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1. Introduction and main results

Inner functions are analytic mappings from the unit disc D into itself whose radial
limits are of modulus one at almost every point of the unit circle ). Inner functions were
introduced by R. Nevanlinna and after the pioneering work of brothers Riesz, Frostmann
and Beurling, they have become a central notion in Analysis. See for instance [17]. Any
inner function f induces a mapping from the unit circle into itself defined at almost
every point z € 9D by f(z) = lim,_,; f(rz). This boundary mapping will be also called
f- Tt is well known that if f(0) = 0, normalized Lebesgue measure m in the unit circle
is invariant under this mapping, that is, m(f~*(E)) = m(E) for any measurable set
E C 0D. Several authors have also studied the distortion of Hausdorff measures by
this mapping. See [15] and [18]. Dynamical properties of the mapping f: ID — ID, as
recurrence, ergodicity, mixing, entropy and others have been studied by Aaronson [1],
Crazier [10], Doering and Maiie [11], Ferndndez, Melidn and Pestana [14], [13], Neurwirth
[19], Pommerenke [21], and others. Dynamical properties of inner functions have been
recently used in several problems on the dynamics of meromorphic functions in simply
connected Fatou components. See [5], [6] and [12].

It is well known that in many senses lacunary series behave as sums of independent
random variables. Salem and Zygmund ([23] and [24]) proved a version of the Central
Limit Theorem for lacunary series and, a few years later, Weiss proved a version of the
Law of the Iterated Logarithm in this context ([26]). Our main result is a Central Limit
Theorem for linear combinations of iterates of an inner function fixing the origin. It is
worth mentioning that in our result no lacunarity assumption is needed. Recall that a
sequence of measurable functions {fy} defined at almost every point in the unit circle
converges in distribution to a (circularly symmetric) standard complex normal variable
if and only if for any Borel set K C C such that its boundary 0K has zero area one has

J\}iirlmm({z edD: fy(z) e K}) = %/64“"2/2 dA(w).
K

As it is usual we denote by f™ the n-th iterate of the function f.

Theorem 1. Let f be an inner function with f(0) = 0 which is not a rotation. Let {ay}
be a sequence of complex numbers. Consider

N
0% = Janl> +2Re 3 F(0)F Y @, N=12,... (1.1)

Assume there exists a constant n > 0 such that

sup {|a,|?: n < N} _

lim (22;1 ‘an|2)(1—n)/2 =

N —o0

(1.2)
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Then

1 N
Vit 2

n=1

converges in distribution to a standard complex normal variable.

Let f be an inner function fixing the origin. Then it is well known that Lebesgue
measure m is ergodic. Hence the classical Ergodic Theorem gives that

at almost every point z € JD. This can be understood as a version of the Law of
Large Numbers. Our result provides the corresponding version of the Central Limit
Theorem. Actually taking a, = 1, n = 1,2..., in Theorem 1, one can easily show that
limy 00 0% /No? = 1, where

1+ f(0)

0% =Re T70) (1.3)

and we deduce the following result.

Corollary 2. Let f be an inner function with f(0) = 0 which is not a rotation. Then

converges in distribution to a complex normal variable with mean 0 and variance o>

given by (1.3), that is, for any Borel set K C C such that its boundary 0K has zero area,
we have

N
1 2 2
. L (o—1an—1/2 n —|w|*/20
A}lm m ({z €db: (27°N) nE:1f (z) € K}) - /e dA(w).

K

Observe that when f/(0) is close to 1 and hence f is close to be the identity map, the
variance o2 is large. However if f/(0) is close to a unimodular constant different from 1,
the variance is small. On the opposite side, if f/(0) =0, o = 1.

Let H? be the Hardy space of analytic functions in D whose Taylor coefficients are
square summable. Let {a,} be a sequence of complex numbers. It is easy to show (see
Theorem 9) that Y, a,f" converges in H? if and only if Y |a,|* < co. A repetition
of the proof of our main result gives the following version of the Central Limit Theorem
for the tails.
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Theorem 3. Let [ be an inner function with f(0) = 0 which is not a rotation. Let {a,}
be a square summable sequence of complexr numbers. Consider

P(N) = lanl* +2Re D> F(0F Y Tnanir, N=1,2,... (1.4)

n>N k>1 n>N
Assume there exists a constant n > 0 such that

sup {|an|?: n > N} B

(ZnZN |an‘2)(1_n)/2 B

M (9

Then

oo

1 n
o 2

n=N

converges in distribution to a standard complex normal variable.

Let S% = ijﬂ lan|?. Tt is easy to show (see Theorem 9) that there exists a constant
k = k(f) > 0 such that k= 18% < 0% < kS%, N = 1,2,.... When f/(0) = 0 we
have o = Sy but in general, both quantities do not coincide. However if the following
uniform quasiorthogonality condition holds

N—k__
SUPg<nN anl ApGntk
lim 5 =0, (1.6)
N —o00 SN

then limy_, oo Sy/on = 1 and Theorem 1 gives that

1 i f”
\/QjSN n=1 o
converges in distribution to a standard complex normal variable.

We now make some remarks on the assumption and proof of Theorem 1. Condition
(1.2) implies that ), |a,|*> = oo, but one can not expect this last condition to be
sufficient in Theorem 1. However note that if {a,} is bounded, both conditions are
equivalent. The proof of Theorem 1 uses two relevant properties of the iterates of an
inner function fixing the origin. The first one is that the square of the modulus of the
partial sums are uncorrelated. More concretely, given a set A of positive integers, consider
the corresponding partial sum

5(“4) = Z anf".

neA

If max(A) < min(B), we will show in Theorem 6 that
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/ EAPIEB)? dm = / €A dm / E(B) 2 dm | (L.7)
oD D D

The second property provides an exponential decay of the higher order correlations of

the iterates. More concretely, let e;, =1 ore; = —1fori=1,2,...,kand ny < ... < ng
be positive integers satisfying n; —n;_1 > ¢ > 1, j =2,..., k. Denote € = (e1,...,&x)
and n = (ny,...,ng). For a positive integer n, denote by f~™ the function defined by

f™(2) = f7(2), z € ID. We will prove in Theorem 13 that there exists a constant
C > 0, independent of the indices, such that

k
/ [T s dm| < C*RUFOE™, k=12, (18

p /=1

if ¢ is sufficiently large and where ® is a certain function depending on the choice of
indices that satisfies ®(e,n) > kq/4. The main technical tool in the proof of both prop-
erties (1.7) and (1.8) is the theory of Aleksandrov-Clark measures and more concretely,
the Aleksandrov Desintegration Theorem.

The paper is organized as follows. In Section 2 we introduce Aleksandrov-Clark mea-
sures and use them to prove property (1.7). In Section 3 we estimate the L? and the L*
norm of £(A). In Section 4 we prove estimate (1.8). The proof of Theorem 1 is given in
Section 5.

2. Aleksandrov-Clark measures and property (1.7)

We start with an elementary auxiliary result which is just a restatement of the invari-
ance of Lebesgue measure.

Lemma 4. Let f be an inner function with f(0) = 0.

(a) Let G be an integrable function on OD. Then

[ et ant) = [ Geame)

oD oD

(b) Let k < j be positive integers. Then
[ 7 am = oy
oD

Proof of Lemma 4. We can assume that G is the characteristic function of a measurable
set B C dD. Since m(f~1(E)) = m(E), the identity (a) follows. Using (a) and Cauchy
formula, we have
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[T dm= [z @ dme) = oy o
oD oD

Given an analytic mapping from the unit disc into itself and a point a € 9D, the
function (a+ f)/(a— f) has positive real part and hence there exists a positive measure
la = o (f) in the unit circle and a constant C,, € R such that

Zf;gg; :/z‘:wdua( ) +iC., weD. (2.1)
oD

The measures {uq: o € 0D} are called the Aleksandrov-Clark measures of the function
f. Clark introduced them in his paper [9] and many of their deepest properties were
found by Aleksandrov in [2], [3] and [4]. The two surveys [20] and [22] as well as [8,
Chapter IX] contain their main properties and a wide range of applications. Observe
that if f(0) = 0 then p, are probability measures. Moreover, f is inner if and only if p,
is a singular measure for some (all) o« € OD. From the definition it is clear that, in the
case that f is an inner function, the mass of j, is carried by the set f~1({a}) C 9D.
Assume f(0) = 0. Computing the first two derivatives in formula (2.1) and evaluating
at the origin, we obtain

/zd,ua(z) = f(0)a, « € ID, (2.2)
oD
and
/z2 dug(z) = f”T(O)a +W2a2, a € ID. (2.3)

oD

Our main technical tool is Aleksandrov Desintegration Theorem which asserts that
m = /ua dm(a) (2.4)
oD

holds true in the sense that
/Gm/// 2) dpta(2) dm(a),
oD oD

for any integrable function G on the unit circle. Aleksandrov Desintegration Theorem
will be used in our next auxiliary result.

Lemma 5. Let f be an inner function with f(0) = 0. For k = 1,2,...,p, let ng, ji, be
positive integers such that
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max{ng, jr} < min{ngt1,jg+1}, k=1,...,p—1. (2.5)
Then
P L P L
[ 1L Fam =1 [ 17, (2.6)
oD k=1 k=15

Proof of Lemma 5. We argue by induction on p. Assume (2.6) holds for p — 1 products.
We can assume ny < j;. By part (a) of Lemma 4 we have

L = [ = [ e P ange)

ap k=1 oD k=2

Let {ta: o € OD} be the Aleksandrov-Clark measures of the inner function f1="1. The
Aleksandrov Desintegration Theorem (2.4) gives that last integral can be written as

/] za}i[Qf”’“jl (0) (@) djta(2) dm ().

oD oD
By (2.2) and part (b) of Lemma 4, we have

[ #dnae) =FO" a=a [ dm.

oD oD

Hence
p L L p L
/ H f™ fie dm = / fMfivdm / H f”k_jlfjk*h dm
oD k=1 D op k=2

and we can apply the inductive assumption. The invariance property of part (a) of
Lemma 4 finishes the proof. O

Our next result is the first important tool in the proof of Theorem 1.

Theorem 6. Let f be an inner function with f(0) = 0. Let Ag, k =1,2,...,p, be finite
collections of positive integers such that

max{n:n € Ay} <min{n: n € Ax1}, k=1,...,p— 1L (2.7)

Consider

=3 auf"

neAy
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Then

/H &l am = 1| [ 162 dm.

oD k=1 k=15p
Proof of Theorem 6. Al almost every point of the unit circle we have

6> = > Janl> + Y @na; P + GGan fi ™),

neAg

where the last sum is taken over all indices n, j € Aj, with j > n. Hence [] |£x]? can be
written as a linear combination of terms of the form

[Lm e,

where ng, jr € Ag. Observe that (2.7) gives the assumption (2.5) in Lemma 5. Now
Lemma 5 finishes the proof. O

3. Norms of partial sums

In this Section we will use Aleksandrov-Clark measures to estimate the L? and L*
norms of linear combinations of iterates of an inner function fixing the origin. The main
result of this Section is Theorem 9. It is worth mentioning that the asymptotic behavior
of the Aleksandrov-Clark measures of iterates of an inner function has been studied in
[16], but we will not use their results. As before, if n is a positive integer, we will use

the notation f~" to denote the function defined by f~"(z) = f7(z), for almost every
z € JD. We start with a technical auxiliary result which will be used later.

Lemma 7. Let f be an inner function with f(0) = 0 which is not a rotation. Let e, = 1
orep=-1,k=1,23,4.

(a) Let ng, k =1,2,3,4, be positive integers with max{ni,no} < min{ng,ns}. Then
I=1I(e1ny, —e1n2,n3,04) = /fglmf_slmfnafn4 dm = 0.
oD
(b) Let ny < n2 < ng be positive integers and
IT = 1I(g1n1, £2n2,€3n3) = /fe”“(fa"’”"‘)zf“":"‘ dm.
oD

Then there exists a constant C' = C(f) > 0 independent of the indices ni,na,n3,
such that |II] < C|f'(0)[*s 1.
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(c) Let n1 < ng < ng be positive integers and

ITT = I11(e1ny,e9n9,e3n3) = /(f51"1)2f52"2f83"3 dm.
oD

Then there exists a constant C = C(f) > 0 independent of the indices ny,na,n3,
such that |III] < 1 ifng = n1 +1 and ng < na + 2, and [I1I| < C|f'(0)|"s—™
otherwise.

(d) Let nqy < ng < n3 < ny be positive integers and

IV — IV(51n1,62n2,53n3,54n4) — /f61n1f82n2f53n3f€4n4 dm
oD

Then there exists a constant C = C(f) > 0 independent of the indices ni,na,n3, na,
such that [TV] < O|f/(O))"= =%~ if ny — ny > 2, and |IV] < C|f/(0)[»~™ if
ng —ng < 2. Moreover |IV| = |f/(0)|"2~™1H1a""1s f g1e9 = e384 = —1.

Proof of Lemma 7. Let C denote a positive constant which may depend on the function
f but not on the indices {n;}, whose value may change from line to line.
(a) We can assume that ny < ng. Part (a) of Lemma 4 gives that

I= [ e e 1o () £ ) i),
oD

Let {po: o € 0D} be the Aleksandrov-Clark measures of f™2~"1. The Aleksandrov
Desintegration Theorem (2.4) gives

= / / 2 () [ () dji (2) dm(a).
oD oD
By (2.2)
/zal due(z) = aa®, « € dD,
oD

where |a| = |f/(0)|™2~™. Since f(0) =0, we deduce

1] = £ ()= / £33 (@) 24772 (o) dim(a) | = 0.
D
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(b) We can assume €1 = 1. Part (a) of Lemma 4 gives that

I7= / 2o ()2 fE 005 (2 i),

oD

Let {po: a € D} be the Aleksandrov-Clark measures of f™27":. The Aleksandrov
Desintegration Theorem (2.4) gives

11 = [ [ 202 f220am(0) dp () dma).

oD oD
By (2.2)
/zd,ua(z) = f’(O)nrnla, a € JD.
oD
Hence
17— 7f/(0)n2—n1 /a1+252 fsg(n3—n2)(a) dm(a)

oD

Since 1+ 2e9 < 3, the modulus of last integral is bounded by C|f’(0)|"#~"2 if ng —ng > 2
and by 1 otherwise. This proves (b).

(c) We can assume €7 = 1. Applying part (a) of Lemma 4 and Aleksandrov Desinte-
gration Theorem as before, we have

111 = [ [ #0500 (@) dpa(z) dm),

oD oD

where {o: @ € OD} are the Aleksandrov-Clark measures of g = f™27"1. Applying (2.3),
we obtain

T g//2(0) /a1+52f53(n37n2)(a) dm(e) _1_.91(—0)2/0(2+82f€3(n37n2)(a) dm(a).

oD oD

Since 2 + €3 < 3, both integrals are bounded by C|f’(0)|™3~"2 if ng — ng > 2, and by
1if ng —ng < 2. If ng — ng > 1, we have that [g”(0)]/2 + |¢'(0)?| < C|f/(0)|"2—™. If
ny —n1 = 1, we have that |¢”(0)|/2 + |¢’(0)2| < 2. This proves (c).

(d) We can assume £; = 1. Arguing as before we have

T AN 2— N1

V=) [attes e0e ) ) 404 ) dm)
oD
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If o = —1, we repeat the argument and prove that [IV] < |f/(0)[*2~"1F74="s  Moreover
ifeo = —1and ifezey = —1, we have |[IV| = | f/(0)|"2~"1F747 "3 a5 stated in the last part
of (d). If eo = 1, let {pn: @ € OD} be the Aleksandrov-Clark measures of g = f™s~"2.
The Aleksandrov Desintegration Theorem (2.4) gives that last integral can be written
as

[ [ s 0 (@) dpaz) dma). (3.1)

oD oD

By (2.3)

1
/22 dpe(z) = J 2<0)a+g’(0)2a2, a € dD.

oD

Hence the double integral in (3.1) can be written as

9"(0)

. /a1+53f£4(n4—n3)(a) dm(a) _’_W/a2+asfa4(n4—n3)(a) dm(a).

oD oD

Since 2 4 €3 < 3, both integrals are bounded by C|f’(0)|™*~"3 if ny — nz > 2, and by
1if ngy —nz < 2. If n3 — ny > 1, we have that |g”(0)|/2 + |¢'(0)?| < C|f'(0)|"s"2. If
nz —ng = 1, we just use the trivial estimate |¢”(0)[/2+|¢’(0)?| < 2. This proves (d). O

We will now prove an elementary auxiliary result which will be used several times.

Lemma 8. Let A be a collection of positive integers and let {a,} be a sequence of complex
numbers. Fiz A € C with |A\| < 1. Then

Al
L= Al

Z arap N\

n,keA,k>n

<

>

neA

Proof of Lemma 8. Writing j = k — n we have that

Z ﬁak)\kfniz)\j Z Up Oty

n,ke A,k>n 7>0 n,n+jeA

where the last sum is taken over all indices n € A such that n + j € A. It is also
understood that this sum vanishes if there is no n € A such that n+ j € A. By Cauchy-
Schwarz’s inequality,

> e < Y jal

n,n+jEA neA
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This finishes the proof. O

Let H? be the Hardy space of analytic functions in the unit disc g(w) = Y >0 AnW",
w € D, such that

o0
lgll2 = sup / l9r2) 2 dm(z) = 3 Jan]? < .
T<18]D) n—0

Any function g € H? has a finite radial limit g(z) = lim,_,; g(rz) at almost every z € 9D
and

lgll2 = / l9(=) 2 dim(2).
oD

See [17]. For 0 < p < oo let ||g||, denote the LP norm on the unit circle of the function g.
Next result provides estimates of the L? and L* norms of linear combinations of iterates
of an inner function. It will be applied to finite linear combinations. For ¢,z € C, let
(t, z) = Re(tz) be the standard scalar product in the plane.

Theorem 9. Let f be an inner function with f(0) = 0 which is not a rotation and let
{an} be a sequence of complex numbers with ", |a,|* < co. Consider

= anf"
n=1

and

[eS) [eS) [eS)
7 =3 JanP 2R Y FOF S T
n=1 k=1 n=1

(a) We have ||€||3 = 0% and

o0 o0
Y P <0® <k anl?,
n=1 n=1

where k = (1 + | f(0)])(1 — |f’(0)‘)71-
(b) For any t € C we have

1
/(t,§>2 dm = 10>
oD

(c) There exists a constant C' = C(f) > 0 independent of the sequence {a,}, such that
[1€lla < Cl&ll2-
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Proof of Theorem 9. At almost every point of the unit circle we have

€7 =" Jan|® + 2Reh, (3.2)
n=1
where
h = Z anay fXfr. (3.3)
n,k>1,k>n
Part (b) of Lemma 4 gives
o0
€13 =D lanl* +2Re Y @narnf (0)*", (3-4)
n=1 n,k>1,k>n

which is the identity in (a). Next we prove the estimate in (a). To that end, let us first
denote

b = / FEfm dm
oD

and recall that, by part (b) of Lemma 4, it holds that b, = f/(0)"~* if n > k and
bp i = f’(O)k_n if n < k. Now, rewrite identity (3.4) as

and consider the Toeplitz matrix 7" whose entries are b, 1 = by,—r,0, 7,k =1,2,... and

Zanfn

2
= § an@bn,k
2 n,k

its symbol

s(z) = Z bp,02", z€dD.

n—=—oo

It is well known that T" diagonalizes and its eigenvalues are contained in the interval in
the real line whose endpoints are the essential infimum and the essential supremum of
s. See [7]. Since

S(Z) _ 1- ‘f/(0)|

- — ) 8Da
1= f(0)2]

1

the eigenvalues of T are between x~* and k. This finishes the proof of part (a). Since

f(0) = 0, the mean value property gives that
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/§2dm:O

oD

and (b) follows. We now prove (c). Let C(f) denote a positive constant only depending
on f whose value may change from line to line. The identity (3.2) gives that at almost
every point of the unit circle, we have

o0 2 o0
€| = (Z an|2> + 4Rehz lan|? + 4(Re h)?,

n=1 n=1

where h is defined in (3.3). Observe that

/hdm: Z anap f'(0)F .
oD

n,k>1,k>n

Hence Lemma 8 gives that

POl S
4hdm < 17|f,(0)|;| . (3.5)

Next we will prove that there exists a constant C' = C(f) > 0 such that

/ |n|?>dm < C (i |an2> . (3.6)
oD n=1

Observe that (3.5) and (3.6) give the estimate in (c¢). Write

Cn :ﬁzakfkf_"

k>n
Using the elementary identity
o0 2 oo o0
OAISD SUMCEESY 9iry i
n=1 n=1 n=1 i>n

we can write

/|h\2dm:A+2ReB,
oD

where
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2
dm

> arf*

A= iw/
n=1

oD

and

“Sa Y@y Gy a [ s dm. (37)
k>n i>n 1>j oD

n=1

By part (a) we have

2
dm < C(f) Y x|

k>n

> arf*

k>n

/

oD

and we deduce that A < C(f) (3, |an|2)2. We now estimate B. If n < kand n < j </,

we have
/f”Wfldm = |f’(0)‘7"*n+|lfs|7
D

where = min{k, j} and s = max{k, j}. This estimate follows from last statement in

part (d) of Lemma 7. Part (b) of Lemma 7 gives that
[ £ dm| < clr o)

if n < k < I. The sum over j > n in (3.7) will be splitted in three terms corresponding
toj >k, j=Fkand j <k. Then |B| < C(f)(B1 + Bz + B3) where

=D lanl Y lal Y lagl D lallf(0)

|k n+l— ]

n>1 k>n >k I>j7
= lanl D lax Y ladll £ O,
n>1 k>n >k
By =" lanl > larl Y lagl Y ladl|f/(0) I
n>1 k>n n<j<k 1>j5

Observe that
(0)]'".

=D lanl 3 larllF O D lagl D laullf(0)

n>1 k>n i>k I>j

2
Applying Lemma 8 we deduce that B; < C(f) (EnZI |an|2) . Similarly
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<D lawl® ) D fanl Y fall £ O)1

k>1 n>1 I>n

2
which again by Lemma 8 is bounded by C(f) (Zk21 |ak|2> . Finally

By = laul D larl Y- Aagllf/ O | D lallf OF* + Y laullf' @)

n>1 k>n n<j<k 1>k I<I<k

Using the trivial estimate

Y gl P < D lagllf (0P,

n<j<k ji>n

we deduce that Bs < B, + Bs where

By=Y_lan| Y lag|lf P~ > laxl Y ladl [ f'(0)1"

n>1 j>n k>n >k

and

By =3 laul Y lag 17/ OF ™ Y Jaxl 3 il £ (0)F.

n>1 j>n k>n n<l<k

2
Applying Lemma 8 we have By < C(f) (Zn21 |an|2) . Writing ¢t = k — | we have

S ol X lall O < 1O Y lallo] < 7255 S el

E>n 1<k t>1 1>1 n>1
We deduce that Bs < C(f) (anl |an|2)2. This finishes the proof. O
4. Higher order correlations
Next we will use Aleksandrov-Clark measures to estimate certain integrals which will
appear in the proof of Theorem 1. The main result of this Section is Theorem 13. We

start giving bounds for the size of the iterates f™ and of their derivatives at the origin.

Lemma 10. Let f be an analytic mapping from the unit disc into itself with f(0) =0 and
0 < |f'(0)] < 1. Then, there exists an integer d = d(f) > 0 such that

@) < £ O)" (1~ w])™, weD,

for everyn > 1.
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Proof of Lemma 10. This is a minor modification of [21, Lemma 2]. We include the
argument for completeness. Let us denote a = |f'(0)| and consider the function

a—+w
w i
1+ aw

Y(w) = weD,

denote its n-th iterate by ¢™ and observe that, by Schwarz’s Lemma and induction, we
have

[ (w)] <" (jw]), weD, (4.1)

for every n > 1. Next we use the construction of the Konigs function of ¢ (see [25,
pp- 89-93]). Define for each n > 1 the function

1

It is known that {g,} converges uniformly on compact subsets of D to g(w) = w + ...
for w € D, satisfying g(¢(w)) = ag(w). Moreover, for 0 < 2 < 1 we have that

1+a" g, (z)
14+ a"tlg,(z)

P("(x))

In+1(x) = Tt 9n () > gn(2),
so that g, (x) < g(x) for every n > 1.

Next, since a > 0, there exists § = §(f) > 0 such that ¢ is univalent on {|w| < §}
and, thus, Y™ and g, are also univalent in this region by Schwarz’s Lemma. By Koebe
Distortion Theorem, there exists € = £(f) > 0 such that |g(w)| < 1 if |w| < e. Now take
2o = ¢ and, for n > 1, let z,,41 = ¥~ !(z,). Observe that Schwarz’s Lemma implies that
Tpy1 > Xy, for every n > 0. Let d be a positive integer that will be determined later on.
We want to show that

glo) < (1 -2)~% 0<z <z, (4.2)
for every n > 0. By the choice of xg, it is clear that (4.2) holds for n = 0. Assume that

(4.2) holds for n and let xg < x < x,41. By construction, we have that 0 < ¥(x) < .
Therefore, we get

d
o) = Sotvia) < 20— v = () oo

Since = > o = €, we get the bound
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Hence, using that a = |f’(0)| < 1, we can choose d = d(f) large enough and independent
of n so that (4.2) holds. Note that, since x,, — 1, one has in fact that (4.2) is valid for
0 <z < 1. Taking (4.1) and applying (4.2), we get

[/ (w)] < a"gn(jw]) < a™g(|lw]) < a™(1 — |w])~
as we wanted to see. O
Lemma 11. Let f be an analytic mapping from the unit disc into itself with f(0) =0 and

a=|f'(0)| < 1. Let k,l,n be positive integers with | < n and consider g(w) = (f(w))*
for w € D. Then there exists ng = no(f) > 0 such that for n > ng we have

O - aje
-

Proof of Lemma 11. Observe first that if a = 0, the result holds trivially. Indeed, if f
has a zero at the origin of multiplicity m > 1, then g has a zero of multiplicity km™ at
the origin. Thus, if m > 2 and [ < n, we have that ¢! (0) = 0.

Assume now that a > 0. In this case, Lemma 10 asserts that there is a positive integer
d = d(f) for which

[f"(w)] < a"(1—|w)™¢, weD,

for n =1,2,.... Hence, Cauchy’s estimate gives
19(0)] _ max{|g(w)| : |w] = r} a*"
< < , 0<r<l.
- rl ~ rl(1 —r)kd "
Since [ < n we obtain
1) 0 kn
O __a 0<r<l. (4.3)

I =l —r)kd’
Fix r such that a'/* < r < 1. Then there exists ng = no(f,r) such that

an/2 an/4
<
(1l —r)d = (1 —r)d

<1,

if n > ng. Since k > 1 we deduce that

akn/2 an/Q
< <1
(1 —r)kd = pn(1 —r)d
Hence, estimate (4.3) gives
)
|g (0)| < akn/2. 0

n -
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Let f be an inner function with f(0) = 0 and let {u: o € ID} be its Aleksandrov-
Clark measures. Recall that (2.1) gives that for any o € 9D, there exists a constant
Cy € R such that

i [

= dpe(2) +iCq, w e D.
z—w
oD

Expanding both terms in power series, for any positive integer [ we have

!
/Zl dua(z) = Za’“ / f(2)*z dm(z), o coD.
k=1 5D

oD

Hence for any integer [, the [-th moment of u, is a trigonometric polynomial in the
variable « of degree less or equal than |I|. We will need to estimate the coefficients of
this trigonometric polynomial.

Lemma 12. Let f be an inner function with f(0) = 0 and a = |f'(0)] < 1. Let I,n be
integers with 1 < || < n and let {uo: o € ID} be the Aleksandrov-Clark measures of
f™. Then there exists a constant ng = no(f) > 0 such that if n > ng, the coefficients of

the trigonometric polynomial
/ 2 dppa(2)

oD

are bounded by a™'? for any o € OD.

Proof of Lemma 12. We can assume [ > 0. Then

~ ,.90(0)
/Eldua(z) :Za’“ k acdD,

oD k=1

where g (w) = (f™(w))*, w € D. Lemma 11 gives that

l
|gk)l50) | < akn/Q

if n is sufficiently large. Since k > 1, the proof is completed. O

We are now ready to prove the main result of this Section. As before, if n is a positive

integer, we will use the notation f~™ to denote the function defined by f~"(z) = f*(z2),
for almost every z € dD.
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Theorem 13. Let f be an inner function with f(0) =0 anda = |f'(0)| < 1. Let1 <k <gq

be positive integers. Let e = {e;}*_, wheree; =1 ore; = —1, and let n = {n;}*_, where
ny < ng < ... < ny are positive integers with nj1 —n; > q forany j =1,2,...,k - 1.
Consider

k
I(e,n) = /Hfsf"-f dm

op J=1

Then there exist constants C = C(f) > 0, g0 = qo(f) > 0 independent of € and of n,
such that if ¢ > qo we have

I(e,n) < C*kla®E=™ k=1,2,...,

where ®(g,n) = 25;11 d;(njp1 —ny), with 0 € {0,1/2,1} forany j=1,...,k—1, and

with 61 = 1 and 6p—1 > 1/2. In addition, for j = 2,...,k — 1 the coefficient §; = 1 if
and only if 0;_1 = 0. Furthermore, if 6;_1 > 0, the coefficient §; depends on €jq1,...,¢€k
and ng,...,n, forj=2,...,k—1.

Proof of Theorem 13. We first prove the following estimate

Claim 14. We have

I(e,n) < |f'(0)]™ ™ max {I({eg, e €k b ing —ma, .., nE —n2}),

k k
/ AT 02 (2) dm(z))|, / 2257 (2) dm(2) }
=3 =3

D ¢ D
To prove Claim 14 we can assume £; = 1. By Lemma 4 and Aleksandrov Desintegra-
tion Theorem we have

k
Hem) = | [ [z TLr @) duaz) dme).
=3

D oD

where {{1o: & € 0D} are the Aleksandrov-Clark measures of f™2~"1. By (2.2) we have

/zd,ua(z) = f'(0) a, «a€dD.

oD

Hence if e5 = —1, we obtain

I(e,n) =a™"™I({es,... e}, {ng —nay...,np —n2})
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and if e5 = 1, we obtain

k
I(e,n)=a™"™ /22 Hfai("i_””(z) dm(z)|.
i=3

D

This proves Claim 14. We now prove

Claim 15. For any integers k1,7 with 0 < |I| < j and 0 < j < k, we have

k
[ TLrem ) dm(a)| <
i=j

D
k
Sja(nj*n_i—l)/QmaX‘nlgllHl on H fsi(nrnj)(z)dm(z)
D =i+l

By Aleksandrov Desintegration Theorem (2.4) we have

/ AL () = [ [ I 7" (@) daa(2) (e,

op  =I oD oD =5+l

where {pq: o € OD} are the Aleksandrov-Clark measures of f™~"i-1. Since | # 0,
according to Lemma 12, the moment

/zl dpie(2), 00 € ID,
oD

is a polynomial in the variable « of degree at most |I| < j whose coefficients are bounded
by a(®—"-1)/2_ This proves Claim 15.

The proof of Theorem 13 proceeds as follows. We first estimate (e, n) by the modulus
of one of the three integrals in the right hand side of Claim 14 and the factor a™2~"1,
that corresponds to choosing d; = 1. Note that any of these three integrals involve k — 2
products of iterates of f. In addition, the integral yielding the maximum in Claim 14
depends only on €3, ..., e, and on ng, ..., ng. Now if the integral giving the maximum is
the first one, we apply Claim 14 again, obtaining the factor a4~ and this gives do =0
and 63 = 1. Otherwise we apply Claim 15, obtaining a factor 2a(™3~="2)/2 which corre-
sponds to choosing d2 = 1/2. Assume that we have applied this procedure to determine
the values of d1,...,0;—1. We continue applying Claim 14 or 15 depending on which
integral is yielding the maximum in the previous step, which depends on €;41,...,¢x
and nj,...,ng. Observe that when Claim 14 is applied, the number of factors of iterates
of f is reduced by two units and we obtain the factor a™+27"i+1 which corresponds to
fixing §; = 0 and ;41 = 1. When Claim 15 is applied, we obtain the factor janit1=n5)/2
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corresponding to taking §; = 1/2, and the number of factors of iterates of f is reduced
by one unit. We continue applying this process at least k/2 times and at most k — 2
times, until we reach integrals of the form

/Zlfek(nk*nk—l)(z) dm(z)’ m <k-1

oD

or

/ f€k—1(nk—lfnk—'z)fﬁk(”k*”k—?) dm.

oD

Let g = f™~™-1. The modulus of the first integral is |¢g"(0)|/I!. Since |I| < ¢ <
ng — Nk_1, if q is sufficiently large, Lemma 11 gives that last expression is bounded by
a(m—mx-1)/2 The modulus of the second integral is bounded by a™*~"-1. This shows
that dx—1 > 1/2 and concludes the proof. O

In the proof of Theorem 1 we will split the partial sum into finitely many terms such
that the sum of the variances of these terms is asymptotically equivalent to the variance
of the initial partial sum. Next auxiliary result provides sufficient conditions for this
splitting.

Lemma 16. Let {a,} be a sequence of complex numbers and A € C with |\| < 1. Consider
the sequence

N N—
U?V:Z|an|2+2ReZ/\ Z ananyr, N=1,2...
n=1 k=1 n=1

For N > 1, let A; = A;(N), j = 1,...,M = M(N), be pairwise disjoint sets of
consecutive positive integers smaller than N. Consider

)= Y lan> +2Red N > Tntnr, j=1,2... M.

nEA; k>1 n€A;: ntkEA;

Let A =UA;. Assume

N N 2 ’
oo Z =1 |an|
and
2. .
lim max{|an|*: n € Aj} 0. (4.5)

5 Y ea lanl?
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Then

M
S ety)
N o2

N

=1

Proof of Lemma 16. Let B be the set of positive integers smaller or equal to N which
are not in the collection A. Then

M
oX =Y 0*(Aj) = A+2ReB +2ReC,
j=1

where

A= Z ‘an|27

neB
N
k _
B = Z A Z ApAp+ky
k=1 B()

where B(k) = {n € B,n < N — k} and

where A(j,k) ={ne€ Aj:n < N —k,n+k¢ A;}. According to part (a) of Theorem 9
we have

N
1 —
o2 > 11 3 lanl. (4.6)

Then,

L+A A
1=Al Zg:l |an|?

A <
0'12\, o
which by assumption (4.4), tends to 0 as N — oo. Similarly

N
|B| < 14|\ 2= ¥ 250k 1anllan+kl

ok T 1-[Al Sy lan 2

By Cauchy-Schwarz’s inequality

neB

1/2 /N 1/2
> Janllansk] < (Z |an|2> (Dan?)
B(k) n=1
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and we deduce

LA (Cpeplan®)”
(1= [A)? (S faP )/

which according to (4.4), tends to 0 as N — co. We now estimate C. For any k > 1,
Cauchy-Schwarz’s inequality gives

<Al

B
2
N

S

N
Z Z |an||antr] < Z |an|lantr] < Z |an‘2-
n=1

J=1 A(j,k) neA: n<N—k

Hence, applying (4.6), for any positive integer kg we have

M
Zkao A Zj:l ZneA(j,k) |an||antl 1+ Al

< Ao _— 170 4.7
72 =P a2 7

Fix € > 0 and use assumption (4.5) to pick jo = jo(¢) > 0 large enough so that
sup{lan|*: n € A;} <e Z |an |? (4.8)

neA;

if j > jo. Pick also kg such that |A\|*0 < e. Fix k < ko and note that there are at most k
indices n € A; such that n + k ¢ A;. Hence

> lanllanis] < Elan, [lan, 1],
A(35,k)

where n; = n;(k) € A; is the index in A; with n; +k < N, where the product |a,||an+x|
is maximum. Hence

2 o, 1/2

M M M
Z Z lanl|antk| <k Z |an; [lan; | <k Z |anj‘2 Z |anj+k|2
j=1

Jj>jo A(j,k) Jj=Jjo Jj=Jjo

Note that (4.8) gives that

Slanl<e Y Y o <sz\an|2.

Jj>jo j=>joneA;

Since there are at most k indices n € A; such that n + k ¢ A;, we also have

M N
Z Ianj+k|2 < kz |an|2~
j=1 n=1
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Applying (4.6) again, we deduce

M
Zkgko A ZijO ZA(j,k) |an||antrl < /2 14|l
on? 1=

Ch, (4.9)
where C1 =3, 5, IA|*k3/2. The estimates (4.7) and (4.9) give that

|C| < > k<ko [A[* > i<io 2AG k) |anllantk] 14 |Al

L4+ Al 49
O'JQV 012\[ (1 - |)‘|)2 .

C
€+ 11_|)\|

This finishes the proof. 0O

We close this Section with an elementary result which will be used in the proof of
Theorem 1.

Lemma 17. Let {f,}, {gn} be two sequences of measurable functions defined at almost
every point of the unit circle. Assume that there exists a constant C > 0 such that the
following conditions hold

(a) sup,, || frll2 < C and

lim [ f,dm=1

n—oo

oD

(b) gn(z) > —C for almost every z € 0D and lim,,_, o ||gn|l2 = 0.

Then

lim [ fpe79"dm =1.
n—oo

oD

Proof of Lemma 17. Cauchy-Schwarz’s inequality gives

/ fule™o = 1ydm]| < ||full2e=9 — 1.
D

Note that there exists a constant M = M (C') > 0 such that [e™* —1| < M|z| if 2 > —C.
Hence ||e™9» — 1|2 < M||gnll2, » = 1,2, .... This finishes the proof. O
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5. Proof of Theorem 1

Proof of Theorem 1. Let

N
S = lanl’>, N=1,2,...

n=1

Recall that by part (a) of Theorem 9, we have k103 < S% < ko%, N =1,2,..., where
k= (1+]f0))A—[f O] Pick 0 < e < n, pxy = Sy'° and gy = Sy . Let C(f)
denote a positive constant only depending on f whose value may change from line to
line. The proof is organized in several steps.

1. Splitting the Sum. In this first step, for N large, we will recursively find indices
0< Mg < N, < Mgy1 <N, 1<k<Qpy, such that if

Ny, My 41
fk = Z anfna Nk = Z anfnv
we have
lim 9N _ 1, (5.1)
N—oo qN
N QN 2
D anf" = (G +m)| <20(Hpw, (5.2)
n=1 k=1 2
Ny My 41
PN < Z ‘an| <2pN7 an < Z |an| <2qN7 k_1727 7QN7 (5 3)
n=Mj+1 n=Ng+1
N QN
. L n_ _
Jm > anf" =) 6| =0, (5.4)
n=1 k=1 2
Mk—i-l*Nqui', Nk*Mk>pN7 k:1327 7QN71, (55)

where 3= (n—¢)(1—¢) tand y= (n+¢)(1+¢)~ L
Pick M; = 0 and let N1 be the smallest positive integer such that

N1
Z ‘an|2 > PN-
n=1

The minimality of N; gives that

Ny
Z |an|2 < PN + |aN1|2'

n=1
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Now let M> be the smallest positive integer such that

Mo

Z |an|2 ZQN-

n=Ni1+1
As before, the minimality of My gives that

Mo

Z lanl® < qn + lans, .
n=N1+1

We repeat this process until we arrive at an index Ny or Mj bigger than N. Let Qn be
the number of times this process is repeated, that is, k =1,2,...,Qx. Then

N
Byv= Y fanl? < 20n. (5.6)
MQN+1
Since
N QN N
Sanf"=> (Gtm) = > anf",
n=1 k=1 n=Mg  +1
the estimate (5.2) follows from part (a) of Theorem 9. By construction we have
Ny,
PN < Z lan|* < pn + lan, |? (5.7)
n=Mp+1
M4
QN S Z |an|2 S QN + |aMk+1|2? (5'8)
n=Ng+1

for k = 1,2,...,Qn. Fix § > 0. Observe that the assumption (1.2) gives that |an,|? +
lars,,, |? < dqn if N is sufficiently large. Taking 6 < 1 one deduces that (5.3) holds if N
is sufficiently large. Moreover the estimates (5.7) give that

(PN +qn)Qn < S% — Ry < (1+0)(pn +an)QnN, (5.9)

if NV is large enough. Since pxgn = S% and because of the estimate (5.6), (5.1) follows
from (5.9) tending J to 0. Observe that

My 41

> anl? =g =Sy ° (5.10)

n=Ngr+1
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By (1.2), if N is sufficiently large, we have that |a,|?> < Sy'~" for any n < N. We deduce
from (5.10) that SNI_”(M;CH — Ni) > gy and Mg — N > qg. A similar argument
shows that N — My > p),. This proves (5.5). We are now going to prove (5.4). Observe
that at almost every point of the unit circle we have

QN QN—-1QnN
Z Z|le|2+2Re Z Zﬁkﬁg
k=1 k=1 j>k
Since ||nx]|3 < 2C(f)qn, we have
Qn
> / k] dm < 2C(f)anQn < 3C(f)dx, (5.11)
k=1p

if N is sufficiently large. On the other hand, if j > k we have

[ s dm| < 3 ol 001

D

where the sum is taken over all indices 7,¢ with N < r < Mp4q and N; <t < M.
Observe that by (5.5), we have t — r > p},. Writing I = ¢ — r and applying Cauchy-
Schwarz’s inequality, we obtain

[ m| < 3717 S larllans| < OO S,

D 12p}
Hence
QN—1QnN .
S>> | [ s dm| < 1k O (5.12)

k=1 j>k 3

Using (5.11) and (5.12) we obtain that

<4AC(f)ax

if N is sufficiently large. Since 0%, > C(f)S% = C(f)pngn, we deduce that

=2, WH
lim (5.13)
N —o0
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Now (5.2) and (5.13) give (5.4).

The main idea in the rest of the proof is that {n} are irrelevant while due to (5.5),
{&k} act as independent random variables.

2. Arranging the Fourier Transform. Applying (5.4), the proof of Theorem 1 reduces
to show that

1 QN
Tn=——— &, N=12...
\/2_10']\7;

converge in distribution to a standard complex normal variable. By the Levi Continuity
Theorem, it is sufficient to show that for any complex number ¢ we have

on(t) = /ei<t’TN> dm — e_‘t|2/2, as N — oo (5.14)
oD

Here (t,w) = Re(fw) is the standard scalar product in the plane. In this second step of
the proof we will show that

QN . 2
. Z<ta€k> <t7§k> _

Fixed 0 > 0, consider the sets Ey, = {z € dD: |{,(2)| > SN}, k=1,2,...,Qn. By part
(c) of Theorem 9 we have ||&||7 < C(f)p3 - Chebyshev inequality and (5.1) give

& C(Hp%Qy _ 20(f)
kZ:lm(Ek) < 5451}7\, < .

if N is sufficiently large. For p > 1, consider the set

QN
Ey = {z € ID: Z (t, &(2))? > MS?V} .

k=1

By part (a) of Theorem 9 we have ||k ||z < C(f)pn. Chebyshev inequality and (5.1) give

(B < CENEQY _ 2001

Han w

if N is sufficiently large. Hence the set
QN
E=|]JEx
k=0

satisfies
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gy

m(E) <20(f)< : +E>.

Using the elementary identity

2

exp (2) = (1 + 2) exp (% + 0(|22|)> ,

where o(|z|?)/|z|? — 0 as z — 0, we deduce

QN . 9 On )
o ({28 455
k=1

Fix € > 0. Taking J > 0 sufficiently small we have

3% 2
Zo <M> < C(f)ep, z€ID\E.

k=1 IN
Hence
[ ey [ T (1 S8 o (__@,ma) im| <
D\ E oD\ E k=1 2oy ox a
T e\ (t, &)
< (ec(f)s“ - 1) / H <1+ 2’1212\]> exp (- ’012\, )d < CWer 1,

aD\E k=1

Last inequality follows from the elementary estimate (1+2)'/2e=%/2 < 1if 2 > 0. Hence

/H<1+\/70N) p_<%>dm < 2m(E) 4+ e“Wer 1

which proves (5.15). Therefore to prove (5.14) it is sufficient to show that for any ¢ € C
one has

QN . 2
. <t £k> <t’£k> — oxD (— 2
ngr})oaé I | <1+ \/2_101\1) exp (— o2 )dm—e p(—[t]*/2).

This will follow from Lemma 17 applied to the functions

(=
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)

~ _ 1
<t7£k> 9

1

S

gN = —
N

x>
Il

According to Lemma 17 it is sufficient to show

sup 72 < oc, (5.16)

hm llgnll2 = 0, (5.17)
lim /dem— 1. (5.18)
N—o0

3. Estimating || fn|2. Observe that

QN <t7€k>2
H 1+2710]2V +22k2kzt€]1 . tgjk>7

k=1

where the last sum is taken over all collections of indices 1 < j; < ... < jr < @Qn. Since
(t,€,)% < |t|2|€n ]2, Theorem 6 and part (a) of Theorem 9 give that

/ (67 (1 &0) dm < CUPYM k.
oD

Since the total number of distinct collections of indices ji,..., i verifying 1 < j; <
< gk < QN is (QkN), we deduce

[ (1

Dkl

thk k
) dm <1+Z<QN)—(2)_ICU|]2\;€Z)N.

k=1

Since 0%, > C(f)~15% = C(f) 'pngn, we deduce

QN 2 QN QN
(t, &) QN CUH> [t CU)*IE|
/,}:[1<1+2‘10?v> dm<1+;<k> = _(1+ - >

2= gy
oD

Hence (5.1) gives that [[fn]|3 < exp (3C(f)?|t|?) if N is sufficiently large. This gives
(5.16).

4. Estimating ||gn||2- Consider the set of indices Ar = {n € N: M} < n < N},
k=1,...,Qn. Then

&= anf", k=1,...,Qx. (5.19)

neAy

Let A= U 1 Ai. Observe that (5.4) gives
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lim Z’I’LGA |a’7l |2

=1.
N—o0 SJ2V

This is assumption (4.4) of Lemma 16. Assumption (4.5) follows from (
Lemma 16 gives

Sn llewli3 ||§k||2

N—>oo JN

=1.

Denote A = t/|t|. We have

2 2

QN
t - - ON
=5 > (2 2+>\22+/\222>.

Applying (5.20), the proof of (5.17) reduces to show

J\}gnoo UNZwk =0,
k=1 2
where ¢y = 2([&,|2 — [|€4]13) + AZeZ + A%€Z. Now
QN 2 QN—1QnN
> znwkuzme > > [Fwsam
k=1 2 k=1 ]>kaD

1.2). Thus,

(5.20)

(5.21)

Since [1r] < 4[€x|? + 2||&k 13, parts (a) and (c) of Theorem 9 give that ||vx]|3 < C(f)p3%

Hence

QN
> ekl < C(HpkQn

k=1

and we deduce

lim Z []|3 = 0.

N*}O’

The second term in (5.21) is splitted as
Qv-1On .
> Z/wkwjdm:A+B+C’+D,

k=1 j>kgp

where
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QAn—1QnN

A=13>  (6 ~163) (&P - g 13) dm,

k=1 j>kgp

Qn—-1Qn — —
B=2 3 3 [ (e - 1al3) (P8 +2°8) am,

k=1 j>kgp
QAn—1QnN

c=2 " Y [ (g +NE) (el - lgl) an.

k=1 j>kgp

D=3 Y [ (Ve ) (V4 E)

k=1 j>kgp

By Theorem 6, [|£x;]l2 = ||&kll2/|€;12 if & # j and we deduce A = 0. Since the mean of
5]2- over the unit circle vanishes and at almost every point in the unit circle one has

&> =" lan>+2Re D > @afrf7, (5.22)

neAy neA, jEAL,j>n

the integrals in B can be written as a linear combination of
[ £ (e 4 28) dim,
oD

where n1, j1 € Ay and hence max{n;,j;1} < min{n: n € A;}. According to part (a) of
Lemma 7,

[ £ am=o
oD

and we deduce B = 0. Since the mean of £ over the unit circle vanishes, we have
_ Qn-1Qn
C=4ReX? ) Z/§z|§j|2dm.

k=1 j>kgp

For the same reason, using the formula (5.22), we have

[etiean = [ vt in
oD oD

where

hy =2 Z arafrf

rl€A;I>r



34 A. Nicolau, O. Soler i Gibert / Advances in Mathematics 401 (2022) 108318

Using formula (5.19) to expand &7, we obtain
JEEREEAY:
oD

where

E=Y Y a / (/") (@a s+ avaif 1) dm,

n€Ag rileA;,l>r oD

F=2 Y ae [0 (@l o T dn

n,s€EAL: s>n r,lEAj,l>raD
By part (¢) of Lemma 7 we have

/(f")zFfl dm| + /(f”)QFfT dm| < C(PIF O™, ifn<r<l

D D

We deduce that

El<c() S a5 Jacllallf©)F.

neAy €A ;I>r

According to (5.5), we have r —n > q]BV for any r € A; and any n € Ay, j > k. Now

> lallallf@OF " SO SIFOF Y e

rleA;l>r t>1 r€A;: THLIEA;

By Cauchy-Schwarz’s inequality, last sum is bounded by »° . A la.|? < 2py. Hence

|E| < C(f)]£'(0)|% p% (5.23)

Similarly, part (d) of Lemma 7 gives that

/ FrLErTfidm| + / R fldm| < CHIF O™, n<s<r<li-2
D D
and

/f”fSFfldm + /f”fsfrﬁdm <CAHIFO™ n<s<r<lr>I1-2.
D D
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Using the trivial estimate |ax| < Sy for any k < N, we deduce that

IF|<C(H)Sh Y. S Iro)

n,s€Ag: s>n  rlEA; I>T
As before, | —n > qﬁ, for any r € A; and any n € Ay, j > k. We deduce
[F| < C(HSKIF (0)]2.

Now, the exponential decay in (5.23) and (5.16) give that
C
lim — = 0. (5.24)

N—o0 OnN

The corresponding estimate for D follows from the estimate
[ @ am| <cnstiror, k<
D

As before this last estimate follows from (5.5) and from

/f"fSFde <COIF O n<s<l<t—2,
D

which follows from part (d) of Lemma 7. This finishes the proof of (5.17).
5. Integrating fy. In this last step we will prove (5.18). Observe that at almost every
point in the unit circle we have

QN -k
n=1 +227]:/—201k\]2<t’&1>'“<t’&k>’
k=1

where the second sum is taken over all collections of indices 1 < i < ...ip < Qn. Fix
1 <4 <...ip < Qn. The integral

k
/<t,§il> oAt € dm =27k / H (t&, +1t&,) dm

oD op =1

is a multiple of a sum of 2* integrals of the form

it / &L &k dm,
oD
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where r +1 =k, &, = L or g; = —1 for i = 1,...,k and we denote & '(z) = &(z),
z € dD. Now, each §; is a linear combination of iterates of f,

€j = Z anfn-

neA(Jf)

Hence

/5;1...57?: dm = ZHa /f TR dm,
oD

neC j=1

where » . means the sum over all possible k-tuples n = {n; }5?:1 of indices such that
n; € A(i;) for j =1,..., k. Since |a,| < Sy, n < N, we have

/f L&k dm <SN /f”lal. LR dm) .

neC

Let € = {q}k ! be fixed and consider ®(n) = ®(e,n) = Zf;ll d;(nj41 — n;) where
9; € {0,1/2,1} for j = 1,...,k — 1, with 6; = 1 and 0,1 > 1/2, and with §; = 1 if
and only if ;1 = 0 for j = 2,...,k — 1, as defined in Theorem 13. Let a = |f'(0)|.
Theorem 13 gives

/5 &R dm| < KISKC(H)F Y a® ™.

neC

We split the sum over n € C as follows. Let D denote the set of (k—1)-tuples § = {J; }f;ll
of coefficients that can appear in ®(n). That is, those tuples with ¢; € {0,1/2,1} for
j=1,...,k—1, with 6 =1 and d,—1 > 1/2, and with §; = 1 if and only if §;_; = 0,
for j = 2,...,k — 1. Observe that there are less than 2* such tuples. Given a k-tuple
n € C, let us denote by d(n) the (k — 1)-tuple d of coeflicients appearing in ®(n). Then
we have that

Z a2 — Z Z a2

neC 6€D {neC: 6(n)=6}

Given 6 = {4; }k € D, we define ®s5(n) = Z;:ll 0j(nj+1 —ny) for every n € C. We
clearly have that

D a®M <Yy ate), (5.25)
necC §eD neC

Consider now a fixed § = (d1,...,d,—1), and recall that é; = 1. Let I(1) be the minimum
integer such that &;1)41 = 0 (we set [(1) = k—11if §; #O0forall 1 < j <k —1).
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In particular, observe that if I(1) > 1, we have that §; = 1/2 for 2 < j < [(1) by
Theorem 13. Thus, to find a bound for the right-hand side of (5.25), we need to estimate
sums of the form

ZI: S glmamm)Hmna)/2 Z S a2 /2 (5.26)

i=1n;eA(iy) J=1n;€A(iy)

for some 1 < I < k—1. Denote here 77y = max A(i1), ng = min A(iz) and n; = min A(;),
and observe that ny — 7y > q]B\] because of (5.5). Assume [ > 2. Summing over n; and ns
we get that (5.26) is bounded by

Can/2 Z Z a(m=m1)/2,

J=3n;€A(i;)

Next, summing over n; for j up to I — 1 yields the factor [A(i3)| + ...+ [A(i;—1)|, while
summing over n; we get the factor a(t="1)/2. Here, | A(i;)| denotes the number of indices
in the set A(7;). Using (5.5), we have that |A(¢;)| > pX > q]‘i, for any j =1,...,k and,
thus, we get that n; — 77 > ¢y + [A(i2)| + ... + |A(i_1)| > lg5. Hence, we find that

Z 3 e +Hm=n2)/2 < oglan /4, (5.27)

J=1n;eA(i)

Note that if { =1 or I = 2, then (5.27) is obvious. Assume now that we have determined
I(m—1).IfI(m —1) < k—1, then let [(m) be the minimum integer such that [(m —1) <
I(m) < k—1 and such that &;(,;)41 = 0. We iterate this process until we set (1) = k—1 for
some integer 1 < r < k. Observe that, by Theorem 13, we have that I(m) > I(m—1)+2.
Taking 1(0) = 0, the full sum over n € C in the right-hand side of (5.25) becomes
a product of sums of the form (5.26) with j ranging from {(m — 1) + 1 to I(m), for
m =1,...,r. Thus, applying the bound (5.27) we get that

Y at™ < ] Cam=lm=1)ak /4 < b gkal /4,
neC m=1

Now, summing over § € D and using the fact that there are at most 2* such tuples, we
get that

Z o™ < Ckakqff,/4.

neC

Thus

/g € dm| < KISKC(f)Fakan,
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We deduce that

Jit6) (g dm| < MO kb

D
Since the total number of collections of indices 1 < i1 < ... < i < Qp 18 (QkN ), we
deduce that
QN 0 5
/dem—l < < kN)k!zk/%—fv’“(C(f)SNItI)ka’“qN/‘*.
D k=1

Last sum is smaller than

Q
L COMSNQuat )T
vV 2_10'1\/' ’
which tends to 0 as N — oo because
2 g% /4
lim SN@NONT
N—o0 ON
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