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1. Introduction

Singular integral operators are deeply related to geometric properties of measures and,
in particular, with the concepts of rectifiability and uniform rectifiability. An operator
that has been profusely studied in this field is the codimension 1 Riesz transform, which
has a wide relevance because it arises as the gradient of the single layer potential associ-
ated with the laplacian. In particular, it has also been used to investigate the properties
of harmonic measure. For this reason, it is interesting to understand if the results which
are known for the Riesz transform generalize to operators defined by gradients of sin-
gle layer potentials associated with suitable elliptic PDEs. In this spirit, the aim of the
present article is to establish an elliptic equivalent of a quantitative rectifiability theo-
rem that Girela-Sarrién and Tolsa proved in [21] for the Riesz transform, which is also a
crucial tool in the study of certain non-variational free-boundary problems for harmonic
measure.

Given a Radon measure yu on R"+1, its associated n-dimensional Riesz transform is

R () = / T W) ). f € L),
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whenever the integral makes sense. Given z € R"*! and r > 0, we denote by B(z,r) the
open ball of center x and radius r. A Radon measure p has growth of degree n if there
exists a constant C' > 0 such that

w(B(z,r)) < Cr" for all z € R™, r > 0. (1.1)

We call i n-Ahlfors-David regular (also abbreviated by n-AD-regular or just AD-regular)
if there exists C' > 0, which is referred to as AD-regularity constant, such that

cCm < u(B(a?,r)) <Cr" for all z € supp p, 0 < r < diam(supp p).

A set E C R*"! is said n-AD-regular if H"|g is a n-AD-regular measure, H" denoting
the n-dimensional Hausdorff measure in R"*!. Note that the support of an n-AD-regular
measure is n-AD-regular.

A set E C R is called n-rectifiable if there exists a countable family of Lipschitz
functions f;: R™ — R*™! such that

w(E\Us®M) =o0.

A measure p is n-rectifiable if it vanishes outside a rectifiable set E and, moreover, it is
absolutely continuous with respect to H"|g.

A set FE is said uniformly n-rectifiable (or just uniformly rectifiable) if it is n-AD
regular and there exist 8, M > 0 such that for all z € E and all » > 0 there is a Lipschitz
mapping g from the ball B, (0,7) C R™ to R*! with Lip(g) < M such that

H"(E N B(z,r) N g(Bn(0,7))) > 6r".

We say that a measure p is uniformly n-rectifiable if it is n-AD-regular and it vanishes
outside of a uniformly n-rectifiable set.

Many characterizations of uniformly rectifiable measures are available in the literature
(see e.g. the monograph [18]). To the scopes of the present paper, we are particularly
interested in those which are formulated in terms of singular integrals.

David and Semmes showed in [17] that, under the background n-AD-regularity as-
sumption, a measure p is uniformly n-rectifiable if and only if all the singular integral
operators associated to y with smooth antisymmetric convolution-type kernels are L?(j)-
bounded. This class includes the n-Riesz transform and it is interesting to understand if
the L?(p1)-boundedness of R} alone suffices to characterize uniform rectifiability.

This deep question is usually referred to as David-Semmes problem in codimension
1. Tt has been solved for n = 1 (or, equivalently, for the Cauchy transform) by Mattila,
Melnikov and Verdera in [35] using the so-called Menger curvature of a measure, and
by Nazarov, Tolsa and Volverg in [40] for n > 1 via a set of techniques that includes a
variational argument and rely on the harmonicity of the codimension 1 Riesz kernel. We
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remark that the David-Semmes problem is formulated, in its more general form, also for
higher codimensions, and its full solution is not known yet.

The codimension 1 case has various applications, and plays a crucial role in the study
of the geometric properties of harmonic measure. In particular, it was used in [6] to prove
that mutual absolute continuity of the harmonic measure associated with an open set
Q) ¢ R with respect to surface measure H™ in a subset of 9 implies the n-rectifiability
of that subset. This answered a problem raised by Bishop (see [13]).

The analogous result for elliptic measure relative to an operator in divergence form
associated with a uniformly elliptic matrix with Holder coefficients has been proved
n [43], following the ideas of [6], as an application of the characterization of uniform
rectifiability via the boundedness of the gradient of single layer potential. The same
problem was also tackled in [50] and [8] via alternative techniques, under more restrictive
assumptions on the domains and different hypotheses on the coefficients of the uniformly
elliptic matrix.

Another question proposed by Bishop asks whether, given two disjoint domains
01, ¢ R™! mutual absolute continuity of their respective harmonic measures implies
absolute continuity with respect to surface measure in 9Q; N 9§ and rectifiability.

This is a so-called two-phase problem for harmonic measure and was solved in its full
generality in [11]. This work relies on three main tools: a blow-up argument for harmonic
measure (see [29] and [9]), a monotonicity formula ([2]) and a quantitative rectifiability
criterion (see [21]).

In particular, we point out that the theorem by Girela-Sarrién and Tolsa can be
interpreted as a higher-dimensional version of previous results by David and Léger, which
were formulated in terms of the Menger curvature (see [15] and [31]). Their theorems
are of fundamental importance also in other two-phase problems examined in the works
[10] and [44]. The goal of the present paper is to identify an analogous criterion in the
context of elliptic PDEs in divergence form with Holder continuous coefficients.

Let A = (a;j)1<ij<nt1 be an (n + 1) x (n+ 1) matrix whose entries a;;: R"™' — R
are measurable functions in L>°(R™*!). Assume also that there exists A > 0 such that

ATYEP < (A(2)€,€),  forall ¢ € R™ and ae. . € R™T, (1.2)
(A(z)€,n) < AlE||nl,  for all £,n € R™" and a.e. z € R™H. (1.3)

We consider the elliptic equation
Lau(z) = —div (A(-)Vu(")) (z) =0, (1.4)

which should be understood in the distributional sense: we say that a function u €
W11’2(Q) is a solution of (1.4), or L -harmonic, in an open set Q C R" ™ if

ocC

/AVu Vo =0, forall peC(Q).
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We denote by £4(z,y), or just by £(z,y) when the matrix A is clear from the context,
the fundamental solution for L, in R™"*, so that L,Ex(z,y) = 0y in the distributional
sense, where d, is the Dirac mass at the point y € R™™. For a construction of the
fundamental solution under the assumptions (1.2) and (1.3) on the matrix A we refer to
[24]. Given a measure p, the function f(z) = [Ea(z,y)du(y) is usually known as the
single layer potential of u. We define

K(‘L?/) :vlgA(x’y)v (15)

the subscript 1 indicating that we take the gradient with respect to the first variable,
and we consider (1.5) as the kernel of the singular integral operator

mm=/mem@,

for & away from supp(u). Observe that T is the gradient of the single layer potential
of u.
Given a function f € L}, (1), we set also

nﬂm=ﬂhmm=/meﬂmw@,

and, for € > 0, we consider the e-truncated version

T.p(x) = /ﬁ K(z,y)du(y).

le—y|>e

We also write T}, . f(x) = Te(fu)(x). We say that the operator T}, is bounded on L?(p)
if the operators T}, . are bounded on L?(p) uniformly on & > 0.

In the specific case when A is the identity matrix, we have that —L4 = A and T}, is
the n-dimensional Riesz transform up to a dimensional constant factor. We say that the
matrix A is Holder continuous with exponent « € (0,1) (or briefly C* continuous), if
there exists Cj, > 0 such that

laij(z) — aij(y)| < Cplz —y|*  forall z,y € R" and 1 <i,j <n+1. (1.6)

Under this assumption on the coefficients, the kernel K (-,-) turns out to be locally of
Calderén-Zygmund type (see Lemma 2.1). However we remark that, contrarily to what
happens in the case of the kernel of the Riesz transform, in general K(-,-) is neither
homogeneous nor antisymmetric.

Under the assumption (1.6) together with uniform ellipticity, it has been shown by
Conde-Alonso, Mourgoglou and Tolsa in [14, Theorem 2.5] that T}, is bounded on L?(p)
if p is a uniformly n-rectifiable measure with compact support. Moreover, they also
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proved that, if p is a non-zero Borel measure whose upper n-density is positive p-a.e.
and the lower n-density vanishes p-a.e. in R**!, then 7}, is not bounded on L?(u1). This
result was proved for R}, by Eiderman, Nazarov and Volverg in [20] and it inspired
the variational argument of [40]. We remark that the results of [14] have been recently
further extended by Bailey, Morris and Reguera (see [12]) to Schrodinger operators of
the form LY = —divAV + V, for A Holder continuous and the potential V belonging to
the reverse Holder class RH,, 4.

Furthermore, Prat, Puliatti, and Tolsa proved in [43] that, under the same assumptions
of [14] on L 4, an elliptic analogue of the codimension 1 David-Semmes problem holds: if
the measure y is n-AD-regular, has compact support and 7}, is bounded on L?(u), then
w1 is uniformly n-rectifiable.

For our applications, it is essential to determine whether T}, . f converges pointwise
p-almost everywhere for € — 0. In case it does, we denote the limit as

pVTMf(.%‘) = il_a% Tu,sf(x)

and we refer to it as the principal value of the integral T}, f(x). We prove that, anal-
ogously to the n-Riesz transform (see [48, Chapter 8] and the references therein), the
L?(u)-boundedness of T,, entails the existence of the principal values for general Radon
measures with compact support and growth of degree n. In the following statement,
M (R™*1) indicates the vector space of Borel real finite measure on R*™! which is a
Banach space when endowed with the total variation norm.

Theorem 1.1. Let i1 be a Radon measure on R ! with compact support and with growth
of degree m, i.e. suppose that there is C > 0 such that

w(B(x,r)) < Cr™  for all x € R,

Let A be a matriz that satisfies (1.2), (1.3) and (1.6) and assume, moreover, that the
gradient of the single layer potential T), associated with L is bounded on L?(u). Then:

(1) for 1 <p<oo and all f € LP(u), pvT,f(x) exists for p-a.e. x € R*T1;
(2) for allv € M(R*™Y), pvTv(z) exists for p-a.e. x € R*HL,

In light of this result, in the rest of the paper we will often denote the principal value
operator simply as Tv, with a slight abuse of notation. We remark that the previous
theorem was first proved in the case of the Cauchy transform by Tolsa in [47].

Given a ball B = B(z,r) C R*"! we denote by r(B) its radius and, for a > 0, by aB
its dilation B(z, ar). Multiple notions of density come into play in this paper. For a ball
B, we denote
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and, for v > 0, its smoothened version

P, (B) = Z 27970,(2'B). (1.7)
j=0
We remark that if 43 < -9, then
Puy(B) =) 27710,(2'B) <) 277710,(2'B) = P, ,,(B).
Jj=0 j>0

Another notion of density that we need is the pointwise one. In particular, we denote
the upper and lower n-densities of u at x respectively as

oy H(Bla,r) o on(B(x,m))
0 (z) = hliljélpW and O, ,(z) = hg;lgfw

A way to quantify the flatness of a measure at the level of a ball B is in terms of the
(B1-coefficients. For an n-plane L we denote

5iB) = [ ) ad Bua(m) = int 5L (),

the infimum being taken over all hyperplanes in R"*!. Using a standard notation, given
E Cc R*! with pu(F) >0 and f € L, (1) we write

loc

1
mue(f) = m}!fdu

for the mean of f with respect to the measure p on the set E. The main result of the
paper is the following.

Theorem 1.2. Let n > 1, let i be a Radon measure on R*! with compact support and
consider an open ball B C R, Let Cy,Cy > 0 and let A be a matriz satisfying (1.2),
(1.3) and (1.6). Denote by T), the gradient of the single layer potential associated with
L and p. Suppose that i and B are such that, for some positive \,§ and € and some
a € (0,1), the following properties hold

(1) 7(B) < A

(2) Cy'r(B)" < u(B) < Cor(B)™.

(8) P.a(B) < Cy and for all z € B and 0 < r < r(B) we have u(B(z,r)) < Cor™.

(4) Ty, is bounded on L*(p|p) with Ty, llL2um)—r20us) < C1 and T(x2Bp) €
L?(ulB).

(5) ﬁu,l(B) <0.
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(6) We have

[ 1Tu(@) = (T du(a) < en()

There exists a choice of A\,0 and € small enough and a proper choice of @ = a(a,n),
all possibly depending on Cy and C1, such that if u satisfies (1)—---—(6), there exists a
uniformly n-rectifiable set T' that covers a big portion of the support of u inside B. That
is to say, there exists T > 0 such that

u(BNT) > 7u(B).

Notice that Theorem 1.2 readily implies that a big piece of p|p is mutually absolutely
continuous with a big piece of H™|r. This is a relevant feature in light of possible appli-
cations. At the moment, very few rectifiability criteria for general measures in terms of
singular integrals are available in the literature. Our result is a non trivial extension of
[21, Theorem 1.1] to more general operators. A prototype for these results can be found
in a quantitative version David-Léger theorem [31, Proposition 1.2]. Given z,y, 2z € R?,
define c(x,y, z) = 0 if the three points are aligned and, otherwise, c(x,y, 2) = R(z,y, z) !
where R(z,y,z) stands for the radius of the circumference containing x,y and z. The
theorem asserts that, given a measure p on R? with growth of degree 1, and a ball B(x, 1)
such that p(B) = r, there exists ¢ > 0 such that the following holds: if v := u|p is such
that

)= [[] ety 2 dvta) dvty) v(e) < (), (1.8)

then there exists a possibly rotated Lipschitz graph I" on the plane such that y(BNT) >
Z50(B). The quantity in the left hand side of (1.8) is the so-called Menger curvature of
v and it was introduced in this field by Melnikov in [36], who also showed together with
Verdera in [37] that ¢(v) is (modulo an error term) comparable to the L?(v)-norm of
the Cauchy transform of v. However, Menger curvature cannot be used to link the L?-
boundedness of R}, to uniform n-rectifiability, if n > 1. Hence, in a sense, the property
(6) in Theorem 1.2 can be interpreted as a suitable substitute of (1.8).

The formulation of Theorem 1.2 involves a relatively long list of hypotheses. On
the other hand we remark that those assumptions are necessary, natural and, most
importantly, optimal for the application to elliptic measure.

The assumption (1), namely requiring the ball B to be small enough, represents
a relevant conceptual difference with respect to the analogous theorem for the Riesz
transform. The locality of our result reflects the non-scale invariant character of the
Holder regularity assumption for the coefficients of the matrix A. This issue is evident also
in [43], where the elliptic analogue of the codimension 1 David-Semmes problem requires
an additional compactness assumption on the support of the measure. We remark that
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the assumption (1) is particularly relevant for a localization estimate (see Lemma 9.3),
and it allows to bound efficiently the error term in the variational argument of Section 11
(see Subsection 11.2). It is also important to mention that the locality of (1) does not
affect the applicability of Theorem 1.2 to the two-phase problem for the elliptic measure,
which is of qualitative nature.

The second part of the requirement (3) excludes a class of measures like, for instance,
the area measure. It is verified, for example, if p has growth of degree n in the sense
of (1.1). On the other hand, the assumption P, 5(B) < Cj plays a different role and is
useful to deal with technical problems. For example, as shown at the end of Section 3,
it is important to ensure that Tu(z) — m, g(T) is defined in a BMO-sense, and it is
also essential to obtain proper localization estimates for the gradient of the single layer
potential (see Lemma 6.1 and its proof). Furthermore we remark that, in order to show
that the integral in the left-hand side of the assumption (6) is well-defined, we also use
the existence of principal values.

As in the main result of Girela-Sarrién and Tolsa, the hypothesis (5) is important
for technical reasons. However, it is not known if is necessary for the result to hold.
Indeed, in the case n = 1 covered by the David-Léger theorem, an analogous flatness
assumption is not needed: under the assumptions discussed before (1.8), the inequality
c(u|g) < ep(B) implies the existence of a line L such that ﬂiﬂB) < 0(e)pu(B), with
d — 0 as ¢ — 0. However, having to ask $3,1(B) < 1 does not constitute a problem
when applying the theorem to the study of the two-phase problem for elliptic measure,
see Section 12.

Another difference with respect to [21] is that we could not formulate the theorem in
terms of P, 1. Our proof of the theorem shows that a good choice for & is & = a/2" 1. It
is not clear whether Theorem 1.2 holds with a condition on P, o(B), that seems a more
natural homogeneity to assume. The proofs of the rectifiability results for the harmonic
measure in [9] and [11] actually rely on the fact that the theorem of Girela-Sarrién and
Tolsa holds for & = 1. However, a slight variation on their arguments allows to overcome
this technical obstacle.

Let us now present an application of Theorem 1.2, which is, in fact, its main moti-
vation. Before stating it, recall that if € is a Wiener regular set, the elliptic measure
wiA with pole at p associated with the elliptic operator L4 is the probability measure
supported on 02 such that, for f € Cy(9%2),

[ rast, = o,

where fdenotes the L s-harmonic extension of f. A large literature is available on the
subject. For example, we refer to [22] and [27] (and the references therein) for its definition
and basic properties.

Theorem 1.3. Let n > 2 and let A be an elliptic matriz satisfying (1.2), (1.3) and (1.6).
Let Q1,Qy C R be two disjoint Wiener-regular domains and, for p; € ;, i € {1,2},



10 C. Puliatti / Journal of Functional Analysis 282 (2022) 109376

let wiiA’i be the respective elliptic measures in §2; associated with L4 and with pole p;.
Suppose that E is a Borel set such that w7’ ||p < WP’ 5|5 < W', ||&. Then there evists
an n-rectifiable set F C E with wi' (E\ F) = 0, and such that w}', ||r and wi? ,|F

are mutually absolutely continuous with respect to H"|p.

We remark that the generalization of the blow-up methods for the harmonic measure
to our elliptic context is contained in the work [8]. Also, the proof of Theorem 1.3
follows closely the path of the work [11]. However, some relevant variations are needed
so we decided to sketch the proof at the end of the paper, where we also provide precise
references for the reader’s convenience.

We finally remark that recently several studies have appeared concerning the con-
nection between the geometry of a domain and the properties of its associated elliptic
measure, among which we list [1], [5], [23], [25], [26] and [28].

Discussion of the proofs. For the proof of the main theorem we follow the elaborated
scheme of [21]. However, there are many delicate obstacles which are not present when
dealing with the Riesz transform and that require original approaches. Section 2 is de-
voted to settle our notation and to make an overview of the results in PDEs relevant
for our work. In particular, we need a rescaled version of some estimate for the gradient
of the fundamental solution first proved in the context of homogenization theory, which
are indispensable to estimate the behavior of £4(z,y) for big values of |z — y.

In Section 3 we prove Theorem 1.1 separating the case in which p is rectifiable to
the one in which it has zero n-density. This is possible because Prat, Puliatti, and
Tolsa proved in [43] that the L?(H"|r)-boundedness of Tyn(., I' C R* compact with
H™(T') < oo, implies the rectifiability of T', generalizing a result first proved in [41].

Ir>

Then, in Section 4 we proceed to state the Main Lemma that we use to prove The-
orem 1.2. The biggest advantage of this lemma is that the flatness condition on the
B1-number in Theorem 1.2 is replaced by a smallness hypothesis on the a-numbers of
Tolsa. The latter are more powerful tools when trying to transfer the flatness estimates
to the integrals. Furthermore, we have to show that we can consider the matrix A of the
elliptic operator which defines 7, to be symmetric.

We then proceed to discuss, in Section 5, an equivalent formulation of the Main
Lemma in terms of an auxiliary elliptic operator which shares more symmetries than
L 4. In particular, we discuss the construction of a particular auxiliary periodic matrix
via a sequence of reflections.

In Sections 6, 7, § and 9 we recall the definition of the dyadic cells associated with p
as constructed by David and Mattila, and, in an attempt to balance brevity and clarity,
we mainly follow the path of the original work for the Riesz transform. However, we
remark that these sections are necessary for the sake of the exposition; indeed, they
present the core of the contradiction argument for the proof of the Main Lemma and the
construction of a periodic auxiliary measure which is needed for the arguments of the
remaining sections of the paper.
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The starting point for the crucial variational argument, whose proof occupies Sec-
tion 11, is a localization estimate for the potential at the level of a small cube. This is
proved in Section 10, along with the existence of the limit of proper smooth truncates
of the potential of bounded periodic functions. We emphasize that, again, these proofs
rely heavily on the periodicity of the modification of the elliptic matrix.

In Section 11 we complete the proof of the Main Lemma via a variational technique.
We highlight that one of the most delicate point consists in finding an appropriate variant
of a maximum principle in an infinite strip in our elliptic setting. Moreover, the proof
in [21] exploits the fact that the map x = (21,...,Zp+1) — Zpy1 is harmonic. The fact
that this function, in general, is not a solution of L 4 requires a more technical method
based on the additional symmetries provided by the modified matrix.

In the final Section 12 we sketch the proof of Theorem 1.3, with particular care of
highlighting the points which require additional explanations with respect to its harmonic
counterpart.

2. Preliminaries and notation

We write a < b to denote that there is a constant C' > 0 such that a < Cb. To make
the dependence of the constant on a parameter t explicit, we write a <; b. Also, we say
that b > a if a <band a ~ b if both a <band b < a.

All the cubes, unless specified, will be considered with their sides parallel to the
coordinate axes. Given a cube @), we denote its side length as ¢(Q) and, for a > 0, we
understand a@ as the cube with side length af(Q) and sharing the center with Q.

We say that a cube @ has t-thin boundary if

p{z € 2Q : dist(z,0Q) < M(Q)} < tAu(2Q)

for every A > 0. Analogously to (1.7), we define

P, 22 J’Y@ 2JQ 22 Jv “2]62

j=0 j>0

Given a measure p and a measurable set E, we denote as u|g the restriction of p to
E and, for ¢: R**! — R we use the notation ¢fu(E) == u(¢~*(F)). An important
tool in the study of rectifiability is the so-called a-number introduced by Tolsa in [49).
Let us fix a cube Q@ C R™*! and consider two Radon measures 4 and v on R**1. A
natural way to define a distance between p and v is to consider the supremum

do(p,v) = St}p/fd(u —v),

where f € Lip(R"™), || f|lLip < 1 and supp f C Q. For a n-plane L in R"*!, we define
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aﬁ(Q) = W inf dQ(MC’H IL)- (2.1)

Given a matrix A(-), possibly with variable coefficients, AT () indicates its transpose.
Also, we write £L**! for the Lebesgue measure on R,

Partial Differential Equations. For any uniformly elliptic matrix A with Holder continu-
ous coefficients, one can show that K(x,y) = V1 E(x,y) is locally a Calderén-Zygmund
kernel.

Lemma 2.1. Let A be an elliptic matriz with Hoélder continuous coefficients satisfying
(1.2), (1.3) and (1.6). If K(-,-) is given by (1.5), then it is locally a Calderén-Zygmund
kernel. That is, for any given R > 0,

(a) |K(z,y)| < |z —y|™™ for all x,y € R™™" with x # y and |z —y| < R.

(b) |K(z,y)=K(z,y)[+|K(y,2) =Ky, 2)| S ly—y/|*|x—y|~""" for ally,y" € B(z, R)
with 2y —y'| < [z —y|.

(¢) |K(x,y)| < |lo—y|=™/2 for all x,y € R™ with |z —y| > 1.

All the implicit constants in (a), (b) and (c¢) depend on A and || Aln, while the ones in
(a) and (b) depend also on R.

The statements above are rather standard. For more details, see [14, Lemma 2.1]. Let
wy, denote the surface measure of the unit sphere of R**!. For any elliptic matrix Ag
with constant coefficients, we have an explicit expression for the fundamental solution
of L 4,, which we denote by O(z, y; Ap). More precisely, O(z,y; Ag) = O(x — y; Ag) with

-1 1

forn > 2
n — Dwy,+/det Ag s A_iz-z (n—1)/2 =7
O(z; Ao) = O(2; Ags) = ( : o (405%2) (2.2)

1
————log(Ajlz-2) forn=1,
4my/det Ag s & ( 0.8 )
where Ay ¢ is the symmetric part of Ay, that is, Ag s = %(Ao + AT). For more details we

refer to [38].
The reason why only the symmetric part of Ay enters (2.2) it that, using Schwarz’s

theorem to exchange the order of partial derivatives writing Ay = {aj;}:;, for every
appropriate function v we have

Za (ai;0;5u) Zawa Oju — Zaijajaiu
0]

= — Z W&ﬁju = LA[),S’LL. (23)

4,3

These formal considerations can be made rigorous by standard arguments.



C. Puliatti / Journal of Functional Analysis 282 (2022) 109376 13

Differentiating (2.2) we obtain

1 A&iz
wn/det Ag s (Aaéz - z)(nt1)/2°

The next result is proven in [30, Lemma 2.2].

VO(z; Ag) =

Lemma 2.2. Let A be an elliptic matriz with Hélder continuous coefficients satisfying
(1.2), (1.3) and (1.6). Let also ©(-,+;-) be given by (2.2). Then, for z,y € R*™1 0 <
|‘T - y| < R:

(1) |Ealz,y) — O(z,y; A(x))| S |z —y|* T,
(2) |V15A(‘T7y) - V1 (.’E Y; (II?))‘ g “T - y|a—n’
(3) IVi€a(z,y) — ViO(z,y; A(y))| < |z —yl*™.

Similar inequalities hold if we reverse the roles of x and y and we replace V1 by Vo. All
the implicit constants depend on A, | A||a, and R.

The gradient of the fundamental solution in the periodic case. We denote as A, the set
of matrices such that (1.2), (1.3) hold and with a-Holder coefficients. We say that the
matrix A € A, is ¢-periodic, £ > 0, if

Az +€z) = A(z) for every z € Z™ .
For periodic matrices the estimates in Lemma 2.1 turn out to be global.

Lemma 2.3 ([30]). Let A € A, be 1-periodic and let €4 be the fundamental solution of
La. Let K(-,-) is given by (1.5). Then

(1) |Vi€a(z,y)| < crlz —y|™™ for every x,y € R with x # y.
(2) |V1€alz,y) = ViEa(@, y)|+|ViEaly, x) = ViEaly,a’)| < colw—a!|*[x—y|~ "+
for every z, 2’y € R such that 2|z — 2’| < |z — yl.

The constants appearing in (1) and (2) are such that c1 =, A c2 ~pa || Alla-

The period of the matrix plays an important role in our construction, so it is useful
to rephrase the previous lemma for matrices with a period different from 1. We are
interested in studying matrices with small period, so we only consider the case in which
it is strictly smaller than 1.

Lemma 2.4. Let 0 < ¢ < 1. Let A € A, be {-periodic and let €4 be the fundamental
solution associated with L. Then
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(1) |ViEa(m,y)| < cylx —y|™™ for every x,y € R¥ L with x # y.

(2) [Vi€alz,y) = Vi€a(@,y)|+|Vi€aly,z) = Vi€aly,a')| < v — 2’| |w —y[7" 7
for every z, 2’y € R™ such that 2|z — 2’| < |z —y.

The constants appearing in (1) and (2) are such that ¢} = ¢5 =pa || Alla-

Proof. For ¢ € (0,1) and all z € R*"! we define the rescaled matrix

A(z) = A(lz)

and we denote by & the fundamental solution of L - By the definition of fundamental
solution, it is not difficult to see that

ViE(x,y) = 0" V1 Eo(l, by) for z,y € R, (2.4)
Moreover,
[A(x) = A(y)| = |A(tz) = Alty)| < €] Allalz = y|* < [Allalz — 9|,

so that ||A]la < ||A]«. Applying Lemma 2.3 together with (2.4) we get

|Vi€ala,y)| = | Vi EW a7 y)| S e — 0y = Ja -y "
for any z,y and

|ViEa(z,y) — Vi€ala' ,y)| = | VI EW a, 07 y) — VI E( 2! 07 1y))|

|0~ te — 0~ 1a! | | — /|

P =
[0t — eyt o =yt

for 2|x — 2’| < |z — y|. The same estimate holds for | Vi E4(y,x) — V1 Ea(y,2')|. O
The following is the (global) analogue of Lemma 2.2 in the 1-periodic setting.

Lemma 2.5. Let A € A, be 1-periodic. Then for every x,y € R"1, x £y, we have

|Ealz,y) — Oz, y; A())| S |z —y|* "
|Vi€a(z,y) — ViO(z,y; A(@))| < o —y|* ™
Vi Ealz,y) — ViO(z,y; A())| S o —y|* ",

the implicit constants depending on ||Alla and A. Similar estimates hold if we replace V1

by Vg.
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Let us now recall some result from elliptic homogenization. For more details we refer
to the work by Avellaneda and Lin [3]. For this purpose, we need to recall the definition
of vector of correctors x and homogenized matrix Ag. Let £ > 0 and let A € A, be a
1-periodic matrix, i.e.

Az + 2z) = A(x) for every 2 € Z"M

We will denote by x(z) = (x%(x)), for i € {1,...,n + 1} the vector of correctors, which
is defined as the solution of the following cell problem

Ly =divA,
x is 1-periodic, (2.5)
f[071]71+1 x(x)dz = 0,

¢

where the first condition in (2.5) has to be understood in coordinates as
Z awl [aijawj Xh] ((E) = - Z (‘Zgiaih (x)7
%,J i

(aij)i,; being the coefficients of the matrix A. An important fact is that
VXl < C, (2.6)

the bound C depending only on n, o and || Al|ce. We remark that Vy denotes the matrix
with variable coefficients whose entries are 0;%’ for4,j = 1,...,n+1. Now, if we consider
the following family of elliptic operators

L = div (A(z/e)V )

depending on the parameter ¢ > 0, it can be proved that for any f € L2(R"*!), the
solutions u. € WH2(R"*1) of

Lou. = div f

converge weakly in W1H2(R™*!) to a function ug as ¢ — 0. This function solves the
equation

Louo = diV(A()V’LL()) = div f,

where Aq is an elliptic matrix with constant coefficients usually called homogenized ma-
triz (see, for example, [45]).

Homogenization is a powerful tool to study the fundamental solution of an elliptic
equation in divergence form whose associated matrix is periodic and has C® coefficients.
The main result that we will use is the following (see [3, Lemma 2] and [30, Lemma 2.5]).
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Lemma 2.6. Let A € A,. Let us assume that A is 1-periodic. There exists v € (0,1)
depending on «,||Al|ce and n such that

c

| Ealz,y) — (Id + Vx(2)O(z, y; Ao)| S [z — g1 (2.7)
and
c

where Id denotes the identity matriz and the implicit constants in (2.7) and (2.8) depend
Just on n,a and || Al|q-

The period of the coefficients of A plays a crucial role in these estimates. We will be
dealing with matrices with periodicity different from 1, so we need a suitably adapted
version of the previous lemma. Let A € A, be a f-periodic matrix. Let us define the
1-periodic matrix

A(z) = A(lz)

for € R"*! and let ¥ denote the vector of correctors associated with A defined according
0 (2.5). For £ > 0 we define

xe(@) = £3()-

Observe that, because of (2.6) there exists C' > 0 depending on the n, @ and ||Al|¢ce such
that

IVxelloo < C. (2.9)

Lemma 2.7. Let 0 < £ < 1. Let A € A, be an {-periodic matriz. Then there exists
v € (0,1) and ¢ > 0, both depending just on n,a and ||Al|o such that

|Vi€a(z,y) — ViO(z,y; A(x))| < ez —y|*", (2.10)
V2 Ealz,y) — VaO(z,y; A(y))| < |z —y|* . (2.11)
|Vi€a(z,y) — (Id+ Vxe(x))V1O(z,y; Ao)| < el |z —y| "7,

for every x # y.

Proof. Let &£ denote the fundamental solution of the operator L - Asin (2.4), we have

Vi€alz,y) ="V E(x/l,y/b), (2.12)
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so an application of Lemma 2.5 gives

(Vi Ealz,y) — ViO(z,y; A(x))|
=TV E (0 e 0 y) = Vi O(z,y; A0 )| < bz -y

Using (2.8) and (2.12), we get

|v1 5,4(33, y) - (Id+ VXZ(@)VIG(% Y; AO)

|
= VE( /by /) — (1d+ VX(2/0)V1O(2/E, y/E; Ao)|

cfmt el
N —y[vtr o=yl

where ¢ depends on n, & and ||A|, [|A]la < [|A]la- Inequality (2.11) follows as (2.10). O
3. The existence of principal values

The proof of the existence of principal values can be divided into the study of two
different cases: the case in which p is a rectifiable measure and the one in which p has
zero n-density, i.e.

i MB(@ 7))

1 " =0 for p-a.e. x € R,
r— r

Indeed, if 41 is a measure on R**! with no point masses and T, is bounded on L?(u), [43,
Theorem 1.2] allows us to write u = pg + p1, where pg has vanishing upper n-density
po-almost everywhere and g is n-rectifiable. See also the argument in [48, Chapter 8]
for the case of the Cauchy transform.

3.1. Principal values for rectifiable measures with compact support

This subsection follows the scheme of [14, Section 2.2]. The proof of the existence of
principal values for T}, if the measure p is rectifiable and has compact support relies on
the following result.

Theorem 3.1. Let i be a rectifiable measure. Let K € C°°(R™*1\ {0}) be an odd kernel
and homogeneous of degree —n, i.e. K(z) = —K(—z) and K(Ax) = A™"K(x). Assume,
for some M = M(n), the further regularity condition

VK (2)] $n C(G)|z| ™™ forall0 <j <M andz € R™\ {0}

Then the operator Tk ,, is bounded on L?(u) with operator norm

1Tk pll2 )22y Sn 1K s lon @nry.-
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Moreover, the principal value

Ty pf(x) = lim K(x —y)f(y)du(y)

e—0
|z—y|>e

exists p-almost everywhere.

The proof of the boundedness of Tk, is due to David and Semmes. The result on
principal values was first proved imposing an analogous condition for all j = 0,1,2,...
(for a more detailed exposition we refer, for example, to [33, Chapter 20]). We remark
that it has been more recently improved by Mas (see [32, Corollary 1.6]).

The previous theorem together with a spherical harmonics expansion of the kernel is
the key tool to prove the following result.

Lemma 3.1. Let p be an n-rectifiable measure. There exists M = M(n) such that the
following holds. Let b(x, z) be odd in z and homogeneous of degree —n in z, and assume
Db(x, 2) is continuous and bounded on R™"* ! x S™, for any multi-index |o| < M. Then
for every f € L?(u), the limit

Bf(z) = lim b(x,x —y) f(y)du(y)

e—0
lz—y|>e

exists for p-almost every x.

Proof. This result is used in [39] (see for example [39, (1.14)]). The proof is a variation of
the argument in [39, Proposition 1.2]. For the reader’s convenience we discuss the details
below.

Let {¢j.1}j>1,1<1<n; be an orthonormal basis of L?(S™) consisting of surface spherical
harmonics of degree j. Recall that (see [4, (2.12)])

N; =03, for j > 1. (3.1)

Using the homogeneity assumption for b(x,-) and the orthonormal expansion, we write

( ) 27" = ZZ ), @i L2(S")<Pgl<| |>\z|

j>11=1 (32)

gl
where b (z) = (b(z,-), v;1)r2(sn). Since b(z,-) is an odd function and 5 is even for
every j, bj () = 0 for j even. Being b in L>°(R™*! x S™) by hypothesis and Hélder’s
inequality, we have
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|bj1(x)] < C(n)|[b(, )|l Loe(sm)

@jillzzsny < C()|b] Lo @ntixsny < C(n).  (3.3)

Moreover, recalling that we can suppose j odd, the function K;;(2) = ¢4 (2/|2])|2| "
satisfies the hypothesis in Theorem 3.1: there exists an harmonic polynomial P;; of odd
degree j such that ¢;,(2/|z]) = Pji(2)/]z|?, so

‘Wﬂ(m) ~ \i|
and

~ z 1 z 1 1
VR S Vo () | + i (57) [ iper & e
V@] % [Ven () I oo () I =

Analogous estimates hold for higher order derivatives. So, Theorem 3.1 ensures that

Ty . f(x) = lim Kju(z =) f(y)dply) = lim T _f(x) (3.4)

e—0 e—0 K1,
lx—y|>e

exists for p-a.e z. Recall also that by the Theorem 3.1 there exists M = M (n) such that

Ty, . is bounded on L?(u) with operator norm

MR

ler sy = llpjillcmsn)- (3.5)

1Tk, Wle2g—r200) S 1K,

Gathering (3.2), (3.3) and (3.4), to prove the lemma it is enough to show that the
dominated convergence theorem applies and, in particular, that

Z |0;(2)Tg, , . f(@)] < Clx) < oo, (3.6)

where C(x) does not depend on €. By Lebesgue differentiation theorem, to prove (3.6)
it suffices to show that for every ball By C R"! we have

S [ st @) dil) S S Wosalclions

7,1 Bo J,l,m

<Ol fllz2

comsm I fllzze)

for some C' > 0, where the first inequality above uses the L?-boundedness (3.5).
The smoothness of b implies that (see [46, 3.1.5])

1

1j,1lloc < FEEeEsTe
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where the exponent on the right hand side is chosen accordingly to what we need next.
Now, recall that the Sobolev space H*(S™), s € R can be defined via spherical harmonics
expansion. In particular, it is the completion of C*°(S™) with respect to the norm

lollaesm = (3 (+ 5 ) o) (3.7)

gl

where v;; = (v, ;1) r2(sn). For the definition and the properties of this space, we refer
for example to [4, Section 3.8] and to [4, Section 6.3] for the relation of (3.7) with that
via the restriction of the gradient to the unit sphere. By Sobolev embedding theorem,
H?*(S™) continuously embeds into C'(S™) for s > n/2. So, choosing s = § + 1 and using
(3.7) we can estimate

. 2+ n— 1\ 3+mtl
ID™wjillo sy Snllesillastmsny = (f) :

Hence, using (3.1)

Zub

which concludes the proof. 0O

)NTLZZN] 2nQM +m+1<z

m=0j>1 ]>1

Theorem 3.2. Let p be an n-rectifiable measure on R with compact support. Let A
be a matriz having the properties (1.2), (1.3) and (1.6). Then for every f € L*(u) the
principal value

T,.f(z) = lim Vi E(x,y) f(y)du(y)

e—0
le—y[>e

exists for p-almost every x.

Proof. Let £ > 0 and denote b(z, z) := V1 ©(z,0; A(z)). As a consequence of the explicit
formula (2.2), it is not difficult to see that each component of b verifies the hypothesis
of Lemma 3.1. So, split T}, . as

T,.fa / bz — y) () du(y)

b [ (ViE) - V1065 A@) fdnw). (39

|z—y|>e

The limit for e — 0 of the first integral in the right hand side of (3.8) exists u-a.e. because
of Lemma 3.1. On the other hand, Vi £(x,y)—V1 O(x, y; A(x)) defines an operator which



C. Puliatti / Journal of Functional Analysis 282 (2022) 109376 21

is compact on LP(u) because of Lemma 2.2, which guarantees that the limit for ¢ — 0
exists for p-a.e. x and concludes the proof. O

3.2. Principal values for measures with zero density

Again, suppose that p has compact support.

A combination of the proof of [34, Theorem 1.4] (see also [48, Theorem 8.10]) and
Lemma 2.2 (which has to be used instead of antisymmetry) makes possible to prove that
if ;1 is a Radon measure in R"*! with growth of degree n, then for every 1 < p < oo
and f € LP(u), {T,cf}e admits a weak limit 7’ f in LP(u) as € — 0. Moreover, the
representation formula

T2 (@) =ty T(Fen ) W)y (39)
B(z,r)

holds for p-almost every x € R*+!, giving an explicit way of computing the weak limit.
We remark that, in general, we can only infer that formula (3.9) holds if T}, has an
antisymmetric kernel.

Let us recall the following theorem by Mattila and Verdera (see [34]), here reported
in the formulation of [48, Theorem 8.11].

Theorem 3.3. Let ;1 be a Radon measure in R% that has growth of degree n and zero n-
dimensional density p1-a.e. Let T, be an n-dimensional antisymmetric Calderon-Zygmund
operator. Then, for all 1 < p < oo and f € LP(u), pv T, f(x) exists for p-a.e. x € R?
and coincides with T," f(z). Also, for allv € M(C), pvTv(x) exists for p-a.e. x € R,

This result can be transferred to the gradients of the single layer potential T,.

Theorem 3.4. Let u be a Radon measure in R™! that has growth of degree n, zero n-
dimensional density and compact support. Suppose that T, is a bounded operator from
L*(p) to L*(p). Then, for all1 < p < co and f € LP(u), pvT,f(x) ezists for u-a.e.
z € R* and coincides with T f(x). Also, for allv € M(C), pvTv(x) exists for ji-a.e.
x € R+l

Proof. Let 1 < p < oo and f € LP(u). We decompose T, f into its symmetric and
antisymmetric part. That is to say,

Tuf(z) = T f(a) + T f (@),
where T,Ea) is the integral operator with kernel (V1 E(z,y)—V1 E(y, x))/2 and T;(LS) whose

kernel is (V1 E(x,y) + V1 E(y,x))/2. We can apply Theorem 3.3 to antisymmetric part
Tﬁa), obtaining that pv Tlsa)f(x) exists for p-a.e. x.
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On the other hand, T,SS) defines a compact operator on LP(u) since

/ V1 Ea,y) + V1 £y, 2)|dply) < diam(supp )°,

so that the principal values exist.
The fact that T} f coincides with pv 7}, f a.e. follows from the definition of weak limit
together with dominated convergence theorem:

/T;”fgdu: lig(l)/Tﬂ,efgdu = /vaufgdu for all g € L” (u),
>

p’ being the Holder conjugate exponent of p. O

A remark on the well-posedness of the assumption (6) of Theorem 1.2. Let T, and B
be as in Theorem 1.2. Let z,y € B and € > 0 and write

Top(@) = Teply) = Tuex25(7) — Tuex2n(y) + [Tpexmrorr \25() — Tpexrorr\25(Y)]-
(3.10)
Now observe that, being the operator T}, bounded on L?(u|g), Theorem 1.1 (2) applies
with v = xapu. So, the first two summands on the right hand side of (3.10) admit a
limit as ¢ — 0 for almost every x,y € B. The limit for ¢ — 0 of the last summand exists,
too. Indeed, since x,y do not belong to R**1\2B, for ¢ < r(B),

Ty exrrt\28(7) = Ty exrot1\28(Y) = / (Vi€(z,2) = V1 E(y, 2))du(y).

Ro+1\2B

If we assume a < « in the statement of the main theorem, an application of the Calderén-
Zygmund property of the kernel combined with a dyadic decomposition of the domain
of integration gives

“+o0
1
‘ / (Vi&(z,2) = Vi 5(3172))61/1(2)‘ Sle—yl*) / mdﬂ(z)
Ro+1\2B 7=l9i+1B\2/ B

< Pua(B) £ Pya(B) < +oc.
(3.11)

In particular, this tells that T'u(x) — T'u(y) exists in the principal value sense for almost
every x,y € B.

We also want to point out that 7w — m,, g(Tu) defines an L?(u|p)-function. Indeed,
for x € B and using (3.11),
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T () —my,5(Th)| <

ﬁ!ITu(w) — Tu(y)|du(y)

1/2

IN

T (x25i) (@)] + (M| T (x2B)*) ™ + Pua(B).
The right hand side of the previous majorization defines an L?(yu|g) function because of
the assumptions T'(x2pp) € L?(u|g) and P, 5(B) < 400 in Theorem 1.2.

4. The Main Lemma

As we mentioned in the Introduction, it is convenient to formulate the statement
of the main Theorem 1.2 in terms of a-numbers (see (2.1)). This is made possible by a
mostly geometric argument: a careful read shows that the same arguments of [21, Section
3] apply to our case. More specifically, in order to prove Theorem 1.2, it suffices to prove
the following result, whose proof we shortly outline after the statement for the reader’s
convenience.

Lemma 4.1 (Main Lemma). Let n > 1 and let Cy,C1y > 0 be some arbitrary con-
stants. There exist M = M(Cy,Cy,m) > 0 big enough, A(Cy,C1,n) > 0 and ¢ =
e(Co,C1,M,n) > 0 small enough such that if § = 06(M,Cy,C1,n) > 0 is sufficiently
small, then the following holds. Let j be a Radon measure in R™+1 with compact support
and Qo C R a cube centered at the origin satisfying the properties:

(1) {(MQo) < A.

(2) 1(Qo) = £(Qo)"-

(3) Pua(MQo) < Co.

(4) For allx € 2Qp and 0 <1 < £(Qo), ©,(B(z,r)) < Cy.

(5) Qo has Co-thin boundary.

(6) aﬁ(3MQo) < 6, for some hyperplane L through the origin.

(7) T#|2Qo s bounded on L2(,LL|2QO) with ||T#|2Qg HLz(#bQo)ﬂLz(Mon) < (.
(8) We have

/ T () — 1y @0 (T1t) dulz) < p(Qo). (4.1)
Qo

Then there exists some constant T > 0 and a uniformly n-rectifiable set T C R™"* such
that

1(Qo NT) = 7u(Qo), (4.2)

where the constant T and the uniform rectifiability constants of I' depend on all the
constants above.
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Sketch of the proof of Theorem 1.2 via the Main Lemma 4.1. Let ¢ be a Radon mea-
sure on R™ and, given a cube @ C R™, we denote
](If" (Q) = # inf dQ (07 CthRn).

£(Qo)™ e0
Let D(R™) be the family of dyadic cubes in R™. Let us assume that o is a finite Radon
measure such that, for some C' > 0 and ¢y > 0 we have (Q) < C¢(Q)™ for all ) € D(R")
and £(Q) > fo. A general geometric argument (see [21, Lemma 3.4]) gives

(07

> o (3Q)%UQ)" < C*U(R)".

QEDR™):QCR,L(Q)=Lo

This formula and another purely geometric proof allow us, given B and p as in the
statement of Theorem 1.2, for all M’ > 10 and ¢’,&’ > 0 to find a cube Qg with thin
boundary such that 3M’'Qy C B and dist(3M'Qy,0B) > C{r(B) for C§ = C{(Co,n).
The cube Qg can be constructed in such a way that it satisfies u(Qq) > C{€(Qo)™ and, for
d small enough in the statement of the Main Theorem, o, (3M’'Qy) < ¢'. Furthermore,

[ 1700 = 0, (T ) < 2 [ Tita) = () dta)
Qo Qo

< 2ep(B) ~c,,5 €p(Qo)-

This gives the analogue of [21, Lemma 3.2]. Hence, it is not hard to prove that the

construction of g implies that the measure g = e;%g; u satisfies the hypotheses (1)-

..=(8) of Lemma 5.5. The details, which we omit for brevity, follow verbatim Section 3
of the paper of Girela-Sarrién and Tolsa, to which we also refer for the whole discussion
of the construction sketched here. 0O

The matrix A may have a very general form. In particular, we need some additional
argument to overcome the lack of “symmetries” of the matrix with respect to reflections
and to periodization (the exact meaning of this sentence will be clear after the reading of
Section 5, where we recall how second order PDE’s in divergence form are affected by a
change of variable). Indeed, this is a crucial point for our proof to work. A similar problem
has been faced in [43]. First, in order to be able to argue via a change of variables, we
have to show that we can assume the matrix A to be symmetric.

We recall Schur’s test for integral operators with a reproducing kernel. The proof is a
standard application of Cauchy-Schwarz’s inequality.

Lemma 4.2. Let K: R*" xR ™1 — R™*! be a function such that, for a constant C > 0,
we have

[ 1K @p)ldntz) < €
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and
[ 1K lauty) < ¢
Then the operator Tf = K * f is a continuous operator from L?(u) to L*(p) and

1T 22 (y—r2(n) < C.

Let A be a matrix as before. We denote by A = (A + AT)/2 its symmetric part and
by T4+ its correspondent gradient of the single layer potential.

Lemma 4.3. Let Q be a cube in R such that, for M > 1, P, o(MQ) < Cy. The
operator T(IQ)Q is bounded on L*(p|2Q) if and only if T, o¢ is bounded on L*(1]2Q). In
particular

1Totsc | 22 20y 2 uiz0) = I Tiio | z2uza) 22 uizgy + OEQ)%) (43)

Moreover

Sada, / I Tu(e) = (T diu(e) + (MUQ)" + M) *4(Q).
(4.4)

Proof. Let us first prove (4.3). The identity (2.3) for matrices with constant coefficients

leads to
T f /V1 Ea, (@, y)f(y)du(y)
_ / (V1 Ea,(2,y) — ViO(x, y; As(2))) f(y)du(y)
oA (4.5)
+ / (V1O(z,y: A()) — V1 £(, ) () duly) + / V1 () F(y)duly)
2Q 2Q
=1+ 1T+ Ty, f(2).

To estimate I and I in (4.5) it suffices, then, to invoke Lemma 2.7 and Schur’s test.
This finishes the proof of the first part of the lemma.
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Let us now prove (4.4). We split

Tu(x) —muq(Tw)

= (T(XMQM)(x) - mu,Q(T(XMQN))) + (T(X<MQ>cu)(x) = muo(T(x(mq) /~L )

Let us estimate the two terms in the right hand side separately. Again, as a consequence
of (4.5) and Lemma 2.2 we can write

T(xaan) = muo(TOcrqm) = (T4 (argm) + mu (T4 (xaen) )| S M@

To bound the second term in the right hand side of (4.6), notice that for z,y € Q
standard estimates together with Lemma 2.7 give

[z —y|*
|T;LX(MQ)c(CE) - T#X(MQ)c(y)| N / mdu(z)
(MQ)*
le—y|™ 1 1
S o(M W(MQ) S ——,
S gyt MQ) S 37 FiuaMQ) S 373

thus, averaging over y in @ we have

I T(x(m@ye ) (@) = muq(T(x(u)en))| S M~

The same calculations lead to

T (@) @) =m0 (T4 (xqarqre) | S M7,

so the inequality (4.4) in the statement of the lemma follows by gathering all the previous
considerations. O

As an immediate application of Lemma 4.3, we can assume in Lemma 4.1 (and hence
in Theorem 1.2) that the matrix A is symmetric. In order to see this, let us suppose
that we can construct a uniformly n-rectifiable set I' as in the statement of the Main
Lemma 4.1 if the conditions (7) and (8) hold for T“. More specifically, assume that

. ~ A, . .
there exists C1 > 0 such that TuléQg is bounded on L?(y|2q,) with

Ag ~
1T 00 122 (l200) L2 (u126,) < C1-

Then, by (4.3) and the condition (1) in the Main Lemma, we have that for A small
enough it holds

1T uta00 122 (ulag )= L2 ulngg) < Cr + A2
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By (4.4), an analogous consideration holds for the assumption (8) in the Main Lemma.
Hence, recalling that A = )\(C’O,él,n), I' is the desired uniformly n-rectifiable that
satisfies (4.2).

Thus, in the rest of the paper we will understand that A is symmetric.

Remark 4.1. Arguing as in Lemma 4.3, one could prove that

||TM2Q HL2(/L|2Q)—>L2(;;,\2Q) = HT/ij HL2(1L|2Q)—>L2(/L|2Q) + O(E(Q)a)’ (47)
where T is the operator corresponding to the antisymmetric part of the kernel K (-, -),
that is to say K% (z,y) = (K(x,y) — K(y,x))/2. Although for the purposes of many

technical parts of the paper it may look natural to work with T;L‘ , we prefer not to

make this reduction. Indeed, it would create problems at some cruci‘;(f stages of the main
variational argument. In particular, it would be an obstacle to the application of the
maximum principle: it is not clear how to adapt the argument in (11.26) to show that
the adjoint operator (T%)* (see (11.1) for the definition) solves a proper elliptic equation.
We remark that an analogous problem had to be dealt in the papers [14] and [43], where
T was not used for the same reasons. Finally, since the inequality (4.7) is never used in

the rest of the paper, we prefer to omit its proof.
5. The modification of the matrix
5.1. The change of variable

The following lemma deals with how the fundamental solution and its gradient are
affected by a change of variable.

Lemma 5.1 (see [/3], Lemma 5.2). Let ¢: R*1 — R be a locally bilipschitz map

and let A € A,. Let €4 be the fundamental solution of Ly = —div(AV:). Set Ay =
[det §[D(6)(A 0 G)D(¢~1)T . Then

gAq; (.’,E, y) = 5,4(@2)(58), ¢(y)) fOT T,y € Rn+1,

and

Vi€a,(x,y) =D(@)" (z) ViEa(d(2),0(y)) for xeR*.

Let us state a lemma concerning how the gradient of the fundamental solution trans-
forms under a change of variable ¢ as in Lemma 5.1. We use the notation

Tou(z) = /Vl Ea,(z,y)du(y).
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Lemma 5.2 (see [/3], Lemma 5.3). Let ¢: R ™1 — R™ be a bilipschitz change of
variables. For every xr € R* ! we have

Tsu(z) = D(9)" (x)Ttp((2)).

A particularly useful change of variable is the one that turns the symmetric part of
the matrix at a given point into the identity. For the following statement we refer to [5].

Lemma 5.3. Let Q C R™! be an open set, and assume that A is a uniformly elliptic
matriz with real entries. Let Ay = (A+ AT)/2 be the symmetric part of A and for a fived

point yo € Q define S = \/Aq(yo). If
A()= 5" (A08)()57,

then A is uniformly elliptic, Es(zo) = Id if 20 = S~ 'yo and v is a weak solution of
Lau=0in Q if and only if t =wo S is a weak solution of L yu =0 in S~(1).

We point out that the change of variables p(z) := Sz that we defined in Lemma 5.3 is
a linear map and, in particular, a bilipschitz map of R**! to itself, namely there exists
C > 1 such that

Clz—yl <lp(x)—o(y)| <Clz—y|  forz,yeR.

The bilipschitz constant of ¢ depends on the ellipticity of the matrix A. We need to
quantify flatness of images of cubes via maps of the aforementioned type. For a set
E C R*! we define the a-number in an analogous ways as for cubes. In particular, for
any hyperplane L and any measure v, we denote

1
Lepy._ _+ . n
ay(E) = Gam(B) T éngdE(l/,C’H L)

This particular notation will be used only in this section.
Lemma 5.4. Let ¢ be an affine, bilipschitz change of variables of R*T1 with bilipschitz

constant C' > 1. Let L be a hyperplane in R*"*. Let J, > 0 be the Jacobian of . Then,
for any Radon measure v, for any cube Q C R and any constant ¢ > 0 we have that

dQ(V,CHn |L) Rn,C dgo(Q) (goﬁl/, cH" ‘SD(L))' (5.1)

Hence,

ak(Q) mnc P (0(Q)). (5.2)
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Proof. Formula (5.2) is an immediate consequence of (5.1) and the fact that £(Q) ~¢

diam(p(Q))-

Let us prove (5.1). For every ¢ > 0
ph(cH" 1) = cled H")lo(r)-
Indeed for any pf H"™ | -measurable set E' we have
PieH" [L)(B) = cH" (o1 (B)N L) = cH" (" (EN (L) = (ot H")|p(r) (E)-

Moreover, as a consequence of the Radon-Nikodym differentiation theorem (see [19,
Lemma 1, p. 92]), we have

H" (97 1(B)) = J, H"(E).

So,

dq(v, e 1™ L) ~c do(q) (¢ivs phe H" 1) Rn.c de(q) (¢lvs cH" |ory)
which proves the lemma. O
5.2. Reduction of the Main Lemma to the case A(0) = Id

Recall that by Lemma 4.3 we can assume A to be a symmetric matrix.

Let us begin with a preliminary observation. Let Qo C R™*! be a cube as in the
Main Lemma 4.1 and let us denote S == A, (zq,)'/?, where 2, is the center of Q. We
choose the map ¢ so that ¢(x) = Sz. By Lemma 5.3 we have that A, (¢~ (2¢,)) = Id.
Denoting v = ¢~ i, the change of variables and Lemma 5.2 give

1 -t = —1 vip™(x x
mu,wl(Qo)(TwV) = m é ) Tde(SO fu) = M(QO)Q/TW (<P ( )) dp(z)
¢~ 1(Qo 0

1
~ Qo) Q/ S - To(x)du(z) = 5 - myqu(Th).
Thus,

2 2
/ |T () — my,qo(Tw)| du(z) = / 1S (Tov — My p1(qq) (Tov)) | dv
Qo ©~1(Qo)

2
R~ / | Tpv(2) — My p-1(00) (Tpr)| dv(z).
»~1(Qo)
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The implicit constant above depends only on ¢ and, hence, on the ellipticity of the
matrix A. Analogously, it is not hard to see that we have
1Tov |l 2 (s ) RNl 22 (4] 0, )

»~1(2Q0)

Using these facts and Lemma 5.4, we have that the Main Lemma 4.1 can be restated
as follows.

Lemma 5.5. Let n > 1 and let Cy, C7; > 0 be some arbitrary constants. There exists M =
M(Cy,Cq1,n) > 1 big enough, A(Cy, C1,n) > 0 small enough and € = £(Cy, C1, M,n) >0
small enough such that if § = §(M,Cy,Cy,n) > 0 is small enough, then the following
holds. Let pi be a Radon measure in R™", Qo € R™ a cube centered at the origin
and v := " u, © being as in the comments before the lemma, satisfying the following
properties:

(1) Ap(p71(0)) = Id.

(2) L(MQo) < A.

(3) V(Sfl(Qo ) =L(Qo)"™.

(4) Py,a/Q (9071(MQ0)) < CVO' N

(5) For allx € 2Q and 0 < r < 4(Q), ©,(B(z,r)) < Cy.

(6) Qo has Co-thin boundary.

(7) af_l(H) (71 (8MQo)) < 8, where H = {x € R"™': 41 = 0}.
(8) T%l,|wl(2Q0) is bounded on L*(v],-1(2¢,)) with

< (.

T
|| <P7V|¢71(2Q0) HLz(”‘kp_l(?Qo))_)LQ(Vltp_l(QQo)) -

(9) we have

|T@V(x) — mu7¢_1(QO)(T¢1/)|2du(x) < 51/(<p_1(Q0)).
»~1(Qo)

Then there exists some constant T > 0 and a uniformly n-rectifiable set I C R™*! such
that

1(QoNT) = 71(Qo),
where the constant T and the UR constants of I' depend on all the constants above.

The aim of most of the rest of the paper is to provide the proof of this result.
In what follows, for the sake of simplicity of the notation, we will assume that A(0) =

A(zq,) = Id, which in particular gives that ¢ = Id, p = v and T, ;, = T},. Indeed, if
1

)

this is not the case, we should carry the following proofs for the image of cubes via ¢~
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periodize with respect to the image of a lattice of standard cubes and work with T,
instead of T'. This would be a merely notational complication that we prefer to avoid to
make the arguments more accessible.

Reduction to a periodic matrix. The forthcoming lemma shows, roughly speaking, that
the local structure of A close to @)y is what matters to the purposes of Lemma 4.1. An
immediate consequence of this fact is that, without loss of generality, we can replace the
matrix A with a periodic matrix, provided that the new matrix coincides with A in a
suitable neighborhood of the cube Q.

In what follows, we assume the matrix A to have Holder continuous coefficients of
exponent a < « for technical reasons that will result clearer later on.

Lemma 5.6. Let A € Ay be such that A(x) = A(x) for every x € 2Qq. Let T denote the
gradient of the single layer potential associated with A. The operator T,12q, s bounded
in L?(ulaq,) if and only if T,

N|2Qo

is bounded in L?(p|2q,) and

a

T 1200 122 al200)— L2(il200) = 1Titaoo 122 (11209) > L2 (nl204) T O (€(Q0)%)-

Moreover we have

/ T () — mp o (i) dp(z)
Qo

< / I Tu(x) — my, g0 (Tw)Pdp(z) + (((MQo)* + M~ 1u(Qo),  (5.3)
&0

where M is as in the statement of Lemma 4.1 and the implicit constant in (5.3) depends
on diam(supp p).

The proof of Lemma 5.6 relies on the fact that O(-,-; A(z)) = O(-,-; A(x)) for every
x € 2@y and it is very similar to the one of Lemma 4.3, so that we omit it.

In the rest of the paper, without additional specifications, we will deal with a matrix
A periodic with period £, 20(Qo) < £ < £(Qo).

The definition of the matrix A. The construction in the present subsection is dictated
by the necessity of having an auxiliary matrix which agrees with A on 2Qy and has the
further properties of being periodic (which is crucial to use the estimates of the theory
of homogenization) and of presenting ‘additional symmetries’ with respect to reflections
(see the forthcoming Lemma 5.8). For a scheme of this construction we also refer to
Fig. 1.

Let e; denote the j-th element of the canonical basis of R™"!. We denote by
¥ R — R+ the map

Yi(x) =z + (30(Qo) — 2z )e;, (5.4)
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reflection

|
|
i
P, |

7 / reflection

2

NSNS\

0£(Qo)

N

P

Fig. 1. A schematization of the construction of A at the level of the periodic unit.

which corresponds to the reflection across the hyperplane P; orthogonal to e; and which
passes through the point 2/(Qo)e;. Let 0 < § < 1/10.

Given a matrix B(z) with variable coefficients, we define B; as
B; = By, = D(6;)(B o ;) D(65;)7. (5.5)

Moreover, we define the matrix B as

B(x)

- for dist (x 9(3Q0 ) 04(Qo),

B(I) = dist(z,0(3Q dist(z,0(3Q (56)
GG B) + (1 - SRR )1

for dist (x 9(3Qo ) < 0(Qo).

It is also useful to introduce the notation

éj(x) _ {B(az) for z; < %E(QO), (57)

Bj(x) for z; > 54(Qo).

[\S][98)

Let us apply the previous constructions to the matrix A. First, observe that the matrix

—

Aj is not necessarily continuous. However, (Z) ; 1s continuous because Id; = Id and
/~1|6(3Qo) = Id. Our aim, now, is to define the final auxiliary matrix A by an iteration of
the construction in (5.7) along every direction and which is followed by a periodization.
Before doing so, let us observe that for 4,j € {1,...,n+ 1},
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(Ai)j(z) = (Aj)i(x),  zeR™.

This follows directly from (5.5) using the facts that v;(¢;(z)) = ¥;(¢s(x)) and that
the matrices D(¢; 1), D(w;1 are diagonal. Thus by the linearity of the interpolation in
(5.6) we have that

((A)i)j = ((A)]) = (4); (5.8)

so the order of the modifications is not relevant.
Let us now construct the matrix A in two steps:

o For z belonging to the cube of side length 64(Qq) centered at the point with coordi-
nates 3€(Qo)(1,...,1) we define

Ax) = (A)l,...,n+1'

« By (5.6), the matrix A defined in the first step coincide with Id for  belonging to
the boundary of the cube with side length 6(Qo) and centered at 2£(Qo)(1,...,1).
Hence, A admits a continuous and 6¢(Qg)-periodic extension to R"*! so that

A(z) = A(z + 6K£(Qo))
for every k € Z"+1,
The following holds.

Lemma 5.7. The matriz A is well-defined and periodic with period 6¢(Qq). Furthermore,
for £(Qo) small enough it is Hélder continuous with exponent o/2" "1 and constant not
depending on £(Qo).

Proof. The well-definition of A follows from (5.8), and the periodicity holds by construc-
tion. We are left with the proof of Holder continuity. As a first step, we prove that there
exists C' > 0 such that

|A(z) — A(y)| < Clz — y|*/?, for z,y € 3Qo. (5.9)

By the construction of A, it suffices to verify the condition (5.9) for z,y € {z €
3Qo : dist(z,0(3Q0)) < d(Qo)} with |z — y| < 04(Qo). In this case, we denote
t == dist(x, 9(3Q0)), s = dist(y, 9(3Q0)) and we have

) t t $ 5
|A(z) — A(y)| = A(m)m + (1 - —5£(Q0)>Id — A(y) 56(Q0) T (1 B 55(@0))”‘
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< [(4@) - 1) g5~ (AG) ~ 1d) 00
< |A(z) — Id| <|5];(Qi|) +|A(z) — A(y)] 5@(220) =T +1I.

The a-Hdlder continuity of A and the choice s < §4(Qq) yield
IT S o —yl|*

On the other hand, the choice |z —y| < §¢(Qy), the identity A(0) = Id, and the Lipschitz
character of the map dist(-,d(3Qq)) give that, for £(Qy)*/?/6% < 1 we have

|t — S| ,S ‘x|a |t_ 5|O¢ < |'1: _y|a < K(QO)Q/z

T 1l 5 " Gagoys = 50 © o0

|z —y|*/? < |z —y|*/2

Gathering the above estimates for I and I1, we obtain (5.9). An analogous calculation
shows that (5.9) holds for z,y € 3Qo U (3Q0 + 3¢(Qo)en+1) (see also [43, Lemma 8.1]).
By periodicity of the matrix, this is enough to conclude the proof of the lemma. In
particular, the exponent «/2""! is given by the fact that the proof has to be iterated
for all the (n + 1) different directions. O

We remark that, being A periodic, in the previous lemma there is no need to introduce
a radial cut-off for the matrix as in [43]. For the rest of the paper we use the notation
a = q/2" L

Properties of £;. As a consequence of the definition of A and, more specifically, of its
periodicity and the fact that by construction

Aj(z) = A(z)
for every x € R"*! and j = 1,...,n + 1, we have the following.
Lemma 5.8.
and

Ealz,y) = €5 (x +6KL(Qo), y + 6KL(Qo)) for keznt!,

By Lemma 2.3, the function K = V; £ 5(-,-) is (globally) a Calderén-Zygmund kernel.
In particular

(a) |K(z,y)| <z —y|™" for all z,y € R™ ™ with = # y.
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(b) |K(z,y)— Kz, y)|+|K(y,2) - K 2)| < ly—y'|®le—y[ 7"~ for 2y —y/| < |z —y|.

Let Tu denote the singular integral operator associated with I,

T, f(x) = / R (2,9) (0)du(y).

Lemma 5.6 tells that we can prove the Main Lemma for T instead of T, possibly by
slightly worsening the parameters involved.

6. A first localization lemma

It is useful to provide a local analogue of the BMO-type estimate (4.1). This is possible
because of the smallness of the a-number and the bound for the P, 5-density. Also, recall
that because of the assumptions in Lemma 4.1, we have u(MQo) < M™u(Qo). In what
follows we sketch the proof of the localization of (4.1) for Tﬂ, highlighting the differences
with respect to the case of the Riesz transform (see [21, Lemma 4.2]).

In the rest of the paper we omit to indicate the dependence of the implicit constants
in our estimates on Cy and Cj.

Lemma 6.1. For § small enough depending on M, the following inequality holds

_ 1 _
/|TMXJWQ0|2dM < (&_ + Ve 4+ MAnt2g1/(ntd) 4 (MK(QO))QQ)M(QO)- (6.1)
Qo

Proof. First, observe that

[ 1Tcasa) P
Qo

< 2/ |TH(XMQ0) — Mu,Qo (THXMQ0)|2dN + 2|mM,Qo (TMXMQ0)|2/~L(Q0)' (6'2)
Qo

Let us estimate the two summands on the right hand side of (6.2) separately. To study
the first one, we write

— 2
/’T,uXMQo _m#»Qo(T#XMQo){ dp
Qo

—_ — 2 — —_
< 2/ Ty X (0 Qo) (%) = Mo (TuX (11Ge)e) | du(x) + 2/ T —my,,q,(T)|*dp.

Qo Qo
(6.3)

Applying Lemma 2.1, it follows that for z,y € Qg
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Toxoran-(@) = Txorap W < [ 1K (.2) = Kl 2)ldu(z)

(MQo)°
< @ o
(MQo)©
o0
5 1 |z —y|* 1
< g — yl® 4 < MO < ——
Sy [ ) S s Pee(MQ0) S 5

T=12i 41 MQo\29 M Qo

being P, 5(MQo) < 1. Then, averaging the previous inequality over the variable y, we

get

1

< —
NMa

’TMX(MQO)C (z) — Mp,Qo (THX(MQO)C)

and

_ 1
/ Tuxareo () ~ M DX augne)Pdu(e) 51z i(Qo).

Recalling that by hypothesis we have

/ [T =m0 (Tpr)Pdp < 2pn(Qo),
Qo

we can estimate (6.3) as

_ 1
/| Xw@o)e) = Mo (Tixargo) | dp < <6+ MQa)u(Qo)-

An application of Lemma 2.7 together with the antisymmetry of V; ©(:, ;

gives

a0 (Tuxan)| < / / & — 4|~ () dpuly) < (Qo)™

Minor variations of the arguments which prove [21, (4.2)] show that

B (6.5) B _
1,0 (Tux Qo) S 1Mo (TuXm@o\Qo)| + €(Qo)”
< M2nt1g1/8(n+1) | (ME(QO))a Z(Qo)a

< M2H1gL/8(n+1) 4 (MZ(Q ))&

(6.4)

A(zx)) also

(6.5)
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For the sake of brevity we omit the details and we just point out that the presence of
the second summand on the right hand side comes from the estimate

[ TCeH ) a7 < (MEQ0) Qo) (6.7)
Qo

where ¢ is a proper even C! function with 0 < ¢ < 1 and supported on M Qg \ Qo. To
get the estimate (6.7), we just write

| [Tty el
Qo

< [ [ [E@w - 59106y A (a1
Qo MQo

[ 3R - 591065 Aw)| dH ()i )
Qo MQo

+%\/ / (V1O(@, y; A(x)) + V1O(, y; A(y))) dH" | (@)dH" |1 (y)]
Qo MQo

Then, the third summand is null because of the antisymmetry of its integrand and the
first two terms can be estimated via Lemma 2.2.
Gathering (6.2), (6.4) and (6.6) we are able to conclude the proof of the lemma. O

7. The David and Mattila lattice associated with p and its properties

The dyadic lattice constructed by David and Mattila [16, Theorem 3.2] is a powerful
tool in the study of the geometry of Radon measures. Its main properties are listed in
the following lemma, that we state for a general Radon measure with compact support.

Lemma 7.1 (David and Mattila). Let o be a compactly supported Radon measure in R" 1.
Consider two constants Ko > 1 and Ag > 5000Kq and denote W = suppo. Then there
exists a sequence of partitions of W into Borel subsets ), Q) € Dy 1, which we will refer
to as cells, with the following properties:

e For each integer k > 0, W is the disjoint union of the cells Q, Q € Dyy. If k <,
Q € Doy, and R € Dy, then either QN R =0 or Q C R.
e For each k > 0 and each cell Q € Dy i, there is a ball B(Q) = B(zQ,r(Q)) such that

20 €W, AyF <7(Q) < KoAy*
WNB(Q) CQCWN28B(Q) =W N B(zq,28r(Q)),
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and the balls 5B(Q),Q € D, 1, are disjoint.
e The cells Q € Dy have small boundaries. By this, we mean that for each Q € Dy
and each integer 1 > 0, if we set

Nlint — {x € Q :dist(x, W\ Q) < A(;k_l}
NEYQ) = {w € W\ Q: dist(z, Q) < A7*)

and
Ni(Q) = N™(Q) UN™(Q),
we get
o(N(Q)) < (C'Ky * "1 40) "0 (90B(Q))
e Denote by Dgf’k the family of cells Q € Dy ), for which
o(100B(Q)) < Koo (B(Q)).
We have that 7(Q) = Ay"™ when Q € Dy p \Dg?k and
o(100B(Q)) < K 'o (100" B(Q)) (7.1)
for all 1 > 1 with 100! < Ky and Q € Dy \ D5
Let us denote D, := Uk Dy 1. Let us choose Ay big enough so that
CUK P 4y > AL > 10, (7.2)
Here we list some useful quantities associated with each cell Q € Dy j:

o J(Q) := k, which may be interpreted as the generation of Q.
o« UQ) = 56K0Aak, that we also call side length. Notice that

1
28
and r(Q) ~ diam(Q) = £(Q).

o calling zg the center of @), we denote Bg = 28B(Q) = B(zg,28r(Q)), which in
particular gives

K5 '(Q) < diam(28B(Q)) < (Q)

1
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We recall, now, some of the properties of the cells in the David and Mattila lattice.
The choice in (7.2) implies, for 0 < A < 1, the estimate

o({z € Q :dist(z, W\ Q) < M(Q)}) + o({z € 3.56Bg \ Q : dist(z, Q) < M(Q)})
< eAY26(3.5B0).

We denote D" = Ukso Di?k and we say that it is the lattice of doubling cells. This
notation is justified by the fact that, for @ € Dib, we have

7(3.5Bg) < o(100B(Q)) < Koo(B(Q)) < Koo (Q).

An important feature of the David and Mattila lattice is that every cell Q) € D, can be
covered by doubling cells up to a set of o-measure zero ([16, Lemma 5.28]). Moreover,
if we have two cells R,QQ € D, with @ C R and such that every intermediate cell
Q € S C R belongs to D, \ D, we have the control

o(100B(Q)) < Ay 'V @=7=15100B(R)) (7.3)

on the decay of the measure. The estimate (7.3) is proved via an iterated application of
the inequality

o(100B(Q)) < A7'"¢(100B(Q)), (7.4)

where Q is the cell from D, j(@)—1 containing @ (also called parent of Q). We remark
that (7.4) follows by (7.1) and a proper choice of Ay and K (see [16, Lemma 5.31]).

For @ € D,, we denote by D,(Q) the cells in D, which are contained in @ and
D5 (Q) = Dy (Q) N Dy.

8. The Key Lemma, the stopping time condition and a first modification of the
measure

The heart of the proof of Lemma 5.5 consists in providing a control on the abundance
of cells with low density (in some sense that we clarify below). The whole construction
that we are about to discuss depends on some auxiliary parameter to be chosen properly
later in the proof.

Definition 8.1 (Low density cells). Let 0 < 6y < 1. A cell Q € D, is said to be of low
density if

0,(3.5Bg) < by

and it is maximal with respect to the set inclusion. We denote by LD the family of low
density cells.
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Most of the rest of the paper deals with the proof of the fact that the low density cells
fail to cover a significant portion of Q.

Lemma 8.1 (Key Lemma). Let €,6 and M be as in Lemma /J.1. There exists €9 > 0 such
that if M is big enough and 0y, and £ are small enough, then

M(Qo\ U Q) > 20n(Qo). (8.1)

QELD

Sketch of the proof of the Main Lemma 5.5 using the Key Lemma (8.1). The proof is
analogous to the argument of [21, Section 10]. For the reader’s convenience, we briefly
outline the construction of the uniformly n-rectifiable set I'" in the statement of the
Main Lemma. Let us define ' := Qo Nsupppu \ Ugep @, the Key Lemma 8.1 gives
w(F) > eop(Qo). Let o := plg,, let D, be its associated David-Mattila lattice, and let
us define the maximal dyadic operator

1
Mop, f(x) = oo mQ/flda-

Let F = {2 € F : Mop_ (xre)(z) < 1—(g0/2)}. It is not hard to prove that o(F) >
o(F)/2. We consider a family {Q,};es C D, of maximal cells (with respect to the
inclusion) such that o(Q; \ F) > (1 — (€0/2))o(Q;). For j € J, we denote as A; the
family of maximal doubling cells that cover @Q);, and by A the family {P € Ujc;A; :
o(PNF)>0}. We can now define the main auxiliary measure

(=ols+ D, H'ls@)
QEA

where S(Q) indicates an n-dimensional sphere with the same center as B(Q) and ra-
dius B(Q)/4. Lemma 10.2 in [21] gives that the measure ¢ is AD-regular with constant
depending only on Cjy, 0y and ¢g. Furthermore, it is routine to check that the proof of
[21, Lemma 10.3] yields that 7, is bounded on L?(¢) with norm depending on the same
parameters and C;. Hence, we can apply [43, Theorem 1.1], which gives that ¢ is uni-
formly n-rectifiable. By construction and using the fact that o(F) > o(F)/2, T == supp ¢
satisfies

p(l) = p(F) = o(F) = e0p(Qo)/2,
which proves the Main Lemma 5.5. 0O

The rest of the present article (a part from the last section) is devoted to the proof
of Lemma 8.1.
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We argue by contradiction: assume that (8.1) does not hold, that is to say

( U Q) (1 —€0)u(Qo)- (8.2)

QeLD

More specifically, we want to show that a choice of £y small enough leads to an absurd.
The proof is based on a stopping time argument. Roughly speaking, for Q € LD, we
say that a cell R belongs to its associated stopping family if it is a descendant of @
(i.e. R C Q) and it is sufficiently small. The definition of stopping cells depends on a
parameter ¢, which has to be thought small and that will be appropriately chosen later.

Definition 8.2 (Stopping cells). Let Q € LD. Let 0 < t < 1. We say that R € Stop(Q) if
the following two conditions are verified and they are maximal with respect to contain-
ment:

« ReED)", RCQ.
o UR) <t(Q).

We also denote Stop := (e p Stop(Q) the family of all the stopping cells.

Assuming that the stopping cells in Stop(Q) are doubling makes sense in light of the
fact that doubling cells cover @ up to a set of u-measure zero. In particular, this implies
that (8.2) is equivalent to

( U Q) (1 —e0)u(Qo)-

QEStop

The proof of the Key Lemma 8.1 involves a periodization of the measure p, which
is essentially carried out by replicating u|Qo on the horizontal plane according to the
periodicity of the matrix A.

The stopping cells which are close to the boundary of Qg (in a proper sense) are
problematic for our analysis, so we need to rule them out of the construction. In order
to do this, we have to show that their contribution to the measure of @y is negligible
(see (8.4)). We say that P € Bad if P € Stop and 1.1Bp NIQq # 0.

Another technical problem is that Stop may contain infinitely many cells. This second
difficulty can be easily overcome considering a finite family of cells, named Stop,, which
contains a big portion of the measure of Stop, e.g.

( U Q) (1 = 220)1(Qo)- (8.3)
QEStop,

The rest of the section is devoted to a justification of the last affirmations concerning Bad
and the first modification of the measure p. It is essentially a rewriting of [21, Lemma
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6.2, Lemma 6.3, Lemma 6.4] in our context, in which we highlight the right homogeneity
coming from our elliptic setting.

The following lemma contains an estimate of the density P, 5 of the stopping cells in
terms of the low density parameter 6.

Lemma 8.2. Let QQ € Stop and let t = 98/(n+a). We have

0,(2Bo) < P.s(2Bg) <057

Proof. The first inequality is an immediate consequence of the definition of P, 5. To
prove the second inequality, we consider the maximal cell R € D, such that Q C R' C R
and ¢(R’) < t/(R) and write

Retnos X oem(l)s S aem(id)

PeD,:QCPCR’ ( ) PcD,:R'CPCR [( )

+ > ©,(2Bp) (%)& +Y 2740, (2"By)

PeD,:RCPCQo k>1
=+ 114+ 1IT+1V.

Then, the estimates work as in the case of the work of Girela-Sarriéon and Tolsa. In
particular, the calculations for [21, Lemma 6.2, estimate of S; 4+ Ss] work verbatim and
give

to

I+115 2

Furthermore [21, Lemma 6.2, estimate of S5 + S4] gives
IIT+ IV < t%,
which justifies the choice of ¢ in the statement of the lemma. O

For the rest of the paper we assume ¢t = Hé/(THa) in Definition 8.2.
Using the estimates in Lemma 8.2, one can prove that

u( U Q) <657 Qo). (8.4)

Bad

Its proof (see [21, Lemma 6.3] for all the details) relies on a covering argument: let I be an
arbitrary finite subset of Bad. An application of Vitali’s covering theorem to the family
{1.15Bg }ger gives that there exists a family J C I such that the cells {1.15Bg}ges are
pairwise disjoint and (Jg¢ ;3(1.15Bq) covers (Jg; 1.15B4. Furthermore @ € J C Bad
implies that
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H"(1.15B4 N Qo) = r(Bo)™

Lemma 8.2 and the above estimate give

w(U Br) < Y n(3:4580) S 07 Y r(Bo)" 5 077 H(0Q0) ~ 077 (@),

Perl peJ QeJ

which readily implies (8.4).

First modification of the measure. As already mentioned, for technical purposes it is
useful to modify the measure inside (Qy by taking just finitely many stopping cells and
getting rid of the cells in Bad. To make the previous statement rigorous, we choose a
small parameter 0 < kg < 1 to be fixed later and, after denoting

15, (Q) = {z € Q : dist(z,supp o \ Q) > rol(Q)},

we define the modified measure

po=rplos+ D>, i@
QE€Stop,, \ Bad

Using (8.3) and (8.4), it is not difficult to prove that ug differs from g, in the sense of
the total mass, possibly by a very small quantity. Indeed,

e = poll < (260 + COF" ™ + /) u(Qo): (8.5)

For this modification to be valid for our purposes, we need the gradient of the single
layer potential associated with this measure to satisfy a localization estimate analogous
o (6.1). This is easily proved by gathering the L?(u|g,)-boundedness of T#IQO’ the
estimate (8.5) and the localization estimate (6.1) for p (see [21, Lemma 6.4]).

Lemma 8.3. If § is chosen small enough (depending on M), then

/ T (X Mo to)|* dpto

Qo
1 n n « o/(n O(
S (= g + MO 4 (ME(Q0)* + 20+ 05" + 1 ) u(Qo).

9. Periodization and smoothing of the measure

The present technical section contains the construction of a suitable auxiliary mea-
sure. This is done in two steps: first we need to get rid of the truncation at the level of
M/(Qo) present in the estimate of Lemma 8.3. For this purpose, we replicate the mea-
sure periodically by means of horizontal translations. The localization of the gradient
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of the single layer potential associated with this auxiliary measure will make us able to
implement a variational argument in Section 11. We remark that a similar localization
problem had to be dealt with for the horizontal component of the Riesz transform in
[40]. In that case, it was possible to argue introducing an auxiliary measure defined by
reflections with respect to the horizontal hyperplane. However, it is not know how to
adapt that construction when having to estimate all the components of the transform,
so Girela-Sarrion and Tolsa introduced the periodization of the measure. The purpose of
the first part of this section is to show how to adapt their construction to our context.

Moreover, a priori, the measure po may not be absolutely continuous with respect
to the Lebesgue measure on R**!. This would constitute a problem when trying to
implement the variational techniques in Lemma 11.1, as the existence of a minimizer
of the functional here introduced relies on the boundedness of the density with respect
to the measure £7*!. This issue can be overcome by introducing a smoothing of the
measure. For this reason, we define a second auxiliary measure in (9.6).

The periodization. We denote by

M = {Qo +zp:zp € 6L(Qo)Z" x {0}}

the family of disjoint cubes covering H and obtained translating ¢ along the coordinate
(horizontal) axes. The factor 6 is chosen in order for this periodization to be coherent
with the period of the matrix A. Given P € M we denote by zp its center and by
Tp: RtL — R2F! the translation

Tp(z) =z + zp,
so that the periodization of the measure reads

fo= Z TpiolqQo-

PeM

Observe that 1(0Qo) = 0, which implies xg,t = po. As for the first modification of the
measure, we have to prove the equivalent of the localization Lemma 8.3.

Lemma 9.1. Let kg, 0y and ¢ be as in Section 8 and § as in the Main Lemma. Letting
5= Mt (50 + 057 kg 4 61/2),
we have
o (3MQo) < 0. (9.1)

Moreover, for
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= 1 a/(n+a
Fi=e4+ Y +M4n+261/(4n+4)+50+90/( +a)

+ ﬁ(l)/Z + M2n+2gl/(4n+5) + (MK(QO))Qa

we have

/ T (o) | dii S E7i(Qo)- (9.2)
Qo

Idea of the proof. The geometric inequality (9.1) was proved in [21, Lemma 7.1]. An
estimate analogous to (9.2) was proved in [21, Lemma 7.2]. In order to prove it, one
first observes that the construction of the measure i yields fi|g, = polg,, which in turn

implies
/|T(XMQoﬁ)|2dﬁ: /!T(XMQoﬁ)}2dﬂo
Qo Qo
S [ 17 Caasaumo) P i+ [ 1T (xare = o) dii = 1+ 11
Qo Qo

The first summand can be readily estimated via Lemma 8.3. In order to bound the term
IT let us observe that since, by construction, fig|lg, = ftl, and fo|(e)e = Fl(Qe)es We
can write

T (xnmqo(fi = 10)) = T (Xar@o\@o (7 — 1))
Thus, the integral I1 can be estimated by an approximation of the characteristic function
XMQo\Q, Via a C' cut-off which is compactly supported in M Qg \ Qo and using the
flatness of 11 at the level of 3MQy. We omit further details. O
It is not difficult to see that the measure g has polynomial growth:

f(B(z,r)) <r™ o for every x € R™ and r > 0.

The following lemma contains a technical estimate for a suitably modified version of the
density Pﬁya (QBQ).

Lemma 9.2. For every ) € Stop, \ Bad the inequality

| i) < 67 Q) 99

11Bo\Q @

holds. Moreover, the function



46 C. Puliatti / Journal of Functional Analysis 282 (2022) 109376
pra@) = Y xePua(2Bq)
QEeStop, \ Bad

satisfies
2 g~ TSI ~
[ it < 07 Qo). (9.4)
Qo

Remark on the proof. For (9.3) we refer to [21, Lemma 7.3]. In order to prove (9.4) it
suffices to follow verbatim the path of (geometric) [21, Lemma 7.4] taking into consid-
eration the right homogeneity given by &, which leads to

2a
+a) &
a

[ i < (54 "o 40577 ) Qo). (9.5)

RQ&
Qo

where 0 < k < 1 is a small constant. Inequality (9.5) gives the desired estimate after

making the choice k = 93&/[("+&)(1+2&)]. |

The smoothing. Let us define

MO(Q) n+1
= Y, ran e s (9.6)
QEStop, \ Bad H i (ZB(Q»

and its periodization

n=Y_ Tpin.

PeM

We remark that, since Stop, is a finite family, the measures 79 and 1 both have bounded
density with respect to H"*!. As specific control on the density is not relevant to the
purposes of our proof. The following lemma contains a localization estimate for the
potential associated with 7.

Lemma 9.3. Denoting

2a 2a
I~ 2a L —2n—20 ) (nta)(1+2a nta)(1+2n
e = E+0(Q0)* + Mk PTG TV g frrIaEE
we have

/ T (xaroum) 2dn < 'n(Qo)-
Qo
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The presence of the summand £(Qg)?® in &’ (already taken into account in &) to point
out that, as in (6.6), the lack of antisymmetry of K(-,-) gives the error term

|mﬁ,Q (TﬁXQ)| S K(Q)a S g(Qo)a

for every Q € Stop, \ Bad. This contribution is not present in the case of an elliptic
matrix with constant coefficients. The rest of the proof is analogous to the one of [21,
Lemma 8.1] and all is needed is a careful check that Lemma 9.2 applies and the new
homogeneity does not affect the final result. We omit further details.

Remark 9.1. Observe that the expressions of g,g and ¢’ all include a summand which
depends on gg. In particular, the quantities in question are small if g and M{(Qq) are
chosen small enough. Then the choice of €9 <« 1 (which is possible because we assumed
(8.2) to hold) gives the localization for the potentials associated with the auxiliary mea-
sures.

10. The localization of T'n
Let L5 denote the set of functions f € L>(n) such that

flz+2p) = f(z)

for every x € R™! and P € M.
Let ¢ € CY(R™"!) be a non-negative radial function whose support is contained in
B(0,2) and that equals 1 on B(0,1). For r > 0 and z € R"*! let us set ¢, (z) = o(z/r).

Observe that |Vy|le < 1. For 2,y € R"*! we define the regularized kernel

~

Kr(x’y) = R(l’,y)gﬁr(.’ﬂ - y)
and its associated operator
L) = [ K@) i@in) —for 1 € L),

where the integral above is absolutely convergent.
We are interested in getting an existence result for the limit

pvT(fn)(x) = lim T,(fn)(). (10.1)
For simplicity, we denote the principal value in (10.1) just as T(fn)(z).

Lemma 10.1. Let f € L. The principal value T(fn)(z) exists for every x € R,
Moreover, given any compact set F C R" Y there exist ro = ro(F) > 0 and a constant
cp depending on F such that for s > r > rg
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|Zetm) = Tl S 2Nl

where v € (0,1) 4s as in Lemma 2.7.

Remark 10.1. Lemma 10.1 implies that the limit in (10.1) converges uniformly on com-
pact sets and in suppn.

Proof. Recall that we can assume £(Q) < 1. Let s > r. Let us denote v := fn, ¢, s(z) ==
or(7) — ps() for every z € R"*! and K, 4(z,y) == K(x,y)p,s(z — y). Because of the
periodicity of f and the definition of 7, we have

v= Z (Tp)s(xQov)

PeM

so that

7)) - @) = [ f(r,su,y)d( 3 (TP)u(XQoV)> )

PeM

=y /I?T,S(z,erzp)dV(y),

(10.2)

the last equality being a consequence of f(r,s having compact support, which implies
that the sum has only finitely many non-zero terms.

Let Ag be the homogenized matrix associated with {L.}. > 0 and y be as in Section 2,
with £ = 6£(Qo). Recall that

IVxello S

(see (2.9)). The matrix Ay is an elliptic matrix whose coefficients are constants and can
be expressed in terms of x and those of A. We denote by ©(,+; Ag) the fundamental
solution of the operator Ly = —div(AyV). We decompose the right hand side of (10.2)
as

Z /KTS z,y + zp)dv(y)

PEMQ

=Y / (z,y+ zp) — (Id + Vxe(2))V1O(2,y + 2p; Ao)) r s (x — y — zp)dv(y)
PeMQ

+ Z / Id+ Vx(x ))Vl(a(aj y+zp; Ao)er,s(z —y — zp)dv(y)
PGMQ

=1 .(x)+ 11 s(z).
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Let us observe that since F' is compact and y € @Qq, there exists a compact set F such
that +£(z — y) € F, so that if we choose ry > 2diam (F), both ¢, (z — y — zp) and
¢r.s(x — y + zp) vanish for |zp| < r. Moreover, |z — y| < diam (F) < r/2 < |zp| and

|(x —y) — zp| = |(x —y) + zp| = |2p|.

Let us now estimate I, ;(x). As stated in Lemma 2.7, there exist C > 0 and v € (0,1)
depending only on n and « such that

‘Vl Eilz,y+zp) — (Id + ng(x))vl@(m,y + zp; Ao)‘ < CUQ) |z —y — ZPF(”J”)

for every x,y € R"*!. Then, exploiting the linear growth of 1 and the considerations on
the support of ¢, 5, we get

0) dIVI y) (e
‘Ir,s(x” S Z / |z —y— zp|nt7 S fllos Z W

PeM, \2p|>7Q PeM,|zp|>T

< @0

= (10.3)

In the last inequality of (10.3) we used the convergence of » p o €(P)"|zp|™".

We are left with the estimate of I1, ;(x). First, we observe that there exists a compact
set F such that both (z — y) and —(z — y) belong to F for all z € F and y € Q.
Furthermore, P € M if and only if —P € M, by [21, Lemma 8.2, p. 41] we have

‘V@(w —y—zp; Ao)prs(t—y—2zp) = VO(x —y + zp; Ao)ors(x —y + 2p)|

|z — y] < diamZF)
S TapH = Jeprt

(10.4)

for all P € M with |zp| > r. Moreover, the quantity in the left-hand side of the display
above vanishes for |zp| < 7.

Hence, using the antisymmetry of VO(-; Ag) and the facts highlighted above, there
exists a constant cg > 0 such that

|IIr,s(x)| S ”Id + vX@Hoo

Z /Vl@(:r, Y+ zp; Ag)prs(x —y — Zp)dl/(y)‘

PEMQ
5 /V1 z,y 4 z2p; Ao)rs(x —y — zp)dr(y )‘
(2.9) PeM)
< = Z /’V@ r—Yy _ZP7A0)907‘8( - _ZP)
PGMQ

—VO(z —y+ 2zp; Ao)ors(x — y + zp) | d|v|(y)
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|z -y

< d
o A1)

10.4
( ) PEM:lzP\ZrQU

1=
PeM:|zp|>r |Zp|” "

We conclude the proof of the lemma gathering (10.3), (10.5) and observing that, being
€0, )andr>1,rt<r=7. 0O

The measure 7 is M-periodic and the matrix A, by construction, is 6£(Qq)-periodic.
This implies that for every f € L3 (n) and r > 0, the function T,.(fn) is M-periodic,
too. The same holds for pv T'(fn). Using Lemma 10.1, the following result is immediate.

Corollary 10.1. Tn is a bounded operator from LSS to LS. For r > 0 big enough and for
every f € L3 (n) we have

_ - flloo
20 - Tl 5 e,

Our next intent is to prove the final localization estimate

/ | Tn|*dn < n(Qo). (10.6)
o

We have already proved that for M big enough there exists ¢’ < 1 such that

/ [T (Ocarqum)|*dn S €n(Qo). (10.7)
Qo

Then, in order to prove (10.6), it suffices to use the estimate in the following lemma.

Lemma 10.2. Let f € L}, .(n) be a M-periodic function and let M = 6N, where N >3
is an odd number. For all x € 2Qy we have

T (X 5160y f1) (@)] S U0 /\f|dn (10.8)

Proof. Being N odd, there exists a subfamily M C M such that

MQO)(‘ Z TPﬂn

PeM

and whose elements P € M satisfy lzp| 2 M. £(Qo). In particular
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|z —y—zp| = |zp| for z,y € 2Qo. (10.9)

Let r > 0 and x € 2Q)g. Denote v := fn and observe that there are just finitely many
cubes P € M such that |zp| < r. Arguing as in the proof of Lemma 10.1, this justifies
the following writings.

T (X(]\/[QO)LJCT] /K z,y %07“(1‘_ )dl/( )

Z /I_((x, y+zp)or(x —y— zp)dv(y)

PeMQ,
= 3 [ (Bl z) = (4 D) V16 + 20 A0)r (o~ y — z2)du(y)
PeMQ,
+ 30 [ U+ D) V100 + 203 Ao~y — zr)dv(y)
PEMQ,

=I.(x)+ I1.(x)

Let us estimate I(x). Using (10.9) together with Lemma 2.7 and the estimate |zp| 2
M(Qo) for P € M, we can write

0(Qo)
NS 2 [ o> © [ s
PEMO,
VI(Q 0(Q0)"
_ Z B I”“ Qo) < M( > (zp()'i > (10.10)
PeM

M7E(Qo)"
— [ 1f|dn.
Mva@o)nQ[ s

A

We claim that

@IS 5 QO / \Fldn. (10.11)

In order to prove the claim, we observe that K, K (1) = VO(:; Ag)pr(-) is an antisymmetric
kernel and that P € M if and only if —P € M. Thus, we can write

1= 5 32 1+ V@) [ [+ @ = 9) - Ko - (2 = )] (o)

PeM Qo

Let us observe that for z € 2Qg and P € M we have lzp+(x—y)| =~ |zp—(x—y)| =~ |zp|
Hence, by (2.9) and the Calderén-Zygmund properties of the kernel K, the following
inequalities hold:
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|z — Qo) ” 11(Qo)
|U|~P§Q/O| ‘n-i—ldl OB PZ |zP|”‘ |(QO)§]\7€(Q0)'

This proves the claim (10.11).
The estimates (10.10) and (10.11), together with the observation that M~* < M~7,
conclude the proof of the lemma after taking the limit for r — oco. O

Corollary 10.2 (Final localization estimate). We have

/|T77|2dn < (Mlg7 +€’)77(Qo)~

Qo

Proof. Inequality (10.8) in the case f = 1 reads

— 1
|T(XMQ077)‘ S M

so that applying it together with (10.7), we have

. _ _ 1
1 Tndn S [ |TOcnaem dn+ | |TOcaraeyn)?dn S (<= + €' )1(Qo),
M2v
Qo Qo Qo

which finishes the proof. O
11. A pointwise inequality and the conclusion of the proof

The following lemma implements a variational technique inspired by potential theory
that allows to obtain a pointwise inequality for the potential of a proper auxiliary mea-
sure. We denote as T*€ the operator that, given a vector-valued measure &, is defined
by

’ﬂ* |

- / Vi&(y,) - dily) (11.1)
and which corresponds to the adjoint of T

Lemma 11.1. Suppose that for some 0 < A < 1 the inequality

/ Tn|*dn < An(Qo) (11.2)
Qo

holds. Then there is a function b € L°°(n) such that

e 0<b<2,
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o b is M-periodic,
e Jo, bdn =n(Q),

and such that the measure v = by satisfies

/ |Tv|?dv < Av(Qo) (11.3)
Qo
and
\Tv|*(z) 4+ 2T ((Tv)v)(z) < 6X for v-a.e. x € R™ . (11.4)

Proof. The proof works almost verbatim as that of [21, Lemma 9.1]. We briefly outline it
for the reader’s convenience. In particular, we recall that the way to prove (11.4) consists
in defining an adapted energy functional

7(@) = Mallz=y1(@) + [ 1T(an)
Qo
where @ ranges in
A= {a € L*°(n) : a > 0,a is M-periodic, and /adn = n(QO)}.
Qo
Then, observe that 1 € A and

(11.2)
inf J(a) < J(1) < 2\(Qo)-

Thus, since J(a) > M||a|| 12000 (Qo), we have that

inf J(a) = inf

acA a€A llallpoo () <2
Hence Banach-Alaoglu theorem implies that, possibly passing to a subsequence, a; con-
verges weakly * in L°°(n) to some b € L*°(n). It is not hard to see that b € A. Then
(using the fact that n has bounded density with respect to the Lebesgue measure) one
proves that b minimizes J in A and, finally, tests J on the competitors

v(B)
v(Qo)

by = (1_tXPM(B))b+t b, 0<t<1,

where B is a ball centered at suppv N @y which is contained in Qg, and Py(B) =
Urem (B + zr). In this way, we obtain
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/|TV|2dV + Z/T*((TV)V)CZU < 6Av(B),

B B

so (11.4) follows by Lebesgue’s differentiation theorem as v(B) — 0. We further remark
that Girela-Sarriéon and Tolsa’s calculations do not use the antisymmetry of the kernel
of T but just its M-periodicity, which follows by the construction of A. O

11.1. A maxzimum principle

Let A\,b and v be as in Lemma 11.1. In order to be able to perform the final argument
to get the contradiction, we need to extend the inequality (11.4) out of the support of
v. More precisely, the next step consists in proving that a inequality similar to that
provided by Lemma 11.1 holds in a suitable strip. To this purpose, some version of
maximum principle is needed. The elliptic setting of the problem makes this procedure
slightly more technical then the one adopted by Girela-Sarrién and Tolsa in the case of
the Riesz transform.

Before presenting the main result of the section, we introduce some notation. We
denote by H the hyperplane

H:={z e R™" : 2,1 = 30(Qo)/2},

which corresponds to the translate of H that contains the upper face of 3Qq. Let Kg > 1
to be chosen later and let S denote the strip

S = {z e R™" : dist(z, H) < Ks(Qo)}.

Its boundary 0S is given by the union of two hyperplanes 05, and 0S_ which lay in
the upper and lower half spaces respectively. Let

Tgp= gé(Qo)(l, 1, 1) £(0,...,0, Ksl(Qo))- (11.5)

For the proof of our next lemma we need to invoke a result on elliptic measure. Suppose
that Q C R**! is an open set with n-AD-regular boundary and consider a point p € Q.
Let w?, denote the elliptic measure on 9§ associated with the operator L ; with pole at
p. For the proof of the following standard result we refer to [7, Lemma 2.3].

Lemma 11.2. Let Q C R be open with n-AD-reqular boundary with constant Cap.
There exists 9 = 3(n, A,Cap) € (0,1) such that for every x € 9Q and 0 < r < diam {2,
we have

wg (B(z,r)°) < C(lmr;y')19 fory € QN B(x,r). (11.6)
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An application of (11.6) gives a boundary regularity result for L 5-harmonic functions,
see e.g Lemma 2.10 in [5].

Lemma 11.3. Let Q C R+ be open with n-AD-reqular boundary with constant Cap. Let
u > 0 be L z-harmonic function in B(x,4r)NQ and continuous in B(x,4r)NQ. Suppose,
moreover, that u =0 in QN B(x,4r). Then, extending u by zero in B(x,4r)\ Q, there
exists & = ¥(n, A,Cap) € (0,1) such that w is ¥-Hélder continuous in B(x,4r) and, in
particular,

sup u for ally € B(z,r).

dist(y, 0€2) )19
B(z,2r)

u(y) Snacan (—

Lemma 11.4 (Mazimum principle on the strip). Let S be the strip as before and let f be
a bounded continuous L z-harmonic function on S so that flas =0. Then f =0 on S.

Proof. Choose R > 100Ks and set Sk :== SN [—R,R]""!. For p € S, denote h, =
dist(p, 0S) and let x, be a point that realizes the distance. We choose p far from the
“vertical” parts OSg \ (054 UOS_) of Sk, in particular such that B(xz,, R/10) N (0Sk\
dS) = 0. Let w¥, denote the elliptic measure with pole at p associated with Lz on Sg.
The family {Sgr}r is a collection of AD-regular sets whose AD-regularity constants do
not depend on R. Then inequality (11.6) implies that there exit two constants C' and ¥,
both independent on R, such that

W (0SR \ 0S) < Wb (B(xy, R/10)°) < c(h—é’)ﬂ.

By hypothesis we may assume that f <1 on 0Sg \ 0S. Thus, we have

9
10 = | [ 1at] < [ Flosmoslwhiose\os) < ()" au)

The results stated in the lemma follows by passing to the limit in (11.7) for R — co. O
Now, we prove an existence result on the infinite strip S.

Lemma 11.5. There exists a function fs: S — R such that:

(1) fs is L z-harmonic in the strip S and continuous in S.

(2) fs is M-periodic.

(3) fs(z) = +1 on 0S4 and fs(z) =0 for z € H.

Proof. Let k € N, k > 100K g and denote Sy = SN [—k, k]" ™. We define the continuous
functions f on 0Sj as
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Zni1 — 30(Qo)

Jul@) = Kst(Qo)

In particular, observe that fi(z) = +1 for € 9S4 and

Si@) = = ((21, s, =011+ 36Q0)) )

i.e. it is antisymmetric with respect to H.

Define uy, be the L z-harmonic function such that ug|ss, = fi, whose existence is
guaranteed by the continuity of fi and the AD-regularity of Si. Our aim is to prove
that, a part from possibly considering a proper subsequence, u; converges uniformly in
the compact subsets of Sy, for every k to an L z-harmonic function in S.

We claim that there exist v € (0,1) and Cj > 0 such that

luj(x) —uj(y)| < Crle —y|” for z,y€ Sy, j>k+2. (11.8)

Assume that (11.8) holds. As a consequence of Ascoli-Arzeld’s theorem together with
a standard diagonalization argument, there is a function fg so that ug converges to fg
uniformly on the compact subsets of S. The L z-harmonicity of fs is a consequence of
Caccioppoli’s estimate (cfr. [22, Theorem 3.77]).

To prove (2), define ¥ = (6£(Qy),0,...,0) and observe that, being the matrix A M-
periodic and since fg is constant on 9S4, the function f(x) = fs(z) — fs(z + ¥) satisfies
the hypothesis of Lemma 11.4. So, f =0 and fg is M-periodic.

To prove (3), first observe that A(x) = A¢((x1, ey Ty —Tpa1 + 3€(Q0))>, where ¢

is the function that maps a point to its reflected with respect to H and Ay is defined as
in (5.5). Then we can apply again Lemma 11.4 to

Fla) = fs(x) + fg((ml, Ty — Tl + 34(@0))),

which is L z-harmonic and vanishes on 05.

We are left with the proof of the claim (11.8). By Lemma 11.3, there exists ¢ € (0,1)
depending only on n, A and the AD-regularity of dQ (hence independent both on j and
k) such that u; is ¥-Hélder continuous in the set {z € Q : dist(x, Q) < 2£(Q)}. Being
lujllee < 2 for every j, by De Giorgi-Nash interior estimates we can infer that there
exists v, independent on j such that, for every j > k + 2, u; is y,-Holder continuous in
{z € Q41 : dist(z, 0Q) > £(Qo)}. Gathering the interior and the boundary regularity of
uj proves (11.8). O

By the previous lemma, Lemma 11.3 and the fact that fg = 0 on I;T, we have the
estimate

dist(y,l?{f))19 ~

sl s ( ot () for ye S with dist(y, H) < 10£(Qo).
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Let us define the auxiliary function

FS (J}) = fS’ (x)TV(xs_,_).

Observe that Fglos, = iTu(xS+). The rest of the present section is devoted to the
proof of the following, which may be regarded as an approximated maximum principle
on S.

Lemma 11.6 (Pointwise bound for the potential on the strip). For x € S we have

K3>‘N",

+ 7o + (Cst(Qo) + (52

Tv(z) — Fs(z)|> + 4T (T <AV
[Tv(x) — Fs()] + 4T ((Tv)v)(z) < + K% TRl
where Cg is a constant chosen so that Cs > Kg.

Before proving this lemma, we need some auxiliary result.

Lemma 11.7. Let x5+ and xs— as in (11.5). Then:

(1) For x € 0S4, dist(x,x5+) S €(Qo) we have the estimate
|Tv(z) — Tv(zsy)| < —=. (11.9)

The analogous estimate holds in x € 0S_ replacing xgy with xg_.
(2) The difference of —Tv(xsy) and Tv(zs_) can be estimated as

| Tv(zy) + Tv(rs_)| < LN

(3) For x with dist(z, H) > 20(Qo) we have
T*((Tv)v) (x) < AYV2 (11.10)

Proof. Let us begin with the proof of (1). Because of the M-periodicity of Tv, we can
assume without loss of generality that g € [—30(Qo), 3¢(Qo)]™ x {0}, g denoting the
projection of x on H. We claim that for P € M and y € Qg we have

_ _ 0(Qo)*
|K(x,y+z2p) — K(xs+,y+ 2p)| S (Ks0(Qo))" e + |zp|nta”

This follows from the (global) Calderén-Zygmund estimates for K (-,-) once we observe
that |z —zg1| S |r—y—zp| = Ksl(Qo) + |zp|. So, for r > 0, standard calculations give
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=~ Qo)"
|Tr1/( Tz/x5+ |N Z/ Kol Qo "‘W—i—\z |n+adu(y)

PEMQ
B Z Qo)"+a < UQo)"* _ L
PeM KSE n+a + |ZP|n+a ~ (KSK(QO)YH_G Kg

Being this estimate independent on the choice of r, in the limit for r — oo we have
(11.9). The proof of the analogous estimate for xg_ is identical, so we omit it and we go
to the proof of (2).

Denote by z* the reflection of the point x across zg = %K(QO)(L 1) e

¥ =29 — x.

By the specific choice of xg, this transformation can be obtained via a composition of
the reflections v;’s with respect to the hyperplanes passing through xy which we defined

n (5.4):
P ¢1 Q- O’ll)n_‘_l(.’ﬂ).

Moreover,

(rs4)* =30(Qo)(1,...,1) — gﬂ(@o)(l, 1) =(0,...,0,Ksl(Qo)) = xs_. (11.11)
Thus, an immediate application of Lemma 5.1 and (5.10) gives that, for y € Qo,
K(zs,,y+zp) = —K(zs_,y" + 2p), Pe M. (11.12)
Observe that
ly+ 20 — (5" — 25)| <y — 97| + |ep — (—25)] S Qo)
which, combined with Lemma 2.4, gives
|K(zs,.y+zp) + K(zs_,y — 2p)]

(11.12) | - ok * *
=" |K(vs,,y+2zp) — K5 ,y" —2p)| (11.13)

U(Qo)*
(Kst(Qo))™ e + [zp["+e”

:‘K(irs_”y + ZP) - K($S+,y* - Z;’)' S/

where the second equality uses (11.11) (with —zp = z_p replacing zp). Taking r > 0
and applying (11.13), we have

U(Qo)™+ 1
(Q0))"a + [zp["a ~ K3

‘TrV(mSJr)“_TrV(xS*” § Z (KSE
pPeM
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which, taking the limit for » — oo, proves (2).

We are left with the proof of (3). Set o = (Tv)v and observe that this measure is M-
periodic. So, without loss of generality, we can assume that zg € [—34(Qp), 3¢(Qo)]™
{0}. Let r > 0 and, denoting by A the homogenized matrix associated with A, by x the
vector of correctors and ¢ = 6£(Q), write

Tro(x) =Y /K(yﬂp,:c)da(y)
PeMq,

=Y / (y+zp,2) = (Id+ Vxe(y + 2p))V1O(y + 2p, 25 Ao) ) ¢r (z — y — zp)do(y)
PEMQO

+ Y [ a4 Vxly + ) V10 + 20,35 Ad)er (o — y — 2p)do(w)
PEMQO

=1+ 11,.

Recalling that [|[Vx¢|leo < 1 and using Lemma 2.7, we can proceed with the following

estimates b
I < d
S P;,IQ/ |l — ZP|n+7 Aoy P;A/ dist(z, H +|z |yt 1)
(11.14)
< 0(Qo)" 0](Qo) o Q)" [0](Qo) _ |o](Qo)

~ (dist(z, H) + |zp|)n+7 €Qo)™ ™ dist(z, H)v £(Qo)™ ~ £(Qo)"’

where the last inequality holds because we assumed dist(z, H) > 20(Qo). We claim that

lo](Qo)
1| < 0Qo) (11.15)

In order to prove this, let us first observe that the antisymmetry of VO(-; Ag) and the
periodicity of y, yield

11,

5 2 [ [Vxer + )0 + (y — ) Adgu (o~ y -+ 2r)
PEMQ

— Vxe(—zp +y)VO(zp — (y — x); Ao)pr (@ — y — zp) | dr(y)

3 2 [ Vxaler +9)[TOp + (v~ 2)i Aohirle — y + )
PeMQ

—VO(zp — (y — x); Ao)or(z — y — zp)|dv(y).

(11.16)

Let us define K,(-) = VO(:;A4g)er(-). We claim that, for z € Qo N H such that
dist(z, H) > ¢(Qo)
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dist(z, H)
(dist(z, H) + |zp|)™t!

K (zp+(x—y)) = K (zp — (2 —y))| S for y € Qo. (11.17)

The proof of the formula above can be conducted splitting the cases |zp| < 2|z — y|
and |zp| > 2|z — y|, and coupling the Calderén-Zygmund properties of K, with simple
geometric considerations. The details can be found in [21, (8.25)]. Gathering (11.16),
(11.17) and (2.9) we obtain

LIS 190l 3 [ 1ReCer + (0 =) = Kaler = (o = ) ldir|)

PGMQ
dist(z, H)
SP%/:\AQ/ dist(z, H) + |zp|)"H! dlv|(y)
= Qo L) 5 anr _ M@

UP)™ s (dist(w, H) + |2p))" T~ P

which concludes the proof of (11.15) and, thus, the lemma.

It is possible to prove this estimate analogously to the case of the Riesz transform.
We omit its proof in order not to make the presentation too lengthy. We remark that the
calculations that lead to (11.15) solely relies on the Calder6n-Zygmung property of the
kernel and some geometric considerations that are independent on its specific expression.
We refer to [21, (8.20)] for more details.

Hence, gathering (11.14), (11.15) and passing to the limit on 7, we get

- 1 _
T*(Tv)v)(z) S WQ/ |Tv|dv.

Then, recalling (11.3), the growth of v and using Cauchy-Schwarz’s inequality,

- 1
T (T)) (@) £ g

([1zvpar) " vin s 22

Qo

which finishes the proof of (3). O
The following result is a direct consequence of Lemma 11.7.

Corollary 11.1. For x € 05

|Tv(x) = Fs(x)]” < (11.18)

K2a

where the implicit constant does not depend on S.



C. Puliatti / Journal of Functional Analysis 282 (2022) 109376 61

Another result which is needed for the application of the maximum principle is the
estimate of |Fg(x)| for = close to the support of the measure v.

Lemma 11.8. Let Kg be an odd natural number, Kg > 3. For x € R*1 with dist(x, I;T) <
104(Qo) we have

1
F < —.
F(0)| S 3eg
Proof. Because of the Holder continuity of fg, we can write

dist(z, H)\?

e ) Tufas) s Tz

Fs(@)| 5 ( 5

So, to prove the lemma, it suffices to show that
Tv(zsi)| < C

for some constant C' > 0 not depending on Kg. Recall now that v = bn. Applying
Lemma 10.2 with M = 6Kg and f = b to the point 0 € 2Q)g, we have the estimate

T (X(655Q0)¥) (0 /|b|dn <1, (11.19)

‘N 6K5' ‘Yé

where the implicit constant in the last inequality does not depend on Kg. Now, we
observe that the (global) Calderén-Zygmund properties of K and the fact that |zgy| <

Ksl(Qo) imply

IT (X(6K500)°7) (0) = T(X(6K5q0)V) (Ts4)| S / |K(0,9) — K(zs4,y)|dv(y)

(6KsQo)°
e
< 2T — —dv(y) S 1.
/ (Iyl + lwsy )t
(6KsQo)°
(11.20)
Then, by (11.19), (11.20) and the triangle inequality, we have
T X cV\Tg
T (X(6KsQo)(T5+))] (11.21)

< T (X(6K5Q0)°7) (O] + | T (X(6K500)) (0) = T(X(6K5Q0)¥) (£51)] S 1.

Moreover, since dist(zg,supp )" 2 Kgl(Qo) and estimating the kernel via Lemma 2.4,
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1
lzs+ —y|"

Thersar)@s)| < [ | Kesplat) s [

6KsQo 6KsQo

o W6KsQo)  _ KRNQ)"
~ dist(xgy,suppv)™ ~ dist(xgy,suppv)™ ~

dv(y)

(11.22)
Thus, gathering (11.21) and (11.22) we obtain

[Tv(zs+)] < |T(xersov) (@s+)| + |T(X(eKsQ0) ¥ (@s+))]| S 1,
which proves the lemma. O

In order to be able to use the previous lemma, from now on we assume without loss of
generality K¢ > 3 and we suppose it to be an odd number. Observe that for = € suppv,
Lemma 11.8 and (11.4) give

sup  |Tw(z) — Fs(a)|* + 4T ((Tv)v) (@)
xESupp v
< sup 2|Tv(z)|* + 4T (Tv)v)(z) + 2| Fs(z)|? (11.23)
xrESupp v
<120+ 2|Fs(2))> S A + %.
KS

Moreover, by (11.10) and (11.18),

- - 1
sup |Tv(z) — Fg(x)’2 +AT*(Tv)v)(2) S —5z + AL/2
z€ds KS

which, together with (11.23) brings us to

B 2 Tk ( (0 1/2 1 1
sup Tv(x) — Fs(x)|” +4T*(Tv)v)(x) S AV + =+ —
xeaSUsuppJ (z) (=) (Tv)v)(z) K% T K3

(11.24)

Finally, we provide the proof of Lemma 11.6.

Proof. We recall that A = AT. Let g € L>(S;R™"!). We claim that T* (L") is a
L zr-harmonic (vector valued) function. This would imply the maximum principle

sup T* (L") (z) = sup  T*(gL" ) (). (11.25)
zEeS r€JSNsupp v

Observe that, because of Lemma 11.5, the same equality holds with Fs(x) in place of
T*(GL 1) (z). Let ¢ € C°(S \ supp§) be a test function. To prove the claim, apply
the definition of T* together with Fubini’s theorem together with the fact that &(z,y) =
EAT (ya Z‘)Z
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JAer Gty Ve = [ ATV [ V,E0) - du)dy) - Vele)ds

_ / v ( / ATV ,E(y, ) - Vipla)dr ) - Gly)dy

(11.26)
— [ V([ 4. a o) Tola)ds) - )y
Notice that for every z € R**! we have the elementary relation
2] = sup 2(e,2) - f7
8>0,e€S™
so that, choosing z = Tv(x) — Fs(z), it reads
|Tv(z) — Fs(x)|2 = sup 2(e, Tv(x)) —2(e, Fs(z)) — B> (11.27)

B>0,e€S™

We want to show that the argument of the supremum in the right hand side of (11.27)
differs from a L z-harmonic function possibly by a small term. This will allow to apply
the maximum principle on the strip and to finish the proof.

For a fixed e € S™ and z € supp v, we split

(e, Tv(z)) = =T*(ve)(x) + (T*(ve)(z) + (e, Tv(x)))

and consider that, claiming that the dominated convergence theorem applies,

T*(ve)(z) + (e, Tv(z)) = lim [ (K.(z,y) + K.(y,2)) - edv(y). (11.28)

r—00

To prove that the previous identity holds, set Cs > Kg to be chosen later. By the
triangle inequality, the antisymmetry of V; ©(x,y; A(z)) and the linear growth of v, we
have

|K (z, y)+K Y, T |d1/

lz—y|<Cs4(Qo)

S / K (2,y) = V1 O(z,y; A(2)|dv(y)

z—y[<Csl(Qo

|lz—y|<Cs€(Qo) (11.29)

T / |K(y,2) — V1 O(y,z; A(z))|dv(y)
|z—y|<Csl(Qo)
1 a

S . <
~ / |z — y[@ dv(y) < (CSE(Q())) .

|z—y|<Cs£(Qo)
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So, to bound (11.28) we have to estimate the integral on its rights hand side for
|z —y| > Csl(Qo). As before, by the periodicity of Mg we can assume that zg €
[—30(Qo),3£(Qo)]™ x {0}. Hence, using arguments analogous to the ones in Lemma 11.7,
it is possible to prove that for y € Qo and zp such that |x —y — zp| > Csl(Qp), we have

(Ks0(Qo))”

P|n+5z + |x|n+a’

|K(z,y+zp) + K(z,y — 2p)| S E

hence, calling Mg the subset of P € M such that |z — y — zp| > Csl(Qq) for every
Yy € Qo, we have

- - Ken\a
3 /|KT(x,y+2p)+Kr(x,y—2p)|d1/(y) <(&2)" (11.30)
PEMSQO 5
Analogously, one can prove
_ _ Ko\ @
S [ Rl zra) + Koy —zp i) S (¢2) (1

PeMsqo

so, gathering (11.29), (11.30) and (11.31) and letting r — oo, we can use the dominated
convergence theorem and we estimate (11.28) as

- _ N Koy @
[T (ve)() + e, Tw(a))| £ (CstQo)™ + (&) - (11.32)
We are now ready to proceed with the calculations for the maximum principle. Indeed,
taking « € S, an application of (11.27) and (11.32) gives
| Tv(z) — Fs(z)|” + 4T ((Tv)v)(x)
= sup  2(e,Tv(x)) —2{e, Fs(2)) — >+ T*((Tv)v) ()

B>0,eeS™

S sup  —2T"(ve)(x) — 2(e, Fs()) — B2 + T*((Tv)v)(w)
B>0,eeS™
+ (st + (52)"

Then, using the maximum principle (11.25) we have

Tv(x) = Fs(x)* + 4T ((Tv)v)(z)

. _ ) na
S s 2T (e (Tv)w) @) = 2e, Fs(w)) = 5% + (Cst(Qo))" + (o)
< sup sup —2T* (1/6 + (Tz/)z/)(z) — (e, Fs(z)) — 32

z€0SUsupp v >0,ecS™
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S

+(est@)7 +(52)"

So, another application of (11.27) and (11.32) concludes the proof of the lemma. Indeed,
recalling the estimate (11.24) on 95 U supp v,
[Tv(z) — Fs(x)|* + AT (Tv)v)(z)

< sup sup  2(e,Tv(x)) — 2(e, Fs(x)) — B*
z€JSUsupp v 3>0,eecS™

+T*((Tv)v)(z) + (Cst(Qo))™ + (Ié_jf

< sup |Tu(z)—Fs(z)|2+4:ﬁ*((:ﬁu)y)(z)+(csg(Q0))a+(E)“

z€0SUsupp v

1 5 Kg\&
< \1/2 a as
$A +K2a+m (Cst@Qu)* + (&) -

11.2. The conclusion of the proof of the Key Lemma

To simplify the notation, set

1 1 a Kg\@
Err(Ks, s 0Q)) = gz + 07 + (Cst@0)" + () -
Notice that if z € 2Q,, Lemma 11.6 together with Lemma 11.8 allows to majorize
|Tv(x)|? as
|Tv(@)|” < [Tv(x) - Fs(@)* + |Fs (@) + 4T (Tv)v)(x) — 4T*(Tv)v)(x)
SAY? 4 Err(Ks, Cs, £(Qo )+|Fs( P =T ((Tv)v)(x) (11.33)
S A2+ Err(Ks, Cs, Qo)) — T*(Tw)v)(x).

Let ¢ be a smooth function such that xg, < ¢ < x20, and ||Vl < Qo)™ 1. Set
¢ == ATV and observe that it verifies

)
)

T £ (x) = T*[ATVp L7+ (z) = / Vi £y, 2) - AT (5)Veply)dy

= /fl(y)Vl Ealy,z) - Vo(y)dy = (z),

the last equality being a consequence of the definition of fundamental solution.
The choice of ¢ > xq,, together with Cauchy-Schwarz’s inequality, gives

v(Qo) < /godu = /T*(W;nﬂ)dy _ /TV_¢d£n+1

N T Y (11.34)
< ([ 1zvpiplacrt) ([ wlacr)
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Now, observe that

[l < 1A ool Velloo < €(Qo) ™ (11.35)

and

/ AL S D £ (2Q0) £ Qo) (11.36)

)

We claim that
[ 1EvPlolac < Qo
Applying (11.33) and (11.36), we can write
[ Topivlacn
< (A2 + Err(Ks,Cs, £(Qo))) / [pldLm T + ] /T*((Ty)y)wdc"“]
< (V2 4 Brx(Ks, Cs. Q) [ olac™
] [ (o @)l | + | [ T (vangy (Tvpw)plaer| - (1137
S (/\1/2 + Err(Kg, Cs,£(Qo)))£(Qo)" + ‘ /T* (X30qy) (Tv)v) W|dﬁn+1’

+] [ 7 (e, T wlacn |
= ()\1/2 + Err(Ks, Cs, £(Q0)))0(Qo)™ + I + I1,

where I and II are defined by the last equality.
The estimate for I is an application of (10.8) with M = 30. In particular, recalling (11.3),

IT* (X (30Q0) (TV)bn)) ()

V(Qo / 712 1/2 1/2 v(Qo)
< V&0 T pyizan) <Az o)
— Qo)™ ( ITv] ) = U(Qo)
Qo
which, together with (11.36), implies
I <AY20(Q). (11.38)

For the estimate of I1, recall that |K(z,y)| < |z —y|~". This and (11.35) imply
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(Qo)

Q)
Q) "

_ _ 1 1 14
T(jlL"h) (x :‘/Km,ywydy‘i / dy <
(ol @) @] < o [ m S g
2Qo
Then, by Cauchy-Schwarz’s inequality, the periodicity of T and the localization (11.3),

IIg’ / T(WWH).TWZV’5V(Q0)1/2( / |Ty|2du)1/2§)\1/21/(Q0). (11.39)

30Q0 30Q0

So, gathering (11.34), (11.37), (11.38) and (11.39), we have

v(Qo) S (Err(Ks7 Cs,0(Qo)) + )\1/2)1/21/(620). (11.40)

Choosing Kg big enough, Kg/Cgs small enough, Cs€(Qq) and A small enough, we have
Err(Ks, Cs, £(Qo)) + \/? < 1,

so (11.40) brings us to the contradiction

v(Qo) < v(Qo).

This proves the Key Lemma and, hence, completes the proof of Theorem 1.2.
12. The two-phase problem for the elliptic measure

To the purpose of the application to the study of the elliptic measure, it is useful to
reformulate Theorem 1.2 under slightly different hypothesis. The proof of the following
closely resembles that of [9, Theorem 3.3].

Theorem 12.1. Let p1 be a Radon measure in R and let B C R* be a ball with
w(B) > 0. Assume that, for some constants Cy,C1 > 0 and 0 < X\, 8,7 < 1 the following
conditions hold:

(1) 7(B) < \.

(2) P,a(B) <CoO,(B).

(8) There is some n-plane L through the center of B such that ﬁil(B) <0,(B).
(4) There is Gg C B such that for allx € Gg

B(x,r
sup M(in)) + Ti(xapp)(z) < C10,(B).
0<r<2r(B) r

(5) [o, |Tu(x) —myc,(Tu)Pdu(z) < 76,(B)*u(B).
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There exists ¢ > 0 such that, if §,7 and X are small enough (depending on Cy and C1),
there is a uniformly n-rectifiable set I' such that

w(BNT) > 9u(B).

The proof in the case A = Id is based on a Tb theorem for suppressed kernels by
Nazarov, Treil and Volberg. To replicate the proof of Azzam, Mourgoglou and Tolsa in
the elliptic context, we define the suppressed kernel associated with K(-,-) as

lz —y|?

D(z)®(y)

where X: [0,+00) — [0,1] is a smooth, vanishes identically in [0,1/2] and equals 1 in

Ka(e.y) = X )E ().

[1,400) and ® is a 1-Lipschitz function to be chosen as in the proof of [9]. Then, one
can split

K(r,y) = 5 (K(w,y) + K(y,2)) + 5 (K(r,y) — K(y,2)) = KO (a,9) + K (a,y),

apply the T'b theorem for suppressed kernels (see also [48, Section 5.12] and the references
therein) to the antisymmetric part of K and exploit the L?-boundedness of the symmetric
part guaranteed by the freezing technique of Lemma 2.2. We leave to the interested reader
to check that there is no further difficulty in the proof Theorem 12.1.
The rest of the present section is devoted to show how to apply Theorem 12.1 to prove
the two-phase problem for the elliptic measure.
1

After possibly splitting the set E, we can assume diam F < mmin(diam Q1,

diam Qg). We choose the poles p;, i = 1,2 such that p;, € Q; N 2B\ B, where B is

a ball centered at F with radius r(B) = 2 diam E.

We are going to apply Theorem 12.1 to the measure wy: we are going to prove that
we can find an n-rectifiable set F C E such that wi|r < H"|r < wi|p. In particular,
we can suppose that €2y is such that

H L (BNQ,) = r(B). (12.1)

By the so-called Bourgain’s estimates (see [43, Section 12] for the statement in the elliptic
case and [6] for a proof in the case A = Id) together with (12.1), we can infer that there
exists dg such that

wi (267'B) =1, for 0<4 < dp.
Let a,7 > 0 and ¢ = 1,2. We say that a ball B is a-F,,, 5-doubling if
P,,4(B) < a@,,,(B).

The following lemma, is important for the applicability of the doubling condition.
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Lemma 12.1. Let 5 € (0,1). Let Q1,9 be Wiener regular domains in R and let
E C 9Q1 N0 be a set on which wi|p € wa|p < wi|g. Then there exists a constant
a = a(¥y,n) big enough such that for wi|g-almost every x € R* we can find a sequence
of a-P,, 5-doubling balls B(x,r;) with r; — 0 as i — oo.

Proof. Let i =1,2. Let m € Z,m > 1 and denoting
Zp = {x €09, : forall j >m, B(x,277) is not a-P,, 5-doubling}

it suffices to prove that w;|g(Z,,) = 0 for every m. Arguing as in [11, Lemma 6.1] we
have that, for € Z,,, we can estimate the elliptic measure of B(z,r) as

wi(B(z,r)) < C(m)r"t7 for r <27,
Then
w|p(A) < w(A) < C(m)H"(A) for any A C Z,,.
We recall that the dimension of w|g can be defined as

dimw|g == inf {s: IF C 0Q s.t. H*(F) =0
and w|g(F N K) = w|p(0QN K)VK C R™™ compact }

First let us bound dim w|g from below. Let F' C 99 be such that H"*7(F) = 0. For K C
Z, compact and such that w|g(K) > 0, we have w|g(FNK) < C(m)H"(FNK) = 0.
This in turn implies

dimw|g >n+7. (12.2)
Conversely, [8] gives that dimw|g = n, which gathered with (12.2) tells that
n>n+79.

Being 7 > 0, this brings to a contradiction and, in particular, this proves that w(Z,,) =0
for every m. O

Let ¢ = 1,2. Denote by u;(-) = Gi(pi,-) the Green function associated with €; with
pole at p;. We understand that u; is extended by zero to §25. As a corollary of [5, Theorem
1.5], which was formulated under weaker assumptions on the regularity of the matrix A,
we can state the following monotonicity formula.

Lemma 12.2 (Monotonicity formula). Let ; and u; be as above and let R > 0. Suppose
that As(§) = Id for & € 0Q1 N ONs. Then, setting
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B(¢,2r) B(&,2r

we have that, for some ¢ > 0,
(&) < (&, 8)e T <0 for0<r<s<R.
We remark that Azzam, Garnett, Mourgoglou and Tolsa proved their result under the
hypothesis A(£) = Id. However, the same proof works under our assumption.®
The following lemma is crucial to prove the elliptic variant version of the blowups.
Lemma 12.3. Let Q1 be a Wiener reqular domain and denote by wy = wi* its associated
elliptic measure with pole at p1 € Q1. Let B be a ball centered at 01 and such that

p1 ¢ 10B. Assuming that wi(8B) < Cw;(6oB) and H" (B \ Q1) > C71r(B)™1, we
have

H" T N250B) > r(B)" (12.3)

Moreover
H" 1 (260B\ Q1) ~ H" (260 B\ Qo) =~ r(B)" 1. (12.4)
Proof. Denote r = r(B). Let us first prove (12.3). Consider a smooth function ¢ > 0

such that ¢ = 1 on §oB and supp ¢ C 26¢B. In particular, suppose that ||¢]/c < (dor) 7L
Then, recalling that, by the properties of Green’s function and being z; outside of the

/godwl = —/ATVul -V,

we use the ellipticity of the matrix A and write

support of ¢,

w1(260B) < /godwl < /|Vu1 - AV|

1
§/|VU1HV</’|= / V[Vl S 5= / [V .
oT

Q1N260B Q1N260B

Then applying, in order, Holder’s and Caccioppoli’s inequalities,

3 It suffices to define the matrix D in [5, Appendix A.1] as D = A(£) — A and observe that L) =
La, ¢ =1d.
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HHL(Qy N 26, B)L/? 1/2

Q1N260B 260B
(0, N26B)Y? 1 1/2
S " ( ! 0 ) ( / ‘U1|2) )

~ 507“ 507’
460 B

1
(507‘

SO

(n+1)/2
wi1(260B) < H"THQ N 2603)1/2M sup |ug|.

(6or)* 46,8
At this point, recalling that (see [43, Section 12])

w1 (8B)

sup u1(y) S -1

y€46o B

)

we have

1/2 (6or)(n=3)/2

w1 (60B> S Hn+1(Ql N 2503) (607.)71—1

w1 (8B)

which, since we suppose w1 (8B) < Cw(dpB), concludes the proof of (12.3).
The second estimate in the statement of the lemma is a direct application of the first
one (see also [11, Lemma 3.4]). O

The following lemma provides the connection between the function v in Lemma 12.2
and elliptic measure.

Lemma 12.4. Let i = 1,2 and §;, p; be as above. Let 0 < R < min; dist(p;, 0;). Then,
for0<r < R/4 and £ € 01 NN we have

wi(B(&; 7)) wa(B(&, 1)

TTL TTL

<& 2r) 2, (12.5)

Moreover, if r < §oR/8 and w;(B(§,87)) S wi(B(&,d,r)),

e < @(BE165Y) wa(B(E 1651))

TTL ,rn

v, )

(12.6)

The proof of (12.5) is analogous to that for the harmonic measure in [29]. The proof
of (12.6) is an application of Caccioppoli’s inequality together with Lemma 12.3 (see also
[11, Lemma 3.5]).

The blowup technique for the elliptic measure developed in [8] is crucial to prove
the next lemma. We remark that the authors formulated this result under more general
assumptions on the matrix A then the ones of the present work.
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Lemma 12.5. Let Q1,Qy and E be as above. Let € < 1/100 and, for m > 1, define E,
as the set of & € E such that for all £ € E, 0 < r < 1/m and i = 1,2 the following
properties hold:

(E1) wi(B(&,2r)) < mwi(B(&,7)).
(E2) H" L (B(&,r) N Q) > Lyl

- m

(E3) Bu, 1(B(&,1)) <er "wi(B(&,r)).

The sets E,, cover E up to a set of wi-measure 0, i.e.

wl(E\ U Em) —0.

m>1

The proof follows by known results in the literature. However, we think that it may
be useful to the reader to dispose of precise references.

Sketch of the proof. Set

. L @(B0BE) L w(BENBEr)
pr={ger: o (BEr) B w (B ) 1}

One can see that w;(E \ E*) =0, i =1,2. Now, for £ € E*, set h(§) = %(5),
A={(€E":0<h() < oo}
and

I'={¢ e A: ¢ is a Lebesgue point for h with respect to w }.

By Lebesgue differentiation theorem, w;(E\T') = w;(E* \T') for ¢ = 1,2. Then, in order
to prove the lemma it suffices to show that for wi-almost every £ € I':

(P1) wy is locally doubling, i.e.

(P2) Fori=1,2

HH(B(E,m) N Q)

hgl_}i(l)lf Y >0
(P3) We have the flatness estimate
lisy By 1 (B(E, 7)) — =0
im 3, 7)) ———+— =0.
r—0 Ll : wl(B(gaT))
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The condition (P1) holds because of the flatness of the tangents Tan(w;, £), see [8, The-
orem 1.3], which is known to imply the locally doubling condition ([42, Corollary 2.7]).
The property (P2) follows by the arguments in [11] together with (12.4).
To prove (P3), it suffices to argue as in the end of [11, Section 5]. O

Now consider m > 1 such that w;(E,,).
Lemma 12.6. Let § > 0. For wi-almost every x € E,, there is r, > 0 such that, given an

a-Py ., -doubling ball B(xz,r) with r <1, there exits a set Gy, (x,7) C E, N B(x,7) such
that

wl(li(z,t)) < wi(B(, 7)) for every z € G (z,7), 0 <t < 2r.
n /r-'I'L
In particular,
wl(B({E,T)\Gm($,T')) < 5W1(B($,T’)), (127)

and, if we denote by Emg the set of points where (12.7) is verified, we have
w1 (Em \ Em)g) = 0.

This lemma can be proved arguing as in [11, Lemma 6.2] and more precisely combining
the locally doubling property of the elliptic measure ensured by the blowup argument
together with Lemma 12.4.

We also point out that their argument relies on the monotonicity formula of Alt,
Caffarelli and Friedman. So, to prove it in the elliptic case we have to invoke Lemma 12.2,
whose hypothesis include the assumption Az(z) = Id. This, of course, is not true in
general. However, one can argue via the change of variable in Lemma 5.3 to achieve this
property. For a more detailed treatment of how the elliptic measure varies under that
transformation we refer to [5, Corollary 2.5]. We omit further details.

From now on fix ¥ = a. The following lemma contains an estimate of the potential of
w1 which is needed to recollect the property (4) in Theorem 12.1.

Lemma 12.7 (c¢fr. [11, Lemma 6.3]). Let 0 < ¢ < 1 to be chosen small enough. For
m>1and 6 >0, let E,, s and ry, be as in the previous lemma. Consider xo € Ey, s
and take

0 < rg < min (7”9:0, 1/m,dist(p1,3Ql)).

Assume, moreover, that By = B(xo,r) is an a-P,, gz-doubling ball. Then, for all x €
G (x0,70) we have

T(x2Bow1)(2) S Oy (Bo)-
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Proof. Suppose A;(xg) = Id. Indeed, if this is not the case, one can argue via a change
of variable as mentioned before. Also, without loss of generality, we can consider only
the case r < r¢/4.

Let € > 0. The proof relies on the estimates for the smoothened potential

Tan(s) = [ K(ep)oee = daly). 2 € R,

where ¢: R — [0,1] is a smooth radial function whose support is contained in
R\ B(0,1), equals 1 on R** 1\ B(0,2) and ¢. denotes the dilate p.(2) = p(e712).
Now take & € Gy, (x0,70) and considering r < r9/4 and define
w2 =En2) [ Elewen(e — pday),
z € R*\ [supp (o, (z — )wi1) U {p1}]. (12.8)
Recall that A(zg) = Id and that O(-; A(zg)) = O(+; As(x0)). On the same range of z of

(12.8) we consider

5.(2) = O(pr — = 1d) — / Oz — y: Id)p, ( — y)dus (y).

Asin [11, Lemma 6.3], to prove the lemma it suffices to show the validity of the estimate

|TTW1(SU) - Tr0/4w1<x)| S 9011 <B0>

~

To this purpose, observe that
[ Towr () = Ty jawr ()] = [V (2) = Vo, a ()]

= ’/Vl 5(l',y)(90r(x —y) - <pro/4(x_y))dwl(y)‘.

Now, using Lemma 2.2 and the Hoélder continuity of A, it is not difficult (recall that
ro < 1) to prove that
rg 1

<
—yl* T e -y

[Vi€(z,y) — V1O(z —y;Id)| < z
which in turn implies
[ Towr () = Ty jawr ()

S@wl(Bo)Jr‘/Vl O(z — y; Id) (or(z — y) —s0r0/4(:v—y))dw1(y)‘

= [V (2) = VU, /4(2)] + O, (Bo)- (12.9)
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We claim that [0,(z) — Uy, /4(2)| S O, (Bo), which would conclude the proof. To show
this, notice that functions v, and v,,,4 are harmonic outside supp(¢,(z — -)wi) U {p1},
hence in particular in B(z,r). Then, an application of the mean value property gives

|V, (z) — VU, ja(z)] S |V (2) — Uy 7a(2)|d2. (12.10)

Another application of the freezing argument together with the C%-continuity of A proves
[0:(2) = Brgya(2) = 0r(2) = Vyopa(2)| S 767 Ouy (Bo), 2z € Bla,r)

that, gathered with (12.9) and (12.10) gives

~ ~ 1
w1 (2) = Trojaw1(@)] S Ouwr (Bo) + ][ |0r(2) = vro a(2)|dz

B(z,r)
1 1

<OuB+y f @l o
B(z,r) B(z,r)

From this point on, the proof is analogous to that in [11]. O

The proof of Theorem 1.3 follows verbatim the footprints of that of [9] and [11]. More
precisely, taking xg € E,, 5 and r¢ as in Lemma 12.7, we split the set G, (zo, 7o) as a
union of

G (wo,m0) = {@ € Gim(wo, o) : lim O, (Bla, 1) =0}
and
G4 (z0,70) = Gm(20,70) \ GZ(x0,T0)-

Then, using Lemma 12.7, the elliptic analogue of [11, Lemma 6.5] and Theorem 12.1, it
is possible to infer that

w1 (ij(l’o, 7“0)) =0.

On the other side, [43, Theorem 1.3] ensures the existence of an n-rectifiable set
F(z0,m0) C GP%(x,70) of mutual absolute continuity of the elliptic measure w1 |z (4o )
and the Hausdorff measure H"|p(4,,r,) that covers G, (20,70) up to a wi-null set. This
concludes the proof of Theorem 1.3.
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