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1. Introduction

Several decades ago Santaló studied in [12] the functional

x ∈ int(K) �→ |(K − x)◦| (1.1)

associated to any convex body K of Rn. Here | · | denotes the Lebesgue measure of Rn, 
and A◦ = {y ∈ Rn | 〈x, y〉 =

∑n
i=1 xiyi ≤ 1 ∀x ∈ A} is the polar set of a convex body A. 

He found that this functional is proper and strictly convex. Consequently, there exists 
a unique minimizing point s(K) in the interior of K, known nowadays as the Santaló 
point of K. Along the way, Santaló computed the derivative of (1.1) and showed that

d

dt

∣∣∣∣
t=0

|(K − tv)◦| = (n + 1) 〈c(K◦), v〉 (1.2)

where c(K◦) =
∫
K◦ x dx is the centroid of the polar body K◦ and v any vector in Rn. 

Therefore s(K) lies at the origin if and only if c(K◦) lies at the origin. Determining the 
Santaló point of a given convex body can be a difficult question, so this characterization 
is particularly useful.

As the Lebesgue measure coincides with the n-dimensional Hausdorff measure of Rn, 
it is natural to consider the following functional similar to (1.1)

x ∈ int(K) �→ H n−1(∂(K − x)◦), (1.3)

where H n−1 denotes the (n − 1)-dimensional Hausdorff measure, and look for possible 
minimizing points.

More generally, let V be an n-dimensional real vector space. To any convex body B in 
V that contains the origin in its interior is associated a unique (asymmetric) norm ‖ · ‖B
whose unit ball is precisely B. The restriction of ‖ · ‖B to any hypersurface defines a 
Finsler metric whose corresponding Holmes-Thompson (n −1)-volume (or area in short) 
will be denoted by AB(·). If K is a convex body in (V, ‖ · ‖B), we can consider its dual 
body K∗ = {p ∈ V ∗ | p(x) ≤ 1 ∀x ∈ K} as a convex body of the dual normed vector 
space (V ∗, ‖ · ‖B∗) and focus on the associated Holmes-Thompson area of its boundary 
sphere, that is the quantity AB∗(∂K∗). In the special case where V = Rn and B is the 
Euclidean unit ball, we have AB∗(∂K∗) = H n−1(∂K◦). Therefore functional (1.3) turns 
out to be a particular case of the functional

x ∈ int(K) �→ AB∗(∂(K − x)∗).

A minimizing point of this functional will be called a Santaló point of K for the Holmes-
Thompson area in (V, ‖ · ‖B).

In this paper we first prove existence and uniqueness of Santaló points for the Holmes-
Thompson area in any normed vector space whose unit ball is of class C1.
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Theorem 1.1. Let K be a convex body in a finite-dimensional real normed vector space 
(V, ‖ · ‖B) whose unit ball B is of class C1. The functional

x ∈ int(K) �→ AB∗(∂(K − x)∗)

is strictly convex and proper on the interior of K.
In particular there exists a unique minimizing point SB(K) ∈ int(K) for this func-

tional.

In case the unit ball is no longer of class C1, the above functional is still convex (and 
proper) on the interior of K, but strict convexity is no longer guaranteed. Therefore, 
Santaló points do exist but are no longer necessarily unique. In section 3, our study goes 
far beyond the C1-regularity, and we give precise necessary and sufficient conditions for 
the uniqueness. For example, when the unit ball B is a polytope there is always a convex 
body K with an infinite set of Santaló points, as illustrated in the concrete Example 3.5. 
On the bright side, uniqueness is always ensured without any regularity assumption in 
the special case where unit ball and convex body coincide. Using the duality formula 
AB∗(∂K∗) = AK(∂B) discovered by [6], we restate this result as follows.

Theorem 1.2. Let (V, ‖ · ‖B) be any finite-dimensional real normed vector space. The 
functional

x ∈ int(B) �→ AB−x(∂(B − x))

admits a unique minimizing point SB(B).

Rephrasing the theorem above, there exists a unique translation of the unit ball of a 
given normed vector space minimizing its own Holmes-Thompson boundary area.

In addition, by invariance properties of the Holmes-Thompson area, the map 
B → SB(B) is affinely equivariant, that is

STB(TB) = T (SB(B))

for any invertible affine map T . Therefore this map defines a new affine-invariant point 
in the sense of [5]. See subsection 3.3 for more details.

In order to characterize SB(K), we study the first variation of the above functional. 
Assuming that the normed vector space (V, ‖ · ‖B) is Minkowski, i.e. ∂B is smooth 
and positively curved (that is, with strictly positive sectional curvature), we obtain an 
interesting formula closely resembling (1.2) and involving some classical notions from 
affine differential geometry.

Given x ∈ ∂B, recall that the affine normal line is a canonical 1-dimensional vector 
subspace Nx ⊂ V transverse to Tx = Tx∂B, which behaves equivariantly under linear 
transformations of ∂B. We thus have the decompositions
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V = Tx ⊕Nx and V ∗ = N⊥
x ⊕ T⊥

x .

Let us consider the isomorphism N⊥
x � T ∗

x given by φ �→ φ|Tx
, and the projection 

πx : V ∗ → N⊥
x with kernel kerπx = T⊥

x . Pick an arbitrary smooth measure μ on ∂B and 
consider the Lebesgue measure μx on Tx, and its dual measure (μx)∗ on T ∗

x . Let νx be 
the Lebesgue measure on N⊥

x � T ∗
x corresponding to (μx)∗.

Definition 1.3. Let K be a convex body in a Minkowski space (V, ‖ · ‖B). Using the 
previous notation, we define

CB(K∗) =
∫
∂B

(∫
πx(K∗)

q dνx(q)
)

dμ(x).

Note that the inner integral is the centroid of the projection πx(K∗) with respect to 
νx and belongs to V ∗. It is easy to see that CB(K∗) does not depend on the choice of μ.

Our third main result is the following.

Theorem 1.4. Let K be a convex body in a Minkowski space (V, ‖ · ‖B). Then for any 
v ∈ V we have

d

dt

∣∣∣∣
t=0

AB∗(∂(K − tv)∗) = n + 1
εn−1

〈CB(K∗), v〉 . (1.4)

In particular SB(K) lies at the origin of V if and only if CB(K∗) lies at the origin of 
V ∗.

Here εn−1 denotes the Euclidean volume of an (n −1)-dimensional unit Euclidean ball 
and 〈·, ·〉 the canonical duality pairing. Note the similarity with formula (1.2).

In the particular case of a convex body in an Euclidean space, both theorems sum up 
into the following.

Corollary 1.5. Given a convex body K in Rn, there exists a unique point S(K) ∈ int(K)
minimizing the functional

x ∈ int(K) �→ H n−1(∂(K − x)◦).

Furthermore, this point lies at the origin if and only if the following average of centroids 
of orthogonal projections of its polar body

C (K◦) =
∫
Sn−1

(∫
π
x⊥ (K◦)

y dλ(y)
)

dσ(x)

lies at the origin.
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Here πx⊥ denotes the orthogonal projection onto the hyperplane orthogonal to x, and 
σ, λ denote respectively the canonical measure on Sn−1 and the Lebesgue measure on 
x⊥ induced by the standard Euclidean structure.

This paper is organized as follows. In section 2 we collect some material on the Holmes-
Thompson volume, and present a Crofton formula for the Holmes-Thompson area of a 
hypersurface in a Minkowski space due to [1]. This formula will be decisive to show 
(1.4). In section 3 we prove Theorems 1.1 and 1.2. The next three sections are devoted 
to the proof of Theorem 1.4. The strategy consists of using the above mentioned Crofton 
formula which describes the Holmes-Thompson area of ∂K∗ as an integral on the set 
of lines intersecting K∗. In order to compute its first variation under translations, we 
first use the boundary sphere ∂B to construct a parametrization space for the oriented 
affine lines of the dual vector space in terms of intersections of affine hyperplanes. We 
then show how to rewrite the measure involved in Álvarez Paiva’s formula in this new 
space. The effect of translations is then simple to describe which allows us to compute 
the first variation of the area. So after shortly recalling in section 4 some classical notions 
of equiaffine differential geometry, we define the parametrization space in section 5 and 
show how to rewrite the measure of lines in this new setup. In the last section 6 we 
compute the first variation of the Holmes-Thompson area and obtain formula (1.4).

Acknowledgments

We would like to thank the referee for valuable comments.

2. Background on the Holmes-Thompson notions of volume and area

In this section we collect some material on the Holmes-Thompson notions of volume 
and area. The two major tools we will use in the sequel are a Crofton type formula due 
to Álvarez Paiva and presented in Proposition 2.1, and a duality formula due to Holmes 
& Thompson stated in Proposition 2.3.

2.1. Holmes-Thompson volume on continuous Finsler manifolds

Let M be a smooth manifold M of dimension k endowed with a continuous Finsler 
metric F : TM → [0, ∞), that is a continuous function which is positively homogenous 
of degree 1 outside the zero section and such that for all x ∈ M the subsets of TxM

Dx(M,F ) := {v ∈ TxM | F (x, v) ≤ 1}

are convex bodies containing the origin in their interior (or equivalently, F is a continuous 
function whose restriction to each tangent space TxM is a norm, possibly asymmetric). 
For any measurable set A ⊂ M denote by D∗(A, F ) the unit co-disc bundle over A
consisting of the disjoint union of the dual bodies Dx(M, F )∗ ⊂ (TxM)∗ for x ∈ A. 
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The Holmes-Thompson volume of the measurable set A in (M, F ) is then defined as the 
following integral:

V(A,F ) = 1
k!εk

∫
D∗(A,F )

ωk
M

where ωM denotes the standard symplectic form on the cotangent bundle T ∗M . If ρ
denotes any non-vanishing k-density on M , then

V(A,F ) =
∫
A

|Dx(M,F )∗|∗ρx

εk
ρx

where | · |∗ρx
is the dual Lebesgue measure on T ∗

xM of the Lebesgue measure | · |ρx
on 

TxM associated to ρ. More precisely, | · |ρx
is the Lebesgue measure on TxM normalized 

to give volume 1 on a parallelotope spanned by a base v1, . . . , vk of TxM for which 
ρx(v1, . . . , vk) = 1, and | · |∗ρx

is the Lebesgue measure on T ∗
xM normalized to give 

volume 1 for the parallelotope spanned by the covectors ξ1, . . . , ξk ∈ T ∗
xM forming a 

base which is dual to (v1, . . . , vk).

2.2. Holmes-Thompson volume and area in normed spaces

Let B be a convex body in an n-dimensional real vector space V that contains the 
origin as an interior point. The associated norm ‖ ·‖B defines a continuous Finsler metric 
on the manifold V whose Holmes-Thompson volume satisfies for any compact set A the 
equality

V(A, ‖ · ‖B) = |A| |B∗|∗
εn

where | · | and | · |∗ are respectively the measure and its dual measure associated to some 
translation-invariant density on V . We will denote shortly V(A, ‖ · ‖B) by VB(A).

In the case where V = Rn we find that VB(A) = |A| |B◦|/εn. In particular the Finsler 
volume VB(B) of the convex body B itself coincides with its volume product up to the 
constant 1/εn.

It turns out that the associated norm ‖ ·‖B also permits to define for any hypersurface 
M ⊂ V (and, more generally, for any smooth submanifold of V ) a continuous Finsler 
metric FB : TM → [0, ∞) by simply setting FB(x, v) = ‖v‖B . We will denote shortly 
V(M, FB) by AB(M) and speak of the Holmes-Thompson area of M . This notion of area 
extends to boundaries of convex bodies. For this recall that the set of singular boundary 
points (those for which the supporting hyperplane is not uniquely defined) of a convex 
body K in V is of (n − 1)-dimensional Hausdorff measure zero, see [9]. Therefore the 
formula

AB(M) =
∫ |(TxM ∩B)∗|∗ρ

ρ(x) (2.1)

M εn−1
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where ρ denotes any translation-invariant (n − 1)-density on V makes sense when 
M = ∂K is the boundary of a convex body K. Moreover, if Kn → K is a sequence 
of smooth convex bodies that converges in the Hausdorff metric to a convex body K, 
then AB(∂Kn) → AB(∂K) (see Remark 2.2).

2.3. Crofton formula for hypersurfaces in Minkowski spaces

In case the normed space (V, ‖ · ‖B) has smoothness and strict convexity properties, 
the Holmes-Thompson area of hypersurfaces admits a Crofton formula due to Alvarez-
Paiva (cf. [1]) that we present next. We refer to [13] for a very complete survey on the 
integral geometry of normed spaces.

Let B be a convex body of V that contains the origin as an interior point, and suppose 
∂B is smooth and positively curved. Then the associated normed space (V, ‖ · ‖B) is said 
to be Minkowski. In that case its dual body also has smooth and positively curved 
boundary, and the dual Legendre transform

L∗ : ∂B∗ → ∂B

is a well defined diffeomorphism. Recall that L∗(p) is defined as the unique x ∈ ∂B

such that p(x) = 1. Denote by G+(V ) the space of oriented affine lines in V whose 
elements are denoted by x + 〈v〉+ where x is a point in V and 〈v〉+ is the 1-dimensional 
vector subspace of V spanned and oriented by a vector v. In particular according to this 
notation x + 〈v〉+ = y + 〈w〉+ if and only if there exists (t, s) ∈ R × R>0 such that 
y = x + tv and w = sv. Now consider the projection map

π : V × ∂B∗ → G+(V )

(x, p) �→ x + 〈L∗(p)〉+.

Recall that ωV denotes the standard symplectic form of T ∗V and denote by
i : V × ∂B∗ ↪→ T ∗V the canonical inclusion. It is well known that there exists a unique 
symplectic form ωB on G+(V ) such that π∗ωB = i∗ωV , see [3,4]. Here is the Crofton 
formula associated to this symplectic form.

Proposition 2.1 (Álvarez Paiva). The Holmes-Thompson area of a compact immersed 
hypersurface M in a Minkowski space (V, ‖ · ‖B) satisfies the following formula:

AB(M) = 1
2 (n− 1)! εn−1

∫
G+(V )

#(L ∩M)ωn−1
B .

Applying this formula to the boundary of a smooth convex K in V we obtain the 
following formula:

AB(∂K) = 1
(n− 1)! ε

∫
ωn−1
B .
n−1 {L : L∩K �=∅}
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By continuity we see that this formula still holds when the convex body K is not neces-
sarily smooth.

Proposition 2.1 was first stated in [1] (see [2, Theorem 3.1]) more generally for im-
mersed hypersurfaces in reversible Finsler manifolds whose space of oriented geodesics 
is a smooth manifold. We include the proof here for the reader’s convenience as well to 
check that it is still true in our context without the reversibility assumption.

Proof. First note that if H ⊂ V is a linear subspace, then (B ∩H)∗ = rH∗(B∗) where 
rH∗ : V ∗ → H∗ denotes the restriction morphism defined by rH∗(p) = p|H . Thus

D∗(M,FB) = {(x, p) ∈ T ∗M | x ∈ M and p ∈ (B ∩ TxM)∗}

= {(x, p) ∈ T ∗M | x ∈ M and p ∈ r(TxM)∗(B∗)}

= {(x, p) ∈ T ∗M | x ∈ M and p ∈ r(TxM)∗(∂B∗)}

= PM (M × ∂B∗)

where

PM : M × ∂B∗ → D∗(M,FB)

(x, p) �→ (x, p|TxM ).

Therefore, by the coarea formula

(n− 1)! εn−1 AB(M) =
∫
D∗(M,FB)

ωn−1
M = 1

2

∫
M×∂B∗

|P ∗
Mωn−1

M |.

Here |η| denotes the density given by the absolute value of a top differential form η. 
Now observe that P ∗

MωM = i∗ωV (as both are the exterior derivative of the tautological 
one-form) which implies, using the identity i∗ωV = π∗ωB and the coarea formula again, 
that

2 (n− 1)! εn−1 AB(M) =
∫
M×∂B∗

|π∗ωn−1
B | =

∫
G+(V )

#(L ∩M)ωn−1
B . �

Observe that we obtain by the way the following formula for Holmes-Thompson area:

AB(∂K) = 1
2 (n− 1)! εn−1

∫
∂K×∂B∗

|i∗ωn−1
V |. (2.2)

Remark 2.2. We easily check from the above formula that if Kn, Bn are sequences 
of convex bodies that converge in the Hausdorff metric to K,B respectively, then 
ABn

(∂Kn) → AB(∂K).
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2.4. Holmes-Thompson duality formula

To conclude this section let us recall the following duality principle for the Holmes-
Thompson area of convex bodies.

Proposition 2.3 (Holmes & Thompson). Let K and B be two convex bodies in V that 
contain the origin in their interior. Then

AB∗(∂K∗) = AK(∂B).

Proof. This was first observed by Holmes and Thompson in [6]. Here is a quick argument:

AK(∂B) = 1
2 (n− 1)! εn−1

∫
∂B×∂K∗

|ωn−1
V |

= 1
2 (n− 1)! εn−1

∫
∂K∗×∂(B∗)∗

|ωn−1
V ∗ |

= AB∗(∂K∗),

where we have abusively denoted i∗ωV by ωV . �
3. Strict convexity and properness

In this section we prove both Theorem 1.1 and Theorem 1.2 which we merge in a 
same statement as follows using Proposition 2.3.

Theorem 3.1. Let B and K be two convex bodies of a finite-dimensional real vector space 
V . Suppose that either (i) ∂B is of class C1, or (ii) K = B. The functional

x �→ AK−x(∂B)

is strictly convex and proper on the interior of K.
In particular there exists a unique minimizing point SB(K) ∈ int(K) for the Holmes-

Thompson area of the boundary sphere of (K − x)∗ in (V ∗, ‖ · ‖B∗).

We split the proof into two subsections. The first concerns the strict convexity of the 
functional above. The second proves the properness of the functional, using an isoperi-
metric inequality between Holmes-Thompson notions of volume and area. In a third 
subsection we explain why the map B �→ SB(B) gives rise to an affine-invariant point. 
Finally, in the last subsection we further explore conditions which ensure the strict con-
vexity beyond conditions (i) and (ii).
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3.1. Proof of the strict convexity

After fixing some isomorphism V � Rn, we can use the standard Euclidean structure 
to identify the dual body A∗ with the polar body A◦ of any convex body A containing 
the origin as an interior point, and rewrite

AK−x(∂B) =
∫
∂B

|(Ty∂B ∩ (K − x))◦|n−1

εn−1
dλn−1(y) (3.1)

using formula (2.1). Here we have denoted by

• dλn−1 the (n − 1)-dimensional volume element induced on hypersufaces by the Eu-
clidean structure

• |C|n−1 =
∫
C
dλn−1 the (n − 1)-Hausdorff measure of any compact domain C con-

tained in some hyperplane.

Recall that a point y in the boundary of a convex body B is said to be regular if there 
is a unique supporting hyperplane y+H(y, B) of B at y. The set regB ⊂ ∂B of regular 
points has (n −1)-Hausdorff measure H n−1(regB) = H n−1(∂B) (see [9]), and the map

y ∈ regB �→ H(y,B) ∈ Grn−1(Rn)

is continuous (cf. [14, Lemma 2.2.12]). Here Grk(Rn) denotes the set of all vector k-
planes in Rn. Hence, the push-forward of the (n − 1)-Hausdorff measure H n−1 by this 
map is well defined and we denote by μ∂B this measure on Grn−1(Rn). The measure 
μ∂B coincides with the push-forward of the classical surface area measure of B (which is 
a measure on the sphere Sn−1) using the standard two folding map Sn−1 → Grn−1(Rn).

Consider the functional

fK : Grn−1(Rn) × int(K) → (0,∞)

(H,x) �→ |(H ∩ (K − x))◦|n−1

which is continuous as a composition of continuous maps.

Lemma 3.2. For any H ∈ Grn−1(Rn), the function x �→ fK(H, x) is convex on int(K).

Proof. By [14, eqs. (1.52) & (1.53)], in an m-dimensional Euclidean vector space 
(W, 〈·, ·〉), the Lebesgue measure of any convex body C can be computed using the 
formula

|C|m = 1
m

∫
m−1

(
1

h ◦(u)

)m

dλm−1(u),

S (W ) C
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where Sm−1(W ) denotes the unit sphere in (W, 〈·, ·〉) and hC◦ is the support function of 
the polar body C◦, defined for any x ∈ W by hC◦(x) = max{〈x, y〉 | y ∈ C◦}. Therefore

fK(H,x) = 1
n− 1

∫
Sn−2(H)

(
1

hH∩(K−x)(u)

)n−1

dλn−2(u).

Now observe that ∀u ∈ Sn−2(H) the function x �→ hH∩(K−x)(u) is concave as for any 
λ ∈ (0, 1) and x1, x2 ∈ int(K) we have

hH∩(K−λx1−(1−λ)x2)(u) = max{〈u, z〉 | z ∈ H ∩ [λ(K − x1) + (1 − λ)(K − x2)]}
≥ max{〈u, z〉 | z ∈ λ[H ∩ (K − x1)] + (1 − λ)[H ∩ (K − x2))]}
= λhH∩(K−x1)(u) + (1 − λ)hH∩(K−x2)(u).

The function t �→ 1/tn−1 being strictly convex on (0, ∞), we get that the function

x �→
(

1
hH∩(K−x)(u)

)n−1

is convex. So fK(H, ·) is also convex as an integral of convex functions. �
For any x1 �= x2 ∈ int(K) let us define StrcvxK(x1, x2) ⊂ Grn−1(Rn) as the set of 

hyperplanes H such that

fK(H,x1) + fK(H,x2) − 2 fK(H, (x1 + x2)/2) > 0. (3.2)

Observe that StrcvxK(x1, x2) is an open set by continuity of fK . Furthermore, for a fixed 
H, we know by [12] that for any x0 ∈ int(K) the map x �→ fK(H, x +x0) is strictly convex 
on H ∩ int(K − x0). So in particular, we always have StrcvxK(x1, x2) �= ∅ as it contains 
any hyperplane H containing x2−x1. Now let us say that (x1, x2) ∈ int(K) × int(K) \Δ
is a cylindrical pair for K if StrcvxK(x1, x2) �= Grn−1(Rn). Here Δ denotes the diagonal 
subset. We denote by Cylpair(K) ⊂ int(K) × int(K) \ Δ the subset of cylindrical pairs 
associated to K. The term cylindrical pair is justified by the following result.

Lemma 3.3. For any (x1, x2) ∈ Cylpair(K), we can find a hyperplane H ∈ Grn−1(Rn)
and a convex body C of H such that

H ∩ (K − x) = C

for any x ∈ [x1, x2]. Equivalently, we have that (H + [x1, x2]) ∩K = C + [x1, x2].

Proof. Picking H /∈ StrcvxK(x1, x2) we get that

fK(H,λx1 + (1 − λ)x2) = λfK(H, (x1) + (1 − λ)fK(H,x2)



12 F. Balacheff et al. / Advances in Mathematics 397 (2022) 108118
for λ = 1/2 and thus for all λ ∈ (0, 1). It follows by the proof of Lemma 3.2 that 
∀u ∈ Sn−2(H) and ∀λ ∈ [0, 1]

hH∩(K−x1)(u) = hH∩(K−λx1−(1−λ)x2)(u).

Therefore there exists a convex body C of H such that H ∩ (K − z) = C for any 
z ∈ [x1, x2]. Equivalently, we have that (H + [x1, x2]) ∩K = C + [x1, x2]. �

The following result describes how cylindrical pairs of K should interact with the 
support of μ∂B to ensure strict convexity for the Holmes-Thompson area. Recall that 
the support supp(μ) of a Borel measure μ is the intersection of all closed sets of total 
measure.

Proposition 3.4. The map x �→ AK−x(∂B) is strictly convex on int(K) if and only if 
supp(μ∂B) ∩ StrcvxK(x1, x2) �= ∅ for every pair (x1, x2) ∈ Cylpair(K).

Observe that supp(μ∂B) ∩ StrcvxK(x1, x2) �= ∅ for every (x1, x2) /∈ Cylpair(K) as 
StrcvxK(x1, x2) = Grn−1(Rn) in this case. So we can replace “for every pair (x1, x2) ∈
Cylpair(K)” by “for every x1 �= x2 ∈ int(K)” in the proposition above.

Proof. The integral of a non-negative continuous function against a Borel measure is 
positive if and only if the support of the measure meets the interior of the support of 
the function. Therefore, fixing x1 �= x2 ∈ int(K), we get that

AK−x1(∂B) + AK−x2(∂B) − 2 AK−(x1+x2)/2(∂B)

= 1
εn−1

∫
Grn−1(Rn)

[fK(H,x1) + fK(H,x2) − 2 fK(H, (x1 + x2)/2)] dμ∂B(H)

is positive if and only if StrcvxK(x1, x2) meets supp(μ∂B). �
We are now ready to prove the strict convexity part of Theorem 3.1.

Proof of the strict convexity in Theorem 3.1. (i) Suppose first that ∂B is of class C1. 
Thus supp(μ∂B) = Grn−1(Rn) which implies that the map x �→ AK−x(∂B) is always 
strictly convex on int(K) according to Proposition 3.4.

(ii) Suppose now that K = B. By Proposition 3.4 we need to prove that 
supp(μ∂B) ∩ StrcvxB(x1, x2) �= ∅ for every (x1, x2) ∈ Cylpair(B).

By Lemma 3.3, given any (x1, x2) ∈ Cylpair(B), there exists H ∈ Grn−1(Rn) and C a 
convex body in H such that (H+[x1, x2]) ∩B = C+[x1, x2]. Let μ∂C be the push-forward 
measure of the surface area measure of C by the quotient map Sn−2(H) → Grn−2(H). 
Take any G ∈ supp(μ∂C), and consider the hyperplane H ′ = G ⊕ span(x2 − x1). Since 
x2 − x1 ∈ H ′, we know by [Santaló,1949] that H ′ ∈ StrcvxB(x1, x2). Let N be any open 
neighborhood of H ′ in Grn−1(Rn). Let us prove that μ∂B(N) > 0. Consider the map
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ι : Grn−2(H) → Grn−1(Rn)

F �→ F ⊕ span(x2 − x1)

which is continuous. Since ι−1(N) is open and contains G ∈ supp(μ∂C) we have 
μ∂C(ι−1(N)) > 0. Let U be the set of regular points of ∂B with supporting hyper-
plane inside N , and let V ⊂ ∂C consist of the regular points of ∂C with supporting 
hyperplane in ι−1(N). By [11, Theorems 25.1 and 25.5], there exists an injective C1-map 
ϕ defined on some measurable set D ⊂ Rn−2 and such that ϕ(D) = V . Set

ϕ̄ : D×]x1, x2[ → V +]x1, x2[⊂ U

(y, x) �→ ϕ(y) + x.

Observe that the Jacobians of ϕ and ϕ̄ satisfy the inequality Jacx ϕ̄ ≥ Jacx ϕ ·sinα where 
α denotes the angle between x2 − x1 and H. Therefore we have

μ∂B(N) = H n−1(U) ≥
∫
D×]x1,x2[

Jacxϕ̄

≥ |x2 − x1| · sinα ·
∫
D

Jacxϕ

= |x2 − x1| · sin(α) · H n−2(V )

= |x2 − x1| · sin(α) · μ∂C(ι−1(N)) > 0,

as claimed. This implies that H ′ ∈ supp(μ∂B). Since also H ′ ∈ StrcvxB(x1, x2), this 
proves strict convexity in case (ii). �
Remark 3.5. We now present an example of two convex bodies K and B in the plane R2

such that the functional x �→ AK−x(∂B) is convex but not strictly convex:

Observe that supp(μ∂B) consists of the two directions x = y, x = −y each of weight 
2
√

2. It is easy to check that the interior of the shaded area corresponds to points (x, y)
where the functional t �→ AK−(x+t,y)(∂B) is constant for small values of t. By symmetry 
we deduce that this functional achieves its minimum on any point lying on the black 
segment.
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3.2. Proof of the properness

In order to prove Theorem 3.1, it remains to show that the map is proper on the 
interior of K. This holds without any assumption on the convex body B, and easily 
follows from the well-known fact that the map x �→ VK−x(B) is proper on the interior of 
K and the following generalization of the classical isoperimetric inequality to asymmetric 
Minkowski spaces.

Proposition 3.6 (Isoperimetric inequality for Holmes-Thompson volume). Let B and K
be two convex bodies of an n-dimensional real vector space V . Suppose that K contains 
the origin as an interior point. Then

AK(∂B)n

VK(B)n−1 ≥ (4n)n

n!εn
.

This inequality is stated in [15, Theorem 6.6.4] in the case where K is symmetric. 
The proof straightforwardly generalizes to the non-symmetric case so we briefly survey 
the arguments.

Proof. After fixing some isomorphism V � Rn, we identify the dual body A∗ of any 
convex body A containing the origin as an interior point with its polar body A◦. First 
recall that (compare with [15, Theorem 5.2.2])

AK(∂B) = n · V (B[n− 1], IK)

where V denotes the mixed volume and IK the isoperimetrix convex body defined as the 
unique symmetric convex body with support function

hIK (u) = |πu⊥(K◦)|/εn−1 = |(K ∩ u⊥)◦|/εn−1. (3.3)

Observe that IK is a zonoid according to [14, Formula 5.80 and Theorem 3.5.3].
Next we check that

AK(∂B)n

VK(B)n−1 ≥ AK(∂IK)n

VK(IK)n−1 .

Indeed as AK(∂IK) = n|IK | and VK(B) = |B||K◦|/εn, the above inequality is equivalent 
to

V (B[n− 1], IK)n ≥ |IK ||B|n−1

which directly follows from Minkowski’s inequality, see [14, Theorem 7.2.1].
Now recall that the normalized isoperimetrix convex body ĨK is defined as the unique 

dilated of the isoperimetrix satisfying n VK(ĨK) = AK(∂ĨK). Therefore
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AK(∂B)n

VK(B)n−1 ≥ AK(∂ĨK)n

VK(ĨK)n−1
= nn VK(ĨK) = nn |K◦||ĨK |

εn
.

Besides it is easy to see that in fact ĨK = εn · IK/|K◦|. Using equation (3.3), we also 
see that εn−1 · hIK is precisely the support function of the projection body ΠK◦. Con-
sequently we find the identity ĨK = (εn/εn−1|K◦|) · ΠK◦. Therefore

|(ĨK)◦| =
(
εn−1|K◦|

εn

)n

|(ΠK◦)◦| =
(
εn−1

εn

)n

|K◦||K◦|n−1|(ΠK◦)◦|,

which implies together with Petty’s projection inequality [8], see [14, Formula 10.86], 
that

|(ĨK)◦| ≤ |K◦|.

Finally

AK(∂B)n

VK(B)n−1 ≥ nn |(ĨK)◦||ĨK |
εn

≥ (4n)n

n!εn

using Reisner optimal lower bound on the volume product for zonoids [10]. �
The properness statement in Theorem 3.1 is now a consequence of the following simple 

fact.

Proposition 3.7. Let Bk → B be a convergent sequence of convex bodies in Rn, and 
assume that 0 ∈ int(Bk) for each k and 0 ∈ ∂B. Then |B◦

k | → ∞.

Proof. Given a convex body K, let us say that a parallelotope circumscribes K if K ⊂ P

and every face of P is contained in a supporting hyperplane of K. Without loss of 
generality assume that B is supported by a coordinate hyperplane at 0. Let Pk (resp. 
P ) be the parallelotope circumscribing Bk (resp. B), and with all faces parallel to the 
coordinate hyperplanes. Then P ◦

n is a sequence of polytopes with vertices contained in 
the coordinate lines. One of these vertices tends to infinity while the others converge to 
points different from the origin. It follows that

|B◦
n| ≥ |P ◦

n | → ∞. �
3.3. A new affine-invariant point

Let us start by recalling the definition of an affine-invariant point (see [5]): this is a 
map f : K(Rn) → Rn where K(Rn) denotes the space of convex bodies in Rn satisfying 
the following two conditions
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• for every inversible affine map Φ : Rn → Rn and every convex body B ∈ K(Rn), one 
has f(Φ(B)) = Φ(f(B)).

• f is continuous with respect to the Hausdorff metric.

We will prove the following.

Proposition 3.8. The map fS : K(Rn) → Rn defined by fS(B) = SB(B) is an affine-
invariant point.

Proof. Using (2.2) we easily check that given any pair K, B ∈ K(Rn) we have 
ALK(∂LB) = AK(∂B) for every invertible linear map L : Rn → Rn. So if T : Rn → Rn

is an invertible affine map, we get that

AB−x(∂B) = ATB−T (x)(∂ TB)

for all x ∈ int(B). Our Santaló point thus satisfies the equality

STB(TB) = T (SB(B))

from which we deduce that the map fS fulfills the first condition.
In order to check the second condition, we argue as follows. First define a function

FS : K(Rn) ×Rn →]0,+∞]

by setting FS(B, x) = AB−x(∂B) if x ∈ int(B) and FS(B, x) = +∞ otherwise. Observe 
that this function is continuous. Indeed, since FS(B, x) = FS(B − x, 0), we only need to 
check continuity with respect to B. As sequentially continuous maps defined on metric 
spaces are continuous, this follows from Remark 2.2 and Propositions 3.6 and 3.7.

Given a convex body B, fix K0 ∈ K(Rn) such that B ⊂ int(K0). By the Blaschke 
selection theorem, the subset V := {K ∈ K(Rn) | K ⊂ K0} is a compact neigh-
borhood of B in the Hausdorff topology (cf. [14, Theorems 1.8.4 and 1.8.6]). Let now 
{Bn}n be a sequence of convex bodies in V converging to B, and consider the sequence 
{fS(Bn)}n, which is contained in K0 as each Bn ∈ V . Let us show that {fS(Bn)}n con-
verges to fS(B). By contradiction, suppose that there exists an open neighborhood N
of fS(B) and a subsequence of {fS(Bn)}n contained in K0 \ N . This set being com-
pact, there exists a subsequence {fS(Bnk

)}k converging to some point x �= fS(B). 
Because FS(Bn, SBn

(Bn)) ≤ FS(Bn, y) for all y ∈ Rn, we deduce by continuity that 
FS(B, x) ≤ FS(B, y) for all y ∈ Rn. Then both x and fS(B) would be minimizers of the 
function FS(B, ·), thus contradicting Theorem 3.1. Therefore the sequence {fS(Bn)}n
necessarily converges to fS(B). This proves the continuity of the map fS and concludes 
the proof. �
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3.4. Further study of the strict convexity

Next, we describe an optimal property on B that ensures strict convexity for any 
convex body K. For this, let us define for any L ⊂ Gr1(Rn) the subset

Star(L) := {H ∈ Grn−1(Rn) | L ⊂ H}.

Proposition 3.9. Let B be a convex body. The map x ∈ int(K) �→ AK−x(∂B) is 
strictly convex for any convex body K if and only if supp(μ∂B) ∩ Star(L) �= ∅ for any 
L ∈ Gr1(Rn).

Proof. Recall that as already observed, for a fixed H and K, we know by [12] that 
for any x0 ∈ int(K) the map x �→ fK(H, x) is strictly convex on (x0 + H) ∩ int(K). 
In particular, for any x1 �= x2 ∈ int(K), we have that Star(span(x2 − x1)) ⊂
StrcvxK(x1, x2). So if supp(μ∂B) ∩ Star(L) �= ∅ for any L ∈ Gr1(Rn), we directly get 
that supp(μ∂B) ∩ StrcvxK(x1, x2) �= ∅ for any convex body K and x1 �= x2 ∈ int(K). 
By Proposition 3.4, it ensures that the map x ∈ int(K) �→ AK−x(∂B) is always strictly 
convex.

Now suppose that supp(μ∂B) ∩ Star(L) = ∅ for some L ∈ Gr1(Rn).

Lemma 3.10. The family of open sets {StrcvxK(x1, x2)}(K,x1,x2) where K runs over con-
vex bodies and x1, x2 are any pair of distinct points of int(K) such that span(x2−x1) = L

is an open neighborhood base of Star(L).

Proof of the Lemma. Fix an open neighborhood U of Star(L) in Grn−1(Rn). We con-
struct a convex body K such that for some x1 �= x2 ∈ int(K) with span(x2 − x1) = L

we have Star(L) ⊂ StrcvxK(x1, x2) ⊂ U .

For this consider the (possibly empty) compact set U c and let K̃ be any infinite cylinder 
with direction L, with a compact convex base and that contains 0 in its interior. Now 
fix ε0 > 0 and a unit vector v ∈ L. As U c is compact and disjoint from Star(L), we 
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can consider a finite subcylinder K of K̃ delimited by two affine hyperplanes whose 
underlying directions are not in Star(L) and such that (H + εv) ∩ K̃ = (H + εv) ∩K for 
any H ∈ U c and any |ε| ≤ ε0. By taking x1 = −ε0v and x2 = ε0v we have that for any 
H ∈ U c, the map x �→ H∩(K−x) is constant on [x1, x2] and so H /∈ StrcvxK(x1, x2). �

Lemma 3.10 applied to the open neighborhood U := supp(μ∂B)c implies that there 
exist K and x1 �= x2 ∈ int(K) such that StrcvxK(x1, x2) ⊂ supp(μ∂K)c and by Propo-
sition 3.4 we are done. �

To conclude this section, we describe an optimal property on K that ensures strict 
convexity for any convex body B.

Proposition 3.11. Then the map x �→ AK−x(∂B) is strictly convex on int(K) for any 
convex body B if and only if K has no cylindrical directions, that is Cylpair(K) = ∅.

Proof. The fact that the condition Cylpair(K) = ∅ is sufficient follows directly from 
3.4. To prove that it is also necessary, let K be a convex body with StrcvxK(x1, x2) �=
Grn−1(Rn) for some cylindrical pair (x1, x2). We will construct B such that
supp(μ∂B) ∩ StrcvxK(x1, x2) = ∅. For this we need the following lemma.

Lemma 3.12. If StrcvxK(x1, x2)c is nonempty, then it has a nonempty interior.

Proof. According to Lemma 3.3, if StrcvxK(x1, x2) �= Grn−1(Rn), we can find a hyper-
plane H0 ∈ Grn−1(Rn) and a convex body C0 of H0 such that H0 ∩ (K − x) = C0 for 
any x ∈ [x1, x2]. Fix any proper subinterval [x′

1, x
′
2] of [x1, x2], that is [x′

1, x
′
2] ⊂]x1, x2[. 

We can find an open neighborhood U of H0 such that for any H ∈ U there is a con-
vex body C of H such that H ∩ (K − x) = C for any x ∈ [x′

1, x
′
2]. In particular 

H /∈ StrcvxK(x′
1, x

′
2) ⊂ StrcvxK(x1, x2) which implies that StrcvxK(x1, x2)c contains 

an open neighborhood of H0. �
From this lemma, it follows that if StrcvxK(x1, x2) �= Grn−1(Rn), then its comple-

mentary set StrcvxK(x1, x2)c contains n hyperplanes defined by linearly independent 
covectors. So, for any parallelotope B whose face directions are precisely these n hy-
perplanes, we have that supp(μ∂B) ∩ StrcvxK(x1, x2) = ∅, and so we can conclude by 
Proposition 3.4. �
4. Equiaffine differential geometry

We now introduce classical notions from equiaffine geometry and some notations that 
will be used to prove Theorem 1.4 in the next two sections.

From here on, let us suppose the n-dimensional vector space V endowed with a 
non-trivial alternate multilinear n-form, which we denote by det. Let M ⊂ V be a 
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hypersurface and take a vector field Ξ transverse to M . Then, for every pair of tangent 
vector fields X, Y on M , we can decompose the flat connection ∇ of V as

∇XY = ∇M
X Y + g(X,Y ) · Ξ (4.1)

where ∇M is an affine torsion-free connection on M and g is a field of symmetric bilinear 
forms. The hypersurface M is said to be non-degenerate if g is nowhere degenerate, a 
condition that does not depend on Ξ.

Theorem 4.1 ([7], Ch.II, Thm.3.1). For each non-degenerate oriented hypersurface M , 
there is a unique transversal vector field Ξ, called equiaffine normal field or Blaschke’s 
normal field, such that

i) ∇vΞ ∈ TxM for every x ∈ M and v ∈ TxM ,
ii) the volume (n − 1)-form α associated to g satisfies

α(ξ1, . . . , ξn−1) = det(Ξ(x), ξ1, . . . , ξn−1)

for every x ∈ M and ξ1, . . . , ξn−1 ∈ TxM .

The pseudo-Riemannian metric g and its volume form α are called equiaffine metric
and equiaffine area measure respectively. We assume from here on that g is Riemannian.

We will denote by E = E(M) the frame bundle of M whose fiber over x ∈ M is

Ex = {(x, ξ1, . . . , ξn−1) ∈ M × V n−1 : span(ξ1, . . . , ξn−1) = TxM}.

Given (x, ξ1, . . . , ξn−1) ∈ E, items i) and ii) in Theorem 4.1 read

det(∇Ξ, ξ1, . . . , ξn−1) = 0, det(Ξ(x), ξ1, . . . , ξn−1)2 = det(g(ξi, ξj))i,j . (4.2)

Definition 4.2. Given an oriented hypersurface M ⊂ V and ξ ∈ E, let

Li,j(ξ) := det(∇ξiXj , ξ1, . . . , ξn−1), i, j = 1, . . . , n− 1,

where Xj is any tangent vector field with Xj(x) = ξj . It is easy to check that Li,j = Lj,i

and does not depend on Xj . Let L ∈ C∞(E) be the function defined by

L(ξ) := det(Li,j(ξ))i,j .

Proposition 4.3. For any ξ = (x, ξ1, . . . , ξn−1) ∈ E we have

L(ξ) = det(Ξ(x), ξ1, . . . , ξn−1)n+1. (4.3)
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Proof. We can assume {ξ1, . . . , ξn−1} to be positively oriented, as both sides of (4.3)
are equally affected by a permutation. Indeed, the effect on the matrix (Li,j)i,j of a 
transposition of ξ1, · · · , ξn−1 is a sign change of all entries Li,j , and a simultaneous 
permutation of two lines and two columns. From (4.1) and (4.2) we get

Lk,l(ξ) = det(∇ξkXl, ξ1, . . . , ξn−1)

= g(ξk, ξl) det(Ξ(x), ξ1, . . . , ξn−1) (4.4)

= g(ξk, ξl) det(g(ξi, ξj))
1
2
i,j . (4.5)

It follows using (4.2) again that

L(ξ) = det(Lk,l(ξ)) = det(g(ξk, ξl))
1+n−1

2
k,l = det(Ξ(x), ξ1, . . . , ξn−1)n+1. � (4.6)

Remark 4.4. By (4.5) and (4.6), the equiaffine metric is simply given by

g(ξi, ξj) = |L(ξ)|− 1
n+1Li,j(ξ).

In turn, the equiaffine normal vector can be obtained from g as Ξ = 1
n−1Δf where Δ

is the Laplacian with respect to g and f : M → V is the inclusion (cf. [7, Thm.6.5, Ch. 
II]). We will not make use of this fact.

5. Measure of lines in terms of hyperplanes

In this section we use the boundary sphere ∂B to construct a parametrization space 
for the oriented affine lines of the dual vector space in terms of intersections of affine 
hyperplanes. We then show how to rewrite the measure involved in Álvarez Paiva formula 
in this new space.

Recall that we have fixed some non-trivial alternate multilinear n-form det on the 
n-dimensional vector space V .

Let B be a convex body of V that contains the origin as an interior point, and 
suppose ∂B is smooth and positively curved. In particular its dual body is smooth, and 
the Legendre transform L : ∂B → ∂B∗, uniquely defined by

kerL(x) = Tx∂B and 〈L(x), x〉 = 1,

is a well defined diffeomorphism. Moreover, since ∂B has non-degenerate second fun-
damental form with respect to any Euclidean structure, Theorem 4.1 applies to it. We 
orient ∂B with the inward vector (i.e. as the boundary of V \ B) so that the equiaffine 
metric g is Riemannian. Associated to the hypersurface ∂B we also have well defined 
functions Li,j and L ∈ C∞(E(∂B)) (see Definition 4.2).
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Consider a smooth local section

ζ : U ⊂ ∂B → E(∂B)

x �→ ζ(x) = (x, ζ1(x), . . . , ζn−1(x)).

We define the following diagram

(R \ {0})n−1 × U E(∂B)

V ∗ × ∂B G+(V ∗)

F

G
H

π

where

• G+(V ∗) is the space of oriented affine lines in V ∗ introduced in section 2.3;
• for λ = (λ1, . . . , λn−1) ∈ (R \ {0})n−1 and x ∈ U

F (λ, x) = (x, λ1ζ1(x), . . . , λn−1ζn−1(x));

• G(x, ξ1, . . . , ξn−1) is the affine line

{p ∈ V ∗ : 〈ξ1, p〉 = · · · = 〈ξn−1, p〉 = 1}

oriented by L(x);
• for (x, ξ1, · · · , ξn−1) ∈ E(∂B) let {L(x), ξ1, . . . , ξn−1} be the dual basis in V ∗ of the 

basis {x, ξ1, . . . , ξn−1}, and set

p(x, ξ1, . . . , ξn−1) =
n−1∑
i=1

ξi.

Then define

H(x, ξ1, . . . , ξn−1) = (p(x, ξ1, . . . , ξn−1), x);

• π is the projection map

π(p, x) = p + 〈L(x)〉+.

It is easy to check that the previous diagram commutes.
Indeed observe that 〈ξi, p(x, ξ1, . . . , ξn−1)〉 = 1 and 〈ξi, L(x)〉 = 0 for all i, which leads 

to the commutativity property:

π ◦H(x, ξ1, . . . , ξn−1) = p(x, ξ1, . . . , ξn−1) + 〈L(x)〉+ = G(x, ξ1, . . . , ξn−1).
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Recall that G+(V ∗) is endowed with a symplectic form ωB∗ (see section 2.3). It will 
be convenient to consider on G+(V ∗) the following associated volume element

ηB∗ = (−1)
n(n−1)

2 ωn−1
B∗

and take the corresponding orientation. Our goal in this section is to compute the pull-
back form G∗ηB∗ . For this, we introduce the following 2-forms.

Definition 5.1. Let ω1, . . . , ωn−1 be the 2-forms on E(∂B) given by

ωi(x,ξ1,...,ξn−1) = − det(dπi, dπi, ξ1 − ξi, . . . , ̂ξi − ξi, . . . , ξn−1 − ξi),

where

πi : E(∂B) → V

(x, ξ1, . . . , ξn−1) �→ ξi.

Using these 2-forms we are able to express G∗ηB∗ as follows.

Proposition 5.2.

G∗ηB∗ = (n− 1)!
L

ω1 ∧ · · · ∧ ωn−1. (5.1)

The rest of this section is devoted to the proof of the proposition above.

5.1. Technical lemmas

Let us begin with the following computation.

Lemma 5.3.

(F ∗G∗ηB∗)(λ,x) = (n− 1)!∏n−1
i=1 λ2

i

dλ1 ∧ · · · ∧ dλn−1 ∧ ζ1(x) ∧ · · · ∧ ζn−1(x)

where {L(x), ζ1(x), . . . , ζn−1(x)} is the dual basis of {x, ζ1(x), . . . , ζn−1(x)}.

Proof. Note first that

F ∗G∗ωB∗ = F ∗H∗π∗ωB∗ = F ∗H∗ωV ∗

where we have abusively denoted i∗ωV ∗ by ωV ∗ (here i stands for the canonical inclusion 
V ∗ × ∂B ↪→ V ∗ × V ).
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Fixing x0 ∈ U we write

ωV ∗ = x0 ∧ L(x0) +
n−1∑
i=1

ζi(x0) ∧ ζi(x0)

globally on V ∗ × V .
Since H ◦ F (λ, x) = (p ◦ F (λ, x), x) = (

∑n−1
i=1 ζi(x)/λi, x) we have

d(H ◦ F )(λ,x) (∂/∂λi) =
(
−ζi(x)/λ2

i , 0
)

and d(H ◦ F )(λ,x)(ζi(x)) = (∗, ζi(x)).

Thus, modulo terms of the form ζi(x0) ∧ ζj(x0),

(F ∗H∗ωV ∗)(λ,x0) ≡
n−1∑
i=1

ωV ∗(d(H ◦ F )(λ,x0) (∂/∂λi) , d(H ◦ F )(λ,x0)(ζi(x0))) dλi ∧ ζi(x0)

= −
n−1∑
i=1

1
λ2
i

dλi ∧ ζi(x0).

The statement follows. �
Secondly we prove the following identity.

Lemma 5.4.

F ∗(ω1∧· · ·∧ωn−1)(λ,x) = L(ζ(x))
(

n−1∏
i=1

λn−1
i

)
dλ1∧· · ·∧dλn−1∧ζ1(x)∧· · ·∧ζn−1(x).

Proof. Fix x0 ∈ U and put ξi = ζi(x0). Considering E(∂B) ⊂ V × V n−1 we have

dF(λ,x0) (∂/∂λj) = (0 ; 0, . . . , 0, ξj , 0, . . . , 0),

and

dF(λ,x0)(ξj) = (ξj ; λ1(dζ1)x0(ξj), . . . , λn−1(dζn−1)x0(ξj)).

Thus

F ∗ωi

(
∂

∂λj
,

∂

∂λk

)
= 0

for any i, j, k and

F ∗ωi

(
∂

, ξk

)
= 0
∂λj
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for any i, j, k such that i �= j, while

F ∗ωi

(
∂

∂λi
, ξj

)
= − det(ξi, λi(dζi)x0(ξj), λ1ξ1 − λiξi, . . . , ̂λiξi − λiξi, . . . , λn−1ξn−1 − λiξi)

= − det(ξi, λi(dζi)x0(ξj), λ1ξ1, . . . , λ̂iξi, . . . , λn−1ξn−1)

= (−1)i+1

(
n−1∏
k=1

λk

)
det(∇ξjζi, ξ1, . . . , ξn−1),

that is

F ∗ωi

(
∂

∂λi
, ξj

)
= (−1)i+1

(
n−1∏
k=1

λk

)
Lj,i(x0, ξ1, . . . , ξn−1).

Therefore, putting Lj,i = Lj,i(x0, ξ1, . . . , ξn−1) and ξj = ζj(x0), we have

F ∗(ω1 ∧ · · · ∧ ωn−1)(λ,x0)

= (−1)n−1 (−1)
(n−1)n

2

(
n−1∏
i=1

λn−1
i

) ⎛⎝n−1∑
j=1

Lj,1dλ1 ∧ ξj

⎞⎠ ∧ · · ·

∧

⎛⎝n−1∑
j=1

Lj,n−1dλn−1 ∧ ξj

⎞⎠
=

(
n−1∏
i=1

λn−1
i

)
dλ1 ∧ · · · ∧ dλn−1 ∧

⎛⎝ ∑
j1,...,jn−1

Lj1,1 · · ·Ljn−1,n−1ξ
j1 ∧ · · · ∧ ξjn−1

⎞⎠
=

(
n−1∏
k=1

λn−1
k

)
det(Li,j)i,j dλ1 ∧ · · · ∧ dλn−1 ∧ ξ1 ∧ · · · ∧ ξn−1

from which we get the announced formula. �
5.2. Proof of Proposition 5.2

Let us denote

Ω := (n− 1)!
L

ω1 ∧ · · · ∧ ωn−1.

The proposition will follow easily after proving that

(1) F ∗Ω = F ∗G∗ηB∗ ;
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(2) iXΩ = 0 for all X ∈ ker dG.

Indeed, given ξ = (x, ξ1, . . . , ξn−1) ∈ E(∂B) we can take a local section ζ of E(∂B)
such that ζ(x) = ξ. In particular the map F associated to this section satisfies that 
F ((1, . . . , 1), x) = ξ. Then we observe that

im dF((1,...,1),x) ⊕ ker dGξ = TξE(∂B),

because G ◦F is a diffeomorphism according to Lemma 5.3. Equality (5.1) follows directly 
using points (1) and (2).

Let us check point (1). Note that (e.g. by Proposition 4.3)

L ◦ F (λ, x) =
(

n−1∏
i=1

λn+1
i

)
L(x, ζ1(x), . . . , ζn−1(x)). (5.2)

Hence, by Lemma 5.4, at ξ = F (λ, x) we have

F ∗Ω = (n− 1)!
L ◦ F (λ, x) F ∗(ω1 ∧ · · · ∧ ωn−1)

= (n− 1)!∏n−1
i=1 λ2

i

dλ1 ∧ · · · ∧ dλn−1 ∧ ζ1(x) ∧ · · · ∧ ζn−1(x),

which is precisely F ∗G∗ηB∗ by Lemma 5.3.
In order to check point (2), we easily verify that

ker dGξ = 〈(0, Zij) ∈ V × (V )n−1 | i, j ∈ {1, . . . , n− 1} with i �= j〉 (5.3)

where

Zij = (0, . . . , 0, ξj − ξi︸ ︷︷ ︸
ith position

, 0, . . . , 0) ∈ V.

Indeed we have G(x, ξ1, . . . , ξi−1, (1 − t)ξi + tξj , ξi+1, . . . , ξn−1) = G(x, ξ1, . . . , ξn−1) for 
all t and differentiating the curve

t �→ (ξ1, . . . , (1 − t)ξi + tξj , . . . , ξn−1)

at time 0 gives the vector Zij . The linear independence of (ξ1, . . . , ξn−1) then ensures 
that the family {Zij | i, j ∈ {1, . . . , n − 1} with i �= j} is also linearly independent. Its 
cardinality is (n − 1)(n − 2), which coincides with dim ker dG = dimE(∂B) − 2(n − 1)
as G ◦ F is a diffeomorphism. This shows (5.3).

Next we see that if i �= k, then

(i(0,Zij)ωk)ξ = − det(dπk(Zij), dπk, ξ1 − ξk, . . . , ̂ξk − ξk, . . . , ξn−1 − ξk) = 0
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and that

(i(0,Zij)ωi)ξ = − det(dπi(Zij), dπi, ξ1 − ξi, . . . , ̂ξi − ξi, . . . , ξn−1 − ξi)

= − det(ξj − ξi, dπi, ξ1 − ξi, . . . , ̂ξi − ξi, . . . , ξn−1 − ξi)

= 0,

which proves point (2). �
6. First variation of the dual area under translations

Recall that we have chosen some non-trivial alternate multilinear n-form denoted by 
det on the n-dimensional vector space V . Recall also that B ⊂ V is a convex body 
containing the origin in its interior and has smooth and positively curved boundary (i.e. 
the normed vector space (V, ‖ · ‖B) is Minkowski). Let K denote another convex body 
of V .

In this section we prove Theorem 1.4 by explicitly computing

d

dt

∣∣∣∣
t=0

AB∗(∂(K − tv)∗)

for any v ∈ V .

6.1. Preliminaries

Let us begin with the following simple fact.

Lemma 6.1. Let ξ = (x, ξ1, . . . , ξn−1) ∈ E(∂B) and y ∈ V \ {0}. The affine line G(ξ) is 
contained in the affine hyperplane Hy = {p ∈ V ∗ : 〈p, y〉 = 1} if and only if y belongs to 
aff(ξ), the affine hull of ξ1, . . . , ξn−1.

Proof. Recall that

G(ξ) = {p ∈ V ∗ : 〈ξ1, p〉 = · · · = 〈ξn−1, p〉 = 1} = q + 〈L(x)〉

for some q ∈ V ∗. Hence G(ξ) ⊂ Hy if and only if y ∈ kerL(x) = span(ξ1, . . . , ξn−1) and 
〈q, y〉 = 1. This is equivalent to y =

∑
i λiξi with 

∑
i λi = 〈q, y〉 = 1, which means that 

y is in the affine hull of the ξi. �
Given v ∈ V , let Ev denote the set of ξ ∈ E(∂B) such that −v /∈ aff(ξ). Let 

T v : Ev → E(∂B) be given by

T v(x, ξ1, . . . , ξn−1) = (xv, ξ1 + v, . . . , ξn−1 + v).
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Here xv ∈ ∂B is uniquely determined by the conditions that ξi + v ∈ Txv
∂B for all i and 

that the basis {xv, ξ1 + v, . . . , ξn−1 + v} is negatively oriented. Note that −v /∈ aff(ξ)
ensures that ξ1 + v, . . . , ξn−1 + v are linearly independent.

Let Tv : G(Ev) → G+(V ∗) be defined by

Tv(G(ξ)) = G(T v(ξ)).

To prove that this is independent of ξ, assume G(ξ) = G(ξ′) for some ξ′ =
(x′, ξ′1, . . . , ξ

′
n−1). By Lemma 6.1, each ξ′i is in the affine hull of ξ1, . . . , ξn−1. Since ξ′i+v is 

clearly also in the affine hull of the ξj+v, we get by Lemma 6.1 that G(T v(ξ)) = G(T v(ξ′))
up to orientation. Since v �→ xv is continuous, the orientations of G(T v(ξ)) and G(T v(ξ′))
must agree or disagree for all v; and they coincide for v = 0. This shows that Tv is well-
defined.

Lemma 6.2. For v ∈ V and L ∈ G+(V ∗) we have

L ∩ (K − v)∗ �= ∅ ⇐⇒ L ∈ G(Ev) and Tv(L) ∩K∗ �= ∅. (6.1)

Proof. Given ζ = (x, ζ1, . . . , ζn−1) ∈ E(∂B) and a convex body Q in V , note that 
G(ζ) ∩Q∗ �= ∅ if and only if every hyperplane containing G(ζ) intersects Q∗. By 
Lemma 6.1 this is equivalent to the fact that Hy ∩ Q∗ �= ∅ for every y in the affine 
hull of ζ1, . . . , ζn−1. In turn, this is equivalent to y /∈ Q for all such y.

Let now L = G(ξ). Taking ζ = ξ and Q = K−v we get that the left hand side of (6.1)
holds if and only if y /∈ K − v for every y ∈ aff(ξ). Since 0 ∈ int(K), this is equivalent to 
the fact that −v /∈ aff(ξ) and z /∈ K for all z ∈ aff(T v(ξ)). Taking ζ = T v(ξ) and Q = K

this condition is equivalent to the right hand side of (6.1). �
Note that, by the first part of the previous proof, if G(ξ) ∩K∗ �= ∅ and v ∈ K, then 

ξ ∈ E−v. Then, by Proposition 2.1 and Lemma 6.2, for tv ∈ int(K)

AB∗(∂(K − tv)∗) = 1
(n− 1)!εn−1

∫
{L∈G(Etv) : Ttv(L)∩K∗ �=∅}

ηB∗

= 1
(n− 1)!εn−1

∫
{T−tv(L) : L∈G+(V ∗),L∩K∗ �=∅}

ηB∗

= 1
(n− 1)!εn−1

∫
{L∈G+(V ∗) : L∩K∗ �=∅}

T ∗
−tv ηB∗ .

Consider the vector field Zv on E(∂B) given by

Zv(x, ξ1, . . . , ξn−1) = d

dt

∣∣∣∣
t=0

T tv(x, ξ1, . . . , ξn−1),

and recall that
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�

G∗ηB∗ = Ω = (n− 1)!
L

ω1 ∧ · · · ∧ ωn−1.

Let now {Ui} be a finite cover of ∂B, take a local section ζi of each E(Ui), and let 
Fi : (R \{0})n−1×Ui → E(∂B) be the corresponding map. Since G ◦Fi is a diffeomorphism 
onto its image, taking a partition of unity ρi subordinate to {Ui}, we have

AB∗(∂(K − tv)∗) = 1
(n− 1)!εn−1

∑
i

∫
(G◦Fi)−1({L : L∩K∗ �=∅})

ρi · F ∗
i G

∗T ∗
−tv ηB∗

= 1
(n− 1)!εn−1

∑
i

∫
(G◦Fi)−1({L : L∩K∗ �=∅})

ρi · F ∗
i T

∗
−tv Ω

and we deduce that

d

dt

∣∣∣∣
t=0

AB∗(∂(K − tv)∗) = − 1
(n− 1)!εn−1

∑
i

∫
(G◦Fi)−1({L : L∩K∗ �=∅})

ρi · F ∗
i LZv

Ω.

(6.2)

Proposition 6.3. For any ξ = (x, ξ1, . . . , ξn−1) ∈ E(∂B) and any v ∈ V

LZv
Ω = −(n− 1)! LZv

L

L2 ω1 ∧ · · · ∧ ωn−1

and

LZv
L(ξ) = (n + 1) (det(Ξ(x), ξ1, . . . , ξn−1))n

×
(

n−1∑
i=1

det(Ξ(x), ξ1, . . . , ξi−1, v, ξi+1, . . . , ξn−1)
)

where Ξ is the interior equiaffine normal field of ∂B.

Proof. The first equality follows from LZv
ωi = 0. As for the second, by Proposition 4.3

we have

L(T v(ξ)) = L(xtv, ξ1 + tv, . . . , ξn−1 + tv) = det(Ξ(xtv), ξ1 + tv, . . . , ξn−1 + tv)n+1.

Hence

LZv
L(ξ) = (n + 1) det(Ξ(x), ξ1, . . . , ξn−1)n

d

dt

∣∣∣∣
t=0

det(Ξ(xtv), ξ1 + tv, . . . , ξn−1 + tv).

The proposition follows by noting that d
dt

∣∣
t=0 Ξ(xtv) = ∇XΞ(x) with X = d

dt

∣∣
t=0 xtv

which according to the first identity of (4.2) implies that

d

dt

∣∣∣∣ det(Ξ(xtv), ξ1 + tv, . . . , ξn−1 + tv) =
n−1∑

det (Ξ(x), ξ1, . . . , ξi−1, v, ξi+1, . . . , ξn−1) .

t=0 i=1
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6.2. Proof of Theorem 1.4

Take a local section ζ : U → E(∂B) mapping each x ∈ U to a positive orthonormal 
basis {e1(x), . . . , en−1(x)} of Tx∂B with respect to the Riemannian metric g. For all 
x ∈ U let {e1(x), . . . , en−1(x), Ξ∗(x)} denote the dual basis of {e1(x), . . . , en−1(x), Ξ(x)}. 
Since kerΞ∗(x) = span(e1(x), . . . , en−1(x)), we have Ξ∗(x) ∈ 〈L(x)〉. Take the smooth 
measure μ = e1∧· · ·∧en−1 on U . For each x ∈ U the dual measure νx on kerΞ(x) � T ∗

x∂B

of the Lebesgue measure μx is given by νx = e1(x) ∧ · · · ∧ en−1(x).
First observe that if F denotes the map corresponding to ζ we have

L ◦ F (λ, x) = L(x, λ1e1(x), . . . , λn−1en−1(x))

=
(

n−1∏
i=1

λn+1
i

)
det(Ξ(x), e1(x), . . . , en−1(x))n+1

=
(

n−1∏
i=1

λn+1
i

)

using the fact that {e1(x), . . . , en−1(x)} is a positive orthonormal basis together with 
point ii) in Theorem 4.1, and that similarly

LZv
L ◦ F (λ, x) = (n + 1)

(
n−1∏
i=1

λn+1
i

)
n−1∑
i=1

1
λi

〈ei(x), v〉

where 〈·, ·〉 denotes the canonical duality pairing. Furthermore by Lemma 5.4 the follow-
ing holds:

F ∗(ω1 ∧ · · · ∧ ωn−1)(λ,x) =
(

n−1∏
i=1

λn−1
i

)
dλ1 ∧ · · · ∧ dλn−1 ∧ e1(x) ∧ · · · ∧ en−1(x).

Therefore, using Proposition 6.3, we get the following formula:

F ∗(LZv
Ω)(λ,x) = − (n + 1)!

n

〈
n−1∑
i=1

1
λi

ei(x), v
〉 (

n−1∏
i=1

1
λ2
i

)
dλ1 ∧ · · · ∧ dλn−1 ∧ dμ(x).

Let us define the map

px : (R \ {0})n−1 → ker Ξ(x) ⊂ V ∗

(λ1, . . . , λn−1) �→
n−1∑
i=1

1
λi

ei(x)

which is a diffeomorphism onto its image that satisfies
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G ◦ F (λ, x) = px(λ) + 〈L(x)〉+.

In particular, we have

(G ◦ F )−1({L : L ∩K∗ �= ∅}) = {(λ, x) ∈ (R \ {0})n−1 × U : G ◦ F (λ, x) ∩K∗ �= ∅}
= {(λ, x) ∈ (R \ {0})n−1 × U : px(λ) ∈ πx(K∗)}

where πx : V ∗ → ker Ξ(x) is the linear projection with kerπx = 〈L(x)〉.
A simple computation shows that

(p−1
x )∗ νx =

(
n−1∏
i=1

1
λ2
i

)
dλ1 ∧ · · · ∧ dλn−1

as measures. Therefore∫
(G◦F )−1({L : L∩K∗ �=∅})

F ∗ LZv
Ω

= − (n + 1)!
n

∫
x∈U

(∫
λ∈p−1

x (πx(K∗))
〈px(λ), v〉 d(p−1

x )∗(νx)
)

dμ(x)

= − (n + 1)!
n

∫
x∈U

(∫
q∈πx(K∗)

〈q, v〉 dνx(q)
)

dμ(x)

= − (n + 1)!
n

〈∫
x∈U

(∫
πx(K∗)

q dνx(q)
)

dμ(x), v
〉
.

Covering ∂B with local sections and using (6.2), we deduce the stated formula:

d

dt

∣∣∣∣
t=0

AB∗(∂(K − tv)∗) = n + 1
εn−1

〈∫
x∈∂B

(∫
πx(K∗)

q dνx(q)
)

dμ(x), v
〉
. �
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