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Abstract: Classical thermal rectification arises from the contact between two dissimilar bulk materials,
each with a thermal conductivity (k) with a different temperature dependence. Here, we study
thermal rectification in a Si(1−x)Gex alloy with a spatial dependence on the atomic composition.
Rectification factors (R = kmax/kmin) of up to 3.41 were found. We also demonstrate the suitability
of such an alloy for logic gates using a thermal AND gate as an example by controlling the thermal
conductivity profile via the alloy composition. This system is readily extendable to other alloys,
since it only depends on the effective thermal conductivity. These thermal devices are inherently
advantageous alternatives to their electric counterparts, as they may be able to take advantage
of otherwise undesired waste heat in the surroundings. Furthermore, the demonstration of logic
operations is a step towards thermal computation.

Keywords: thermal rectifier; alloy; rectification; logic gate

1. Introduction

The understanding of heat propagation and the tunability of the thermal properties of
materials is a topic of active research motivated by the increasing importance of thermal
management and energy-efficient devices [1–3]. In that regard, concepts such as: thermal
transistors, diodes, and memories [4–11] have emerged. While heat dissipation is typi-
cally considered an obstacle to faster electronics, these developments have positioned heat
current to serve as a promising alternative candidate for realizing logic operations using
relatively simple device configurations with an easily measurable variable, such as the tem-
perature, especially in situations in which heat may be readily available as an energy source.
The realization of thermal components that control heat flow at the nanoscale in a manner
similar to that of electronics could enable thermal analogs of electronic circuits [12–16].
Thermally driven logic operations have an inherent advantage in that thermal computers
can potentially utilize any waste heat from the surroundings. Examples of this concept
have already been demonstrated by taking advantage of waste heat from industrial fume
hoods [17], volcanoes [18], and vehicle exhaust gas [19,20], to name a few. In many of the
aforementioned scenarios, as well as other situations such as space exploration or geother-
mal energy exploration in the earth [13], in which elevated temperatures are encountered,
thermally based logic circuits and computations possess a key advantage, as electronics
face a severe degradation in device performance at high temperatures [21].

Within this context, thermal rectification is a useful phenomenon for thermal manage-
ment, which serves as an essential building block for thermal logic circuits in conjunction
with thermal diodes [22]. Thermal rectification can be defined as an asymmetric and non-
linear process in which the thermal properties of the material along a specific axis depend
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on the direction of the temperature gradient or the heat current [23]. In solids, several
mechanisms for thermal rectification have been previously proposed, such as: differing
thermal boundary resistances between two materials [24–26], anharmonic interatomic
potentials [27], a difference in the temperature dependence of the thermal conductivity of
two connected dissimilar bulk materials [28–30], and asymmetrically structured materials
(including: load mass [31], ballistic scattering [32], asymmetric nonlinear radiation [33],
and mass gradient [34–36]). Traditional materials and designs for thermal rectification are
based on the different temperature dependences of the thermal conductivities of different
bulk materials that are brought together.

In this work, we consider the mass gradient mechanism to study thermal rectification
in alloy-based 1D slab structures in which the alloy composition is graded along the
length of the material [37–39]. By continuously changing the material composition (x, i.e.,
the atomic percent) along a specific axis (see Figures 1 and 2), we designed a theoretical
slab with a thermal conductivity that depends on temperature and space, allowing for
control of the heat flux across the slab. We incorporated five different mass distributions
based on: linear, quadratic, exponential, Gaussian, and Fermi-like functions. An estimated
rectification coefficient, R, of 3.41 was determined for a temperature difference of ∆T = 600 K
in Si(1−x)Gex, with the material concentration varying from 0 < x < 0.6 for a Fermi-like
mass distribution. This value represents one of the highest rectification factors using
graded materials [14]. While the thermal bias required to achieve such a rectification factor
appears to be quite large, thermal gradients up to 700 K have been experimentally probed
in pristine [40] and patterned [6,41] silicon nanomembranes. Large temperature gradients
have also been demonstrated in silicon nanowires [42]. Even in atomically thin few-layer
MoSe2, thermal gradients of 400 K have been reported [43]. We build upon this idea and
demonstrate how grading of the alloy and subsequent control of the thermal conductivity
profile enables the creation of a thermal AND gate.
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x = 0.5 (Si0.5Ge0.5). It should be noted that this spatial dependence creates different k curves when the 
temperature reservoirs are changed. (d) Schematic representation of the continuous alloy distribu-
tion along the heat flux axis (z) of a hypothetical slab of alloy of length L for the cold-hot (forward) 
and hot-cold (reverse) configurations. 

 
Figure 2. (a) Spatial atomic distribution of B (or A) atoms along the A(1−x)Bx alloy slab. (b) Schematic 
representation of the variation in the atomic content along the slab. The color scale represents the 
amount of A atoms in the A(1−x)Bx alloy slab. The color bar is valid for all of the slabs for their respec-
tive colors. 
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Figure 1. (a) Contour plot of the thermal conductivity (k) of Si(1−x)Gex alloy as a function of Ge
content (x) and temperature (green contour). Four different “cuts” of the contour taken, as indicated
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by the colored lines (b), two vertical cuts at T = 400 and 600 K (dotted magenta and dotted grey
lines, respectively), and (c) two diagonal cuts (solid orange and dotted blue lines). (b) Thermal
conductivity of Si(1−x)Gex as a function of Ge content at a fixed temperature T = 400 and 600 K (dotted
red and dashed black lines, respectively). (c) Thermal conductivity as a function of temperature of a
Si(1−x)Gex slab where the Ge content varies linearly along the slab between x = 0 (pure silicon, Si) and
x = 0.5 (Si0.5Ge0.5). It should be noted that this spatial dependence creates different k curves when the
temperature reservoirs are changed. (d) Schematic representation of the continuous alloy distribution
along the heat flux axis (z) of a hypothetical slab of alloy of length L for the cold-hot (forward) and
hot-cold (reverse) configurations.
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Figure 2. (a) Spatial atomic distribution of B (or A) atoms along the A(1−x)Bx alloy slab. (b) Schematic
representation of the variation in the atomic content along the slab. The color scale represents the
amount of A atoms in the A(1−x)Bx alloy slab. The color bar is valid for all of the slabs for their
respective colors.

We first introduce the theoretical model and associated equations. Then, we study the
effect of the different mass distributions and determine the best configuration to obtain the
highest rectification factor. Finally, as proof of concept, we use the mass distribution concept
to create an AND logic gate. All simulations were performed with finite element model
(FEM) simulations performed with the commercially available COMSOL multiphysics v.5.1
software. The COMSOL parameters used for the thermal properties of the materials in this
work are summarized in the Supporting Information in Table S1.

2. Materials and Methods

Figure 1a is a contour plot that gives the thermal conductivity as a function of the Ge
concentration and the temperature, which shows how the thermal conductivity profile can
be controlled. The vertical magenta and grey cuts in Figure 1a indicate a constant tempera-
ture of 400 [K] and 600 [K], respectively, and their alloy distributions across the slab and
the associated thermal conductivity profiles are highlighted in Figure 1b. Figure 1c shows
the thermal conductivity profiles of diagonal cuts taken from Figure 1a, which correspond
to a graded alloy rectifier (Figure 1d), where the dotted blue cut corresponds to a rectifier
in the cold-hot (forward) rectification configuration, while the solid orange cut corresponds
to a rectifier in the hot-cold (reverse) configuration. We note that despite having a variation
between a concentration of x = 0 (pure silicon) and x = 0.5 (Si0.5Ge0.5), the configuration of
the temperature reservoirs changes the spatial dependence of the thermal conductivity. In
this manner, the thermal conductivity profile and the rectification properties of the alloy
material can be controlled by grading the alloy across a slab. The spatial dependence of the
thermal conductivity and the mathematical expressions that describe them are presented in
Figure S1 in the Supporting Information and in Equations (1)–(5).
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If a finite temperature gradient, ∆T, is established in a material, the rate of heat energy
flow, Q, at steady state is given by the expression:

Q = −k∇T (1)

where k is the thermal conductivity. The rectification factor of Si(1−x)Gex was calculated
with a power-law dependence of the thermal conductivity on temperature and material
composition. It is well known that for semiconductors, the temperature dependence of k
can be modeled by a simple power law [44,45]:

k(T) = k300

(
T

300[K]

)α

(2)

where k300 is the value of the thermal conductivity of the semiconductor at T = 300 [K], and
α is a constant. This approach typically shows good agreement with experimental data
over a large temperature range from 300 K < T < 900 [K]. For the case of alloy materials
of type A(1−x)Bx, thermal conductivity values vary between kA and kB (i.e., the thermal
conductivity values of pure A or pure B), though a dramatic decrease is observed in alloys
relative to the pure crystals (see Figure 1b). This effect is mainly attributed to strong alloy
scattering of high-frequency phonons as a result of a break in the perfect periodicity of the
otherwise pure structure. Similar to the pure crystal case, the thermal conductivity of the
alloy material, kAB, can also be expressed by a simple power law given by [44,45]:

kAB(x, T) = kAB(x)
(

T
300[K]

)α(x)
(3)

α(x) = (1− x)αA + xαB (4)

where kAB(x) can be expressed as a quadratic interpolation given by Norbury’s rule [46–49]:

kAB(x) =
(
(1− x)

kA
+

x
kB

+
(1− x)x

CAB

)−1
(5)

where CAB is a constant that accounts for the contribution of the lattice disorder generated
in the alloy due to the random distribution of the atoms in a sublattice. This term is usually
called a bowing or nonlinear parameter. More detailed descriptions of Equations (2)–(5)
are found in the works of Palankovski [44,45] and Adachi [47–49].

Once the thermal conductivity expression is defined, thermal rectifiers are created
by continuously varying the amount of the B atom in the alloy along the main axis of
the thermal flux in the z-direction, as displayed in Figure 1d. The continuous alloying
causes the effective k to depend on the configuration of the temperature reservoirs, shown
in Figure 1c. The rectification factor, R, can be used as a figure of merit to quantify the
performance of a thermal rectifier. While it possesses several different definitions in the
literature [14], it is always based on a ratio of the effective thermal conductivities measured
in two different configurations of the thermal bias. Here, we use the following definition
for the thermal rectification:

R =
k f

kr
(6)

where kf and kr are the effective thermal conductivities measured in cold-hot, TC-TH
(forward, f ), and hot-cold, TH-TC (reverse, r), configurations of the temperature reservoirs,
respectively. The effective thermal conductivity is obtained by integration over its spatial
dependence for both the forward and reverse reservoir configurations. R is a relevant figure
of merit, as it provides a quantification of the heat flux in the forward direction relative to
that in the reverse direction, in a manner analogous to that of an electrical rectifier.

The ability to control the thermal conductivity as a function of alloy content allows for
the creation of thermal-based logic gates. Logic gates can be characterized according to a
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truth table, in which a combination of high or low inputs results in a specific output. Here,
we define the effectiveness ε of our thermal-based logic gate as:

ε =
Tout − Tground

∆T
(7)

where Tout is the output temperature detected at the center of the slab, Tground is the
temperature of the ground (TC), and ∆T is the thermal bias (i.e., the temperature difference
between the high and low temperatures, ∆T = TH-TC). The most effective operation of an
AND gate occurs when the device operates as close to 1–0 as possible (i.e., ε should be as
close as possible to 0 for a low output and as close as possible to 1 for a high output).

3. Results

The rectification factors were calculated for five different spatial distributions (linear,
quadratic, exponential, Gaussian, and Fermi-like) of “B” (or “A”) atoms along the main axis
of the thermal flux of an A(1−x)Bx alloy slab. We define z to be the position along the length
of an alloy slab of length L. The spatial distributions used in this work are displayed in
Figure 2a and are schematically illustrated in Figure 2b. As an example, we examined the
dependence of R with respect to the thermal bias ∆T in a Si(1−x)Gex slab and the associated
spatial distribution along the slab. We also present a comparison with other alloys for a
linear distribution in the Supporting Information (Figures S2 and S3a), which qualitatively
follow the same trend for the results that we observe here, meaning that these results can
be readily extended to other graded alloy materials. The ∆T was generated by keeping the
cold reservoir at a constant T = 300 [K] and varying the hot reservoir from 400 to 900 [K].
Rather than grading the slab from pure silicon to pure germanium, we fixed one end of
the slab with pure Si, while the other end had varying amounts of Ge, as set by x, with the
alloy composition between these ends being graded according to the given distribution. In
other words, the Ge content (x) was varied along z from 0 < x < xmax, where 0 < xmax < 1.
Finally, the rectification factor was obtained by applying Equation (6) using the effective
thermal conductivities calculated in both the forward and reverse configurations of the
temperature reservoirs.

Figure 3a shows R as a function of Ge content with varying ∆T. The Ge content was
varied linearly, as indicated by the solid black line in Figure 2a and the black graded slab
in Figure 2b. A maximum R ~ 2.2 was obtained for Ge content varying linearly between
0 < x < 0.3 at ∆T = 600 [K], since kAB scales vary with the temperature according to Nor-
bury’s rule. We note that this range of Ge results in the maximum R for all ∆T as the thermal
conductivity drops dramatically in this range (Figure 1b). We then extended this analysis
to incorporate this maximum ∆T of 600 [K] and studied different spatial distributions of
Ge atoms. The temperature dependence of R for the different linear Ge distributions is also
shown in Figure S3b in the Supporting Information. From this figure, we can observe that
the R factor increases monotonically with ∆T. Figure 3b compares five spatial distributions
as a function of Ge content at fixed ∆T = 600 [K]. A Fermi-like distribution of Ge atoms
gives us the maximum R = 3.37 for Ge content varying from 0 < x < 0.5. Another interesting
feature of Figure 3b is that for exponential and Gaussian-like distributions of Ge content,
R drops below 1 for x > 0.8 and x > 0.9, respectively, as the effective thermal conductivity
becomes larger in the reverse configuration (TH–TC) than in the forward one (TC–TH). The
thermal conductivity and the temperature distribution as a function of z for the studied
distributions are displayed in Figure S1 in the Supporting Information.

We considered the Fermi distribution more carefully, as it yielded the highest values
of R across all of the distributions. As before, the Ge content (x) was varied along z from
0 < x < xmax, where 0 < xmax < 1. Figure 4a shows the spatial alloy distribution for slabs with
varying alloy compositions. Each color indicates the value of x for the given slab. The point
at which the Fermi-like spatial distribution reaches the half-point in atomic percent between
the compositions at each end of the slab is indicated by a solid dot for each slab. This point
is important, as it is a parameter that we set in our Fermi-like distribution that affects how
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the slab is graded (see Supporting Information). Figure 4b then shows the associated R
for each of these slabs as a function of position along the slab at ∆T = 600 [K]. The same
qualitative behavior is observed for the Fermi-like distribution for all compositions as
in Figure 3b, with the highest R factors occurring for alloyed materials (i.e., non-pure
materials) due to the decrease in thermal conductivity resulting from alloy scattering of
thermal phonons, as explained previously. In general, the highest R values occur for
alloys that have higher concentrations of Ge, with an optimal at x = 0.6. In this case, a
value as high as R = 3.41 is observed. It is worth noting that similar values were found by
Shih et al. [50], where the maximal R for idealized bi-segment thermal rectifiers was studied.
They derived an upper limit of R = 3 for rectifiers whose k varied linearly with respect to the
temperature. Similarly, Figure S1f in the Supporting Information shows the approximately
linear behavior of k for a Fermi-like distribution and for z/L > 0.6. Compared to more
similar designs, Carlomagno et al. [51] recently found a theoretical rectification factor as
high as 2.77 using graded Si1−xGex wires that were linearly distributed along the wires.
However, more notably, among thermal rectification designs that are based on a conduction
mechanism, our design exhibits one of the highest R values while also being physically
realizable to fabricate and implement [14,37,51,52].
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Finally, we demonstrate how such an alloy distribution can also be applied to create logic
gates by demonstrating a thermal AND gate as an example. A thermal rectifier based on the
Si(1−x)Gex alloy is connected to a heat sink ground at a fixed temperature of 300 [K]. The rectifier
has ∆T = 600 [K], with one end fixed at 900 [K] (high input, i.e., 1) and the other end fixed
at 300 [K] (low input, i.e., 0). The temperature, Tout, is detected at the center of the slab, that
is, at the z at which the heat sink is connected to the rectifier by a low thermal conductivity
connector. The slab here has a total length of 45 µm, though this length is arbitrary. We designed
the slab such that the thermal conductivities are high at the ends and at the center where the
temperature is measured and lower between these key points. The thermal conductivities are
controlled by variations in the composition of the alloy across the slab via the power law and
Norbury’s rule. The thermal conductivity and temperature distributions for such a slab are
shown in Figure 5. Then, we can calculate ε via Equation (7) and reconstruct the AND-gate truth
table. An AND gate produces a low output only when both inputs are low (e.g., 0-0, 1-0, or 0-1
input); otherwise, it produces a high output. The fixed temperatures at each end along with the
Tout at the ground are summarized in Table 1, along with its associated truth table. We note that
for inputs of 0 and 1, 1 and 0, or 0 and 0, our output is low (0.287 or 0), while for an input of 1
and 1, our output is high (0.8727). This is in line with the best-case low output recently reported
by Pal and Puri [22], who provided the first demonstration of a thermal AND gate by using a
graphene nanoribbon thermal diode, with low output effectivities reported between 0.275 and
0.5. Recently, Hamed and Ndao experimentally demonstrated NanoThermoMechanical AND
and OR gates [13]. They showed low output effectivities for the AND gate ranging from 0.18 to
0.11 using high input temperatures between 900 and 1500 K. We compare the low output for a
Si(1−x)Gex alloy in Figure S4 and for pure Si and pure Ge in Tables S2 and S3, respectively, in
the Supporting Information. As a comparison, the low ε for a Si-based electronic AND gate is
ε = 0.12 [22]. Thus, we effectively demonstrated the creation of an AND logic gate in our graded
alloy system on par with other existing designs in the literature. We note that the pure Si and
Ge AND gates also exhibit a 1-1 high output of ε = 0.975 and ε = 0.974, respectively. However,
the low output is less ideal, exhibiting much higher values than the alloy with ε = 0.323 and
ε = 0.321, respectively. The improved high output results from the higher thermal conductivity
of the pure slabs, which leads to a higher average temperature at the sensing position in which
the temperature is measured. However, this same effect also induces a greater low output for
the 1-0 or 0-1 conditions in the pure material, which is not the case for the alloy due to the
unique thermal conductivity distribution.
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Figure 5. (a) Thermal conductivity (top) and temperature (bottom) distribution (color scale) for the designed
AND gate. One end is held at high temperature (high input), while the other end is held at low temperature
(low input). The center region is connected to a heat sink via a low thermal conductivity connector. The
thermal conductivity at each position along the slab is controlled by grading the alloy. The ends and center
at which the temperature is measured have a high thermal conductivity. (b) Associated plots indicating
the exact thermal conductivity and temperature distributions across the slab for the forward and reverse
configurations. The exact position on the axis is arbitrary since we consider normalized position.
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Table 1. AND gate based on thermal rectifier and resulting truth table. The temperature is fixed at a
high temperature of 900 K (high input, 1) or a low temperature of 300 K (low input, 0). The output, ε,
is calculated, demonstrating that a high output only occurs when both of the inputs are high. Other
logic gates can be created using a similar strategy to that employed here.

TA [K] TB [K] Tout [K] Input A Input B Output, ε

300 900 472.67 0 1 0.287
900 300 472.67 1 0 0.287
300 300 300 0 0 0
900 900 796.33 1 1 0.8727

4. Conclusions

In this work, we present an extension of classical thermal rectification via the mass
gradient mechanism in which we continuously grade alloy composition across a material,
rather than combining different materials at an interface. We explored five spatial atomic
distributions over the length of the slab and demonstrated how, in doing so, we can spatially
control the thermal conductivity (and thereby the rectification factor). With a ∆T of 600 [K]
in a Si(1−x)Gex alloy, we find a maximum R of 3.41 for a Fermi-like alloy distribution, one
of the highest values reported based purely on a conduction mechanism. As the thermal
rectification coefficient is dependent on the difference in thermal conductivities, a more
drastic and abrupt change in Ge content along the thermal bias results in a much greater
thermal rectification coefficient. This abrupt change induces a large asymmetry in the
spatial dependence of k and, consequently, a larger rectification effect, as was demonstrated
in the Fermi-like distribution. We utilized this alloy material to demonstrate how logic
gates can be formed with these thermal rectifiers by demonstrating an AND gate. This
concept can be readily extended to form other logic gates via thermal rectification as well.
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in various alloy systems; Figure S3: Comparison of rectification in various alloy systems; Figure S4:
Comparison of the effectiveness as x is varied.
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