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1. Introduction

Several decades ago Santald studied in [12] the functional
z € int(K) — [(K — 2)°| (1.1)

associated to any convex body K of R™. Here | - | denotes the Lebesgue measure of R™,
and A° = {y e R" | (z,y) = Y., ;y; < 1 Va € A} is the polar set of a convex body A.
He found that this functional is proper and strictly convex. Consequently, there exists
a unique minimizing point s(K) in the interior of K, known nowadays as the Santald
point of K. Along the way, Santalé computed the derivative of (1.1) and showed that

d o o
pr . (K —tv)°] = (n+ 1) (c(K°),v) (1.2)

where ¢(K°) = [,  dx is the centroid of the polar body K° and v any vector in R™.
Therefore s(K) lies at the origin if and only if ¢(K°) lies at the origin. Determining the
Santalé point of a given convex body can be a difficult question, so this characterization
is particularly useful.

As the Lebesgue measure coincides with the n-dimensional Hausdorff measure of R",
it is natural to consider the following functional similar to (1.1)

r € int(K) — " 10K — 2)°), (1.3)

where ##"~1 denotes the (n — 1)-dimensional Hausdorff measure, and look for possible
minimizing points.

More generally, let V' be an n-dimensional real vector space. To any convex body B in
V that contains the origin in its interior is associated a unique (asymmetric) norm || - ||
whose unit ball is precisely B. The restriction of || - || to any hypersurface defines a
Finsler metric whose corresponding Holmes-Thompson (n — 1)-volume (or area in short)
will be denoted by «/g(-). If K is a convex body in (V, || - ||5), we can consider its dual
body K* = {p € V* | p(x) < 1Vz € K} as a convex body of the dual normed vector
space (V*,| - ||p~) and focus on the associated Holmes-Thompson area of its boundary
sphere, that is the quantity <7« (OK™*). In the special case where V' = R"™ and B is the
Euclidean unit ball, we have /g« (0K*) = 5"~ 1(0K°). Therefore functional (1.3) turns
out to be a particular case of the functional

x € int(K) — g ((K — x)*).

A minimizing point of this functional will be called a Santald point of K for the Holmes-
Thompson area in (V.| - || 5)-

In this paper we first prove existence and uniqueness of Santalé points for the Holmes-
Thompson area in any normed vector space whose unit ball is of class C!.
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Theorem 1.1. Let K be a convex body in a finite-dimensional real normed vector space
(V, |l - IlB) whose unit ball B is of class C*. The functional

x € int(K) — o/« (0(K —x)*)

is strictly convex and proper on the interior of K.
In particular there exists a unique minimizing point Sp(K) € int(K) for this func-
tional.

In case the unit ball is no longer of class C'!, the above functional is still convex (and
proper) on the interior of K, but strict convexity is no longer guaranteed. Therefore,
Santalé points do exist but are no longer necessarily unique. In section 3, our study goes
far beyond the C'-regularity, and we give precise necessary and sufficient conditions for
the uniqueness. For example, when the unit ball B is a polytope there is always a convex
body K with an infinite set of Santalé points, as illustrated in the concrete Example 3.5.
On the bright side, uniqueness is always ensured without any regularity assumption in
the special case where unit ball and convex body coincide. Using the duality formula
- (0K*) = o (0B) discovered by [6], we restate this result as follows.

Theorem 1.2. Let (V,|| - ||B) be any finite-dimensional real normed vector space. The
functional

x € int(B) — p_,(0(B — x))
admits a unique minimizing point Sp(B).

Rephrasing the theorem above, there exists a unique translation of the unit ball of a
given normed vector space minimizing its own Holmes-Thompson boundary area.

In addition, by invariance properties of the Holmes-Thompson area, the map
B — Sp(B) is affinely equivariant, that is

Stp(TB) =T(Sp(B))

for any invertible affine map T'. Therefore this map defines a new affine-invariant point
in the sense of [5]. See subsection 3.3 for more details.

In order to characterize Sp(K), we study the first variation of the above functional.
Assuming that the normed vector space (V|| - ||g) is Minkowski, i.e. B is smooth
and positively curved (that is, with strictly positive sectional curvature), we obtain an
interesting formula closely resembling (1.2) and involving some classical notions from
affine differential geometry.

Given x € 0B, recall that the affine normal line is a canonical 1-dimensional vector
subspace N, C V transverse to T, = T,0B, which behaves equivariantly under linear
transformations of 9B. We thus have the decompositions
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V=T,®N, and V*=N} aoT};.

Let us consider the isomorphism N ~ T given by ¢ + ¢|r,, and the projection
72 V* — Nt with kernel ker 7, = T;-. Pick an arbitrary smooth measure y on B and
consider the Lebesgue measure p, on T, and its dual measure (u,)* on T. Let v, be
the Lebesgue measure on N;- ~ T* corresponding to (j,)*.

Definition 1.3. Let K be a convex body in a Minkowski space (V,|| - ||z). Using the
previous notation, we define

Cp(K") :/BB (/ﬂz(K*) qdvm(q)> du(z).

Note that the inner integral is the centroid of the projection 7, (K*) with respect to
v, and belongs to V*. It is easy to see that Cp(K™*) does not depend on the choice of p.
Our third main result is the following.

Theorem 1.4. Let K be a convex body in a Minkowski space (V| - ||g). Then for any
v €V we have

|, 00 ) = £ i) w

In particular Sp(K) lies at the origin of V if and only if Cp(K™) lies at the origin of
V.

Here &,,—1 denotes the Euclidean volume of an (n—1)-dimensional unit Euclidean ball
and (-,-) the canonical duality pairing. Note the similarity with formula (1.2).

In the particular case of a convex body in an Euclidean space, both theorems sum up
into the following.

Corollary 1.5. Given a convex body K in R™, there exists a unique point S(K) € int(K)
minimizing the functional

z € int(K) s 2" 1K — z)°).

Furthermore, this point lies at the origin if and only if the following average of centroids
of orthogonal projections of its polar body

CK)= [ ydA(y) | do(x)
Lo (L)

lies at the origin.
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Here w1 denotes the orthogonal projection onto the hyperplane orthogonal to x, and
o, A denote respectively the canonical measure on S®~! and the Lebesgue measure on
2+ induced by the standard Euclidean structure.

This paper is organized as follows. In section 2 we collect some material on the Holmes-
Thompson volume, and present a Crofton formula for the Holmes-Thompson area of a
hypersurface in a Minkowski space due to [1]. This formula will be decisive to show
(1.4). In section 3 we prove Theorems 1.1 and 1.2. The next three sections are devoted
to the proof of Theorem 1.4. The strategy consists of using the above mentioned Crofton
formula which describes the Holmes-Thompson area of OK™* as an integral on the set
of lines intersecting K™*. In order to compute its first variation under translations, we
first use the boundary sphere 0B to construct a parametrization space for the oriented
affine lines of the dual vector space in terms of intersections of affine hyperplanes. We
then show how to rewrite the measure involved in Alvarez Paiva’s formula in this new
space. The effect of translations is then simple to describe which allows us to compute
the first variation of the area. So after shortly recalling in section 4 some classical notions
of equiaffine differential geometry, we define the parametrization space in section 5 and
show how to rewrite the measure of lines in this new setup. In the last section 6 we
compute the first variation of the Holmes-Thompson area and obtain formula (1.4).

Acknowledgments
We would like to thank the referee for valuable comments.
2. Background on the Holmes-Thompson notions of volume and area

In this section we collect some material on the Holmes-Thompson notions of volume
and area. The two major tools we will use in the sequel are a Crofton type formula due
to Alvarez Paiva and presented in Proposition 2.1, and a duality formula due to Holmes
& Thompson stated in Proposition 2.3.

2.1. Holmes-Thompson volume on continuous Finsler manifolds

Let M be a smooth manifold M of dimension k endowed with a continuous Finsler
metric F': TM — [0,00), that is a continuous function which is positively homogenous
of degree 1 outside the zero section and such that for all x € M the subsets of T, M

D,(M,F):={veT,M|F(z,v) <1}

are convex bodies containing the origin in their interior (or equivalently, F' is a continuous
function whose restriction to each tangent space T, M is a norm, possibly asymmetric).
For any measurable set A C M denote by D*(A, F) the unit co-disc bundle over A
consisting of the disjoint union of the dual bodies D, (M,F)* C (IT,M)* for z € A.
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The Holmes-Thompson volume of the measurable set A in (M, F) is then defined as the
following integral:
V(A F) = ;
y = 13- w
k!&'k D*(A,F) M
where wys denotes the standard symplectic form on the cotangent bundle T*M. If p
denotes any non-vanishing k-density on M, then

D, (M, F)*|*
V(A,F)z/ DM, E)"l, Pa
A €k

pa
T, M associated to p. More precisely, |- |,

where | - |5 is the dual Lebesgue measure on Ty M of the Lebesgue measure | - |,, on

is the Lebesgue measure on 7, M normalized

x

to give volume 1 on a parallelotope spanned by a base wvq,...,vx of T, M for which
pz(v1,...,vx) = 1, and |- |7 is the Lebesgue measure on T;M normalized to give
volume 1 for the parallelotope spanned by the covectors &1,...,&; € 1M forming a
base which is dual to (v, ..., k).

2.2. Holmes-Thompson volume and area in normed spaces

Let B be a convex body in an n-dimensional real vector space V that contains the
origin as an interior point. The associated norm || - || 5 defines a continuous Finsler metric
on the manifold V' whose Holmes-Thompson volume satisfies for any compact set A the
equality

Al

n

V(A - s)

where |- | and |- |*

are respectively the measure and its dual measure associated to some
translation-invariant density on V. We will denote shortly V(A,| - |lz) by VB(A).

In the case where V = R"™ we find that Vg(A) = |A| |B°|/e,. In particular the Finsler
volume Vg (B) of the convex body B itself coincides with its volume product up to the
constant 1/e,.

It turns out that the associated norm || -|| g also permits to define for any hypersurface
M C V (and, more generally, for any smooth submanifold of V) a continuous Finsler
metric Fg : TM — [0,00) by simply setting Fg(z,v) = ||v||g. We will denote shortly
V(M, Fg) by o/g(M) and speak of the Holmes- Thompson area of M. This notion of area
extends to boundaries of convex bodies. For this recall that the set of singular boundary
points (those for which the supporting hyperplane is not uniquely defined) of a convex
body K in V is of (n — 1)-dimensional Hausdorff measure zero, see [9]. Therefore the
formula

aan = [ DL ) (21)

M En—1
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where p denotes any translation-invariant (n — 1)-density on V makes sense when
M = OK is the boundary of a convex body K. Moreover, if K, — K is a sequence
of smooth convex bodies that converges in the Hausdorff metric to a convex body K,
then @/p(0K,) — p(0K) (see Remark 2.2).

2.3. Crofton formula for hypersurfaces in Minkowski spaces

In case the normed space (V, || - ||p) has smoothness and strict convexity properties,
the Holmes-Thompson area of hypersurfaces admits a Crofton formula due to Alvarez-
Paiva (cf. [1]) that we present next. We refer to [13] for a very complete survey on the
integral geometry of normed spaces.

Let B be a convex body of V' that contains the origin as an interior point, and suppose
OB is smooth and positively curved. Then the associated normed space (V|| - || 5) is said
to be Minkowski. In that case its dual body also has smooth and positively curved
boundary, and the dual Legendre transform

L*:0B* - 0B

is a well defined diffeomorphism. Recall that L£*(p) is defined as the unique x € 9B
such that p(z) = 1. Denote by G4 (V) the space of oriented affine lines in V' whose
elements are denoted by x + (v); where  is a point in V' and (v) is the 1-dimensional
vector subspace of V' spanned and oriented by a vector v. In particular according to this
notation = + (v)4 = y + (w)4+ if and only if there exists (¢,s) € R x Rs¢ such that
y = x + tv and w = sv. Now consider the projection map

m:Vx9IB* = G (V)
(z,p) =z + (L7 (p)+

Recall that wy denotes the standard symplectic form of T*V and denote by
i:V x 0B* < T*V the canonical inclusion. It is well known that there exists a unique
symplectic form wp on G4 (V) such that 7*wp = i*wy, see [3,4]. Here is the Crofton
formula associated to this symplectic form.

Proposition 2.1 (Alvarez Paiva). The Holmes-Thompson area of a compact immersed
hypersurface M in a Minkowski space (V)| - ||B) satisfies the following formula:

— ; n—1
(M) = = 1en s /G+(V) #LNM)wy .

Applying this formula to the boundary of a smooth convex K in V we obtain the
following formula:

1 n—1

(0K :7/ w
5(0K) (n—1lep {L: LNK#0} B
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By continuity we see that this formula still holds when the convex body K is not neces-
sarily smooth.

Proposition 2.1 was first stated in [1] (see [2, Theorem 3.1]) more generally for im-
mersed hypersurfaces in reversible Finsler manifolds whose space of oriented geodesics
is a smooth manifold. We include the proof here for the reader’s convenience as well to
check that it is still true in our context without the reversibility assumption.

Proof. First note that if H C V is a linear subspace, then (B N H)* = ry-(B*) where
ryg+: V* — H* denotes the restriction morphism defined by rg+(p) = pj. Thus

D*(M,Fg) ={(z,p) €eT"M |z € Mand pe (BNT,M)"}
={(z,p) €eT"M |z € Mand p € r¢p, m)-(B")}
={(z,p) €eT"M | x € Mand p € r(p, p)-(0B")}
= Py (M x 9BY)

where

PM : M x 0B* — D*(M,FB)
(33,]7) = (x7p|TzM)

Therefore, by the coarea formula

(n— 1) en_1 o5 (M)

1
n—1 *  n—1
/ Wy 3 |Prwiy |-
D*(M,Fg) Mx8B*

Here |n| denotes the density given by the absolute value of a top differential form 7.
Now observe that Pj;wa = i*wy (as both are the exterior derivative of the tautological
one-form) which implies, using the identity i*wy = 7*wp and the coarea formula again,
that

2(n—1)!5n_1ﬂB(M)=/ \w*w%‘llz/ #LNMwE". O
MxdB* G+(V)

Observe that we obtain by the way the following formula for Holmes-Thompson area:

1
dg(0K) = ———m8 ———— L. 2.2
b(OK) = g [l (2:2)

Remark 2.2. We easily check from the above formula that if K,, B, are sequences
of convex bodies that converge in the Hausdorff metric to K, B respectively, then
ﬁBTL(aKn) — ,,Q{B(aK)
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2.4. Holmes-Thompson duality formula

To conclude this section let us recall the following duality principle for the Holmes-
Thompson area of convex bodies.

Proposition 2.3 (Holmes & Thompson). Let K and B be two convex bodies in V that
contain the origin in their interior. Then

Ip-(0K™) = ok (0B).
Proof. This was first observed by Holmes and Thompson in [6]. Here is a quick argument:

1
% B - vt
K(a ) 2 (n - 1)!€n—1 ABX@K* ‘WV |

1 / —1
- W
2(7’7,— 1)!571—1 OK*xd(B*)* v

= o (OK™),

where we have abusively denoted i*wy by wy. O
3. Strict convexity and properness

In this section we prove both Theorem 1.1 and Theorem 1.2 which we merge in a
same statement as follows using Proposition 2.3.

Theorem 3.1. Let B and K be two convez bodies of a finite-dimensional real vector space
V. Suppose that either (i) OB is of class C1, or (ii) K = B. The functional

1s strictly convex and proper on the interior of K.
In particular there exists a unique minimizing point Sp(K) € int(K) for the Holmes-
Thompson area of the boundary sphere of (K — x)* in (V*,|| - || 5~)-

We split the proof into two subsections. The first concerns the strict convexity of the
functional above. The second proves the properness of the functional, using an isoperi-
metric inequality between Holmes-Thompson notions of volume and area. In a third
subsection we explain why the map B +— Sp(B) gives rise to an affine-invariant point.
Finally, in the last subsection we further explore conditions which ensure the strict con-
vexity beyond conditions (i) and (ii).
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3.1. Proof of the strict convexity

After fixing some isomorphism V ~ R", we can use the standard Euclidean structure
to identify the dual body A* with the polar body A° of any convex body A containing
the origin as an interior point, and rewrite

Ao (0B) :/ (T,0BN (K — m))o‘n—ld/\n_l(y) (3.1)

8B En—1

using formula (2.1). Here we have denoted by

e dA,_1 the (n — 1)-dimensional volume element induced on hypersufaces by the Eu-
clidean structure

e |Clp-1 = fC dM,—1 the (n — 1)-Hausdorfl measure of any compact domain C' con-
tained in some hyperplane.

Recall that a point y in the boundary of a convex body B is said to be regular if there
is a unique supporting hyperplane y + H(y, B) of B at y. The set reg B C 9B of regular
points has (n — 1)-Hausdorff measure 5" (reg B) = 5"~ 1(0B) (see [9]), and the map

y €regBw— H(y,B) € Gr,—1(R")

is continuous (cf. [14, Lemma 2.2.12]). Here Grgi(R™) denotes the set of all vector k-

planes in R™. Hence, the push-forward of the (n — 1)-Hausdorff measure 5#"~! by this

map is well defined and we denote by psp this measure on Gr,_1(R™). The measure

top coincides with the push-forward of the classical surface area measure of B (which is

a measure on the sphere S~ 1) using the standard two folding map S"~* — Gr,,_1(R"™).
Consider the functional

fK : GI‘nfl(Rn) X mt(K) — (0,00)
(H,2) = [(H O (K = )%

which is continuous as a composition of continuous maps.
Lemma 3.2. For any H € Gr,_1(R"), the function x — fx(H,x) is conver on int(K).
Proof. By [14, egs. (1.52) & (1.53)], in an m-dimensional Euclidean vector space

(W, {-,-)), the Lebesgue measure of any convex body C' can be computed using the
formula

Ol = () Dot

m Sm—1(W) hco (’LL)
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where S™~ (W) denotes the unit sphere in (W, (-,-)) and hge is the support function of
the polar body C°, defined for any x € W by heo(x) = max{(z,y) | y € C°}. Therefore

1 1 n—1
il a) = /S o (hm(“) (u)) Dy ().

Now observe that Vu € S"~2(H) the function = + hpn(x—s) (u) is concave as for any
A€ (0,1) and 1, x2 € int(K) we have

REHAK = Az —(1=2\)zs) (1) = max{(u, z) | z € HN[ANEK —x1) + (1 = X\)(K — 22)]}
> max{{u,2) | z € A[HN (K —z1)] + (1 — M) [H N (K — x2))]}
= Mgk —a,) (W) + (1 = N gk —a,) (1)

The function ¢ — 1/t"~! being strictly convex on (0,00), we get that the function

1 n—1
T | ————
<hHﬁ(Kac) (u> )

is convex. So fx(H,-) is also convex as an integral of convex functions. O

For any 21 # xo € int(K) let us define Strevxg (21, 22) C Grp—1(R™) as the set of
hyperplanes H such that

fK(H,xl)—i-fK(H,l‘g)—QfK(H, (.131—|—1‘2)/2) > 0. (32)

Observe that Strevx g (z1, 2) is an open set by continuity of fx. Furthermore, for a fixed
H, we know by [12] that for any ¢ € int(K) the map x — fx(H, z+xo) is strictly convex
on H Nint(K — x). So in particular, we always have Strevxg (z1,22) # 0 as it contains
any hyperplane H containing xo —x1. Now let us say that (z1,z2) € int(K) X int(K)\ A
is a cylindrical pair for K if Strevxg (x1,x2) # Gr,—1(R™). Here A denotes the diagonal
subset. We denote by Cylpair(K) C int(K) x int(K) \ A the subset of cylindrical pairs
associated to K. The term cylindrical pair is justified by the following result.

Lemma 3.3. For any (x1,x2) € Cylpair(K), we can find a hyperplane H € Gr,_1(R™)
and a convex body C' of H such that

HN(K—-2z)=C
for any x € [x1,x2]. Equivalently, we have that (H + [z1,22]) N K = C + [z1, 22].
Proof. Picking H ¢ Strevx g (z1,22) we get that

fK(H, A\ry + (1 — /\)332) = )\fK(H, (371) + (1 — /\)f‘K(I{7 332)



12 F. Balacheff et al. / Advances in Mathematics 397 (2022) 108118

for A = 1/2 and thus for all A € (0,1). It follows by the proof of Lemma 3.2 that
Vu € S"2(H) and VA € [0,1]

hHﬂ(Kle)(u) = hHﬂ(Kf)\zlf(lf)\):rz)(u)'

Therefore there exists a convex body C of H such that H N (K — z) = C for any
z € [x1, o). Equivalently, we have that (H + [x1,22]) N K = C + [z1,22]. O

The following result describes how cylindrical pairs of K should interact with the
support of pgp to ensure strict convexity for the Holmes-Thompson area. Recall that
the support supp(p) of a Borel measure p is the intersection of all closed sets of total
measure.

Proposition 3.4. The map x — k. (0B) is strictly convex on int(K) if and only if
supp(pap) N Strevx g (21, x2) # O for every pair (x1,z2) € Cylpair(K).

Observe that supp(pap) N Strevxg (T1,x2) # O for every (z1,22) ¢ Cylpair(K) as
Strevx g (z1, z2) = Gr,—1(R™) in this case. So we can replace “for every pair (x1,z2) €
Cylpair(K)” by “for every x1 # x5 € int(K)” in the proposition above.

Proof. The integral of a non-negative continuous function against a Borel measure is
positive if and only if the support of the measure meets the interior of the support of
the function. Therefore, fixing 1 # 5 € int(K), we get that

MK—-’M (8B) + JZ{K—-’E'L) (aB) - 2MK—($1+$2)/2(8B)

— / i (H,20) + frc (H,wa) — 2 fic (H, (21 + 29)/2)] dpioss (H)
Gryp—1(R™)

a En—1
is positive if and only if Strevxg (21, x2) meets supp(pugp). O
We are now ready to prove the strict convexity part of Theorem 3.1.

Proof of the strict convexity in Theorem 3.1. (i) Suppose first that B is of class C*.
Thus supp(pop) = Gr,—1(R™) which implies that the map z — @k, (9B) is always
strictly convex on int(K) according to Proposition 3.4.

(ii) Suppose now that K = B. By Proposition 3.4 we need to prove that
supp(uop) N Strevxpg(z1, x2) # O for every (z1,x2) € Cylpair(B).

By Lemma 3.3, given any (21, x2) € Cylpair(B), there exists H € Gr,,—1(R") and C a
convex body in H such that (H+[x1, 22])NB = C+[z1, x2]. Let pac be the push-forward
measure of the surface area measure of C by the quotient map S"~2(H) — Gr,_2(H).
Take any G € supp(puac), and consider the hyperplane H' = G @ span(zy — 21). Since
x9 —x1 € H', we know by [Santald,1949] that H' € Strcvxp(x1,z2). Let N be any open
neighborhood of H' in Gr,,—1(R™). Let us prove that ugp(IN) > 0. Consider the map
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t:Grp_o(H) = Grp,—1(R™)
F — F @ span(xzg — x1)
which is continuous. Since :~}(NN) is open and contains G € supp(usc) we have
pac(t™H(N)) > 0. Let U be the set of regular points of 9B with supporting hyper-
plane inside N, and let V' C OC consist of the regular points of JC with supporting
hyperplane in : (V). By [11, Theorems 25.1 and 25.5], there exists an injective C'-map
¢ defined on some measurable set D C R"~2 and such that ¢(D) = V. Set
@ DX].CCl,ZEQ[ — V+]1‘1,1‘2[C U

(y, ) = p(y) + .

Observe that the Jacobians of ¢ and ¢ satisfy the inequality Jac, ¢ > Jac, ¢-sin a where
« denotes the angle between xo — 1 and H. Therefore we have

non(N) = A" H(U) > / Jac,

DX]CEl,CEQ[
> |ze — 21| - sina / Jac,p
D
= |zg — 21| - sin(a) - " 2(V)
= |zg — 21| - sin(a) - pac (¢ H(N)) > 0,

as claimed. This implies that H' € supp(pop). Since also H' € Strevxp(xy,z2), this
proves strict convexity in case (ii). O

Remark 3.5. We now present an example of two convex bodies K and B in the plane R?
such that the functional z — k. (0B) is convex but not strictly convex:

(=3,1) (3,1) (0,1)
(_110) (170)
B - e — B
(_37_1) K (37_1) (0771)
Observe that supp(pap) consists of the two directions z =y, = —y each of weight

21/2. Tt is easy to check that the interior of the shaded area corresponds to points (z,y)
where the functional ¢ — @7k _ (544 ,)(0B) is constant for small values of t. By symmetry
we deduce that this functional achieves its minimum on any point lying on the black
segment.



14 F. Balacheff et al. / Advances in Mathematics 397 (2022) 108118

3.2. Proof of the properness

In order to prove Theorem 3.1, it remains to show that the map is proper on the
interior of K. This holds without any assumption on the convex body B, and easily
follows from the well-known fact that the map z — Vg _,(B) is proper on the interior of
K and the following generalization of the classical isoperimetric inequality to asymmetric
Minkowski spaces.

Proposition 3.6 (Isoperimetric inequality for Holmes-Thompson volume). Let B and K
be two convex bodies of an n-dimensional real vector space V. Suppose that K contains
the origin as an interior point. Then

e (@B)" _ (4n)"
VK(B)H_l - n!5n ’

This inequality is stated in [15, Theorem 6.6.4] in the case where K is symmetric.
The proof straightforwardly generalizes to the non-symmetric case so we briefly survey
the arguments.

Proof. After fixing some isomorphism V ~ R", we identify the dual body A* of any
convex body A containing the origin as an interior point with its polar body A°. First
recall that (compare with [15, Theorem 5.2.2])

MK(GB) =n-: V(B[n — 1],[}()

where V' denotes the mixed volume and I the isoperimetrix convex body defined as the
unique symmetric convex body with support function

hiy (u) = |2 (K°)|/en—1 = |(K Nut)°|fen-r. (3-3)

Observe that Ik is a zonoid according to [14, Formula 5.80 and Theorem 3.5.3].
Next we check that

G (0B)™ S i (0Ik)™
VK(B)nfl — VK(IK)”71

Indeed as @k (0Ix) = n|Ik| and Vg (B) = |B||K°|/en, the above inequality is equivalent
to

V(Bln — 1], Ix)" = [Ix||B|" ™

which directly follows from Minkowski’s inequality, see [14, Theorem 7.2.1].
Now recall that the normalized isoperimetrix convex body I is defined as the unique
dilated of the isoperimetrix satisfying n Vi (Ix) = ok (01 ). Therefore



F. Balacheff et al. / Advances in Mathematics 397 (2022) 108118 15

A (OB)™ %K(af;()" - \K°||I~K|
> DO oy (Fe) = pr 2K
Vi (B)"t = Vg (Ig)"! W Vi) =n En

Besides it is easy to see that in fact Ix = &, - Ix/|K°|. Using equation (3.3), we also
see that e,_; - hr, is precisely the support function of the projection body IIK°. Con-
sequently we find the identity Ix = (e, /e,_1|K°|) - TIK®. Therefore

e = (=) ey = (2220 ety ey,

n n

which implies together with Petty’s projection inequality [8], see [14, Formula 10.86],
that

|(I)°| < [ K°).

Finally

x(0B)" o Uk)°Ik| _ (4n)"
Vi(B)»—1 — En ~ nle,

using Reisner optimal lower bound on the volume product for zonoids [10]. O

The properness statement in Theorem 3.1 is now a consequence of the following simple
fact.

Proposition 3.7. Let By — B be a convergent sequence of convexr bodies in R™, and
assume that 0 € int(By,) for each k and 0 € 9B. Then |B}| — oco.

Proof. Given a convex body K, let us say that a parallelotope circumscribes K if K C P
and every face of P is contained in a supporting hyperplane of K. Without loss of
generality assume that B is supported by a coordinate hyperplane at 0. Let Py (resp.
P) be the parallelotope circumscribing By, (resp. B), and with all faces parallel to the
coordinate hyperplanes. Then Py is a sequence of polytopes with vertices contained in
the coordinate lines. One of these vertices tends to infinity while the others converge to
points different from the origin. It follows that

|B;| > |P5| = oc0. O
3.3. A new affine-invariant point
Let us start by recalling the definition of an affine-invariant point (see [5]): this is a

map f : IC(R™) — R™ where K(R™) denotes the space of convex bodies in R™ satisfying
the following two conditions
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o for every inversible affine map ® : R™ — R™ and every convex body B € IC(R™), one

has f(®(B)) = ®(f(B)).

e f is continuous with respect to the Hausdorff metric.
We will prove the following.

Proposition 3.8. The map fs : K(R™) — R™ defined by fs(B) = Sp(B) is an affine-
mvariant point.

Proof. Using (2.2) we easily check that given any pair K,B € K(R"™) we have
1k (OLB) = ok (0B) for every invertible linear map L: R™ — R™. So if T: R™ — R"
is an invertible affine map, we get that

Ap—2(0B) = Srp_1(2)(0TB)
for all x € int(B). Our Santalé point thus satisfies the equality
Sre(TB)=T(SB(B))

from which we deduce that the map fs fulfills the first condition.
In order to check the second condition, we argue as follows. First define a function

Fs : K(R™) x R™ =10, +o0]

by setting Fs(B,z) = @/p_,(0B) if x € int(B) and Fs(B,x) = +00 otherwise. Observe
that this function is continuous. Indeed, since Fs(B,z) = Fs(B — ,0), we only need to
check continuity with respect to B. As sequentially continuous maps defined on metric
spaces are continuous, this follows from Remark 2.2 and Propositions 3.6 and 3.7.

Given a convex body B, fix Ky € IC(R™) such that B C int(Ky). By the Blaschke
selection theorem, the subset V := {K € K(R") | K C Kp} is a compact neigh-
borhood of B in the Hausdorff topology (cf. [14, Theorems 1.8.4 and 1.8.6]). Let now
{B,}n be a sequence of convex bodies in V' converging to B, and consider the sequence
{fs(Bn)}n, which is contained in K as each B,, € V. Let us show that {fs(By,)}, con-
verges to fs(B). By contradiction, suppose that there exists an open neighborhood N
of fs(B) and a subsequence of {fs(By)}, contained in Ky \ N. This set being com-
pact, there exists a subsequence {fs(Bn,)}r converging to some point z # fs(B).
Because Fs(B,,Sp, (Bn)) < Fs(Bn,y) for all y € R™, we deduce by continuity that
Fs(B,z) < Fs(B,y) for all y € R™. Then both z and fs(B) would be minimizers of the
function Fs(B,-), thus contradicting Theorem 3.1. Therefore the sequence {fs(Byn)}n
necessarily converges to fs(B). This proves the continuity of the map fs and concludes
the proof. O
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3.4. Further study of the strict convexity

Next, we describe an optimal property on B that ensures strict convexity for any
convex body K. For this, let us define for any L C Gry(R™) the subset

Star(L) := {H € Gr,_1(R") | L C H}.

Proposition 3.9. Let B be a conver body. The map z € int(K) — ok _,(0B) is
strictly convex for any convex body K if and only if supp(ugp) N Star(L) # @ for any
L € Gri(R™).

Proof. Recall that as already observed, for a fixed H and K, we know by [12] that
for any xg € int(K) the map = — fg(H,z) is strictly convex on (xg + H) N int(K).
In particular, for any x; # z2 € int(K), we have that Star(span(zs — z1)) C
Strevx g (21, 22). So if supp(usp) N Star(L) # 0 for any L € Gri(R™), we directly get
that supp(ugp) N Strevxg (z1, 29) # (@ for any convex body K and x; # 2o € int(K).
By Proposition 3.4, it ensures that the map « € int(K) — &k _,(0B) is always strictly
convex.
Now suppose that supp(pog) N Star(L) = ( for some L € Gri(R™).

Lemma 3.10. The family of open sets {Strevxr (21,%2)} (K2, ,20) Where K runs over con-
vex bodies and x1,x2 are any pair of distinct points of int(K) such that span(re—x1) = L
is an open neighborhood base of Star(L).

Proof of the Lemma. Fix an open neighborhood U of Star(L) in Gr,_1(R™). We con-
struct a convex body K such that for some x; # z2 € int(K) with span(zg —x1) = L
we have Star(L) C Strevxg (z1,22) C U.

K

U HnEK
HeUe

L A
AN

For this consider the (possibly empty) compact set U¢ and let K be any infinite cylinder

st

with direction L, with a compact convex base and that contains 0 in its interior. Now
fix g > 0 and a unit vector v € L. As U° is compact and disjoint from Star(L), we
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can consider a finite subcylinder K of K delimited by two affine hyperplanes whose
underlying directions are not in Star(L) and such that (H +ev) N K = (H +ev) N K for
any H € U and any |e| < gg. By taking x1 = —eqv and x5 = ggv we have that for any
H € U¢, the map x — HN(K —x) is constant on [z, z2] and so H ¢ Strevxg (z1,22). O

Lemma 3.10 applied to the open neighborhood U := supp(usp)® implies that there
exist K and x1 # xo € int(K) such that Strevxg (z1,22) C supp(nax)® and by Propo-
sition 3.4 we are done. O

To conclude this section, we describe an optimal property on K that ensures strict
convexity for any convex body B.

Proposition 3.11. Then the map x — Wi _,(0B) is strictly convex on int(K) for any
convez body B if and only if K has no cylindrical directions, that is Cylpair(K) = ().

Proof. The fact that the condition Cylpair(K) = § is sufficient follows directly from
3.4. To prove that it is also necessary, let K be a convex body with Strevxg (z1, z2) #
Gr,—1(R™) for some cylindrical pair (z1,23). We will construct B such that
supp(uap) N Strevxg (21, z2) = 0. For this we need the following lemma.

Lemma 3.12. If Strevx g (w1, x2)¢ is nonempty, then it has a nonempty interior.

Proof. According to Lemma 3.3, if Strevxg (21, z2) # Gry,—1(R™), we can find a hyper-
plane Hy € Gr,—1(R™) and a convex body Cy of Hy such that Hy N (K — x) = Cj for
any ¢ € [z1,z2]. Fix any proper subinterval [z], z5] of [z1,x2], that is [2], 2] Cla1, z2].
We can find an open neighborhood U of Hj such that for any H € U there is a con-
vex body C of H such that H N (K — z) = C for any =z € [z},2}]. In particular
H ¢ Strevxg (), 24) C Strevxg (w1, 22) which implies that Strevx g (w1, 22)¢ contains
an open neighborhood of Hy. O

From this lemma, it follows that if Strevxg (z1,22) # Gr,—1(R™), then its comple-

¢ contains n hyperplanes defined by linearly independent

mentary set Strevxg (1, z2)
covectors. So, for any parallelotope B whose face directions are precisely these n hy-
perplanes, we have that supp(usp) N Strevx g (z1,22) = 0, and so we can conclude by

Proposition 3.4. 0O
4. Equiaffine differential geometry

We now introduce classical notions from equiaffine geometry and some notations that
will be used to prove Theorem 1.4 in the next two sections.

From here on, let us suppose the n-dimensional vector space V endowed with a
non-trivial alternate multilinear n-form, which we denote by det. Let M C V be a
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hypersurface and take a vector field = transverse to M. Then, for every pair of tangent
vector fields X, Y on M, we can decompose the flat connection V of V as

VxY =V¥Y +¢(X,Y) - E (4.1)
where VM is an affine torsion-free connection on M and g is a field of symmetric bilinear
forms. The hypersurface M is said to be non-degenerate if g is nowhere degenerate, a
condition that does not depend on =.

Theorem 4.1 ([7], Ch.II, Thm.3.1). For each non-degenerate oriented hypersurface M,
there is a unique transversal vector field =, called equiaffine normal field or Blaschke’s

normal field, such that

i) V,E € Tp,M for everyx € M and v € T, M,
ii) the volume (n — 1)-form « associated to g satisfies

al&y, ..., &n1) =det(Z2(x), &1, 0, Enm1)
for everyx € M and &,...,&,—1 € T, M.

The pseudo-Riemannian metric g and its volume form « are called equiaffine metric
and equiaffine area measure respectively. We assume from here on that g is Riemannian.

We will denote by E = E(M) the frame bundle of M whose fiber over x € M is

Ey ={(z,61,...,6n—1) € M x V"' span(&y,..., &no1) = T M}
Given (z,&1,...,&n—1) € F, items i) and ii) in Theorem 4.1 read
det(VE, &1, .. €6n1) =0, det(E(x),&1,. .., Enm1)? = det(g(&,&5))i - (4.2)
Definition 4.2. Given an oriented hypersurface M C V and £ € F, let
L;j(§) = det(Ve, Xj, 815, §n1), ij=1,....n—1,

where X is any tangent vector field with X;(z) = ;. It is easy to check that L; ; = L, ;
and does not depend on X;. Let L € C°°(E) be the function defined by

L(€) := det(Li,;(€))i.;-

Proposition 4.3. For any £ = (x,&1,...,&—1) € E we have

L(g) = det(E(x), 51, A 7€n_1)n+1. (43)
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Proof. We can assume {;,...,&,—1} to be positively oriented, as both sides of (4.3)
are equally affected by a permutation. Indeed, the effect on the matrix (L;;);; of a
transposition of &1,---,&,—1 is a sign change of all entries L; ;, and a simultaneous
permutation of two lines and two columns. From (4.1) and (4.2) we get

Lk?,l(g) = det(VEleu 617 .o 767171)
= g(gk,fl)det(5($>7§17-~-,€n71) (44)

— 9(&, &) det(g(&i, ;)2 (4.5)

It follows using (4.2) again that

L(§) = det(Ly1(£)) = det(g(fk,éz))zlcﬁ%l = det(2(2), &1, &-1)" T O (4.6)

Remark 4.4. By (4.5) and (4.6), the equiaffine metric is simply given by

9(&i, &) = |L(E)| 771 Ly (€).

In turn, the equiaffine normal vector can be obtained from g as = = ﬁA f where A
is the Laplacian with respect to g and f: M — V is the inclusion (cf. [7, Thm.6.5, Ch.
IT]). We will not make use of this fact.

5. Measure of lines in terms of hyperplanes

In this section we use the boundary sphere 0B to construct a parametrization space
for the oriented affine lines of the dual vector space in terms of intersections of affine
hyperplanes. We then show how to rewrite the measure involved in Alvarez Paiva formula
in this new space.

Recall that we have fixed some non-trivial alternate multilinear n-form det on the
n-dimensional vector space V.

Let B be a convex body of V that contains the origin as an interior point, and
suppose 0B is smooth and positively curved. In particular its dual body is smooth, and
the Legendre transform £ : 9B — dB*, uniquely defined by

ker L(x) =T, 0B and (L(x),x) =1,

is a well defined diffeomorphism. Moreover, since B has non-degenerate second fun-
damental form with respect to any Euclidean structure, Theorem 4.1 applies to it. We
orient B with the inward vector (i.e. as the boundary of V' \ B) so that the equiaffine
metric ¢g is Riemannian. Associated to the hypersurface B we also have well defined
functions L; ; and L € C*°(E(IB)) (see Definition 4.2).
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Consider a smooth local section

¢:U C OB — E(0B)
z = ((2) = (2,6 (), Gar (7))

We define the following diagram

R\ {0} 1 x U —E— E(OB)

N

V* x 0B —— G (V*)
where

o G (V*) is the space of oriented affine lines in V* introduced in section 2.3;
o for A\=(\1,..., A1) € (R\{O}H)" tand z € U

F(A,.T) = (JI, AICI(J")’ ey )\n—ICn—l(m));
o G(x,&,...,&n—1) is the affine line

eV i,p) == {-1,p) =1}

oriented by L(z);
o for (z,&1, -+ ,&0—1) € E(OB) let {L(z),&,...,£" 1} be the dual basis in V* of the
basis {z,&1,...,&n—1}, and set

p(x, &1, 6n1) :nilﬁi-
i=1
Then define
H(z, &1, &n-1) = (p(@,&1, -+, §nm1), @);
« 7 is the projection map
m(p,x) =p+ (L(@))+

It is easy to check that the previous diagram commutes.
Indeed observe that (&;, p(x,&1,...,&—1)) = 1 and (&;, L(x)) = 0 for all ¢, which leads
to the commutativity property:

moH(x,&1,...,6n—1) =p(x,&1, ..., &n1) + (L(2))+ = G(x,&1, ..., &n—1).
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Recall that G4 (V*) is endowed with a symplectic form wp« (see section 2.3). It will

be convenient to consider on G4 (V*) the following associated volume element

n(n;l) n—1

np* = (—1 wB*

and take the corresponding orientation. OQur goal in this section is to compute the pull-
back form G*np-. For this, we introduce the following 2-forms.

Definition 5.1. Let wy,...,w,—1 be the 2-forms on E(9B) given by

—

Wi(x,gl,.“,gn,l) = det(dﬂia dﬂ'iv 61 - gia cee agi - fia s agn—l - fi)a
where

7 BE(0B) =V
(xagla e 757171) — 51

Using these 2-forms we are able to express G*ng- as follows.

Proposition 5.2.

(n—1)!
L

G'np = Wi A Awpoq. (5.1)
The rest of this section is devoted to the proof of the proposition above.

5.1. Technical lemmas
Let us begin with the following computation.

Lemma 5.3.

H!
(F*G*UB*)()\@) = (n )2 d/\l /\"'/\d/\n—l /\Cl(l') /\"'/\Cn_l(l‘)

where {L(z), ¢ (x), ..., (" Y(x)} is the dual basis of {z,(1(x), ..., (u1(7)}.
Proof. Note first that
F*G*wp = FFTH t*wp+ = F*H wy«

where we have abusively denoted i*wy+ by wy« (here ¢ stands for the canonical inclusion
V* %X 0B < V* x V).
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Fixing x¢y € U we write

n—1

wys =20 A L(wo) + Y Cil0) A C (o)

i=1

globally on V* x V.
Since H o F(A\,z) = (po F(\, z),x) = (Z?;ll ¢H(x)/\i, ) we have

23

d(H o F)(xq) (0/0N) = (=¢*(2)/A],0)  and  d(H o F)(xa)(Gi(2)) = (+, Ci(2))-

Thus, modulo terms of the form (%(zg) A (7 (o),

(F*H*WV* (\0) Z OJV* H o F ()\ z0) (8/6/\1) ad(H o F)(/\,zo)(gi(xo))) d/\l A Cz(xo)

n—1

=—ZAsz A ¢ (o)

The statement follows. O
Secondly we prove the following identity.

Lemma 5.4.

n—1
F*(wiA- Awp—1) (a0 = L(¢(2)) <H A;“) dM A AN ACHE) A ACT ().

Proof. Fix 29 € U and put &; = (;(z). Considering E(0B) C V x V"~1 we have

dF () .20) (0/0X;) = (0;0,...,0,¢;,0,...,0),

and

dF(/\,a:o)(fj) = (5] ; Al(dcl)xo (5j)7 ) An—l(an—l)xU (5]))

Thus

for any i, 7, k and
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for any i, 7, k such that i # j, while

. o
Fw; <8>\¢’€j>

= —det(&, Ai(dGi)ao (&), Mér — Niiy -5 A fz Niis s An—1bn—1 — Ni&i)
= - det(f’h )"L(dC'L)z (5)7 A1513 ceey )‘lfu vy An71£n71>

z+1 <H Ak) det V§J<l,£1,...,€n_1),

that is

F*Wi (%75]) = H_l (H >\k> s anglw"afn—l)~

Therefore, putting L;; = L;ji(zo,&1,...,&n—1) and & = (7 (x), we have

F* (w1 A+ AWn—1) (xz0)

n—1
_ (71),”71 (n l)n <H )\n l> ZLde)\l /\éﬂ A

j=1

n—1
Z Ljn_1dXn_1 A &

j=1

n—1
= (H A;“) A\ A A A D Ljae Ly, A A
=1

Ji--dn—1

n—1
= (H /\Z_1> det(Li,j)i,j dM N ANdAp—1 A fl VANREIWAN fn_l

k=1

from which we get the announced formula. 0O
5.2. Proof of Proposition 5.2

Let us denote

Wi A AW

The proposition will follow easily after proving that

(1) F*Q = F*G*np~;
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(2) ixQ =0 for all X € kerdG.

Indeed, given & = (z,&1,...,€,—1) € E(0B) we can take a local section ¢ of E(JB)
such that ((z) = & In particular the map F associated to this section satisfies that
F((1,...,1),x) = & Then we observe that

im dF((l,...,l),x) @ ker dG§ = TgE(aB),
because GoF' is a diffeomorphism according to Lemma 5.3. Equality (5.1) follows directly

using points (1) and (2).
Let us check point (1). Note that (e.g. by Proposition 4.3)

Lo F(\x) <H A”“) (z,¢1(2), ..., Can (2)). (5.2)

Hence, by Lemma 5.4, at £ = F(\, z) we have

FQ—WF(wl/\/\wn,l)
~ (n—=1)!

= A A AdA 1t ACH @) A AT (1),
T 1 1A () " (x)

which is precisely F*G*np- by Lemma 5.3.
In order to check point (2), we easily verify that

ker dGe = ((0, Z;;) € V. x (V)" |i,j € {1,...,n— 1} with i # j) (5.3)
where

Zij:(()?"':()v gj_fz ,0,...70) eV.
——
ith position

Indeed we have G(xagla cee agifl, (]- - t)'gz + tgj,£i+1a cee ,gnfl) = G(x,fl, cee ,gnfl) for
all ¢t and differentiating the curve

= (51""’(1_t)€i+t€j7"'7§n—l)

at time 0 gives the vector Z;;. The linear independence of (&;,...,&,—1) then ensures
that the family {Z,; | 4,7 € {1,...,n — 1} with ¢ # j} is also linearly independent. Its
cardinality is (n — 1)(n — 2), which coincides with dim ker dG = dim E(0B) — 2(n — 1)
as G o F' is a diffeomorphism. This shows (5.3).

Next we see that if ¢ # k, then

(i(0,z,)wr)e = —det(dmi(Ziz), dmr, &1 — &gy - - - & =&y r b1 — &) =0
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and that
(i(0,2,,)wi)e = — det(dmi(Zij), dmi, &1 — &y - - - ,éi\fu cobno1 — &)
= _det(gj _€i7dﬂ-i7£1 _Eia"'aéi _§i7"'7£n71 _57,)

P O’
which proves point (2). O
6. First variation of the dual area under translations

Recall that we have chosen some non-trivial alternate multilinear n-form denoted by
det on the mn-dimensional vector space V. Recall also that B C V is a convex body
containing the origin in its interior and has smooth and positively curved boundary (i.e.
the normed vector space (V.| - ||5) is Minkowski). Let K denote another convex body
of V.

In this section we prove Theorem 1.4 by explicitly computing

D e (O(K — )

for any v € V.
6.1. Preliminaries

Let us begin with the following simple fact.

Lemma 6.1. Let £ = (x,&1,...,&n—1) € E(OB) and y € V' \ {0}. The affine line G(§) is
contained in the affine hyperplane H, = {p € V*: (p,y) = 1} if and only if y belongs to
aff(¢), the affine hull of &1,...,&n—1-

Proof. Recall that

G ={peV": {&,p)="=(n-1,p) =1} = ¢+ (L(2))
for some g € V*. Hence G(§) C H, if and only if y € ker £L(z) = span(&y,...,&,—1) and
(¢,y) = 1. This is equivalent to y = >~, \j& with Y. A; = (¢,y) = 1, which means that

y is in the affine hull of the §;. O

Given v € V, let E, denote the set of £ € E(9B) such that —v ¢ aff(¢). Let
T,: E, — E(0B) be given by

Tv(x,fl,...,§n_1) = (J}U,fl +'U7~-~7§n—1 —1—1})
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Here z,, € OB is uniquely determined by the conditions that & +v € T, 0B for all ¢ and
that the basis {z,,& 4+ v,...,&—1 + v} is negatively oriented. Note that —v ¢ aff(&)
ensures that & +v,...,&,_1 + v are linearly independent.

Let T,,: G(E,) = G4+(V*) be defined by

T,(G(§)) = G(Tw(8))-

To prove that this is independent of &, assume G(§) = G(£') for some & =
(2, &1,...,¢&,_1). By Lemma 6.1, each ! is in the affine hull of &1, ...,&,_1. Since £/ +v is
clearly also in the affine hull of the ;+v, we get by Lemma 6.1 that G(T,(¢)) = G(T,(¢'))
up to orientation. Since v + z,, is continuous, the orientations of G(T',(¢)) and G (T, (¢))

must agree or disagree for all v; and they coincide for v = 0. This shows that T,, is well-
defined.

Lemma 6.2. Forv eV and L € GL(V*) we have
LN(K-v)"#0 <= LeGE,) andT,(L)NK* #9. (6.1)

Proof. Given ¢ = (2,(1,...,(n—1) € E(9B) and a convex body @ in V, note that
G()NQ* #0 if and only if every hyperplane containing G(¢) intersects Q*. By
Lemma 6.1 this is equivalent to the fact that H, N Q* # () for every y in the affine
hull of (3, ...,{,—1. In turn, this is equivalent to y ¢ @Q for all such y.

Let now L = G(&). Taking ¢ = € and Q = K —v we get that the left hand side of (6.1)
holds if and only if y ¢ K — v for every y € aff(¢). Since 0 € int(K), this is equivalent to
the fact that —v ¢ aff(¢) and z ¢ K for all z € aff(T,(¢)). Taking ¢ =T, (¢) and Q = K
this condition is equivalent to the right hand side of (6.1). O

Note that, by the first part of the previous proof, if G(¢) N K* # () and v € K, then
¢ € E_,. Then, by Proposition 2.1 and Lemma 6.2, for tv € int(K)

1

A QK 1)) = - [ -
(n = 1)len—1 Jinecm): T ()nK-+0}
1
)€n 1 J{T 4o (L): LEGL(V*),LNK*#0}
o=t
(n—Dlent Jinea, (vey: prrcezey

Consider the vector field Z, on E(0B) given by

Ttv(xvgla s a§ﬂ—1)7
t=0

d
Z’U(‘r7£17-- -7§n—1) = E

and recall that
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(n—1)!
L

G*ﬁB*:Q: CUl/\"'/\wn—l-

Let now {U;} be a finite cover of 9B, take a local section (; of each E(U;), and let
F;: (R\{0})"~'xU; — E(IOB) be the corresponding map. Since GoF; is a diffeomorphism
onto its image, taking a partition of unity p; subordinate to {U;}, we have

1
A< (O(K —tv)*) = ————— / pi - FrXG*T*, np-
o ) (n—1)lep—1 21: (GoF)~1({L: LOK*#0}) !
1 —
= 1 / Pi - Fi*T—tv Q
(n—1)len—1 o J(GoF;)=1({L: LNK*#0})
and we deduce that
d 1
— A (0(K —tv)") = ———— / i - Fi Lz, Q.
dt),_o" " (0 ") (n—1)len1 zl: (GoF,)~1({L: LmK*;éQ)})p z

(6.2)

Proposition 6.3. For any £ = (2,&1,...,&§n-1) € E(OB) and any v €V

Lz, L
Lz, QA=—(n-1)! 2”2 Wi A Awpoq

and

Lz, L&) = (n+1) (det(E(x), &1, -, €n1))"

n—1
X (Z det(E’(‘T)?gla s 7€i—1707§i+17 ce 7§n—1)>
=1

where Z 1is the interior equiaffine normal field of 0B.

Proof. The first equality follows from Lz, w; = 0. As for the second, by Proposition 4.3
we have

L(Tv(g)) = L(xtvv fl + tU, v 7'£n71 + tU) = det(E(xtv)v 51 + t’U, s agnfl + tv)n+1'

Hence

det(E(x4y), &1 + tv, ..., Ene1 + tv).
t=0

d
L2, L) = (n+1) det(E@). €1, 600)"

The proposition follows by noting that %‘t:o E(zty) = VxE(x) with X = %|t:0 Ty
which according to the first identity of (4.2) implies that

n—1
% det(E(zw),ﬁl +t’U, . ,57,,_1 +tv) = ; det (E(I),gl, . ,§¢_1,v,§i+1, e 7£n—1) .

t=0
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6.2. Proof of Theorem 1.4

Take a local section ¢: U — E(0B) mapping each = € U to a positive orthonormal
basis {e1(z),...,en—1(x)} of T,0B with respect to the Riemannian metric g. For all
x € Ulet {e*(2),...,e" (x),=*(x)} denote the dual basis of {e1(z),...,e,—1(x),Z(z)}.
Since ker E*(z) = span(ey(z),...,en—1(x)), we have E*(z) € (L(z)). Take the smooth
measure = e A---Ae" ! on U. For each x € U the dual measure v, on ker Z(x) ~ T 0B
of the Lebesgue measure p, is given by v, = ej(z) A+ Aep_1(x).

First observe that if F' denotes the map corresponding to ¢ we have

Lo F(\xz) =Lz, A\e1(x),..., \n_1en—1(x))

— <H A”“) det(E(z), e1(x), ..., en_1(z))" !

()

using the fact that {e;(z),...,e,—1(x)} is a positive orthonormal basis together with
point ii) in Theorem 4.1, and that similarly

n—1 n—1
Lz, LoF(A\z)=(n+1) (H )\;H'l) Z )\%(e%x),v}

=1 i=1

where (-, -) denotes the canonical duality pairing. Furthermore by Lemma 5.4 the follow-

ing holds:
n—1
F*(wi A Awn—1)(ae) = (H )\?1> dM A ANdhg_1 Ael (@) A AT ().
i=1

Therefore, using Proposition 6.3, we get the following formula:

n—1 n—1
1, 1
F* (L7, M = — <§ v e( > (H V) dM A AdAa_q Adp(z).

=1 "1

Let us define the map

which is a diffeomorphism onto its image that satisfies
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GoF(A ) =pa(A) + (L())+-
In particular, we have

(N z) € (R\{0)" ' xU: Go F(\,z) N K* # ()}

(GoF)Y *{L: LNK*#0}) ={(\z
A\ z) € R\{0N)" I x U: pp(N) € m(K*)}

{
{
where m,: V* — ker Z(z) is the linear projection with kerm, = (L(x)).
A simple computation shows that

n—1
1
(0w =T 5z ] dM A ndans
i=1 "%
as measures. Therefore
[ Fean
(GoF)=1({L: LNK*#0})
(n+1)! -
= (Px(N),0) d(pz)u(v2) | du(x)
n zeU \Jrepz (7o (K*))
n+1)!
SR endn) au
n zecU gETL(K*)
(n+1)!

—-EERC (b)) duta).e
n zeU e (K*)

Covering B with local sections and using (6.2), we deduce the stated formula:

d . n+1
D e (OE — o)) = / / qdvs(q) | dp(z),v ). 0
dt t=0 €n—1 r€OB T (K*)
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