...,p .

Remark 3. Note that fractional (non-integer) -order calculus (integration and differentiation) is a
natural generalization of their classical integer-order counterparts [13, 17, 21, 23-28, 31, 33, 41,
50, 52, 53, 58, 64-73]. It has been demonstrated that several systems in various domains of
engineering and science such as Biology, life sciences, psychology, sound wave propagation,
seismic wave analysis, astrophysics, geology, physics, electrochemistry, and so on could be
better expressed by mathematical models incorporating differential-algebraic and / or fractional
differential equations than integer-order models [21, 23-28, 31, 33, 41, 50, 52, 53, 58, 64-79]. Up
to now, there have been numerous definitions of non-integer-order calculus, namely the Caputo
definition, the Griinwald—Letnikov definition, the Coimbra definition, the Marchaud definition,
the Riemann—Liouville definition, the Weyl definition, the Riesz-Feller definition, the Erdelyi—
Kober definition, and the Riesz definition [21, 23-28, 52, 53, 58, 64-79]. The Caputo definition is
selected in this study because it is more convenient, concise, and effective in diverse branches of
engineering, mathematics and sciences than the aforementioned definitions. The foremost

benefits of using the Caputo definition are that:
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* The initial conditions for non integer-order differential equations with Caputo derivatives
take on the same form as those of integer-order differential equations [17, 21, 23-28, 52,
58, 64, 74].

= The Caputo derivative of constant functions is equal to zero [21, 23-28, 65, 74].

* The mass balance error and the hyper-singular improper integral are avoided with the

Caputo definition [26].

Remark 4. The numerical simulations of non-integer order systems are as complex as those of
ordinary integer-order systems [13, 17, 21, 23-28, 31, 33, 41, 50, 52, 53, 58, 64-79]. For the
numerical solutions of fractional-order systems, there are two approximation methods described
in the literature [21, 23-28, 41, 53, 58, 72]:
= Approximation Method based on fractional-order system behavior in the frequency
domain.

= Approximation Method based on the predictor—correctors scheme.

Remark 5. Note that an improved version of the Adams—Bashforth—-Moulton numerical
algorithm presented in [13, 21, 23, 41], is used in this study for numerical computer simulations
of the Caputo non-integer order differential equations. It is found that this algorithm is based on

the predictor—correctors scheme.

Remark 6. Fractional-order plant (1) is said to be in a nonlinear, non-square and nonstrict

feedback structure since the number of input variables surpasses the number of output variables

and all the system functions f; . (.), j, =L....,n;,, i=1...,pcontain the whole pseudo-state

variables with nonlinear characteristics. Besides, there may be potential algebraic loop issues. In
the literature [1-28, 42 ], there are various physical and practical systems that can be transformed
or expressed as particular cases of the general system (1), such as elastic spacecraft systems,
cancer immunotherapy systems, communication networks, robotic manipulators, underwater
vehicles, electromechanical systems, flexible crane systems, and so on. As mentioned in [13, 17,
21, 23-28, 31, 33, 41, 52, 53], adaptive control designs for fractional-order plants are much more

challenging and complex than for integer-order plants. In addition, it is well known that various
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traditional control methods cannot be directly applied to non-strict feedback nonlinear fractional-
order systems with input nonlinearities, asymmetric time-varying pseudo-state constraints and an

unequal number of outputs and inputs because of several technical obstacles [21].

Remark 7. Unknown dynamics, constraints and input nonlinearities frequently appear as major
factors that degrade closed-loop system performance in real practical and industrial nonlinear
systems such as robotic systems, chemical systems, flexible crane systems, permanent magnet
synchronous motors, and so on [21]. It should be noted that the input (actuator) nonlinearities in
this study are more general than those presented in [8, 16, 19, 20, 22, 25-27, 31, 35, 43, 50, 55,

57, 69, 70] because v, can satisfy, deadzone, backlash, hysteresis, nonsmooth asymmetric
saturation, and sector nonlinearities. In addition, v,, should be a continuous function but A,,,
and A,,, can be discontinuous functions, forl, =1,...,, i =1,..., p . Evidently, the study of

fractional-order non-square systems with input nonlinearities is more difficult and general than

affine square ones [21].

The control objective of this work is to construct an adaptive neural network controller u ,
such that:
* the system output y, is driven to track a given bounded reference signal y, ,
having bounded fractional derivatives to a bounded compact set, for i =1,..., p .

= and all the signals in the closed-loop system are bounded, as well as the pseudo-states not

being able to violate their constrained bounds.

Let us introduce the successive variables to be employed through the controller design procedure
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where

=X i airjf’l
T
2 2 2 2 |7
Ksijo —Zij,  Kaij %y, (2)

5/’,/‘, c _ 4
D" iji-1 =b,, |:ai,j,.—1 —a i,ji—l]

Li

5:\,‘,» _ 5,,,1 c c
DV, ,=D"a’,; (+F (50:11,»)

u, =a,,, fork =1L...m,j=L...n,i=1..p

Vs andz,  are the reference signal and the tracking error variable, respectively,
for j=1...m, i=1...,p.

Ky, andk, . are strictly positive functions, for j, =1,...,n

L i=L...,p.

Lif z,, <0
The known constant b, ; is a strictly positive design parameter and 7, , = . i ,
i i,ji
0,if z,, >0
for j=1,...,n,i=1...p.

a is the virtual controller and can also be regarded as the input of the fractional-order

iji=1

filter, for j, =1,...,n,, i=1,..,p.

S .
iji o C
DYat,

tor b . |a, .  (t)—a . (t)| represents the output of the filter and
( ) u,[ iJj 1( ) LJi 1( ):|

a“,,(t) stands for the state of the command filter with «,, (0)=a",, (0),
for j,=1,...n, i=1...,p.

F*, . (.)is an unknown continuous function

T
. _[.r c ¢ ~ay
withg, | —[x VB Bz 2 Ky Ky G O O e ] €

and C) =n+4j+2,for j=1...n,i=1...,p.

Remark 8. It should be noted that:
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" k,,;andk,,  are specified later on.
= The unknown continuous function F°, (.), the virtual controllere,, ,, the actual

controller u,, and the terms (z,, E,, and g, ) are defined on the set

Z j; 3.0,

Q ={Zi‘jiEN‘—K‘ <z,.‘ji<K4J.‘ji},f0rkl.zl,...,ml.,jl.zl,...,nl., i=l...,p.

e a, (1)= b, [ah_i‘,,l ()~ i (t)]

= The fractional-order filters ' , J=L...n,
a;;4(0)=a’;,;1(0)

i=1,...,p will be used to overcome the so-called explosion of complexity issue caused

by the repeated differentiation of virtual controllers.

To achieve the control goal, the following assumptions are imposed on system (1).

o (x50 d)  &ar, (v v, d)

ox ’Z

i,ji+l =1

moon, - (u,
Assumption 1. The functions and Zml—(’) are

aVl-'[l k=1 aui’ki

unknown, nonzero and bounded, for j, =1,...,n,-1,i =1,...,p.

Assumption 2. The functionse,,, «,, and x,, satisfy the conditionsO£|ai'0|<07ilo,

K

3010 = Kiin T > 0 and .

pi1 =K — >0, fori=1..p.

Remark 9. In contrast to numerous existing studies [1, 4, 7, 9-11, 16, 19, 32, 41- 43, 51, 52, 55,
58, 64], the number of assumptions is low in this study. Recall that Assumptions 1-2 are
common, reasonable and standard because similar assumptions have already appeared in works
related to many branches of sciences and engineering, such as mass-spring-damper systems,
cancer immunotherapy systems, chemical reactors, and networked systems, and so on [1, 2, 21].
At the same time, Assumption 1 can be regarded as necessary and sufficient conditions for the
controllability of non-integer-order systems with actuator nonlinearities and pseudo-state
constraints [1, 2, 7, 10, 11, 21, 32]. Assumption 2 is the statement concerning the virtual control
signals and desired trajectories [1, 2, 21]. For fractional-order systems with pseudo-State
Constraints, appropriate bounded desired trajectories and virtual control signals need to be

chosen [74].
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Remark 10. In the open control literature, disturbances, reference signals and their fractional-

order derivatives are assumed to be bounded [13, 21, 23-28].

3. Controller design and System stability analysis

Under Assumptions 1-2, the following tools will be exploited during the system controller

design and stability analysis:

* the mean-value theorem to convert the original non-square, non-affine nonlinear system
into a novel equivalent affine-in-control one with an equal number of inputs and outputs
(affine- in-control square system),

» neural networks to estimate the uncertain nonlinear functions,

* Nussbaum functions to tackle the unknown control direction problem,

» A dynamic surface control approach based on fractional order filters and Caputo fractional
derivative definitions to avoid the ‘explosion of complexity’ issue in the backstepping
design process and to correctly choose the control signals and parameter update laws,

* and Asymmetric Barrier Lyapunov functions based on new lemmas and corollaries to
prevent the pseudo-states from transgressing the limits and to ensure the stability of the

transformed system.

3.1. System transformation

Using the differential Mean Value Theorem [2, 7, 15, 20, 21, 24-28, 47], the unknown functions
on the right-hand side of the equation (1) may be expressed as

Page 22 of 83



where x°

0

U, =

LK

where

Foi (e d )= 1 (x|

um (u:) /) (”z) -

v',, 1s some point between zero and v,, , 0, =

a

Xi, ji+1 0 axi e xi’jiﬂ
Xi i1 =X 0 e
i a , ) d
(X, Vi’d):fin (X, Vi, d)‘ - +Z ﬁn ()C Vi ) b

A
Vi=U, 1=l avi,ll. Lt (3)

u; =0, k=1 61/[”{ .

_ _ _0
u;1=0,..., Uj j-1 =0, Ui =U

G

. . . 0 . . .
.+ 18 some point between zero and x,,,;; u,, Is some point between zero and v, ;

\ —[O,...,O]T €~ ",and 0, :[O,...,O]T e~ ™, for

ryk=L..m, j=1L...,n-1,i=1..p.

2
K3,i,], K4vi:ji
2 2 2 2
(Ks Z ) B )
i.J; i,Jj; 4.1,J; LJi E
— 81 ,Ji =
Ji 2 2 2 T
R K +(1 hz:f)’(w Zij
2 2 2 2
(Ks,i,_/,.n _Zi,ji+1 )(K4,i.j,.+1 _Zi,jﬁl ) E (4)
+8, %, T8,

2 2 2 ij;+l
hi,j,.+1K4,i,j,.+1 + (1 - hi,ji+1 )K3,i,ji+1 =241

o fOr k=1 m, j=1..,n,i=1..,p
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% j;41=0

—h, Ky, (0)| —%5 |D""k 1-n, )k, (0) “ii_ | pig

i7" 3,0 2 3 ij 4 2 4i,j.

i3, K Ji J J K Ji

3,0, J; 4 j;
2 2 2 2
( i, Zii )(K‘H/ Zij ) E

t 81 -1

Z. 5 Z«' ) ‘m‘
_h K. (0) = Dél'"l K3,i,n/» _(1_hi,ni )K4,i,n[ (0) = 2 Da lK4,i,n-

in"3,0n; 2 i
K3,i,ni K4,1',n/»
5 of,,, (x, v, d) A A ,
+ Z— i1, My, () o TRz
=1 avil Ui =Ym;
! i Vit =0, vip =0, vip=viy,
2 2 2 2
i (K-3zn, _Zlnl )(K4lnl Ztn, ) E
Ein-1 -1
M 2 2 2 i
hi,n K4,i n + (1 - hi,n- )KS,i,ni Zl n
5 (x, X1 4 )‘
g = 3 , and
xi Ji+l
X Ji+1 x i,ji+l
m; Ti
9, (x,v,d) A on,, ()
8in = Z P il 3 , are unknown functions, with
k=1 Vil ;=1 ui,k,- Vig =0, Vi =0, v =viy,
Upg =0ty g =0, :”0[,/(1-
go=E,= Ei,n,+1 =Kyin1 = Kgin = hi,n[H =Zipn = 0, for

Jo=len—1, i=1..,p.

1

Remark 11. It is obvious that with intermediate control functions and newly pseudo-states
defined in (2)-(3), the non-square, non-affine nonlinear system (1) is now transformed into an

affine-in-control square system (4) with the input u,, =«,,, for k =1,....m, i=1...p.

Afterwards, the control purpose of plant (1) may be retained by controlling plant (4).

Remark 12. The biggest differences between the Taylor series expansion and the Mean Value

Theorem are that:
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= The first is only valid locally around specific points, whereas the second is valid globally
[26, 28].

» The Mean Value Theorem can express the continuously differentiable functions over
closed bounded intervals free of high-order approximating errors, while the Taylor series
expansion can approximate these functions at points with high-order approximating
errors [21, 28].

= The Taylor series expansion may frequently provide local stability [7], whereas the Mean
Value Theorem can yield the semi-global stability of nonlinear systems as shown in

Theorem 1.

Remark 13. Note that:

= According to Assumption 1, g, . and g, are unknown, nonzero and bounded functions,
for j[ :1:~~-,ni _1, izl,...,p.

* The unknown function F, (gai’ji)is bounded over a compact set

L,

and—kx;, <z, <K

Q = e~ i Hpi’j” HS b ith the strictl ositive  constant
i =8 > W Y Positlv
41,

M, , being, unknown and arbitrary large, for j, =1....n, i=1....p .

3.2. Neural networks for Approximating the uncertain functions

By use of the universal approximation property of the neural networks (see Remark 13 and
Lemma 1), the unknown function F; (50,., Jf) can be approximated over the compact set €2, ; as

follows

F(9,)=w,"¢, (9.,)+e,. for ji=l..m, i=1..p (5)

where
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The vectors g, , e~ and ¢& i () €~ " denote the input and hidden-layer activation

function of the neural network, respectively, for j, =1,...,n,, i=1...,p.
g, ; 1s the number of neural network nodes, for j, =1,...,n, i=1...,p.

¢,, =n+4j+2 represents theinput layer size of the neural network, for

Ji=L...n, i=1...,p.

¢, denotes an approximation error (corresponding reconstruction error) that satisfies

‘gini, ‘ Sé€

. * . . ..
., over a compact set(),, with ¢, being an unknown strictly positive

constant, for j =1,...,n,, i=1...,p.

w, ."is the ideal constant weight vector (or the optimal constant weight vector of the

i
] , for

F;’,j, (Soi,j,. )_ Wi,j,-Té:i,j,- (501',‘1} )

neural network ) defined as Wi_ji* =arg min( sup

~ 4 j; A ..
Wi i € i le Ele/z

Ji=lL...n, i=1...,p.

Remark 14. Note that:

Neural networks can be grouped as recurrent and feedforward [3, 19, 21, 23-28, 58].

Multilayer neural networks and linearly parameterized neural networks are the two major
types of artificial neural network utilized to learn the unknown dynamics of nonlinear
systems and to approximate many unknown functions in the design of control systems [3,

32,34, 39,46, 47, 49, 51, 55, 58, 59, 63, 74].

The artificial neural network wl.)ji*ng.' i (801',_/’,» )used in this study is a single-hidden-layer or

1

linearly parameterized neural network and is composed of three different layers: a hidden
layer, an input layer, and an output layer [21, 23-28].

Similar to [23-28], the bias parameters and input layer weights are initially chosen at
random and kept fixed during the control system design, while the output layer weight
vectors are only adapted and determined online in this study.

The output layer neurons utilize linear activation functions while the hidden layer
neurons regularly have non-linear activation functions, e.g. Radial basis functions (RBF),

sigmoid functions, hyperbolic tangent functions and logistic functions [19, 21, 23-28].
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= Similar to [21, 23], the hidden-layer activation functions¢, () , ;=L...n, i=1...,p

chosen in this research satisfy generalized Lipschitz conditions.
* Increasing the neural network nodes leads to a large number of adjustable variables and a

very long online learning time [23, 34, 39, 46, 47, 49, 51, 55, 58, 59, 63, 74].

Remark 15. It is well known that artificial neural networks are broadly employed in diverse
fields like system’s control, modeling, forecasting, image recognition and processing, and many
others [3, 19, 21, 34, 39, 46, 47, 49, 51, 55, 58, 59, 63, 74]. According to [19, 21, 23-28], the
efficacy and performance of neural networks generally depend upon the following factors:

= Neuron structure and complexity

= Number of layers

= Number of neurons in each layer

* Type and number of interconnecting weights

= [Initialization of weights and training parameters

= Selection of error-correction learning strategy

* Mode of error calculation

* Training algorithms

Remark 16. Various studies have proven that Radial Basis Function (RBF) neural networks are
efficacious approaches and have better generalization abilities than multilayer neural networks
for the pattern recognition and approximation of any unknown continuous functions in a compact
set with arbitrary precisions [3, 19, 21, 23-28, 34, 39, 46, 47, 49, 51, 55, 58, 59]. Compared with
other neural networks, RBF neural networks have a simple structure and faster learning speed [3,
19, 21, 23-28, 34, 39, 46, 47, 49, 51, 55, 58, 59, 63, 74]. In fact, an RBF neural network is a
linearly parameterized neural network composed of a single hidden layer of nonlinear nodes,
centered in such a way that each of them is defined on a special region of the input space [19, 21,
23-28, 34, 39, 46, 47, 49, 51]. Moreover, the hidden-layer neuron activation function is an RBF
[19, 21, 23-28, 34, 39, 46]. The desired responses of RBF networks are obtained by updating the
weights linking the linear output nodes with the hidden layer and by means of a training process

[19, 21, 23-28, 34, 39, 46, 47, 49, 51, 55, 58, 59, 63, 74].

Page 27 of 83



3.3. Controller with Adaptive control laws

By means of the backstepping dynamic surface control method [1, 23, 33], the parameter

adaptive laws, virtual control signals and control inputs are constructed as follows

@, =N (C,-,jl )[Tu,j,- Z o Bt X ,[ ot E, dt+ Wi,./,»Té,j[ (59 i )}

u, =a,, fork =1..m,

)
in; i

. . e (6)
iy = [Tu,z} 2 Wi Byt X, ,[0 Edt+w,, g, (pi,jf )} L

V;"ﬁj, =22 Ei,j, é,‘,-‘. (501',.1,» ) - [W,/ - ‘R’z‘,j,» (0)} (O' T Ez‘,f, Zij, )

62.,].[ = 23, @ B _|:éi,j[ -0 (O)]a, forj =1,...n, i=1...,p

Ji iJ;

where

= The strictly positive function o is known, and continuously differentiable, such that o,

6 and J.; o (7)drare bounded, V¢ >0.

2 2 2

D, = al] + Pui 2
L.Ji 2 2 2 2 2 2 2
\/pi,j, E, to \/pf,/;- E 'z, to

= The known positive functions

1

Ei,j, z,, o

_ _ A 2 . .
Y, =x.,+ , and ¥, =6 @, +x, 5z, ° are continuous with

""H@i.ilu"'qw, being a known continuous function, for j =1,...,n,

pi,j, = H‘;/, (80,',/, )
i=1l...,p.

* The design parameter y,,, >0 is a known strictly positive constant, for /=1,...,5,

Jji=L...n, i=1...,p.
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¢, and w  are the estimates of the unknown constant parameters

2w, i, (O

LJi LJi

X2,

0 . :2le.,_/’_ HJFSM + +1 and w,, , respectively, for j =L...n,

2

N({LL_ ) = (é’u‘ 24 2) exp ( 4”121 Jsin (é’u‘ ) is a Nussbaum-type function.

Remark 17. It should be emphasized that:

The functions’cos(¢), ¢sin(¢), cos(%{jexp(é’z), and(cos( |§|) have been

broadly employed in the control literature as Nussbaum-type functions to solve the
difficulties arising from unknown control directions [9, 16, 21, 23-28].
There are also groups of Nussbaum functions described by saturated functions and

Mittag Leftler functions [23].

2
Similar to [21, 23-28], the Nussbaum function N(é/i,j, ) = (;i'jtz + Z)exp [%J sin((ihii )

is used to fix the problems of actuator nonlinearities, unknown control directions and

unknown disturbances.

Remark 18. Note that:

Similar to [42], the term g, . jot E,, dt is used to deal with the problems of steady-state

errors, for j, =1,...,n,, , i=1...,p.

According to Lemma 8§, the term = is used to ensure the semi-globally
E z, +o

practical finite-time stability of the system, for j, =1,...,n,, , i=1,...,p.
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The term V¥, . E, . is employed to make the system robust against the neural network

2,i,j; i

approximation errors, disturbances, uncertainties and errors caused by the command
filters, for j, =1,....,n,, i=1,...,p [21, 23].

The term ¥, ; z, ; is used to boost the system performance in all respects while retaining

the benefit of ensuring the robustness and asymptotic convergence of tracking errors in
the presence of modeling uncertainties, unknown control directions and bounded

disturbances, for j, =1,...,n,, , i=1,..., p[21, 23].

The e-modification term [ﬁ/” -W,, (0)}Ei‘j_ziyj_ and the sigma-modification terms

([ﬁ/ -W, (0)]0‘ and [é -6 (0):|O') are employed to guarantee the uniform

i~ i, i Vi
boundedness of the adaptive parameters w, , andél., jofor ji=L..n,  i=1...,p [23-
28, 42].
For the inequality 6, ;20 to be validV >0, ) . (0) should be positive, for j, =1,...,n,,
i=1...,p [21,23-28].
The possible issues in the control design arising from the control singularity and the

chattering phenomenon are avoided because the control inputs, virtual control signals and

parameter adaptive laws are continuous [21, 28].

Similar to [21, 23-28], the controller parameters (g””v?/, é/ ), virtual control signal

i’

a, ; and control input u,, are tuned online without any pre-training phase (or explicit

L]

offline training phase), for k,=1,...m,, j =1...,n,i=1...p.

3.4. Stability analysis

Based on the above control design, the main results of this study are summarized in the

following Theorem 1.

Theorem 1. Consider the fractional-order system (1) with actuator nonlinearities and

asymmetric time-varying pseudo-state constraints under Assumptions 1 and 2. Then, for all
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bounded initial conditions, the virtual controllers, actual controller, and adaptation laws defined

by (6) guarantee that:

»  All the signals in the closed—loop system are semi-globally uniformly ultimately

A

bounded., ie, ¢\, W, 0. 0.z, 0. Py Yy W, and®, el
forj =1...n,i=1...p.
* The full pseudo-state constraints are never violated, ie., -k, <X, <K, ,

forj =1...n,i=1...,p.

= The tracking error signals converge to zero asymptotically, i.e., z.. >0

forj =1...n,i=1...,p ast—+o.

Proof. of Theorem 1

Consider the following asymmetric barrier Lyapunov function candidate

V= ZZVIU +ZZV21, +ZZV3U +ZZV4,,, (M)

i=l j;=1 i=l j;=1 i=1 j;=1 i=1 j;=1
2 2
h Y, —Lpiy —h log| — =24 |1 (1-h, Ylog| —tii
wit Li,j; _E 5., VS,i,j,- =n,;; 10g 2 ) +( - i,j,) 0og 3 Rk
K3,t,j, —Z Kaij ~Zi
~ 5 2
H H T 6. . Hai: [ ot 2
l E i,J; ij; 4,1, j; ~ * A
=_Lbh iy =My 28R ge g =w = and
21 Ji 2 2 35Ji 2 4.0, ; 2 0 bl iJi iJi iJi
ZZsz ZZ,l,j, Z3,i,jl
19”1 —t9lj 9” Jfor j=1,....n,i=1...,p.

Remark 19. It is clear that:

= D™ represents the fractional integer of order 1—3, gofor jio=L.n,i=L..p.
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* The Lyapunov functions V; V. V., and/V,

i Vaiys Vaig, .., are convex with respect to the

. ~ ~ ! . .
variables z, ., w,, , 0, and .[OE,.J[dt Jfor j.=1...n,i=1...,p.

Ljp 2 g

= Over the setsQ. = {zi_jl_ e~‘—/c3’iyj‘_ <z, <Ky, }, Ji=1L...n, i=1...,p, the

Lyapunov function V' is continuously derivable and positive definite with respect to the

error variables, including the tracking errors and parameter estimation errors.

V=0,vVt=0

" Voot z >k, 2

i > KW H —> 400 or 0“‘ —> 400

V=0, ile.’].i =0,

ﬂ/l.,jo:O and 621 =0, forj =1,...,n,i=1...,p

Remark 20. It is generally known that Lyapunov-like functions comprising Volterra-type
Lyapunov functions, quadratic Lyapunov functions, Convex Lyapunov functions, Lyapunov-
like barrier functions, polynomial Lyapunov functions, exponential-type Lyapunov functions and
many others have been successfully used in the literature to guarantee the stability of
incommensurate and commensurate non integer-order plants [13, 17, 21, 23-28, 31, 33, 41, 50,
52,53, 64-74].

Remark 21. In the literature, there are diverse forms of Lyapunov barrier functions such as
tangent Lyapunov barrier functions, integral Lyapunov barrier functions, and so on [1-3, 8, 18,
21, 24, 28, 34, 43, 46, 55, 74]. The difference between Lyapunov barrier functions and classical
Lyapunov functions lies mainly in the feature of the Lyapunov barrier functions that approach

infinity when their arguments tend to certain limits [ 8, 18, 21, 24, 28, 34, 43, 46, 74].

Based on Property 1, Lemma 3, Corollaries 1-2 and Equations (4)-(5), the time derivatives of

Lyapunov functions ( iiVu, i inZVz, i iiV% i andzp:iV% ;) can be computed as

i=l j=1 i=l j=1 i=l j=1 i=1 j=1

follows
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p n 1 n; s 2 2
- 3,,j 4., ),
— Ji i _ i
22V 2ZZD h,, log 2 2 +(1 oy )log 2__ 2
=l j;=1 i=l ji=1 3, iji 4,0, j; Z; Ji
p_
' _ i '
Sz D Zij hi,j,-K3l/,(o) 2 D K3,
i=1 j=1 K3,i Ji
—(1-h, )&, (0)] —2 Dk, |E
i,j 4,i,j; 2 4,1, j; i,]
K4,i,/
2 2 2 2
< 2 & F (K3,i,jl-+1 T Zijm (K4,i,j,+1 T Zijn ) £
- Z i, Jji (Soisji )+gi>ji h 2 1 h 2 2 it
i=l j=1 i,j+1K4,i,ji+l +( - i,j,+l)K3,i,‘i,+l _Zi,./',-+1
2 2 2 2
(KSi' —Z. . (K4.. —Z. . )
_ Sl Ji L] shs Ji 1] E + a E
gi,j,-*l 2 2 2 i,j;-1 gi,ji i,J; i,J;
h . K +{1-%. . |k -z
i g b ) 3k i Ji
p_
<33, (0, )+ g0, 5,
= [F:,Jl £ )t 8%, E”]i
i=1 J}:I
P
*T
SZZ[ i Ji fi’ji (‘@ll )+gi3j,' +g’ Ialj }Elxii
i=l j;=1
~ T X
p_ P
V=Y Wigi Wi
2,4,
i=l j=1 i=1 j;=l ZZ,l,ji (8)
p_ N P
V' _z Hijleijx
30,
i=1 j;=1 i=1 j=1 ;53,1 Ji
p_ N p_
z V41/, :Z Z‘H/,Et/, OE”’dt
i=1 j=1 i=l j=1

Invoking (6) and (8), the derivative of V' with respect to time is given by
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/ S *
VSZZ[W’V" S (SOW} )+<9,-,,-,. +g,-,,-,.06,-,,-J b +ZZ T o

i=1 j;=1 i=1 j;=1 le],

PN 4]
’ ‘,/i‘gi,j,-

p_ M
22 A s By j; L, dt

i=1 j=l X3 i=1 j=1

™

E z

p_ p_ M .z,
L] LJi
<—E§ —EE—
- ZlalajiElv/iZl’jl

i=l j=1 i=l ji=1 Ei,j,Zi,j,- to

P , &L .
- Z Xs.ij Zf,j,»in,j,- + Z Z [1 + gi,j[N(g”l.’ji )J S

i=1 j=1 i=1 j;=1

n,

+ZZWLLT thEi,j,-%Ci,f,( u,) +ZZ i G +0,E

=l j= X2, i=l ji=1 Asij,

+Z ‘g{ EU‘_ZZQJ,(D EU‘

i=1 j=1
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Based on (6)-(7), Lemmas 2, 6, 12 and Young’s inequality [21, 23-28], one has

e
+E 6 ( ) ZZ(G+ E 2 )M

7(21/, i=1 ji=1 2;(2,1',/;.

i o o‘r
O e

P
225,
pyy

i=l ji=l 27(2,1‘,}',.
P
<2204V Ve
i=l j=1
2
*®
3 =, ()]
Ji L Ji
+> (0+Eijzl.],)
i=l j;=1 2%2,1',J
o - « A 2
pom Q2 P |:l -0 (0)j|
i,j; 2 i,j; Ji i,J;
Z ij +(Dlelj __O-Z +O_Z
i=l j;=1 Xs.i Ji i=l j;=1 2}(3,1‘ Ji i=1 j;=1 2/{31 Ji

[
—ZZQ,‘D E, 2<GZZ ¥
i=l j=1 g i=l j;=1

(10)

_zz;{lm i _ZZZIU

i=l j=1 i=1 j=1

—zz’ —zz

11J11111+0_ 11/151j+o-

_ZZXSZ Ji ll,zEla i2 <_ZZZSI Ji 511

i=1 ji=1 i=l ji=1
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Based on (10), (9) can be rewritten as

n;

P
V<—ZZZM 5., ZZ & ZZ‘T%”K”

i=1 j;=1 i=l j=1 511 +o =1 Ji
b " P .
B Z(G"'Vs;/) 2,i,j,_GZZV3,i,j,+Z' |:1+gzj (4/):|§i,j,
i=1 j=1 i=l ji=l1 =l ji=1 (11)
2 2
2l i, O &e [0 -0,0] e
+ + 0,
+U;1‘i—l 2;(2,j O-;/,Z—; 2)(3;, 6;]’,—1 "
Integrating (11) over|[0, ¢], one gets
B85 S0 LG L0 2 TS ) f (e TLU N
i=l j;=1 i=l j=1 i=1 j=1 I/5,1 ) ( )
P i ¢ p
+ZZI (0'(2')+V5”.‘ (T))VZJ,/,- (T)dTJFZ‘Z;J‘ o ()0, (r)dr
=l j= =1 ji=
- 2 (12)
s ol ¥ _Wz,f'f(o)H SASPREL
<V(O)+,Z_1:,_1 o Ia(r)dr +;;911 Joa(r)dr
A 2
Lo | e e[0,7 -0, (0)
e v (e, @), (a5 S Lfo(eyar
i=l j;=1 i=l j;=1 VEYN
With the aid of Lemmas 1-12 and Equation (6), we are able to know that V(t) ,
P n
2121151/.[ 51] )dT’ ZZI( 51] T))sz’i’j’_(f)df,
i Ji

n

iz.ﬁa( 3!/ dz—’i

i=l j=1 i=l ji=

,» Zl y J'Of Vi, (7)dr, i I;[lJrg,»,jiN(;,-,j,. (r))]g“” (7)dz,

A 2
t i 9, -.* _9,- (0 ¢
Ioo(r)dr ) i [ -l { )J J.(T(T)df are bounded, and
- -
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0 0.5 G N(é:,,;): u, , @, and @, are bounded, for

2Ji

w. .
L, J;

accordingly, E ., z, ., V.

[,ji ’ iaji ’ S,i,ji ?

k=1...m, j=1...n, i=1L...,p.

1

Letting the strictly positive constant &, , be the upper bound of ‘a.

, for j=1...,n -1,

’:j!
i=L....p.
From x,;, =z, +¢,, , and ‘aixh_,‘Sam_], we are able to know that ‘xi,ji‘ﬁ‘zmi +‘ai§jt_l‘
and -k, <x,, <k, , for j=L...n, i=1Ll...p. Define «,, =k, —a 6 >0 and
Ky, =Ky, —@ >0, then, we get —Ky,, <%, <Ky, for j=L..n,i=1...p.

Consequently, the system pseudo-state constraints are never violated.

Hence, it is clear that zZ, el,, for j=1...n,i=1...,p.
Since Assumptions 1-2 hold, the functions (£, (.), F*,, (.)) and the variable g, ;are bounded

. o i
functions over the compact set €, , then, one has D"z, ,

., €L, and z, eL,NL, , for

Ji=L...n,i=1...,p.

* N 2 £ A 2
Since |:1+gi’fiN(é/i,j,»)j|é‘/,‘,j‘, J.tO-(T)dT, |:911 ey (O)} o HWi,j,- Wi, (O)H

.
o, 6 . oand
0 2 2 2 ’ 1, Ji

A3, X2,

V(0) are bounded, therefore, there are strictly positive constants /; , ¢, and £, ; such that

n;

* ~ 2
i [1+gi,jiN(gi,ji )]4’]} “’ii [, =, (0)]

i=1 j=1 i=1 j=1 2%, J

=l ji=1 27(3,,-,; =l ji=1 . Jfor j=1...n,i=1...,p (13)
2
— /}//11 Ji £7 le Ji
o 2ZStj ZS,[,/ ZS[/,
jta(r)dréﬁs
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From Lemma 8, it is straightforward to get

!
Vi>——+V(0),for j=1...n,i=L...,p (14)

6.0, J;

V.

5,05 J;

</

6iji
The above inequality (14) means that

—Ky; )y 1 —exp(—£ 6 ) <z, SKy; i N —exp(—€ 61 ) , V2 ;

Since z, ; is a function of the variablesg, ,, w, 0, &z P05 Py > Y, Yo

i

65

+7(0), for j =L...n, i=l...p  (15)

6.0,);

and @ i for j.=1,...,n, i=1,..., p, together with (4), (12), (15), it follows that the solution of

i

the closed loop system is semi-global practical finite-time stable.

Finally, based on the aforementioned results, Lemmas 1- 11 and Corollaries 1-2, we can deduce
that :
= The full pseudo-state constraints are not overstepped.

= The signals of the closed loop system are semi globally uniformly bounded.

= Asymptotic tracing is achieved, i.e., x,, (¢) > y, (¢) ast >+, fori=1...,p.

= The tracking errors asymptotically tend to zero, ie., limz, (¢)=0, for j =L...n,

t—>+o0 I

i=1...,p.

The proof of Theorem 1 is completed.

Remark 22. Note that:

= [ stands for the set of bounded functions.

= [, denotes the set of square-integrable functions.

Remark 23. Similar to most studies of adaptive control schemes based on intelligent systems
(such as fuzzy systems and neural networks) [3-5, 7-12, 15, 16, 19-21, 23-34, 39, 41-44, 46-49,
51, 54, 55, 61-63], our stability results are semi-global for the reason that the approximation

capabilities of the neural networks are only valid over compact sets.
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3.5. Implementation and Application of the proposed adaptive controller

It is obvious that the proposed controller scheme can be applicable to diverse practical plants,
which possess mathematical structures like (1). To summarize the abovementioned results and
analysis, a flowchart and a block diagram describing the practical implementation of the
proposed neural adaptive controller strategy are shown in Figures 1 and 2, respectively. Note
from Figures 1 and 2 that the proposed controller consists of parameters tuned online without
any offline-learning phase and might be implemented in a systematic and methodical manner as

follows:

Step 1. Select the design parameters (strictly positive constants b, and y,, ., /=1...,5 ),
number of neural network nodes g, , , neural activation function¢, () , initial conditions
( é’i,_;, (0), ¢, (0) ., (0)) and the appropriate function o employed in the system

controller design, for j, =1,...,n,, i=1...,p.

Step 2. Determine g, ; using (2), for j, =1.....,n,, i=1...,p.

Step 3. Compute the parameter adaptive laws, virtual control signals and control inputs using (6)

with Ky, =K, =@, > 0, Ky =Ky, — @

i1 >0, and a,, , being the upper bound

of ‘ai)ji_l

, for j.=1...n,i=1...,p.

Step 4. Apply the proposed controller to system (1).

Step 5. Measure the output y and pseudo-state x of system (1)

Step 6. Go back to Step 2 for the next sampling time interval.
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Start

v

Set initial conditions and parameters

4 NN

Go to the next sample interval

Obtain

, , » by using (2)

Compute the parameter adaptive laws, virtual control
signals and control inputs using (6)

v

Apply the proposed controller to system (1)

v

Measure the output  and pseudo-state

of system (1)

Figure 1. Flow chart of the proposed neural adaptive control algorithm

» (I;roposed neurﬁl e System (1) X >
adaptive controller u v under Assumptions 1-2 »
Equation (6) P v

L Tracking error variables,
State of the command
Reference signals or—J=tn—=t+=t2|p filter
satisfying 7 i i > Equation (2)
Assumption 2 a

Figure 2. Overall block diagram of system (1) using the proposed neural adaptive controller

Remark 24. Theoretically speaking, an inordinately large number of nodes (neurons) in
the hidden layers can minimize the neural approximation errors but may exacerbate the design
complexity of the control system [3, 21, 23-28]. Generally, the number of nodes in the input

layer is close to that of hidden layer neurons in the neural networks [21, 28]. Convergence of
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both the parameter estimation errors and tracking control errors can be achieved simultaneously

in finite time by selecting sufficiently large design parameters (b, , and g, ., /=1....5,
Jji=L...n, i=1...,p) and a sufficiently small function o . Nevertheless, this might provoke

huge amplitudes of the control input signals. It should be emphasized is that the tradeoffs
between the control effort and the convergence performance must be taken into account for real

systems and applications [1, 21, 23-28].

3.6 Comparison to existing control scheme studies
The main benefits of this paper are as follows:

= To the best of the authors’ knowledge, there has been no research to date of neural
adaptive control issues for the considered category of non-square incommensurate
fractional-order plants with non-affine characteristics, unknown control directions,
asymmetric time-varying pseudo-State constraints, disturbances, and input nonlinearities.

= Unlike [1, 4, 7, 9-11, 16, 19, 32, 41- 43, 51, 52, 55, 58, 64], many hypotheses and
conditions correlated to the functions, dynamics, control directions, input nonlinearities,
number of outputs and inputs, constraints, and estimation errors of controlled plants are
not indispensable in this study.

= New corollaries and lemmas based on Caputo definitions are proposed to extend
approaches and methods concerning the controllability and stability analysis of integer-
order plants as opposed to fractional-order ones.

* In contrast to control schemes [17, 41], the proposed control method handles a wide
variety of issues existing in practical engineering plants and applications (issues resulting
from non-square structures, non-affine characteristics, unknown control directions,
asymmetric time-varying pseudo-State constraints, dynamical disturbances, input
nonlinearities, algebraic loops, steady-state errors and inhomogeneous (or
incommensurate) fractional-orders).

= Neither singularity issues nor the chattering phenomenon emerge in the plant’s response

because the parameter adaptive laws, virtual control signals and control inputs are

continuous over the sets 2, = {Zf,_/,. € ‘— Ky <Z, <Ky, } , J;i=L...n,i=1...p.

Ji
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Unlike [33], a new adaptive dynamic surface control method based on fractional order
filters and Caputo fractional derivative definitions is proposed in this study to solve the
‘explosion of complexity’ issue and to ensure the semi-global practical finite-time
stability of the system signals regardless of initial pseudo-states bounded values and

without violating the constraints, simultaneously.

Remark 25. The limitations of our research are that:

The proposed control scheme cannot handle the encountered difficulties in various
industrial systems posed by delay and unmeasured sates. Therefore, it could not be
implemented directly to the nonlinear systems with time delays and unmeasured pseudo-
states.

The proposed controller design is somewhat complicated in the sense that many variables
are updated during the control command calculation. In fact, the control objective of this
paper is attained with relativey high computational burden. This issue will become less

important as computer and electronic technologies evolve.

4. Simulation Results and analyses

In this part, two examples are given to illustrate the validity, feasibility and effectiveness of the

proposed control scheme. Similar to [21, 23-28], the simulations are carried out using the Matlab

routine with the time step size 10*and by applying an improved version of the Adams
p Yy applymg p

Bashforth-Moulton algorithm based on a predictor-corrector scheme.
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Example 1: (An academic system)

Consider the following fractional-order plant

S

D™x,, =1, (x, X5, d )’
S;

D%x.,=f,(x, v.d),

Vi=T,; (”i)’
Y, =x;,, fori=12

(16)

where

= the fractional orders of system (16) are 6,, =0.45, and 0,, =0.55, for i=1,2.

Y= [yl,J’z ]T e~ ?, x:[xlT,XzT]T e~ *,and u=[u1T, uzT]T €~ °® denote the system

. . . T
output, pseudo-state and input, respectively, with X, :[xi,l, xﬂ] e~ ?,

T N . .
u =[ui‘1,u,.,2,uiv3] € ", x,e and y, e, fori=12.

sin(1+7)

T ; 1
. d=[dl_1, d,, d,, dz,zj e~ " represents an external disturbance with d, drit)

i
for j=12,i=12.

* The pseudo-states need to satisfy —k;,, <x,, <k, , with &,

:l3+i+lsin(£ij
I+i j 7

and K ._=14+2—J+lcos Lil, j=12,i=12 and €0, 40].
2'”‘ 3+i j, \4 )7

= The initial conditions of the system pseudo-states are given as x, (0)=[—4, 8.26 ]T and
x,(0)=[9.8, -9]".

= 1, (.)€ is a vector of continuous functions, for i=1,2.
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The outputs of actuator nonlinearities and system functions are mathematically described

respectively as follows

15 . 15

~=2ifu, <-—
My k

i i

Vie =9U; s lf—1—5< i <@ fork, =1,...,3
- . k" k
20 . 20
—, ifu, >—
k. i

i i

£1+exp[— " iD(lQuM ~2.4), if u,, 22
0, if —1<u,,<2
Via = '
3
3+exp| —[D v, (3 | (0-8u,, +0.8), if u,<-I
k=1
r -
u, =[ul.’1, ui‘3,ui’4] e™* (17)

T 4 .
Vizl:vi,l""ViB’ Vi,4:| S ’forl:1’2

T
_ T T ~38
v-[v1 Y, ] €

sin(1+)
5i+1 P2

fll(x xlz,d)=[1+
(18)

Tk, +3i

[ 1+2]x
fis (x,vl., d):—%.’.exp[ ||x||+||v ”j+z{ M]Vi,k, +d,, fori=12

5cos (Lj
Ya } _ 3
7sin(£j
5
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From [8, 19, 25, 27, 35, 43, 50, 56, 69, 70], the outputs of actuator nonlinearities can be rewritten

as

v,=A,,0n, (”i ) +4,,
(19)

with A, :I:Ai,l,l’Ai,l,Z’ Ai,1,3’Ai,1,4 e A _I:AzZI AV PTRAYEES

e
() =L, s ) ) () < A (z) [37]

M, (u,)= e’f(”i,k,. ) )

and A, ,, being a bounded function, for k, =1,....,3, i=12.

{3+exp{— 31']}0.8, if u,, <0

k=
A[,1,4 = s 771‘_4 (u,) = u,',4 )

3
£1+exp[— Zvl.,k/ inl.Z, ifu,,>0
k=1

and A,,, being a bounded function, for i =1,2.

ik,

The gauss error function erf (.) is defined as erf (ui,k, ) \/_ J. exp dt .

It easy to see in this Example that Assumptions 1-2 are satisfied.

The key goal of this simulation is to render system output yto follow reference signal y,

without violating any of the pseudo-state constraints, by virtue of the proposed controller defined

in Section 3.

Subsection 3.5 presents the proposed controller design algorithm.

Similar to [21, 23-28, 32, 34], to approximate the unknown nonlinear functions, we utilize RBF

neural networks within the simulation. Especially, the RBF neural network w;, jv*T(fi, i (gol.‘ i )uses

10+i+ j; nodes in its hidden layer (i.e., g,; =10+i+ j,) whose centers are evenly spaced in the
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Ciji

area of [—16, 16]><---><[—16, 16]c~c"” and the widths are equal to 32, for j, =1,2, i=12 . In

accordance with subsection 3.2, ¢,, =6+4; is the input layer size of the neural network, for

j=12, i=12.

For the controller, intermediate control and adaptive laws, the appropriate function and the

1
design parameters are taken as follows, o = Eexp(—3t) s Xy, =100i+j,+1 and b, , =5i+10j,,

for /=1,...,5, j,=12,i=12.

A

The simulation is carried out with the initial conditions éi,j,- (0)20, W, (o):o(ww)xl, and

¢, (0)=1.05, for j =12, i=12.

Figures 3-18 display the Simulation results of Example 1 obtained by applying the proposed

adaptive control scheme. The curves in Figures 3-4 show that system output y effectively tracks
reference signal trajectory y, with very short errors in a very short time. Figures 3-6 clearly
show that the full pseudo-state constraints are not overstepped. The trajectories of actuator
nonlinearity outputv and control input u are depicted in Figures 7-14. Figure 15-18 explain

the trajectory behaviors of the tracking errors z, ,, j, =1,2, i=12. These Figures show that both

the tracking errors and outputs stay strictly within the constrained region.

Figures 3-18 clearly show that the transient responses are reasonable and the tracking errors
converge to zero in finite time without transgressing the constraints. What is more, these results
show that the proposed controller is capable of following a reference signal and possesses good
robustness in the presence of actuator nonlinearities, disturbances and uncertain dynamics. This

agrees with Theorem 1 and satisfactorily attests the efficiency of the proposed control scheme.
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20

15

10

— — Reference Signal yd1

— System Output y1
K, ystem Output y

Time (sec)

— — Reference Signal yd1
—— System Output y1

L

!

0 0.2

0.4

0.6

0.8

1

1.2

Time (sec)

Figure 3. Reference signal y, and System output y,.
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L—» — — Reference Signal yd2

20 T T T T T

15 F - - -

Ky, — — Reference Signal yd2
—— System Output y2

0 5 10 15 20 25 30 35 40
Time (sec)

10 .

8 — System Output y2 R

2 I L L I I .
0 02 04 06 08 1 12 14 16 18 2

Time (sec)

Figure 4. Reference signal y,, and System output y, .
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Time (sec)

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
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Figure 5. Trajectory of pseudo-state x,,
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Figure 6. Trajectory of pseudo-state x,,
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0F———-"— " —"—"—"—"—"—"—"— —"— — — — — — —

10 Control Input u11
— — Output of the actuator nonlinearities v11

-10 ]

-20 [ 1

230 ]

0 5 10 15 20 25 30 35 40
Time (sec)

Figure. 7. Output of actuator nonlinearities v,, and Control input u,,.

20 | Control Input u12
— — Output of the actuator nonlinearities v12

-10 ]

-20 1

-30 J

0 5 10 15 20 25 30 35 40
Time (sec)

Figure. 8. Output of actuator nonlinearities v,, and Control input #,,.

Page 51 of 83



20 | Control Input u13
— — Output of the actuator nonlinearities v13

-10 ]

-20 [ 1

230 ]

0 5 10 15 20 25 30 35 40
Time (sec)

Figure. 9. Output of actuator nonlinearities v, ; and Control input , ,.

Control Input u14
— — Output of the actuator nonlinearities v14

20 |

-10 ]
-20 1

-30 J

0 5 10 15 20 25 30 35 40
Time (sec)

Figure. 10. Output of actuator nonlinearities v,, and Control input u,,.
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Control Input u21
10 — — Output of the actuator nonlinearities v21 B

10 :

-20 [ 1

230 ]

0 5 10 15 20 25 30 35 40
Time (sec)

Figure. 11. Output of actuator nonlinearities v,, and Control input u,,.

20 Control Input u22
— — Output of the actuator nonlinearities v22

10 F ]

0 5 10 15 20 25 30 35 40
Time (sec)

Figure. 12. Output of actuator nonlinearities v,, and Control input u,, .
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20 Control Input u23
— — Output of the actuator nonlinearities v23

10 :

-20 [ 1

230 ]

0 5 10 15 20 25 30 35 40
Time (sec)

Figure. 13. Output of actuator nonlinearities v, ; and Control input u, ;.

20 Control Input u24
— — Output of the actuator nonlinearities v24

-20

-30 J

0 5 10 15 20 25 30 35 40
Time (sec)

Figure. 14. Output of actuator nonlinearities v,, and Control input u, , .
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Figure. 16. Tracking error z,,
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Figure. 17. Tracking error z,
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Figure. 18. Tracking error z,
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Example 2: (A Practical system: an electromechanical system [1, 47, 28])

Considering an electromechanical system, the dynamics of the system can be expressed as

follows

Dﬁl'jxl,_/ =S, (x, X d )’j =1....5
D‘S""xm = fi (x, v, d )

(20)
VI =T (”1 )
Yy =X,
where

» 6,=045, 5,=0.55, 6,,=035, 6,=0.65, 6,,=041and 6,,=0.59 are the system

fractional orders.

= ye~,x=x" € °,and u € stand for the system output, pseudo-state and input,

respectively, with x, = [xu ..... x| €

* The pseudo-states are limited in the sets -« <x <k, ,,j=1...,6, with

Ky, = 8+sin[3Lj] and x, = 9+COS(4ij’ and 7 €[0, 100].
cos(¢)sin (1+)

= d :|:d ..... d ]T €~ ° represents an external disturbance with d, , =
11 1,6 1,j 54

for j=1,...,6.
= The initial conditions of the system pseudo-states are fixed at
x(0)=[-5,758, -5 -5-526] .

* X, is the angular motor position (and hence the position of the load).

X, s1s the motor armature current.

u, 1s the input control voltage.

7, () € is a continuous function.
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Table 1 specifies the system parameters.

Table 1. System parameters.

Description Unit Value
Rotor inertia kg.m’ 1.625x107°
Link mass kg 0.506
load mass kg 0.434
Link length m 0.305
Load radius m 0.023
Gravity coefficient m/s? 9.8
Coefficient of viscous friction at the joint N.m.s/ rad 16.25%x10°3
Coefficient characterizing N.m/A 0.9
the electromechanical conversion
of
armature current to torque
Armature inductance H 0.025
Armature resistance Q 5
back-emf coefficient N.m/A 0.9

The outputs of input nonlinearities and system functions are represented as follows

=5, ifu, <=5
v, =qu,, 1f-5<u <4,
4, if u, >4

1)
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i (x, X, d ) =x,+d,,,

fia (x, X5, d ) =x,+d,,,

i3 (x, X 4. d ) =X, +d;, 22)
fra(x, x5, d ) =15.5764x,; —35.5391sinx,, ) - 0.28x, , +0.28cos(x, ; )sin (x5 )+ d, ,

Jis (x, X, d ) =X, +d 5

Sro(x v, d ) =40v, —36x,; —200x,

. . . . [t
The reference signal is specified as y, = 6sin (gj

From [8, 19, 25, 27, 35, 43, 50, 56, 69, 70], the outputs of actuator nonlinearities can be rewritten

as

vi=An, (”1)+A1,2 (23)

with, A, =- 1 + 2 sgn(u,), n(u,)=erf(u,) and A, ,being a bounded function.
, 2 2 1 1 1 B

It is easy to verify from this Example that Assumptions 1-2 are satisfied.

Our purpose here is designing an appropriate neural adaptive controller in order for system

output y to track the reference output y, without transgressing any of the pseudo-state

constraints, using the proposed method described in Section 3

Note that the proposed controller design algorithm is defined in Subsection 3.5.

Similar to [3, 15, 19, 21, 23-28, 32, 34, 47, 49, 51, 55, 58, 59], to model the unknown dynamics,

we employ RBF neural networks in the following simulation. In particular, the RBF neural
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network w, j*Tfl’ ; (gol’ j)utilizes 11+ j nodes in its hidden layer (i.e., ¢,; =11+ ;) with centers

a;

chosen in the area of [—10, 10]><---><[—10, lO]c”“c"f and widths being equal to 20, for
Jj=1...,6 . In reference to subsection 3.2, ¢, ; =8+4; denotes the input layer size of the neural

network, for j=1,...,6.

The appropriate function and design parameters for the controller, intermediate control and
: 1
adaptive laws are selected as, o = Eexp(—3t), X, =50+j+30 and b, =5+10j, [=1...5,

j=1...6.

The simulation is carried out with the initial conditionsél’j (0)=0, W, (0):0( and

¢,,(0)=1.06, for j=1,...,6.

114+ j)x1

The Simulation results for Example 2 obtained using the proposed adaptive control scheme are

shown in Figures 19-29. Figure 19 reveals that system output y effectively follows reference
signal trajectory y , with very short errors in a very short time. Figures 19-24 show that the full

pseudo-state constraints are not transgressed. The trajectories of actuator nonlinearity outputv
and control input u are depicted in Figure 25. Figures 26-31 elucidate the trajectory behaviors of

the tracking errors z, ;, j=1,...,6. From these Figures, it is observed that the outputs as well as

the tracking errors reside strictly within the constrained region.

Figures 19-31 clearly show that favorable control performances with fast convergences of the
tracking errors are attained, which means that the transient responses are reasonable and the
tracking errors tend to zero in finite time without violating the constraints. Furthermore, these
results show that the proposed controller is able to follow a reference signal and has good
robustness in the presence of actuator nonlinearities, disturbances and uncertain dynamics. These
concur with Theorem 1 and satisfactorily confirm the superiority and effectiveness of our

approach.
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— System Output y
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Figure 19. Reference signal y, and System output y.
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Figure 20. Trajectory of pseudo-state x,,
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Figure 21. Trajectory of pseudo-state x, ,
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Figure 22. Trajectory of pseudo-state x,,
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Figure 23. Trajectory of pseudo-state x,
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Figure 24. Trajectory of pseudo-state x, ¢
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Figure. 25. Output of actuator nonlinearities v, and Control input u, .
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Figure. 26. Tracking error z
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Figure. 27. Tracking error z,,
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Figure. 28. Tracking error z, ,
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Figure. 29. Tracking error z, ,
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Figure. 30. Tracking error z, ;
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Figure. 31. Tracking error z,

Remark 26. The Figures show that the tracking errors, system outputs and control inputs present
transient behaviors (overshoots and oscillations) before meeting the control target. This can
logically be due to:

—the Nussbaum function behavior (performing as a high gain controller)

—the absence of a priori information on the system variables and parameters,

—and the effects of actuator nonlinearities in the transient response.
Consequently, throughout the initial adaptation and estimation phases, the controller exhibits

oscillations and vibrations, which disappear over time. These types of vibrations and oscillations

naturally occur when employing adaptive controllers [1-13, 15-29, 32-39, 41-44, 46-48, 61, 62].
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5. Conclusion

In this paper, a new neural adaptive control scheme has been developed for a category of
factional-order non-square systems in the presence of Asymmetric pseudo-State Constraints,
actuator Nonlinearities and uncertain nonlinear dynamics. In the control design process, the
mean-value theorem, neural networks, Asymmetric time-varying barrier Lyapunov functions and
Nussbaum functions have been used to conquer the problems caused by input Nonlinearities,
uncertain nonlinear dynamics, pseudo-State Constraints and unknown control directions,
respectively. In addition, auxiliary variables and a new dynamic surface control method
grounded on Caputo fractional derivative definitions and fractional order filters have been
incorporated to cope with the issues of disturbance compensation and explosion of complexity.
The proposed adaptive control scheme is able to ensure that all signals in the closed-loop system
are semi-global practical finite-time stability and the tracking errors asymptotically converge to
zero without any constraint violations. Finally, some comparison and simulation results have
been carried out to illustrate the effectiveness of the proposed control scheme. In the future, the
event-triggered adaptive finite-time control issues will be studied for fractional order nonlinear

systems based on this article.

Acknowledgement. A. Ibeas is grateful to the Basque Government for its support through grant
IT1207-19.

Appendix 1. Proof of Lemma 3.

Note from [21, 28] that:

(0 0)

P ox.

! ‘t:O

Dx () <D’ f(x,(t).....x, (£))< ZI: o (x (t)axx (1))

1

D’x, (¢) and

sgn(tr(HO)) =1, if f(.) is convex with respect to the variables x,,...,x

n

. gaf(xl(t)a,);i..,x,,(z))D(sxi(t)S D (1), (t))ggaf(xl(t)é).ci..,xn(t))% D 1) and

sgn(tr(Ho)) =-1,if f() is concave with respect to the variables x,,...,x, .
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f(x,.x,) O°f(x.....x,) O*f (xp,..0x,)
ox,” Ox,0x, Ox,0x,
Of(x,...x,) O f(x,....x,) o f (x.....x,)
where H, = O, 0x, o’ 0, 0x,, is the Hessian matrix of the
82f(x1 ..... xn) 62f(xl ..... xn) 62f (xl ..... xn)
Oox, 0x, Ox,0x, ox,”

function f(.).

Based on the above results, it is deduced that

n Of (x,(¢),..., x, (t i
sgn(tr(H,)) Y. L )ax ) Dx, (1) <sgn(tr(H,)) D £ (x, (1), (1))
. ’ =0 (AL1)
n 0 i
Ssgn(tr(HO))z f(xl (t)ax al (t))Dbx,.(t)
i=1 i
if f () is convex or concave with respect to the variables x,,...,x, .
U
Appendix 2. Proof of Lemma 7
We have
V()=0 (A2.1)
DV (1) <=LV (1)+1, '

2 o S5
Sincea—2 _L l—exp| — ay >0, the function _L l—exp| — ay is convex
or| L, I'(1+96) l, I(1+95)

with respect to the variable ¢.
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Using Definition 2, Properties 1-2, and Lemmas 3, 11, the following relations hold

DV (0)=0

sl Gl [ ~ o D°t°

D[ 7 [l exl{ r(1+5)m< fze"p( r(1+5)}r(1+5) (A2.2)
D°t° 1

F(1+5)_

From (A2.1) - (A2.2), it can be verified that

D°| (1) =1 (0) =2 | 1= exp| =2 || | <=7 () £, — #exp| -—22" (A2.3)
l, I(1+6) r(1+5)

In addition, one has

V(t)—V(O)—i—{l—expL— b J]:o, ifr=0

1 r(1+9)

DﬁlV(t)—V(O)—%{l‘eXp ‘r(gff )m<o’ifV(t)>%{l_exp£_F(gllf5)ﬂ (A24)

o
V(t)sV(O)+i—?{l—exp(—r(gllf§)ﬂ, ifV(t)Si—?{l—exp{—rélfé) ]

Then, based on the last inequalities (A2.3) - (A2.4) and Property 4, it can be written that

V(t)SV(O)+i—{l—exp{— il H V120 (A2.5)

: I(1+95)
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Appendix 3. Proof of Lemma 8

We have
V(x) >0
A3.1
D‘sV(x)S—foV(x)—&Vz(x)—fl%h@z (A31)

2
Let Q ={x|V(x)> 1, }and Q, :{x| V(x)é@} be two sets, where (, = L;T‘)j L by,
3

strictly positive constant.

There are two cases to be considered.

In the first case, suppose x € Q, and therefore (A3.1) can be expressed as

V(x) +0 (A3.2)
<-{, +€‘—U
4
with V, (1)=D°"V (x) . Vt20.
Afterwards, integrate the above inequality (A3.2) and we get
OsVl(t)SVI(O)—ElHj—'IO[G(T)dT (A3.3)
4

Since I (j o (7)dris bounded, there is a strictly positive constant /,such that J-Ot o(r)dr<(,.

~

RAC,

Hence, when ¢ > —
l, ’

, wehavex e (), .

In the second case, suppose x € (2,

Consequently, based on case 1, the trajectory of the system x(t) does not exceed the set Q, .
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It can be deduced that the solution for D°x = f (x) is bounded in finite time.

Appendix 4. Proof of Lemma 9

We have

Da‘ (t)=b|a(t)-a‘(t)] (A4.1)

Let () =a‘(t)—a(t)and select the Lyapunov candidate V' =

a (1)
2

From Lemma 3 and (A4.1), one has

<-ba’(t)-a(t)D’a(r) (A4.2)

: .. 1
where (and M, are strictly positive constants such that /> —= and ‘D‘sa(t)‘ <M,.

2Jb

Moreover, it follows from the above inequality (A4.2) and Lemma 7 that

) 4 M (4b0 -1)r°

Taking the fractional time derivative of order & of both side of D°a*(1)= b[a (1)-a (t)] , We

have D*°a* (t) =b [D§a (z‘) -D’a’ (t)] .
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It can be deduced that D*’a°(¢)is bounded by employing the boundedness of D’c/(t)and

D’af (t)
i _ [Dat T
Let D°a(t)=D’a‘(t)—D°a(t) and choose the Lyapunov candidate V; = —— one has

D°V;<D’a(t)D*a(t)
<-b[D’a(1)] [ D’a(t)|[ D*a(1)] (A4.4)
s-(zb— ! )V5+€2M2

207

where M is a strictly positive constant such that ‘Dwa (t)‘ <M.

In addition, it can be obtained from the above inequalities (A4.4) and Lemma 7 that

‘Dﬁac (1)-D’a (t)‘ < \/(D‘ya(o))z + ::;?/[_21 {1 exp[%ﬂ (A4.5)
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Appendix 5. Proof of Lemma 10

From Definitions 1-2, we get

D* [:“1 Qe (t)] - F(11—5 .[ot 1 )i )b (2 )uas) d

(o) i
D° [M J’ /Jl
D[, (1) j w'( (A5.1)
D_a:ul J. IUI 15

Since 4 (¢)and u, (¢)are monotonic functions, the following inequalities are therefore satisfied

for any time instants 0 <7 <¢

sgn au(;t(t) aﬂgt(t) I::uz (0) —H (T)] H, ,(T) <0
sen| D (0) ()] () <0
son| D ED I (1) (0] (1) 0
20 1) 20 () , Y
sgn o Py [,ul(r)—,u1 (t)],u2 (T)SO
I:lul (0) H, (T)] sgn alu(;t(t)J <0

Page 77 of 83



Using the above inequalities (AS5.1) - (A5.2) and analysis, we can conclude that

010 i 0] 100 | 2402200)

ot ot
O, (1) Opy (1) ) s
<san PP 1))
ou, (t) o, (t
S[ﬂl(t)D [ﬂz(t)]+/‘2(t)D [M(t)ﬂsgnﬂ Iuat() #82‘( )j (A5.3)
o (1) A (1)) s
Sgn[ or ]”I(O)F(CSH)SSgn( o )P L)
a;ul(t) t°
Ssgn( a jﬂl(z)r(éﬂ)
m
Appendix 6. Proof of Lemma 12
We have
{os V. <V,
(A6.1)
c=0
From (A6.1), one has
T, <
o v o o(hh)
Vi,+o V2+0_(V2+0)(V1+0')
<0 (A6.2)

2=t =V, =1)(V+7,).
<0
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Therefore, from (A6.2), we get the following inequality

Vs 4
— < -
V,+o Vi+o
<N

Appendix 7. Proof of Corollary 1

According to [21], the following inequalities are satisfied

D‘slog[luz (t)] =-D’log(u, (1)) <-

H, (t) H, (t

e
e
<2 B ) )20 0| L
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Appendix 8. Proof of Corollary 2

In accordance with Lemma 3 and Corollary 1, one consequently obtain

2n
1 Wt 1 1
2_D510g 2n : ( )Zn - 2_Da10g 2n
n H (t)_lul (t) h - /Jl(t)
Hs (t)
2n
1 1 (¢
<> _ |p° (1) (A8.1)
() 145 (t)
Hs (t)
2n-1
H (t ) ) M, (t) o
- 2n 2n D ’ul(t) 'Ll3(0) 2 D ’Ll3(t)
H, ([)_fu1 (t) H, (t)
O
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