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LIMIT CYCLES OF CONTINUOUS PIECEWISE DIFFERENTIAL SYSTEMS FORMED
BY LINEAR AND QUADRATIC ISOCHRONOUS CENTERS II

BILAL GHERMOUL?!, JAUME LLIBRE2? AND TAYEB SALHI!

ABSTRACT. We study the crossing periodic orbits and limit cycles of the planar continuous piecewise differ-
ential systems separated by the straight-line x = 0 having in « > 0 the general quadratic isochronous center
&= —y+ a2, y = x(1 +y) after an affine transformation, and in = < 0 an arbitrary quadratic isochronous
center except for the quadratic isochronous center # = —y + x2 — y2, ¥ = x(1 + 2y) which has been studied
in [4]. For these continuous, piecewise differential systems the upper bound of crossing limit cycles is 2, and
there are realized examples having one crossing limit cycle.

1. INTRODUCTION

In the qualitative theory of planar differential systems a limit cycle is an isolated periodic solution in the
set of all periodic solutions, which remained the most sought solutions when modeling physical systems in
the plane. As far as we known the notion of limit cycle appeared in the year 1885 in the work of Poincaré

[13].

Most of the early examples in the theory of limit cycles in planar differential systems were commonly
related to practical problems with mechanical and electronic systems, but periodic behavior appears in all
branches of the sciences. To determine the existence or non—existence of limit cycles is one of the more
difficult objects in the qualitative theory of planar differential equations. A large amount of references deals
with the subject of limit cycles, many of them motivated for the famous Hilbert’s 16th problem, see for
details [5, 7, 8].

Since 1930’s the study of the limit cycles also became important in the continuous and discontinuous
piecewise differential systems separated by a straight line, due to their applications to mechanics, electrical
circuits, ... see for instance the books [1, 2, 14] and the references therein.

As usual a center p of a planar differential system is a singular point for which there is a neighborhood U
such that U \ {p} is filled with periodic orbits. When all the periodic orbits surrounding a center have the
same period this center is called isochronous. The centers started to be studied by Poincaré [12] and Dulac
[3], but the notion of isochronocity goes back to Huygens [6] in 1673.

In this paper we consider continuous piecewise differential systems separated by the straight line x = 0
having in z < 0 and in x > 0 quadratic isochronous centers, and we want to study the non—existence, and
the existence of crossing periodic orbits and of crossing limit cycles, and in this last case we want also to
know the maximum number of crossing limit cycles for these systems.

Here a crossing periodic orbit or a crossing limit cycle is a periodic orbit or a limit cycle which intersects
exactly in two points the line of separation x = 0.

The continuity of a piecewise differential system separated by the straight line = 0 formed by two centers
means that the two vector fields defined by these two quadratic systems with isochronous centbbers coincide
on the line of separation x = 0. So a continuous piecewise differential system is a continuous differential
system in R? and is an analytic differential system in R? \ {z = 0}.
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1.1. Quadratic isochronous centers. We consider the quadratic polynomial differential systems having
an isochronous center. This kind of centers were classified by Loud in the paper [11]. Those systems after an
affine change of coordinates become one of the following four systems:

i':—y+$2—y2, y:$(1+2y), (1)

i=—y+a? y=z(1+y), (2)
422 16

L= —19y — — ) = j —

& Y= Y w( 3y>, (3)
1 4

¢=—y+§6m2—§y2, y=w<1+§y>- (4)

We are interested in the general expressions of the quadratic isochronous centers. So we transform their
normal forms (1), (2), (3) and (4) through the following general affine change of variables
(,y) = (@12 + bry + c1,a27 + boy + ¢2), (5)
with
a1b2 - a2b1 7'é 0. (6)
Generalized isochronous system (1). Using the change of variables (5) the quadratic system (1) becomes
T = ( — bQC% -+ blcl + 21)10261 + bgcg + bQCQ
+ (2a2b101 -+ 2&1[)102 — 2&11)201 + 2&2[)262 + Clel + a2b2) X
+ (Qb%CQ + 2b3co + b3 + bg) y+ (2@26% + 2a2b§) Ty
+ (a% (—bQ) + 2a2a1b1 + agbg) Iz —+ (bg + b%bg) y2) /(U,le — albg),
Y= (agcf —aic; — 2a16001 — agcg — agco + (_QCL%CQ — 2a§cz — a? — ag) T
+ (2(12[)101 - 2&11)102 - 2&1[)201 - 2&2[)262 — a1b1 — agbg) y
+ (—2a3by — 2a3b2) zy + (—aj — afas) 2
+ (agb% — 2a1b2b1 — agb%) y2) /(a2b1 — albz).
Since (2% +y?)/(2y + 1) is a first integral of system (1), doing to it the change of variables (5) we get the
following first integral of the generalized isochronous quadratic system (7)

(a12 4+ b1y + ¢1)® + (agz + boy + ¢2) ?
2 (agr +boy +c2) +1 '

Hy(z,y) =

Generalized isochronous system (2). System (2) is equivalent to the following generalized isochronous
system after the linear change of variables (5)
T = (bgC% - b161 — blcgcl — b2C2
+ (—agbicr —arbica + 2a1bac1 — a1y — agzbs) x
+ (b% (—CQ) + b2b161 — b% — bg) Yy + (a1b1b2 — agb%) Ty
+ (aibs — arasby) 2°) /(a1bs — asby), (8)
§ = (a2c? — ajc1 — ajcpcy — agey + (a% (—c) + agarc; —a? — a%) T
+ (2agb1c; — arbicy — arbacy — arby — agba) y

+ (a1a2b1 — a%bg) Ty + (agb? — alblbg) y2) /(a1b2 — CL2b1>.

The quadratic system (2) has the first integral (z2 + y?)/(y + 1)2. Therefore a first integral of system (8)
is
(@12 + by + ¢1)” + (asz + boy + ¢2)”

Hs(z,y) =
3@ v) (agx + boy + o + 1)°

{nlel}
{nle2}

{nle3}

{nle4}

{achv}

{e1}

{gnle1}

{gnle2}
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Generalized isochronous system (3). The quadratic system (3) is equivalent to the following generalized
quadratic system after the linear change of variables (5)

T = (41)20% + 3b161 — 16b10201 + 3b262
+ (*160,21)101 — 16&11)162 + 8&1b201 + 3a1b1 + 30,2[)2) €T
+ (—16b7co — 8bobycy + 3b7 + 3b3) y + (—16azb; — 8aibaby) zy
—|— (4&%[)2 — 16a1a2b1) LEQ — 12b%b2y2) /3 (a2b1 — albg) ,
= (—4axc] — 3arcy + 16a1c2¢1 — 3ascy (9) {en1e3}
+ (16&%02 + 8asaicy — Ba% — 3a§) T
+ (—8a2b161 + 16a1b102 + 16a1b201 — 3a1b1 — 3&262) y
+ (16&%1)2 + 8a2a1b1) zy + 12a%a2x2
+ (16a1b1b2 — 4a2bf) y2) /3 (azby — a1bs) .

Since (3222 — 24y +9)?/(3 — 16y) is a first integral of system (9), then a first integral of system (9) is
(32 (a1 4+ b1y + 1) ? — 24 (agx + boy + ¢2) +9) 2

H =
a(z,y) 3 — 16 (agz + bay + c2)

Generalized isochronous system (4). Doing the affine change of variables (5) the generalized isochronous
system for the quadratic system (4) is

@ = (— 16bac] + 3bict + 8bicact + 4bac + 3baco
+ (80,21)161 + 8a1b1C2 - 32a1b201 + 8a2b202 + 3&1[)1 + 3a2b2) €T
+ (8bTco — 24bobicy + 8bjca + 3b5 +3b3) y
+ (8(12()% - 24&1[)2[)1 + 8(121)%) Ty + (—16&%()2 + 8a2a1b1 + 4(],%62) .1‘2
+ (41)‘3 — Sb%bg) y2> /3 (a2b1 — CleQ) s
. , , (10) {gnles}
¥ = (16azc] — 3arc1 — 8aycacr — daacs — 3azce
+ (—804%02 + 24asa1c1 — 8a302 — Sa% — 3a§) T
+ (32@21)161 — 8a1b102 — 8(111)201 — 8a2b202 — 3&11)1 — 3a2b2) y
+ (—Safbg + 24asa1b; — 8a§b2) Ty + (8a§a2 - 4a§) x>
+ (16042(7% — 8a1b2b1 — 4(12[)3) y2) /3 (agbl — albg) .
The quadratic system (4) has the first integral (—25622 + 128y + 96y + 9)/(8y + 3)*, which gives the
following first integral for system (10)
—256 (a1x + by +c1) 2 + 128 (agz + boy + 02)2 +96 (agx + boy +c2) +9
(8 (agx + bay + c2) + 3)4 .

H5($,y) =

1.2. Statement of the main results. In what follows we characterize the existence and non-existence of
crossing periodic orbits and crossing limit cycles for continuous piecewise linear differential systems separated
by one straight line formed by two quadratic isochronous centers. {thm2}

Theorem 1. The following statements hold for the continuous piecewise differential systems formed by two
generalized isochronous quadratic centers separated by the straight line x = 0.

(a) If the generalized centers are (1) and (1), then the piecewise differential systems can have crossing
periodic orbits but they cannot have crossing limit cycles.

(b) If the generalized centers are (1) and (2), then the piecewise differential systems can have crossing
periodic orbits but they cannot have crossing limit cycles.

(c) If the generalized centers are (1) and (3) then the piecewise differential systems can have at most one
limit cycle.
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(d) If the generalized centers are (1) and (4) then the piecewise differential systems can have at most one
limit cycle.

(e) If the generalized centers are (2) and (2) then the piecewise differential systems have no crossing
periodic orbits, and consequently no crossing limit cycles.

(f) If the generalized centers are (2) and (3) then the piecewise differential systems have no limit cycles.

(g9) If the generalized centers are (2) and (4) then the piecewise differential systems can have at most two
limit cycles, and there are systems in this case with exactly one limit cycle.

The first four statement of Theorem 1 were proved in [4], here we prove all the other statements of Theorem
1.

2. PROOF OF THEOREM 1

In what follows we consider a continuous piecewise differential system formed by two generalized isochronous
systems (i) and (j) separated by the straight line z = 0, where i, 5 € {8,9,10}. In the first generalized systems
(i) we rename the parameters ag, by and co by ay, S1 and 71, respectively; and in the second generalized
systems (j) we rename the parameters ai, b1, ¢1, az, ba and c2 by ag, ba, c2, as, f2 and vq, respectively.
Doing this condition (6) becomes

arby —a181 #0 and  agbs —az82 # 0, (11)

for system (i) and (j) respectively.

It the piecewise differential system (i)-(j) has a crossing periodic orbit intersecting the line of separation
in the points (0,y;) for i = 1,2, these two points must satisfy the following algebraic system

Hi(oayl) - Hz(07y2) = 07 Hj(07y1) - Hj(ova) = 07 (12)

where H; and Hj are first integrals of the generalized systems (i) and (j).

Proof of statement (e) of Theorem 1. Consider the continuous piecewise differential system formed by two
generalized isochronous quadratic systems (8) separated by the straight line z = 0. Before getting the
conditions for which the piecewise differential systems formed by these two systems (8) be continuous we
provide an upper bound for the maximum number of limit cycles which these systems can exhibit. Then we
must solve equations (12) for finding this upper boound. For our piecewise differential system equations (12)
become

(y1 — y2) (2b1e1f + 4breiy — 2b1BTeryiye + 28177 + 26171 + 2b1er + 207 B1viy1ye
+2b3B1y1y2 + bIViys + biviys + 2b3viyn + 2b3v1y2 + biyr + biye — 2B1civ — 2613
—Biciyr — Biciya + 2681y + 268712 + 2B5y1y2 + B3y + Biy2) /(7 + Bun + 1)2
(m1 + Bry2 + 1) =0,

(y1 — y2)(2bacay3 + 4bacaya — 2ba 35 coyryz + 28275 + 2272 + 2baca + 203 82724192
+2b3Boy1y2 + b3V3y1 + b33 Y2 + 2b3v2y1 + 2b372y2 + b3y1 + b3ys — 2B2c3v2 — 26263
—B3c3y1 — B3c3ys + 20357v2y1 + 263572y2 + 2635192 + B3y1 + Bay2)/[(v2 + Bayr +1)°
(2 + Bay2 + 1)%] = 0,

(13)

solving the first equation of (13) with respect to y; we obtain

y_—%mWrHV—@WrHVm+&@@%+&m+%—?M%+U—m@&%+&h
1 — .
—2B¢brcrys + b3 (1 + 1)(91 + 28192 + 1) + BE(—cF + 271 + 2B1y2 + 1)

Replacing this value of y; into the second equation of (13) and solving it with respect to y2, we get a unique
solution solution excluding the trivial one y; = y2. Replacing this value of ys into the expression of y;, we

{s3}

{el1}

{eij}

{e4}
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conclude that we have at most 1 pair (y1,y2) given by

Y1 = [—bacaV3 BT — B2V3 B} — baca B} + 36237 — 2bacay2 By + €38272 88 — Bary2fBi
+b1bacicavs BT + bici P23 B3 4 bibacicaB7 — bicic3BafBf + 2b1bacicoye 7 — bicic3Bay2 83
+b1c1 8272687 — B3 B1 4 bacicaB3 1 + BT Br — bacaB377 B1 + b3Bai B1 — bibacarys B

—b2 27381 — bibacoy1va B1 — b3 Baviva i — bibaca By — b3ciBaBr + bick e — 3 B3v1 B
+B371 81 + bacicaB5y1 1 — baca 37181 — bibacayi Bi + b5 621 B1 — D3¢t Bavi B + bIc3 a1 B
+03 82737281 — 2b3bacayaB1 — b3 BavaB1 — b3t Baya 1 + bic3Bay2 B — 2b3bacayiV2
—b1Bam17281 + b3Bay172B1 — D3¢t Bayiva B + b3 Bayiva + bici B3 — bibacicafBs + bici 377
—bibacic2B377 4 bib3e1 Bovi + [(B2(1 + 1) — Bi(v2 + 1)) (71 + 1) (2 + 1)bF — c1(281 + Bu
+B2 + B2v1)b1 + B1(B2¢ + B1 — Bayi + B1v2)) (71 + 1) (72 + 1)b3 — ca(281 + B1 + B2 (14)
+B271)b2 + B2(B163 4 B2 + Bayi — B172)) (11 + 1) (baca(v2 + 1) + B2(r2 — ¢3))b3

—c1((v1 4+ 1) (v2 + )03 + ca(Br(y2 + 1) = Ba(y1 + 1))ba + Ba(—c361 + B2 + Bov1 + B172))01
+B81((cf —71)(y2 + 1)b3 + ca(—Paci + Br + Boy1 + Biy2)be + Ba(Baci — B3B1 — Bonn
+B172)))IY/2 + bib3er o + 2brc1 B3m1 — 2b1bacica i + 2b1b3c1 Bamt + bibher Bavie

+b1b3¢1 B2v2 + 20105¢1 Bayiv2] /(B3 (— (1 + 1)) (03 (—(v2 + 1)) (Br(v2 + 1) — Ba( + 1))
—baf5ca(y + 1) + B3 (Ba(m + 1) + Bi(c3 — 272 — 1)) — biffer(b3(72 + 1)?

+85(—c3+ 272+ 1)) + BE(03(v2 + )(Br(v2 + 1) + Ba(cf — 2y — 1)) + B3baca(—ci + 271 + 1)
+3(Ba(cf — 271 — 1) + Bi(—c3 + 272 + 1)))]

and

Y2 = —[bacaV3 87 + Bara By 4 bacaB} — 50287 + 2bacaya B} — 56827287 + BayalY
—bibacicava BT — bici Bov3 57 — bibacicaS7 4 bicic3BaBi — 2bibacicoy2 B + bicic3 Bay2 87
—bic1Bov287 + 1B3P1 — bacteafB5 81 — B3N B + baca3377 B1 — b3Bayi B + bibacanys i

+b2 8273 B1 + bibacoy1v3 B1 + b3 Bay1v3 B1 + bibacaBy + b3ciBafBr — bic3Befr + ¢ B3v1
—B371B1 — bacicaBimi B + bacaf3viBr + bibacayi f1 — b3Bay1 B1 4 b5ct a1 B1 — bicsBayi B
—b3 82717281 + 2b3bacavaBr + b1 Bav2 B + b3ciBavaf1 — bic3Bay2 1 + 2bTbacayiv2

+b3 82717281 — b3 82717281 + b3t Boyiva B — bic3Baviv2 1 — bici B3 + bibacicaf3 — bici B33
+bibacrcaf3yi — bibjerfori + [(B2(1 + 1) — Br(v2 + 1)) (11 + 1) (72 + 1)b7

—c1(2B1 + B1 4 B2 + Bay1)br 4 B1(B263 + B1 — Bami + Bry2)) (1 + 1) (72 + 1)b3 (15)
—c2(721 + B1 4 B2 + Bay1)b2 + B2(B1¢3 + B2 + Bayr — B1v2)) (1 + 1) (baca(v2 + 1)

+B2(v2 — 3))bF — cr((v1 + 1) (2 + b3 + ca(B1(v2 + 1) = Ba(y1 + 1))b2 + Pa(—c3P1 + ba
+B2m1 + Bry2))br + Br((cf —71) (2 + 1)b3 + ca(—=Pact + b1 + Bay1 + Bry2)be + Ba(Bact
—c3p1 — Boy1 + B172)))]H 2 — bib3e1 B2 — 2bie1 B3v1 + 2bibacicaBivi — 2b1b3c1 Bt

—b1b3c1 Bayiva — bibserBaye — 201b5¢1 Baviv2] /(b3 (— (71 + 1)) (03 (— (2 + 1)) (Br (2 + 1)
—Ba(v1 + 1)) = boB3ea(yi + 1) + B3(B2(v1 + 1) + Bi(c3 — 272 — 1)) — b1 S7cr (b3 (72 + 1)?
+65(=c3 4 272 + 1)) + B7 (03 (2 + 1)(B1(v2 + 1) + Ba(cf — 271 — 1)) + B3baca(—c] + 271 + 1)
+B5(Ba(cf — 271 — 1) + Bi(—c3 + 292 + 1)))].

In summary the piecewise differential systems formed by two systems (8) can have at most one limit cycle.
In addition, if we calculate (y; — y2)?/4 from (14) and (15) we get

(y1 —y2)?/4 = (Ba(r1 + 1) = Bi(r2 + 1)) (=brc1(Biv2 + Boy1 + B1 + B2) + b3 (1 + 1) (2 + 1)
+B81(=Bom1 + Biy2 + Bi + Bact))(—baca(Biy2 + Bovi + B1 + B2) + 52(71 +1)(2+1)

+B2(B2v1 — Bz + B2 + B163)) (b3 (71 + 1) (baca(v2 + 1) + Ba(y2 — ¢3)) — brca (baca(Bi(y2 + 1) (16)
—B2(m1 + 1)) +b3(71 + 1) (2 + 1) + B2(Bam1 + B1y2 + B2 + B1(—c3))) + B1(bacz(Boy1 + Brv2

+B1 — B2c}) + b3 (v2 + 1) (¢ — m1) + Ba(—Bom1 + B1vz + Baci — Bic3))).

Of course, if the value of (y; — y2)?/4 = 0, then there are no crossing periodic orbtis. But,we will prove that
if the piecewise differential systems formed by two systems (8) is continuous then (y; — y2)%/4 = 0, which
proves that there are no crossing periodic orbits and consequently no limit cycles in this case.

{es}

{e6}

{e7}
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Now in order that the piecewise differential system formed by two systems (8) be continuous they must
coincide on z = 0; i.e. the coefficients of the system must satisfy the following algebraic system

—asb Bayicr + arbeBicaye — azbi fact + arbafBica — az B Bayi + a1B1B2ye + azfifBaci
—a1 318263 + azba 171 — arbi Boyz + aa(—b2)Bict + arbi Bac3 + asbibayicr — arbibacaye
+agbibac; — a1bibacy = 0,

—a2 20371 + a1b3 8172 — azB2bt + a1b3B1 + ax B Babicr — arbaB1Baca + a1 1835 — axfiBe
—a1 83b1 4 a2ba 57 + abobiyr — a1b3bive + aobebd — ab1b3 — anbeBibicr + anbafabica = 0,

a1 Byt — a1ae By — arazbayicr + asarbicays — ajasbacy + asarbicy — agan Back
tarazB163 + ajasBayicr — arazBicays + arazBacr — arasPBica — arazbeyr + arazbiye (17)  {cfpc.2.2}
+041042b20% - a1a2b1c§ = O,

aza B1 B2 — aropB1B2 4+ asabibays — aroebibayr + azaibibs — a1abiby + ajazby Sy
—alagbgﬂl’}/g — a1a26261 + alagblﬁg — 2a2a1b1ﬂ201 + CLQOélblﬁQCQ — alazbgﬁlcl
+2a100b281c2 + araz281 821 — arasffaca — aaaibafi + ana by B2 + 20200610201
—2a2a1b1b202 = 07

by — by =0,
together with conditions (11).
We can easily see from the last equation that by = by. Solving the second equation of (17) we get

a1 = [b7(B2(azm1 + az — a1cz) + aaficr) — bi(aef57 + Ba(azficr — a1 f2)) + a2 31 P2 (18) {81}
+03 (1 (v2 + 1) — aa(y1 + 1)1/ [B1(=b1faca + b3 (2 + 1) + B3)],

except when denominator (31 (—b1 Boco + b% (v2+1)+ 63) = 0. This denominator vanishes if and only if one
of the following three conditions holds:

dl = {Bl = 0}7
dy = {72 = (Babrcy — b7 — B3) /b3 }, (19) {as}
ds ={b1 =0, 2 =0}.

Since by = by then d3 of (19) gives a contradiction with (11).

To continue solving (17) we must discuss all cases when 31 (—by Baca+b3(y2+1)+33) = 0 and S (—by faca+
b (2 + 1)+ B3) # 0.

Case 1: Assume that 8y (—b1B2co + b3 (y2+ 1)+ B3) # 0. Using a; given by (18) we solve the fourth
equation of the algebraic system (17) and we obtain the solutions

up = {m=—(=pibicr + b7 + B57)/b3},
uy = {y2=1[b1(az (81— B2 (1 + 1))+ azfic1 — 2a2P1ca + 1 2¢2)
+02 (21 — @182 + azfy (2 — 1)) + b% (o1 — a1 + a2)]/[b1 (a1b1 — a261)]},
uz = {b1 =0, a1 = (@2f1 — 182)/(azp1) + c2},
ug = {b1 =0, B1 =0},
us = {b1 =0, f2 =0}, (20)  {u4}
ug = {a1 =af1/br, 1 = —(Bib1 (c1 — 2¢2) + b% + 5152)/5%%
uy = {ar =ap1/b1, az = axfB2/bi},
ug = {az =0, a; =0, y1 = —(B1b1 (c1 — 2¢2) + b2 + B15=)/b?},
Uug = {CLQ = 0, b1 = 0, a1 — agﬁl/ﬁg} and
uip = {b1 = O, o] = 07 61 = 0}

The allowed solutions which do not contradict (11) are ug, us, ug and ug. Then we must discuss all these
cases.
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Subcase 1.1: Consider the set us of (20). Solving the first equation of (17) we obtain one of the following
sets of real solutions

v = {ag=[bi(n + 1)(2(Bem — Pim + B2) — azBz(m1 + 1)cz + azBacr(n +1)
—2031¢3 + 2azB1¢1¢2) 4 b3 (az(B1 — B2)Ba(y1 + 1) + Brer(—as
((B1+ B2)71 + B2) — 2a2B2(71 + 1)ca + 2a251¢3) + 2a281 B2c3 (71 + 1)
tasBie2(3B171 — Bo(11 + 1) + B1) + aefic — 3asBicact) + B1b3
(a2B2(B2y1 + B1 + B2) + c1(azf2((B1 + B2)71 — B1 + P2) — 2a251@2¢§
+azB1(B1 + B2)c2) + azBaca(—3B171 + Bavi — Bi + Ba2) — az B Bach
+3a2B1 20203 — 202 87¢3) — B Babi(az(B2 + B1((c1 — 2¢2)ca — 1) + Bacica)
+az(fica + (B2 — Br)er)) + B3 (az(ca — 1) + az)
b} (—(c1 = ¢2)) (v + 1)%]/[B2(0F + B5) (b1 frcr + bi (1 + 1) + B},

v = {b1=0, p1 =0},

vy = {b1 =0, B =0},

vy = {az=a2b/B2, c1 =bi(n+1)/B1+B/bi}, (21) {vs}

vs = {f1=0, 1 =-1},

ve = {e1=2c2—bi(n1+1)/B1, B2 =0},

v = {er = (bi(biy + b+ Bica) — [bi(=2B1bfca(m + 1) + B7bi(c3 + 4m)
+07 (1 +1)? = 4p7e2)]'/?) /(261 1), B2 = 0},

Vg = {Cl = (bl(bl’h + by + 5162) + [b1(—2516%62(’71 + 1) + B%bl(cg + 4’)/1)
+b3 (71 + 1) — 487¢2)]/?) /(261 1), B2 = 0},

vg = {az=0, B2 =0},

vio = {e1 = (2bica + 1 — B2)/(2b1), M1 = —(Bi(=2b1ca + Bi + B2))/(207) — 1},

v = {ec1=c2, f1 =0, B =0},

vi2 = {a2=0, 81 =0, B2 =0} and

viz = {f1=0, fo=0, 1 =—1}.

The allowed real solutions which do not contradict (11) are v1, v7 and vg of (21). Then we must discuss these
three cases.

Subcase 1.1.1: Consider the set v of (21). We solve the third equation of (17) to obtain one of the following
sets of real solutions

w1 = {bl = 0},

wa {B2 = azby/as},

w3 {B2 = —=b1(b1y1 + b1 + Brcs — 2B1¢2) /P }s

wy = {fa=—[(Bibi(cr(ca — 1) +m1) +bi(er —ca)(m + 1) — Biea) (Bibi(—2cam
—ci((c1 = e2)? +2)) + 0¥ (v +1)((c1 = e2)® + 71 +1) + 57 (c3 +1))]
/[(Bier = biya)(=2b1Brer(m + 1) + b3 (v + 1) + BE(cf + 1)1},

Uus = {ag = O7 b1 = 0},

Weg = {a2 = 07 Qo — 0}, (22) {WS}
w; = {b1 =0, 1 =0},

wg = {c2=c1, 11 = pici/bi},

wg = {f1=0, 11 =-1},

w10 = {bl = 07 Cc1 = 07 Coy = 0},

wyy = {e2=c1, f1 =0, 1n=-1} and

w2 = {ea=c1, f1 =0, 11 =0}

The allowed real solutions which do not contradict (11) are wy and wg of (22). Then we must consider these
two cases.

Subcase 1.1.1.1: Consider the set wy of (22). Then we have now a continuous piecewise differential system
formed by two systems (8). From (16) we get (y1 — y2)?/4 = 0 then we have no periodic orbits formed by
(8) and (8) in this subcase.
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Subcase 1.1.1.2: Consider the set wg of (22). Then we have now a continuous piecewise differential system
formed by two systems (8). Solving the algebraic system (12) becomes
b3 (y1 — y2) (b3 + B3) (2B1b1cays + 2B1bicaye + 2bicy + 2B1b3y1ya + biyr + by + 261¢3)
(Bibiys + b1 + Bre1) 2 (Bibiyz + b1 + Bre) ?

)

and
b2 (y1 — y2) (b3 + B2) (2B2b1c1y1 + 2B2bicryz + 2bicr + 2B2b3y1ya + b3yy + biya + 2Bac3) _
(B2b1y1 + b1 + Bacy) 2 (Babryz + b1 + Pacy) 2
From these last two equation we get y3 = y2 or y1 = y2 = —c1/b1, then we have no periodic orbits in this
subcase.

Subcase 1.1.2: Consider the set v7 of (21). In this case (14) and (15) give y1 = —c2/b1, and yo = —ca/b1.
Then we have no periodic orbits in this subcase.

Subcase 1.1.3: Consider the set vg of (21). Also in this case from (14) and (15) we get y; = —cz/b1, and
ya = —co/b1. Hence we have no periodic orbits in this subcase.

Subcase 1.2: Consider the set uz of (20). The first equation of (17) becomes
Ba (@21 — a1 B2) ? + 2a2 82812 (21 — 1 B2) + a3B87 (—Bayr + Brye + (B2 — 1) ¢3) =0,
which gives one of the following sets of solutions

s1 = {72 = (—Balazfi — a182)? + 2a2B2B1ca(c1 B2 — a2f1) + a3 B3 (Bov1 + (B1 — Ba)c3))

/(a357)},
so = {az =0, ag = azf/f2},
s3 = {ag =0, B =0},
s4 = {a1 =0, f1 =0} and

s5 = {f1=0, B2 =0}
The allowed solution is s; which gives
= =B (21 — a1B2) 2 + 2a2B2B1¢2 (01 B2 — o Br) + a3 B3 (Bavi + (B1 — B2) 3)
g =
a3p}
Then (14) and (15) become
(B — 1) ? + 2a9f1¢a (a2fhy — o1 ) + a3 7 (3 — m)

1
a3 3} ’

and
(21 — a1B2) ? + 2a2B1¢2 (2 — o1 B2) + a3% (¢ — )
Y2 = 233
a3
So y1 = y2 which gives no periodic orbits in this subcase.
Subcase 1.3: Consider the set ug of (20). The first of (17) becomes

—B1(azby — a2B2) (b3 (c1(Brve — Baya + B1 + Ba + 4B2¢3) — ca(Biy2 — Boyz + 1 + 2B2(c3 + 1))
—2fB2c2¢}) + Bab3(B2(2¢F — 3cact + ¢ — o+ 1) + B1(c3 — ciea + 272 + 1)) + B3b1((B1 + B2)cr
—=3p1c2) + b1 (2(c1 — 2)? + 1) (92 + 1) + A153) = 0,

which gives one of the following sets of real solutions

s1 = {61 = O}a

s2 = {B1 = [b1(B2bi(c1(—4c3 + 72 — 1) + c2(2¢3 — v2 + 2) + 2c2¢}) + B3b1(—2¢F + 3czc1
—c5+72 = 1) + 03 (=(2(c1 — c2)® + 1)) (72 + 1) — B3¢1)]/[B2bi(c5 — crea + 272 + 1)
+3b1(c1 — 3ea) + bi(c1 — e2) (72 + 1) + B3]},

s3 = {f2=agbi/az},

Sa = {(12 = 0, bl = 0}7

S5 = {ag = 0, Qg = 0},

Sg = {bl = O, ﬂg = 0} and
S7 = {ﬁg = 0, Yo = —1}
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The allowed solution is so which gives

Br = [b1(B2bT(cr(—4e3 + 72 — 1) + €2(263 — 72 + 2) + 2cacf) + B3b1(—2¢ + 32y
=3+ 72 = 1) + b (= (2(c1 — 2)® + 1)) (72 + 1) = B3er)]/[B2bF (3 — crea + 292 + 1)
+B3b1(c1 — 3e2) + bi(er — e2) (72 + 1) + B3].

Then (14) and (15) become

Ba (€3 —72) —bica (v2+ 1)
—b1fBaca + b3 (2 + 1)+ 53

_ Ba (3 —v2) —bica (12 + 1)
—b1Bacy + 07 (2 + 1) + 53

Y1 and yp =

Therefore y; = y2 which gives no periodic orbits in this subcase.

Subcase 1.4: Consider the set ug of (20). Solving the first and the third equation of (17) simultaneously

we get one of the following sets of real solutions

S1 = {042 = O},

sy = {p1 =0},

s3 = {bp =0, p =0},

sa = {B1=[b7(Babi(—((c1 — c2)® +2))(c1 — c2) = bF(2(c1 — c2)* + 3(e1 — ¢2)* + 1) — f33)]
/[(b1(er = e2) + B2)(2B2b1(c1 — e2) + b7 ((e1 — ¢2)* + 1) + B3)], 72 = Baci /by + (c1 — ¢2)

s5 = {B1=2bi(c1 —c2) + Ba, v2 = —[—Babica + b + B3] /b1},

s¢ = {b1=0, c1=0, 81 =0},

S7 = {bl = 07 ﬂl = 0, ﬁg = 0} and

S8 = {52 = O, Y2 = —1}.

The allowed solution is s4 which gives

_ b% (62[)1 (— ((01 — Cg) 2 + 2)) (Cl — Cg) — b% (2 (Cl — 02)4 +3 (01 — 02)2 + 1) — 6%)

= (b1 (c1 — 2) + B) (2Bobr (e1 —e2) + 2 (1 — )2 + 1) + 2)
and
Yo = BZCI + (e1 — 02) 2,
1

Then (14) and (15) become

_ Babicr (c2 — 1) = biea (6] — 2c0c1 + 3 + 1) — f5c
o= bl (ﬁgbl (Cl — 62) + b% (C% — 20261 + C% + 1) + ﬂ%) ’

and

_ fabicr (c2 — 1) — bies (e —2coc1 + 3 +1) — B3y
Y2 = b1 (ﬁgbl (Cl — 62) + b% (C% — 202C1 + C% + 1) + ﬁ%) '

Hence y; = y2 which gives no periodic orbits in this subcase.

Case 2: Assume that S (—blﬂQCQ + b2 (y2+ 1)+ Bg) = 0. This case is divided in two subcases regarding

dy and dy of (19).
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Subcase 2.1: Consider the set dq of (19). Solving the first and the second equation of (17) simultaneously
we get one of the following sets of real solutions

wy = {b =0},
Wo - {bl - 07 62 = 0}7
wy = {e1 = —[a2f3bi(y1 + 1) + Bobf(azca(n1 + 1) — aa(y + 1) + 1) + 1 B3

+agb?(—ca) (1 + 1)]/[bF (11 + 1) (azbs — azfs)],
Yo = [—Bab1 (a2t + a2 — a1c2) — a1 B3 + b3 (aoy1 — a1 + a2)]/[a1b?]},
W4y = {Oél = 0, Qg = a28s

by I3
us = {a1 =0, yy=-1},
wg = {as=0, b =0, oy =0}, (23)
wr = {b1=0, 1 =0, &g =0},
ws = {bl = O7 o] = O, Y1 = —1},
wyg = {a1=0, ap =0, B =0},
wip = {al = 07 52 = 07 Y1 = _1}7
w11 = {OQ = Oa BQ = 07 Y2 = 71}7
wizg = {f2=0, n=-1, 2=-1} and
wiz = {az=0, ag =0, f2 =0, o =—1}.

The allowed real solutions which do not contradict (11) are ws and wq2 of (23). Then we must discuss these
two subcases.

Subcase 2.1.1: Consider the set w3 of (23). Then (14) and (15) become

)= aaf3b1 (1 + 1) + Bob (agca (11 +1) — o (v + 1) + a1) + a1 85 4 asb? (—c2) (11 + 1)
b3 (v1 + 1) (a2by — azfs) ’

and
azB5b1 (y1 + 1) + B2b? (agca (y1 + 1) —ag (71 + 1) + a1) + @185 + agb? (—c2) (11 + 1)

v b3 (71 + 1) (b1 — azfa) ’

So y1 = y2 which gives no periodic orbits in this subcase.

Subcase 2.1.2: Consider the set wio of (23). First integrals have a singularity on the y—axis. Then we
have no periodic orbits in this subcase.

Subcase 2.2: Consider the set dy of (19). Then we have

_ Babica — b3 — B3
b? ‘

Y2

Solving the first and the second equation of (17) simultaneously we get one of the following sets of real
solutions

wy = {b1 =0, f =0},

wy = {b1 =0, B2 =0},

'LU3 = {al = a‘;)lﬁl’ a2 = a‘é/lgz}7

w4 - {a2 - O’ 52 - 0}7 2 3 2 2 3 2 2

us _ {041 _ Bl((al_azmzbl+211§;(;;j21§§a2+0261b1+a2b1)’ v = 7_61b162;b1+61 }7 o
We = {a1 = 07 ag = 07 bl = 0}, ( )
wy; = {az=0, by =0, 1 =0},

wg = {b1=0, B1 =0, B =0},

W9 = {ﬁl = 0, 62 = 07 Y1 = —].} and ) )

wip = {a2=0, B2=0, 1 Z—W}-

The allowed real solutions which do not contradict (11) are ws and wg of (24). Then we must discuss these
two cases.

{wé}

{w7}
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Subcase 2.2.1: Consider the set ws of (24). Solving the third and the fourth equation of (17) simultaneously
we get one of the following sets of real solutions

s1 = {51 :0}7

so = {f2 = wbi/as},
s3 = {az =0, by =0},
S4 = {(J,Q = 07 Qg = 0},

55 = a1 = 52b?(a2(3(c1702)2+1)+3a2(c2fcé2)(2~%3f;§)§b1(c1702)+a26373a2b?(017cz)27 By = 2b1(c1 — ¢2) + Bal,

S¢ = {bl = 07 61 = Oa /82 = 0}7
s7 = {ca=c1, f1 =0, B2 =0} and
ss = {a2=0, 81 =2bi(c1 —c2), P2 =0}

The only allowed real solution which does not contradict (11) is s5. Then we have now a continuous piecewise
differential systems formed by two systems (8). Now we will solve the algebraic system (12) which equivalent
to
(y1 — y2) (—2b1cy + 4b1cy + biys + biys — 262) B
(2b1c2 — biey + biyy — Ba2) % (2brc2 — biey + biyz — Ba2) 2

0,

and

(y1 — y2) (2b1ca2 + bys + bTys — 26) _0
(brea + biy1 — Ba2) 2 (bica + biya — B2) 2 .

From these last two equation we get y; = y2, then we have no periodic orbits in this subcase.

Subcase 2.2.2: Consider the set wg of (24). Then the third and the fourth equation of (17) become
aranby (1 —c2) (e1 +¢2) =0, and 2a1a2b% (c1 —c2) =0.

The only solution of these last equations which do not contradict (11) is ¢ = ¢;. In this case first integrals
have a singularity on the y—axis, then no periodic orbits in this subcase. |

Proof of statement (f) of Theorem 1. Consider the generalized isochronous quadratic systems (8) and (9).
In order that the piecewise differential systems formed by systems (8) and (9) be continuous, they must
coincide on x = 0, which means that the coefficients of the system must satisfy the following algebraic system

—3azb1 Bayicr — 16a1b2B1cay2 — 3azby facy + 3a1baBica — 3azB1 8271 + 3a1 516272
+3a2B1 263 + 4a1 B1 8263 + 3aabaS1v1 — 3o b1 Boyz — 3anba B¢ — dan by Bac3
+3ab1bayic1 + 161 b1bacays 4+ 3asbibacy — 3abibacy = 0,

—3asB2b3y1 — 16a1b3 8172 — 3a2B2b? + 3a1b3B1 + 3asBiBabict — 8aibaBi Baca + 3a11 53
_SGQ/B%/BQ - 30£1ﬁ§b1 -+ 3(12()25% -+ 30[2()21)%’)/1 + 16&1[)31)1’}/2 + 30(21)2[)% — 3041[)31)1
—3opbaB1b1c1 4 8abaBabicy = 0,

46382 = 0,

3aza1 Bay1 — 3arazBiye — 3arazbayicr — 16ag0nbicaye — 3aiazbacy + 3asaibico (25)
—3@2&1B2C% — 4a1a2ﬂlc§ + 3a1a2ﬂﬂ101 + 16(11(125162’72 =+ 3@1@25261 — 304(126162

—30&10&21)2’)/1 —|— 30&10&2[)1’)/2 + 30&10&21)20% —|— 40&10&2616% = 0,

3aza1 B1 B2 — 3aroef1Pe — 16aza1b1bay — 3ai100bibayr + 3azaibiby — 3aicipbiby

+3a1a2b16271 + 16a1a2b26172 — 3a1a2b2ﬁ1 + 3a1a2b152 — 6@2@1[)16261 — 16a2a1b1,8202
—3a1a2b281¢1 — 8ayagbaBice + 3aiazB182¢1 + 16a1a281 Baca — 3oan b1 + 3oz by B2
+6aga1b1bocy + 8aga1bibacy = 0,

—16as82by — 3asby 5o + 4012()% 4+ 3abiby = 0,

together with the conditions (11).

{cfpc.2.3}
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Solving the third and the sixth equation of the algebraic system (25) we get one of the following sets of
solutions

s1 = {az =0, by =0},

S9 = {b1 = 0, b2 = 0},

S3 = {bg = 0, /82 = 0}, (26) {57}
Sa = {bl = —4b2/3, /82 = 0} and

s5 = {az=0, B2 =0}.

The allowed solutions which does not contradict (11) are so and s4 of (26). Then we have two cases.

Case 1: We consider sy of (26), then we have by = 0 and bs = 0. Solving the second and the fifth equation
of (25) we obtain one of the following sets of solutions

(1 = {/61 = O}a

uz = {B2 =0},

ug = {a1 =0, ag =0},

ug = {og=aa(2 +e+152), fo =21} and
us = {a1 =0, a1 =0, B =0}

The only allowed solution which doe not contradict (11) is u4. Then we have

«a 16¢ a
az—a2(1+61+ 2) and By = Zﬂlo
ay 3 ai
Solving the first and the fourth equation of (25) we obtain one of the following sets of real solutions

zZ1 = {a2 = O},
2= {ﬁ1:0}7 242 242 3 442 2 27
5 o (o S o s, g @) @
Z4 = {Cl = 0, Co = 0, Yo = %}.

The allowed solutions which do not contradict (11) are zg and s4 of (27). Then we get two subcases.

Subcase 1.1: We consider z3 of (27). We have now a piecewise continuous differential systems formed by
systems (8) and (9). The algebraic system (12) is equivalent to the following equations

Bi(y1 — y2) (=276} + Bici(—y1) — Bictys — 263 + 297 + 291 + 2B1my1 + 2817y + 265y192
+B1y1 + Biye) /(1 + Bryr + D)% (1 + Brye + 1)%] =0,
and
646105(640% + 9)§y1 — ) (67163 — 32cay1¢? — 6101 + 16c272 + 16B1c271y1 + 16B1c271 Y2
—3B1ctyr — 3B1ctys — 16B1cactyr — 16B1c2ciys — 3Brcaiyr — 3B1crys + 1657 cayrya + 6¢F
+16cac] + 6¢3)/[e1(c? + 1)(—16c271 — 16B1cay1 + 3¢5 + 16¢ac? + 3e1)(—16c271 — 1631 c2y2
+3¢3 + 16¢ac? + 3c1)] = 0.

Solving the first equation for y; we get
_dn+Bit+2) -2 (n+1) -y (26m +51)
! B1(—cf + 27 +2B1y2 + 1)
replacing this value into the second equation which, by excluding the trivial case y; = ys, becomes
2 (C% + 1) (301 + 802) (C% - Y1 — ﬁly?) 2
i =2y =201y — 1

Finally we obtain y; = y2 = (¢ —71)/B1. Then we have no periodic orbits, and then no limit cycles formed
by systems (8) and (9) in this subcase.

)

=0.

Subcase 1.2: We consider z; of (27). We have now a piecewise continuous differential systems formed by
systems (8) and (9). The algebraic system (12) is equivalent to the following equations
Br (1 — y2) (29% + 2m1 + 2B17my1 + 2B1m1y2 + 2B3y1y2 + Biyr + Biyz)
(Mm+Byr+1)2 (7 + Bry2 +1)2 7
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and

(y1 — y2) (—16a27} + 6a1v1 — 16a2B171y1 — 16a2B1711y2 — 16a287y1y2 + 3a1B1y1 + 3a11y2)

aq (—16@2’)/1 — 16@2611/1 + 3@1) (—16(12’}/1 — 16@2/313/2 + 3@1)

Solving the first equation for y; we get

Y1 =

2y (n+1) 4y (28107 + Bu)
B1 (21 +2B1y2 + 1) 7

replacing this value into the second equation which, by excluding the trivial case y; = ys, becomes

2 (3a1 + 8az) (11 + Prye) 2

=0.
271 +2B1y2 + 1

Finally we obtain y; = yo = —v1/81. Then we have no periodic orbits, and then no limit cycles in this

subcase.

Case 2: We consider sy
solutions

of (26). Solving the second equation of (25) we obtain one of the following sets of

S1 = {bz = O}, ) )

o = {yi— _3ﬂ1b2(a1(3—1672)-5—40(201)1:3-2(:;;1+4b2(0z1(3—16’yz)+4a2)}7
S§3 = {bz = 0, Qg = 0}7

s4 = {bp=0, B1 =0},

s5 = {a1 = —32251, as =0} and

s¢ = {az=0, 2=}

The allowed solution is s, which means that

_361()2 (a1 (3 — 16’)/2) + 40[201) + 90[26% + 4b% (041 (3 — 16’72) + 40[2)

"=

16c2b3 '
Solving the first and the fifth equation of (25) we obtain one of the following sets of real solutions

21 = {m :7%70[2:0}7
Z9 = {(lQ = 7[()2(121)251(@1(186% + 486261 + 326% + 9) — 30[1 (301 -+ 402))

—275% (3@101 + 4a102 + 30[1) + 320[1[)% (361 + 462)2)]/[9(16b351 + 95?)],

gy = _b2(16'*/273)(41)2(5)014»;102)79631)(3@161+4(11bg)}7

(16b381+957)

z3 = }01 =0, 1= 03}’}
zg = {ae=0, 2=}
zs = {a1=0, oy = 6? az = 0}, (28)
26 = {az=-33, c=-321, B =0},
7z = {az= a1(97487§i;;8:1122(301+402), a; =0, B =0},
g = {e=-3 =0 n=2=1}
29 = {ap=0, 1 =0, 2=} and
zZ10 = {alzo, GQIW, ale, 5120}.

The allowed solutions which do not contradict (11) are z3, zg and zg of (28). Then we must discuss these

three subcases.

Subcase 2.1: We consider 29 of (28). We solve now the fourth equation of (25) to obtain one of the following

sets of real solutions
U1
V2
U3
V4
Us
Vg
U7
vg

{b2 =0},
{61 = _4?;?2 )
__ ba(3cit4ca)(9¢i+24czc1 +16c3—1272+9)
{Bl - 5 2772 }7
{r2=1h (29)
{a'l = 0; b2 = 0}7

{a1 = O, o] = O},
{b2 = O, Yo = 0} and

{ea =—32, 5 =0}

{z1}

{z2}
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The allowed solutions which do not contradict (11) are vs and vg of (29). Then we must discuss these two
subcases.

Subcase 2.1.1: We consider vz of (29). We have now a piecewise continuous differential systems formed by
systems (8) and (9). We solve the algebraic system (12) we get two different pairs (y1,y2). The first pair is

862

yllfff’/ \/>1/ +%7

and
3 o — 8¢
oy = % R~ V3 s L?
Where
R 4v/3by (3¢ + 4c2) Yo/ Ra + 27263 + 192¢oy0¢1 + 128¢3v0 — 27¢3 — T2c0¢01 — 48¢3 — 2473
1= b% (301 + 4C2) 2 ’
and

1 (e +2) 3

Ro =
2 b%

The second pair is

_ Gy2
3 c ca 862
iy = _%\@ + Y2 R+ L
and
— 8¢
\ff + £ / 5+ 301+4cz 2
8by
Where

—4+/3by (31 + 4ca) Y2/ Ra + T2y2¢3 + 192cay2¢1 + 128¢3y2 — 27¢3 — T2coc; — 48¢3 — 2443
b% (361 + 462) 2 ’

Then in this subcase we can have at most two limit cycles formed by systems (8) and (9).

S:

We have ya25 > y15 > y2; > y1; and since the invariant straight line
3(3c1 +4ez) (Bey + 8e2) 2 — 3673 + 2772 — c2 (31 + 4ez) ((3ey +4e2) 2 +9)

by (301 + 462) ((3()1 + 402) 2 12’72 + 9)
Q172

_|_
bg (361 + 462) ((301 -+ 402) 2 - 12")/2 + Q)I

intersects the y—axis at

40% + 36102 — 3’y2
3b201 + 4b202

and because yo € [y12,Y2] Or Yo € [y11,921] (o & (—00,911) U (y21,912) U (429, +00)) we conclude that we
have at most one limit cycle.

Yo = —

Then the unique limit cycle, if it exists, must be constructed in the segment [y14,y25] or on the other
segment [y1q,y21]. In what follows we prove that there is no limit cycle under these conditions, for this
reason, we consider the generalized system (10), and from all the sets of parameters that give continuity we
choose only B3 = 0, then the generalized system (10) becomes

1
z = ——(1672 + 16z — 3)(azz + bay + c2),
30(2
. 1
g = Taatn (a2(boy + ¢2) (1672 + 8aox — 3) + a3z (1672 + 12a0x — 3) — daa(boy + ¢2)? — 3o (72 + o)) |

which is equivalent to the following ordinary differential equation
3as (72 + aox)
asx + bay(z) + c2
dy _ by
dx 162 4+ 16z — 3

+ az (—167v2 — 12a0z + 3) + daace

+ dasy(z)

(30) {odeGnle4}
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Solving the initial value problem (30) and y(0) = yo, we obtain the following set of solution

b/ W4 W\/ Wo 4+ 8asx + 8¢y

1 1 asx + ¢
vle) = 8 by and y(z) = oW1 Wy — 22

8 bg W13/2 b2

where
W1 = 1672 4+ 16asx — 3, and
Wy = 64 (asx + c2) 2/W1 — 2¢/W, (32 (a2z + c2) 2 — 24y, — 24w + 9) + 2Wl(32(1723"1’;2233’2472*9)_

Replacing by & = 0 in the value of y(z) we get

b, [zt mgere (VIO 3(bavo-+ea)?) /2
+ Co

(b2yo+c2)?
by ’

b2, |3 iens a7z (VIBT2 =3 (bavo +e2)”) 2
\ B

(b2yo+c2)?
ba

yr(orys) =—

and

— ¢y

ya (ory1) =

Since the midpoint of this last point y; and ys is
(1 +y2)/2 = —ca/ba, (31) {mp1}

and because the midpoints of the segments [y14, y25] and [y11,y2,] are given, respectively, by

372
4v2( Go a2 T2) 3 6
\/gbz\/ ((3 1+222) ) + V2 _ 8C2

5 3c1+4ce
(Y12 +y20)/2 = 8by : ) (32)  {mp2}

and

__ 372 _
\/gb 472((361+402)2 +2) 3 __ 672 ]
2 b2 3o, t+dc; T 8C2

(Y11 +y21)/2 =~ Sy (33) {mp3}

Equation the right-hand sides of (31) and (32) (and (33)) we get 72 = 3/8. This value of v, gives complex
values for 414, y29, y11 and ya;. Finally, the continuous piecewise differential systems formed by (8) and (10)
have no limit cycles.

Subcase 2.1.2: We consider vg of (29). We have now a piecewise continuous differential system formed by
systems (8) and (9), we solve the algebraic system (12) we get two different pairs (y1,y2). The first pair is

_ vV 4b% — 987 + by (B1VT1 — 2) + 6B1c1

n 8by 31
and
Y 403 — 967 + by (51\/71+ 2) — 611
vz = 8b2 31 ’
‘Where
4b, (/403087 +2b2 )
_ - _
7’1' — 1
b3
The second pair is
. \/4[)% — 95% + b2 (51\/77—2* 2) + 6&101
Y1 = 8b2ﬂ1 )
and
o = VA3 — 987 — by (B1v/ Tz +2) + 6511
2 = .

8b231
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Where

4b, (/103957 —2b2 )
7
b3

-9
Te = .

Since we have
Ti < 0and 73 <O0.

Then we have no limit cycles formed by systems (8) and (9).

Subcase 2.2: We consider zg of (28). We solve now the fourth equation of (25) to obtain one of the following
sets of real solutions

up = {by =0},

U = {Oll = O},

ug = {ag= 7(};((2;24?;)2)} and
uy = {a1 =0, 2=23}

The allowed solution which does not contradict (11) is v3. Then we have

o :Oq (9—48’72)
T 44y —3)

We have now a piecewise continuous differential systems formed by systems (8) and (9), the algebraic system
(12) is equivalent to

by (y1 — y2) (—2b2y1 — 2bays + 3c1) _
(472 — 3)2

0,

and

b2 (yl — yg) (—2[)22]1 — 2b2y2 + 361) (24b2C1y1 + 24[)2013}2 — 16b§y% — 16[)32}% — 18C% + 24’}/2 — 9)

=0.
16’)/2 -3

These two last equations have the solution y; = ya or y1 = —ya + 3¢1/(2b2). Then we have a continuum of
periodic orbits and then no limit cycles formed by systems (8) and (9).

Subcase 2.3: We consider zg of (28). We solve now the fourth equation of (25) to obtain one of the following
sets solutions

up = {by =0},
us = {a; =0} and
Uus = {OLQ = 0}

All allowed solution contradict (11). Then we have we have no piecewise continuous differential systems
formed by systems (8) and (9) in this case. |

Proof of statement (g) of Theorem 1. In order that the piecewise differential system formed by two systems
(8) and (10) be continuous they must coincide on 2z = 0; i.e. the coefficients of the system must satisfy the
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following algebraic system

—3asb1 Bavicr + 8arbaBicaye — 3asbi Bact + 3arbaBico + 4ai B1B2v3 — 3ax i Ban
+3a1 818272 + 3a251 8265 — 16a1 182635 — 4o b1 B2ys + 3aabafivi — 3a1bi Bay2
73(12[)2516% + 160[1b1ﬁ26§ + 30&21)1()2’}/101 — 8()41b1b2€2’)/2 + 30421)1()261 — 30&1b1b262 = 07

—3asBabivi + 8a1b3B172 — 3azBab? + 3a1b381 + 3asB1B2bic — 24a1ba 1 Bacs + 8a1 1832
+3a13135 — 3a21 B2 — 8a1 f3b172 — 31 83b1 + 3aaba BT + 3aababivi — 8ab3bye

+30{2b2b% — 3041[)31)1 — 30[21)251[)101 -+ 240&1[)2521)162 = 0,

—dayazB173 + 3ason Bay1 — 3aranfiye — 3arasbeyicr + 8asaibicays — 3aiasbacy
+3asa1bicy — 3asay foct 4 16a1a2B1¢3 + 3a1azB2y101 — 8arasBicays + 3arasfBacy
—3arasBica + daraabiys + 2a19baBica + araz B fact — arasBiPace — asarba B
+O{20(1b162 + 20(20[1()11)201 — 30(10[2()2"}/1 + 30(10[2()1"}/2 + 30(10[2()26% — 16&1&21)16% = O,

—8a1 a1 8272 + 3azan B1 B2 — 3araz 182 + 8asa1bibays — 3aiaabibayr + 3azan bibs
—3araabiby + 3arazby Bay1 — BarazbaBiye — 3arazbaBi + 3arazb B2 — bazai b Bacy
+8aza1by Baca — 3arcbaBicy + 32a1abyB1ca + 3araz B Bact — 8araz B faca
+80£20(1b1ﬁ2’}/2 — 30(20[1[)251 + 30[20[1b1ﬁ2 + 60[20[1b1b201 — 320&20[11)11)202 = 0,

8ao Baby — 3ashiPBa + 40&2ﬁ§ — 160&2b% + 3agb1by = 0,

together with conditions (11).

Solving the second and the third equation of (34), we get the following sets of real solutions

S1
59
S3
S4

a!
S5

j§a!
Se
S7
S8
S9
510
S11
12
513
S14
515
516
S17
518
519
520
521
522

523

{b2 = 0552 = O}a

{62 = OaﬂQ = 0}7

{52 =0 Y1 = _ﬁl(‘1152(872+3)+3a261)—3a2b§2+b1(a1b2(8V2+3)+3a2B101)}
) 3a2b] ’

{52 = _\/§b27

_ Bi(a1b2(8v2c2+872+3)+a2B1)+v2as(—Bibicy +b3+B7)+ bt

—b1 (1b2(8v2¢2+8v2+3)+asBici) }
b

b% (\/illz +062)

{62 = \/§b27

aleﬁl(_8\/502+872+3)_\/§a2(_Blblcl"rb%"l‘ﬁ%)+042,312+042b?_04251b101+a1b2b1

b3 (V2az—az)
{bl = 07b2 = 0762 = 0}7
{b1 =0,b2 =0, 82 = 0},

{bl = 070@ = *%aﬁQ = 0}7

{bl = Oaﬂl = 0a62 = O}a

{br = 0,63 = (- 2R — /28y, +3)), B = —V/2},

{bl = Oaﬂl = OaBQ = _%bQ}v

{b1=0,c2 = Bl(arﬁs?%;abgb(g%ﬁ)7/32 = V2bo},

{bl = Oaﬂl = Oaﬂ2 = \/§b2}:

{0[1 = %7012 = 0752 = 0}7

{2 =0,8,=0,72 = —2},

{a1 = aéfl,az = —V2az, B2 = —V2bs},

{02 = 78;3/%37052 = *\/500752 = *\/ib2}7

{a1 = a},’fl,az = V2as, B2 = V2b2},

fe2 = 8;3/23,012 = V2a, B> = V2bo},

{al = Oabl = 0,0{2 = _\/§G2aﬂ2 = _\/§b2}7

{al = 07b1 = 0,0{2 = \/§a27ﬂ2 = \/§b2}7

{az = 0,00 = =221 0y = 0,8, = —V/2by} and

{a2 =0,c¢ :8721\3@ =0,8; = V/2by}
2 s C2 8\/5,@2 y P2 2

(8v2c2—8v2—3) }

17

(34) {cfpc.2.4}

(35) {s8)
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The allowed solutions which do not contradict (11) are s3, S4, S5, Ss, S10 and s12 of (35). Then we have six

different cases.

Case 1: We consider s3 of (35). We solve now the first, the fifth and the sixth equation of (34) to obtain
one of the following sets of real solutions

dy
do
ds3
dy
ds
dg
dy
dg
dy
dio
az
diy
di2
di3
dig
dis
dig
dy7
dyg
dyg
dag

All real solutions contradict (11) except dig, dig and dig of (36).
subcases.

{b2 =0},

{a1 = all,fl,oézio}»

{az =0,72 = -2},

{a1 = O,bl = O,ag = O},

{bl = O,bg = 0,042 = 0},

{b1 =0,b2 =0, =0},
{b1:0 0(2:() ﬁl—O}
{b1:0 Ckg—O,’Yg 8}
{bQZ& o] = ]ﬁ] ag—O}

16 °
{by = 301y = by (8ot 3) (3by 1 — 1651 cat361) (crn by — @py)
2 — 16 ° 2 — 48ﬁ1(b2+ﬂ2)

b1 (b1 61 (a1 (18¢2 —192¢cac1+512c5+9) — 90z1cl+48a1cz)+3,31(3a101 16a1cQ+3a1)—2a1b§(301—16@)2)}
)

4861 (b7 +87)
{b - 16’ - a72 8}
{CL _ aéf27c _ b2(b101+51) Q2 :0}’
{(IQ Léfz,al = allfl Qg — 0}
{by =20 a1 =0, =0},
{a1:0,b1 :0 b2—0 052—0},
{a =34 by =30 ¢y = 32 8 =0},
24a1v2+9a1— 9604261—&-5%8‘04262 b — 3b1

{a2 = . 1328'yg+48 ; 16 » X1 = Oaﬁl = 0}7
{bQ ]b617 - 1L(317ﬁ1 = 772 7§ )

{bg 161,a2 =0 ﬁl = O,’)/Q } and

{a1 =0,a9 = 732&2822 +63a2cl by = 31b61’a1 =0,6: =0}.

Subcase 1.1: We consider dyg of (36). The fourth equation of (34) becomes
bl (8’}/2 + 3) (albl — alﬂl) 2 (b] (301 — 1602) ((361 — 1662) 2 + (8")/2 + 3) 2) + 48ﬁ1’}/2 (4’)/2 + 3))

76851 (b3 + (5?)

which has one of the following sets of real solutions

z1 = {b1 = 0}

zn = {f= albl}

2 _ {ﬁl _ b1(3c1 16L2)(9287926(2%;21:;)2)56%+(872+3) )}
24 = {72 = —5}7

z5 = {ap =0,by =0},

Z6 = {&1 = 0, a1 = 0},

z7 = {b1=O,'yg=—f

2z = {b1=0,72 =0},

29 = {eca= 3‘361,72 %} and

Z210 = {CZ = 16 772 - 0}

=0,

All real solutions contradict (11) except z3, zg and 219 of (37). Then we have three different subcases.

(36)

Then we consider these three different

(37)

For these cases we have now a piecewise continuous differential systems formed by systems (8) and (10).

Subcase 1.1.1: We consider z3 of (37). We solve the algebraic system (12) and we get the pair (y;,y2) such

that

1602 and 1662
= —_- n = -
Y1 30, Y2 3b,

Then we have no periodic orbits, and then no limit cycles formed by systems (8) and (10) in this case.

{a6}

{=z3}
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Subcase 1.1.2: We consider zg of (37). We solve the algebraic system (12) and we get the pair (y1,y2) such
that

Then we have no periodic orbits, and then no limit cycles formed by systems (8) and (10) in this case.

Subcase 1.1.3: We consider 219 of (37). We solve the algebraic system (12) and we get the pair (y1,y2)
such that

Then we have no periodic orbits, and then no limit cycles formed by systems (8) and (10) in this case.

Subcase 1.2: We consider dig of (36). The fourth equation of (34) becomes

1
—=1b1 (8y2 +3) (162 (872 +3) — %) =0,

256
which has one of the following sets of real solutions
Z1 = {bl = 0},
zn = {oq =0},
z3 = {al = 1?6‘052 (8’}/2 + 3)} and (38)
Z4 = {’}/2 = —% .

All real solutions contradict (11) except z3 and z4 of (38). Then we have three different subcases.
We have now a piecewise continuous differential systems formed by systems (8) and (10).

Subcase 1.2.1: We consider z3 of (38). We solve the algebraic system (12) and we get

Then we have a continuum of periodic orbits, and then no limit cycles formed by systems (8) and (10) in
this case.

Subcase 1.2.2: We consider z4 of (38). First integrals have a singularity on the y—axis. Then we have no
periodic orbits, and then no limit cycles formed by systems (8) and (10) in this case.

Subcase 1.3: We consider dig of (36). We have immediately a piecewise continuous differential system
formed by systems (8) and (10). the first integral of (10) has a singularity on the y—axis. Then we have no
periodic orbits, and then no limit cycles formed by systems (8) and (10) in this case.

Case 2: We consider s4 of (35). We solve now the sixth equation of (34) to get one of the following sets of
real solutions

S1 = {bg 0},

sa = {ba= %} and

S3 = {O[Q = —\/iag}.

The only allowed real solution is sz, we consider then by = 3b1/8. Solving the first equation of (34), this
gives all the following sets of real solutions

uy = {042 = WM[ﬁlb%(8al(8’ﬁ + 3)02 - 9&101 (8\/502 + 8’}/2 + 3) + 128\/5&10%
—8v2a172 (472 + 3) — 24v/2as + 901 (8v/2¢2 + 872 + 3)) — 9a137b1(8v/2¢2 + 872 + 3)
—241/2a533 + a1 b3 (—8(872 + 3)ca + 9¢1(8v/2¢o + 872 + 3) — 128v/2¢3

+8v272(472 + 3))1}, (39)
U2 = {bl = 0761 = 0}7
_ _ 8(V2(8y243)ca+32¢3 —272(472+3)) _
uz = {c = ;(16621\/5(827%;)) 222,61 =0} and
ug = {a;=0,58 =0}

All real solutions contradict (11) except u; and us of (39). Then we have two different subcases.

{z4}

{us}
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Subcase 2.1: We consider u; of (39). Solving the fifth equation of (34) we obtain

21

|+ 4+ +

I+

2]
23

Z4 =
Z5 =
26

27
zZg =
Z9 =
210 =
211

212
213

All real solutions contradict (11) except z1 and zg of (40). Then we have two different subcases.

{as = L —[b1(B1b1 (a1 (512v/2(872 + 3)c3 — 64(1673 + 1272 — 9)co

7281 (b2452) (16c2+v/2(872+3))

54c2(16c2 + V2(872 + 3)) — 6¢1(80v/2(872 + 3)ca + 1024¢3 + 12872 + 967, + 27)

8192¢3 + v/2(—51273 — 57673 4 727 + 81)) + 301 (2(68v/2(872 + 3)ca + 640c3 + 22442

16872 4 27) — 9¢1(16¢2 + V2(872 + 3)))) + 367 (9a1¢1 (16¢2 + vV2(872 + 3))
2a1(68v/2(8v2 + 3)ca + 640c3 + 22472 + 16872 + 27) + 9v/201 (872 + 3) + 1440 ¢o)

20102 (27¢2 (16¢2 + V2(8v2 + 3)) — 3¢1(80v/2(872 + 3)ca + 1024¢2 + 1282 + 967, + 27)
— 4872 + 9)eg + 512¢3 —

8(32v2(872 + 3)c3 + (—6473

{b1 =0},

{1 = 2k},

{a1 = O,bl = 0},

{CLl = O7 o] = 0}

{bl _ O,Cg 8’72—0—3}

{b1 =0, =0},

{a — oqbl Loy = 872+3}

{e1 = 361 J;Sill(872+3) _ 8’Y2+3}

{1 =1 (32e0 + f(872 +3)), /31 =0},

{er = s(\/i(sw2+3)@+32c§—272(472+3))
r= 9(16c2+V2(872+3))
{1 =0,61 =0} and

8 243 _ 8v2+3 _
{Cl— g\/ﬁ’c__’gy\@761_o}'

V272(3292 + 3672 +9))))]},

7ﬁ1 = 0}:

Subcase 2.1.1: We consider z; of (40). We solve now the fourth equation of (34) we obtain

U1

V2
U3

I++++++1

V4
Us

Ve
v7
vg
Vg

{bl = O}a
{61 = %}7

{B1 = —[b1(243¢3(16v/2(8v2 + 3)ca + 128¢3 +
256¢5 + 9ca — V/272(3272 + 3672 + 9)) + 3¢1(10240v/2(872 + 3)c3 + 3072(492 + 372 + 6)c3

(872 +3)?) — 648¢7(24V/2(842 + 3)c3

8v/2(51273 + 57672 4 165672 + 567)co + 114688¢3 + 1024075 + 153603 + 1180872

45367, + 729) — 8(3072v/2(8v2 + 3)ch + 128(64~3 + 487y, + 81)c3 + 16+/2(12873 + 14442
39672 + 135)c3 — 9(32v3 + 2475 — 27)c2 + 32768¢3
11885 4 243)))]/[24(512v/2(8v2 + 3)c3 + 24(25673 + 19275 + 33)c3 + v/2(2048~3 + 2304~3

79275 + 81)ca + 2048¢4 + 72(512+3 + 76872 + 39672 + 81))]1,

{CL1 = 0, bl = 0},

{&1 = 0, Q] = 0},

{b = 0,72 —V2¢s},

{a1 = 802 = —V2¢2},

{b = 0,72 —\/502 -3} and

{or =82,90 = —V2¢;, — 3}

— V/272(1024~% + 192073 4 201673

20

(40) {=z5}

(41) {ve}

All real solutions contradict (11) except vs, v7 and vg of (41). Then we consider three different subcases.
These cases give continuous piecewise differential systems formed by systems (8) and (10).

Subcase 2.1.1.1: We consider vz of (41).

—v/2by, by = 3b1/8 and the change of variables
y1+y2 =t and y1y2 =s,

is equivalent to the following algebraic system

Where
F1 = 2(’}/1

F482+F5$+(F6+F78)t2+

+ 1) (bici(y + 1) + Bi(mn — 7)),

Fi+ Fos+ Fs5t = 0,

(Fs +F98)t+F10t3 +F11

Now the algebraic system (12), by using only two parameters

(42) {ste}
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Fy =261 (=b1frer + b (n + 1) + 67),

Fy=0{(m +1)* 4+ BF (= +2n1 + 1),

Fy = 324b%(16¢2 + v/2(872 + 3)),

Fs = —18b3(8v2 + 3)(96(8v2 + 3)ca + 2561/2¢3 + v/2(64y2 (475 + 3) + 45)),
Fs = —18v/202 (85 + 3)(—256¢3 + 3272 (42 + 3) + 9),

Fy = —324b%(16¢2 + v2(872 + 3)),

Fg = 9b1 (872 + 3)2(—256¢2 + 327y2(47y2 + 3) +9),

Fy = 54b3(64v/2(8v2 + 3)ca + 2563 + 9672 (42 + 3) + 63),

Fio = 27b3(—256¢3 + 3272 (472 + 3) + 9), and

Fip = 16(872 + 3)3((872 + 3)ca + 16v/2c3 — /272472 + 3)).

Solving the first equation of (42) with respect to s we get
o —2brcy (v1 + 1) 2403 (v + 1) 2(=t) + B (¢ 2y + Bit +2) — 291 (1 + 1) — ¢ (210 + B1))
261 (=b1Srca + b3 (1 + 1) + B3) )

We invoke parameters 1 from s4 of (35), and ay from w; of (39) replacing them together with this last value
of s into the second equation of (42), we get a cubic polynomial in ¢ which has the following form

16 (V2 (872 4 3) c2 + 32¢3 — 272 (472 + 3))
9by (16¢2 + V2 (872 + 3))

(43)

+ t> (G3t? + Got + G4) = 0. (44)

After replacing remaining parameters, i.e.; as from (40) and $; from (41), coefficients G1, G2 and G3 are
given in Appendix 4.

Solving (44) with respect to t we get

16 (827202 + 32¢3 4 3v2co — 873 — 672)
t=— , (45)
9b; (8v/2y2 + 16¢2 + 3v/2)

or
Gst® + Gat + Gy = 0. (46)

From (45), replacing ¢ into the first equation of (42), we obtain
64 (8v/272c2 + 32¢3 + 3v/2c2 — 873 — 672) 2
S =
8167 (8v/272 + 16¢o + 3v/2) 2

and since the algebraic system y; + y2 = t, y1 y2 = s has a unique solution with respect to y; and y, except
a permutation between y;, y2 which is given by

1
ylzf(tf\/t2f4s) and yo =

2
Then, after replacing by these last values of ¢ and s, we get
8 (8v/272¢2 + 32¢3 + 3v/2¢2 — 873 — 62)
9b, (8\/572 + 16¢c + 3\/5)

(\/tQ —4s +t) ,

1
2

Y1 =Y2 =

The remaining equation (46) gives together with the first equation of (42) two solutions with respect to ¢
and s, the first is

F3(—+/G2_4G1G5—Gs
/GGG - Gy (/GG Gy)

— F1
- ds— 2Gs
5Gs and s 5 ,

{se}

{te}

{tel}

{te2}
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and the second

Fs(1/G2=4G1G5—G>
VG%*4G1G3*G2 and s — - ( 2G'3 )

2G3 F2
Therefore we have two pairs of (y1,y2), the first pair

\/§G3\/8F1G374F3(y/G374G1G3+G2>G372F2G1G3+F2(\/G374G1G3+G2)G2 BG4 G

- K
t= .

. F,G2
Y1 4G )
and
8F1G2—4F;(4/G3—4G1G3+G2 ) G3—2F,G1G3+F: G2-4G1G3+G2 )G
_\/5(;3\/ 1G4 (V/GE~4G1Ga+Ga) e 2(VE3461G1+G2)Ga G3 —4G1G3 + G
Y2 = —

4G5
The second pair is given as follows

2F (G2—/G2—-4G1G3G2—2G1G3 ) +8G3( F34/G2—4G1G3—F3G2+2F1G3
Gg\/ G )+86s( 2 )—\/G§—4G1G3+G2
b)

F,G%
Y1 = —
4G5
and
2F5 (G2—1/G2—4G1G3G2—2G1G3 ) +8G3 ( F31/G2—4G1G3—F3G2+2F1G3
G3\/ ( )F rer ( ) + G%—4G1G3—G2
Y2 = s .

4G5

Then the continuous piecewise differential systems formed by (8) and (10) can have at most two limit
cycles in this case.

Numerical example with one limit cycle.
421680 (36883794312444489036+/2—36721536410702014105)

_ _ — — _3 3 — —
ap =95, az = 1801022200403556862615777 y i =-1L ba=—-5a=3% =0 a=
10 _ 1265040(4441267076299462989+/2—13053293229304909636)  5068448v/3416938793 3 _

y Og = — 4801022290403556862615777 , Bo= T 2698752 B2 o= 427 no=
3329371/2+688364 _

144576 and 73 = 1.

Figure 1 shows the crossing limit cycle in this case. Here the points of intersection with the y—axis are
y1 = 12.7503.. and yy = —1.24732...

Subcase 2.1.1.2: We consider v7 of (41). As in subcase 2.1.1.1. the continuous piecewise differential
systems formed by (8) and (10) can have at most two limit cycle in this case. Indeed solving the algebraic
system (12), we obtain three pairs (y1,y2). The first pair is

802

Y1 = Y2 :_37171.

The second pair is

3v/26% + 64v/2¢5 8167 — 215167 + 3V2V/SB1(2v2b1 + B1)b] — 6v267b1 + 32¢287h1 + 3V/S1

Y1 =

126231 (2v/2b1 + 1) ’
yo —3V2b — 64v/2c231b3 + 215165 + 3v/2v/SB1(2v/2b1 + B1)b3 + 6v2B7by — 32¢283b1 — 3V/Sy
2 — .
1262 81 (2v/2b1 + By)

And the third pair is
_—3v2b% — 3v/2B1(2v/2by + B1) VR — 64v/2c231b7 + 215163 + 6v257b1 — 32¢283by + 3v/S)

Yy
' 12626, (2/2b1 + 1)

Yy — —3v/203 — 64+/2¢o 5103 + 218163 + 3vV2VRB1(2v2b1 + B1)b3 + 6326301 — 32¢287b1 + 3v/S1
? 1262 81 (2v/2b1 + B1) ’

with
Ry = —b3(—2b7 + 14V25,b3 + 398767 + 16V2B5b; + 457),
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y
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FIGURE 1. The crossing limit cycle of systems (8) and (10). The picture on the left is a
zoom of the limit cycle in a neighborhood of the y-axis.

Sy = b7 (201 — 14V2B,6} — 398767 — 16V237b1 — 48)),

o~} +12v28ib¢ + 31627 + V(105 — 3VRINE + (261 — 981VR)b — 2V262VRL
b3 B2 (2v/2b1 + B1)?

and

R —6b3 + 12v/231bF + 318263 + V2(1083 + 3v/R1)b? + (267 + 9VR1B1)b1 + 2v2V/R1 57

b3 B3 (2v/2by + B1)?
Since the invariant straight lines for the generalized systems (8) and (10) are given respectively as follows
8 aqzt1l
301 B’
which intersects the y—axis at the point yo; = —g% — é, and

1 (3V2-16c;  3x(2a1b1 + V2a1 51 + 201581 — V2a1b1)
' 6 by bt + B¢ ’

which intersects the y—axis at the point yg, = 3\56’%. In both pairs of y;1, y2 give y1 < y2, and in addition
we have

o If yo; < Yoo We get Yoo € [y1,y2] of the second pair (y1,y2);
o If yo; > Yoo We get Yoy € [y1,y2] of the third pair (y1,y2);
o If yo; = Yoo We get Yoy € [y1,y2] of the second and the third pair of y1, yo.

Then the continuous piecewise differential systems formed by (8) and (10) can have at most one limit
cycle.

Subcase 2.1.1.3: We consider vy of (41). As in subcase 2.1.1.1. the continuous piecewise differential
systems formed by (8) and (10) can have at most two limit cycle in this case. Solving the algebraic system

{tig1}
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(12), we obtain three pairs (y1,y2). The first pair is

802

Y1 =1Y2 :—37)1-

The second pair is

Yy = —

V2VS1  3VRy + BibF(64v/2¢s + 21) — 2587b1 (16¢2 + 3V/2) + 3fb3
4 126331 (2V/2b1 — B1)
VST 3VRI+ Bib3 (64125 + 21) — 283b1 (16¢o + 3V/2) + 3fb3
Vo 126261 (2v/2by — )
And the third pair is
C=3V2B103(2V2by — B1)VSs — 2158103 + 6V2B83b; + 3Ry — 64v/2B1b3ca + 3283b1ca — ?)\fb3
a 12b3B1(2/2b1 — B1)

3V2B103v/85(2v/2b1 — B1) — 21163 + 62871 + 3Ry — 64v2B1b3co + 3263b1co — i’)\fb3

1

b2 = 12023, (2v/2b, — B1)
with
Ry = b3 (14V28:65 — 398262 + 16V/2B5b, + 2bF — 487,
S = 1225161 — 315363 + V2b3 (3v/R1 + 1087) — 281b1 — 9B1b1 VR + 2V263VRy + 6b5
b} B2 (81 — 2v/2b;)?
and
s, — ~12V201b1 + 316768 + V2T (3VR: — 106}) + 2611 — 95161 VR + 2V25F VR — 667
2 =

0367 (Br — 2v/2b1)?

The invariant straight lines for the generalized systems (8) and (10) are given respectively by

8z ajz+1
Y 3b, B
which intersects the y—axis at the point yo; = f% — é7 and
o (2&1[)1 — \/5&151 + 2a1 81 + \/50411)1) B 16¢o + 3\@
B 2(b2 4 53?) 6b;
which intersects the y—axis at the point yg, = 7%@. The third pair (y1,y2) give y1 < y2, and in

addition we have

o If yo; < Yoo We get Yoq € [y1,y2] of the third pair (y1,y2);
o If yo; > Yoo We get Yoy € [y1,y2] of the secondd pair (y1,y2);
o If yo; = Yoo We get Yoy € [y1,y2] of the second and the third pair of y1, yo.

Then the continuous piecewise differential systems formed by (8) and (10) can have at most one limit
cycle.

Subcase 2.1.2: We consider zg of (40). We solve now the fourth equation of (34) becomes
—9\/5 (Oé1b1 - alﬁl) (b% (60,151 - 320,251) + (3&1 - 320,2) B? + 90[1612171 + 6(11[):13) =0.

All sets of real solution for this last equation is given as follows

2a2 61 (b24+62)—3a1 (26281 +53
er = (o = AU ),
€2 = {61 = %}7
es = {a1=0,b; =0}, (47)
€4 = {0,1 = 0, ) = 0},
s = {a2 = %, bl = 0} and

eg = {bl = O,ﬁl = 0}

{e8}
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The only allowed solution is e;. Then we have

_ 32a231 (bf + 5%) —3a1 (25%51 +5§)
932by + 663

g

In this case the algebraic system (12) has no real solutions

V201 (872 +3) + (3 3i)3 V201 (872 +3) + (34 3i) A
- 607 and gz = 607
1 1

U1

and then the continuous piecewise differential systems formed by (8) and (10) has no limit cycle in this case.

Subcase 2.2: We consider uz of (39). Solving the fifth equation of (34) we obtain all sets of real solutions
as follows

w1 = {bl = O},
Wy = {011 = 0},
- 8a2(32(872+3)C2+128\/§c§+\/§(64~/§+4872+27))727(11(32(872+3)02+128\/§c§+\/5(872+3)2)}

ws = 2= 16(64v/2(875+3)c2+512¢3+ 25673 +19272+27) » o (48) {ws}
1

wy = {ag = 3”%,02 = —7%%9} and
16 3

Ws = {CL2 = %,CQ = *71;;3;% }

The allowed solutions are ws, ws and ws. Then we have three different subcases

Subcase 2.2.1: We consider ws of (48). We solve now the fourth equation of (34) and we obtain

€1 = {bl = 0},
€y = {oq = 0},
es = {a1 = —[(3a1 — 8ay)(8192(8v2 + 3)c3 + 192v/2(25672 + 1927 + 87)c3 + 16(204875 + 2304+32
+ 2088z + 567)cy + 16384v/2¢5 + 1/2(4096v5 + 61443 + 835272 + 45367, + 729))]
/  [54(1536(8v2 + 3)c3 + 24v/2(2567F + 1925 + 33)co + 40961/2¢3 + 204875 + 23043 + 7927, + 81)]},
€4 = {’72 = *\/502 - %},
es = {agz%,’m:—\/@@—%} and

e6 = {ag =329 =—V2c— 5}

The allowed solution is ez. The algebraic system (12) in this case has complex solutions and then the
continuous piecewise differential systems formed by (8) and (10) cannot have limit cycles.

Subcase 2.2.2: We consider wy of (48). We solve now the fourth equation of (34) which becomes

27Ta1b0q (3\/5&1 + 6ay + 8042) =0,

we obtain
e = {bl = 0},
es = {a;1 =0} and
€3 = {CYQ = %3 (\/ial + 2&1)}.
The allowed solution is e3. The algebraic system (12) in this case gives y; = yo = W or has complex
solutions
8v/2y2 + 6v/2 — 3iv/10 8v/2ys + 6v/2 + 3iy/10
Y1 = 6b1 and y; = 6b, )

and then the continuous piecewise differential systems formed by (8) and (10) cannot have limit cycles.

Subcase 2.2.3: We consider ws of (48). We solve now the fourth equation of (34) which becomes
2701y (3\/§a1 — 6oy + 8a2) —0,

we obtain
€1 = {bl = O}a
€2 {a1 =0} and
{0[2 = %3 (\/5(11 - 20[1)}.

€3
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The allowed solution is e3. The algebraic system (12) in this case gives y1 = y2 = 4‘3/3:2, or has complex

solutions

8v/2v, — 3iv/10 nd 8v/272 + 3iv/10
- 1 =,

Y1 = 6y Y2 6y

and then the continuous piecewise differential systems formed by (8) and (10) cannot have limit cycles.

Case 3: We consider s5 of (35). This case gives the same results as in the case 2 and all bifurcated cases
given in case 2 have the same conclusion as follows:

We solve the sixth equation of (34) to get one of the following sets of real solutions
S1 = {bg = 0},

S92 {bz = %} and

S3 = {0(2 = \/iLZQ}.

The only allowed real solution is s2, then by = 3b1/8. Solving the first equation of (34), this gives all the
following sets of real solutions

Uy = {Otg = W[Qalﬁfbl (8\/502 — 8’}/2 — 3) + 24\/50,25% — Oélbils(gcl (8\/502 — 8’}/2 — 3)
+8((87v2 + 3)ca — 16v/2¢3 + V272(472 + 3)))
b%ﬁl (9@101 (8\/502 - 8")/2 — 3) + 8@1((8’)/2 + 3)62 — 16\/50% + \/5’}’2(4’}’2 + 3))

+24v/2az + 901 (~8v/2¢s + 832 + 3))] ). (49)
U2 = {bl =0,p1 = O}’
8(vV/2(8v2+3)ca—32¢2 4272 (47243
ug = for = 22 792(?2)(;7#3)2:6122() 249) 5 =0} and
Uy = {al =0,6 =

All real solutions contradict (11) except u; and us of (49). Then we have two different subcases.

Subcase 3.1: We consider u; of (49). Solving the fifth equation of (34) we obtain

2 = {ay= 7251(b§+/3‘12)(\/1§(8y2+3)—16C2) [b1(B1b1(a1(512v/2(8s 4 3)c2 + 64(1673 + 12v5 — 9)co

+ 543 (V2(872 + 3) — 16¢a) — 6¢1(80v/2(872 + 3)co — 10243 — 12872 — 96y — 27)
—  8192¢3 + V/2(—5127y5 — 57673 + 7272 + 81)) — 31 (—136/2(872 + 3)c2
+9¢1(V2(8vy2 +3) — 16¢2) + 1280c3 + 44873 + 33672 + 54)) + 387 (a1 (—136v/2(872 + 3)ca
+ 9¢1(V2(8v2 + 3) — 16¢2) + 1280c3 + 44872 + 33672 + 54) + 91 (vV2(872 + 3) — 16¢2))
—  20162(27¢2(V2(8v2 + 3) — 16¢2) + c1(—240v/2(872 + 3)ca + 3072¢2 + 38472 + 288, + 81)
— 8(—32v2(872 + 3)c5 + (—6473 — 48v2 + 9)ca + 51265 + V272(3295 + 3672 +9))))]},
Z9 = {bl = 0},
7 = {f=uby
Z4 = a) = 0, b1 =0 s
z5 = }al = 07 a1 = 0}} (50)
Ze = {bl = 0762 = 8’Y2+3}
zZ7 = {bl =0 51 = 0}
25 = {al 1171 o = 8’Yz+3}
5 = {C _ 3ﬁ1+\/;bbll(sw2+3) _ 872+3}
z0 = {aa=3 L (32co — \f(S’YQ + 3)) 51 =0},
_ 8(\/5(872+3)02—32c§+272(4’72+3)) .
211 {ar = 9(V2(872+3)—16¢5) ;1 =0},
Z12 = {Oél = 0, ﬁl = 0} and
Z13 = {C = ng/gg, Co = 8;?;;,61 = 0}.

All real solutions contradict (11) except z; and zg of (50). Then we have two different subcases.

{u6}

{z6}



LIMIT CYCLES OF CONTINUOUS PIECEWISE DIFFERENTIAL SYSTEMS 27

Subcase 3.1.1: We consider z; of (50). We solve now the fourth equation of (34) we obtain

(% = {b1 = 0},
vy = {Bi= %}7
v = {B1 = —[b1(—243¢3(16v/2(872 + 3)ca — 128¢3 — (872 + 3)?) — 648¢3 (—24v/2(8v2 + 3)c3
+ 25663 + 9co + V/272(3293 4+ 3672 + 9)) — 3¢1(10240v/2(872 + 3)c3 — 3072(4~3
+ 3y2 +6)c2 + 8v/2(51295 + 57672 + 1656y2 + 567)co — 114688c5 — 102403 — 1536073
— 1180872 — 45362 — 729) — 8(—3072v/2(872 + 3)c3 + 128(642 + 4872 + 81)c3
—  16v/2(128v3 + 14472 + 3962 + 135)c3 — 9(3292 + 2479 — 27)ca + 32768¢5 + v/272(1024~3
+ 192073 4 201673 + 11887, 4 243)))]/[24(512v/2(8v2 + 3)c3 — 24(25673
+ 19275 + 33)c3 + v/2(2048~3 + 230472 + 79274 + 81)co — 2048¢ — 72(512v3 + 76872 + 39672 + 81))]},
Vg = {a1 = 07 b1 = 0},
Vs = {Cbl = 0,(11 = 0},
vg = {b1=0,72=2e},
vy = {a= 8%7% = \/icz}a
vg = {b1=0,72 =2c, — %} and
vg = {or=532,7=V2c—2}.

(51) {v7}
All real solutions contradict (11) except vs, v7 and vg of (51). Then we consider three different subcases.
These cases give continuous piecewise differential systems formed by systems (8) and (10).

Subcase 3.1.1.1: We consider vz of (51). Now the algebraic system (12), by using only two parameters
Bo=12by, by =3 b1/8 and the change of variables

yity2=1t and Yy =s,
is equivalent to the following algebraic system

E1+EQS—|—E3t = 0,

52 tel
E452+E5S+(E6+E73)t2+(E8+E95)t+E10t3—|—E11 = 0. ( ) {se}

Where
Er=2(m+1) (e (m+1)+61(n— ),

By =21 (=biBrer + b3 (v + 1) + B7)

By=b(m+1)2+8 (-3 +2m +1),

Ey = 324b} (V2 (872 + 3) — 16¢2) ,

E5 = —18b% (872 + 3) (—96 (872 + 3) 2 + 256v/2¢3 + v/2 (6472 (472 + 3) + 45))
Eg = —18V/2b% (872 + 3) (—256¢3 + 3272 (472 +3) +9) ,

Er = —324b1 (V2 (872 4 3) — 16¢2)

Eg = —9b; (82 4+ 3)? (—256¢3 + 322 (472 + 3) +9) ,

Eg = 54b3 (64v/2 (872 + 3) c2 — 256¢3 — 9675 (472 + 3) — 63) ,

E1o = 27b% (256¢3 — 3272 (472 + 3) — 9) , and

Eip = =16 (8724 3) 3 ((872 + 3) c2 — 16v/2¢3 + V272 (472 + 3)) .

Solving the first equation of (52) with respect to s we get

go Tt D2 R A DA+ A (G Cn 4B D) Mt D) t@EMAB)
- 21 (e + 5 (1) + 5) | -
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We invoke parameters 71 from s5 of (35), and ae from wu; of (49) replacing them together with this last
value of s into the second equation of (52), we get a cubic polynomial in ¢ which has the following form

(16 (8v/272¢2 — 32¢3 + 3v/2¢s + 82 + 672)

+t | (Hst? + Hot + Hy) = 0. 54
9b, (8\/5’72—1602-%3\/5) >( ’ 2 2 54

After replacing remaining parameters, i.e.; as from (50) and f; from (51), coefficients Hy, Ho and Hj are
given in Appendix 5.

Solving (54) with respect to ¢ we get

16 (8V/272¢2 — 3263 + 3v/2c + 873 + 6v2)
9b1 (8v/272 — 16¢2 + 3v/2)

; (55)

or
Hst? + Hyt + Hy = 0. (56)

Replacing ¢, from (55), into the first equation of (52), we obtain
64 (8v/272c2 — 32¢3 + 3v/2c2 + 873 + 672) 2
S =
8107 (8272 — 16¢o + 3v/2) 2

and since the algebraic system y; + y2 = t, y1 y2 = s has a unique solution with respect to y; and y» except
a permutation between y;, y2 which is given by

1
ylzf(t—\/t2—4s) and yo =

2
Then, after replacing by these last values of ¢ and s, we get
_ 8(8V2y260 — 3263 + 3v/2¢2 4+ 873 + 672)
n= 9 (16bycs — 8v/2b17 — 3v/2by)

(\/tZ —4s+t),

1
2

The remaining equation (56) gives together with the first equation of (52) two solutions with respect to ¢
and s, the first is

Es(—+/HZ—4H, Hs—H,
. —V/H} —4H\H; — H, = e ) — Ey

d =
5H, and s £ ,

and the second

Es(+/H2—-4H,Hs—H.
VHS —AH\Hs—Hy .~ o e :) ~-E
2H3 E2 )

Therefore we have two pairs of (y1,ys2), the first pair

t =

2= AT + Ha + \/ﬁ\/SEng—zLEs(,/H§—4H1H3+H2)H3—2E2H1H3+E2 (\/H§—4H1H3+H2)H2 =

y EoH2 3
L=
4Hj ’
and
8E1H3—4E3(\/H2—4H 1 Hs+H> ) H3—2E2H1 Hs+Ea (\/H3—4H1H3s+Hz ) Ho
VH3 —4H H3 — \/§H3\/ ( ) B ( ) +H,
Y2 = — } .

4H;

The second pair is given as follows

2, (H2—\/HZ—4H; Hy Hy—2H, Hy ) +8 ( Eg\/H2 —4H, Hy— E3 Hy+2E, Hy ) Hs
—\/H22—4H1H3+H2+\/ ( ) ( ) H

EoH2 3
AH, ’

Y1 =

{te0}

{te01}

{te02}
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and

2F5( H2—\/H2—-4H,H3H>—2H 1 H3)+8( E3 H274H1H37E3H2+2E1H3 Hsy
\/H2274H1H37H2+\/ (43— VA3 )+ (/1 )

E.H2 3

b2 = AH;
Then the continuous piecewise differential systems formed by (8) and (10) can have at most two limit
cycles in this case.

Remark. Let (0,y1) and (0, y2) be with y1 < yo the two points where a limit cycle intersects the discontinuity
line z = 0 for a continuous piecewise diferential system (8)4(10). In the cases 2.1.1.1 and 3.1.1.1 we have
found an upper bound of two limit cicles. But all the computations that we have done show that when we
have two solutions (0,y1,) and (0,92, ), and (0,y1,) and (0, ys2,), they satisfy y1, < y2, < y1, < y2,. This
implies that these two possible limit cicles cannot surround the same equilibrium point of the continuous
piecewise differential system, and this is not possible because system (8) has a unique center, and if there
exist 2 limit cicles of the continuous piecewise differential system (8)4(10) they must surround the same
equilibrium point. Of course those computations do not prove that in the cases 2.1.1.1 and 3.1.1.1 cannot
exist two limit cicles, but they provide numerical evidences that probably in these cases the upper bound
that we have found is two, but the maximum number of limit cicles can be one.

Subcase 3.1.1.2: We consider v7 of (51). As in subcase 3.1.1.1. the continuous piecewise differential
systems formed by (8) and (10) can have at most two limit cycle in this case. Indeed solving the algebraic
system (12), we obtain three pairs (y1,y2). The first pair is

802

Y1 =1Y2 :—37)1-

The second pair is

- 71\/5\/772 _ 3VR1+ BibE (64v2¢, ;L 21) — 282b1 (16¢2 + 3v/2) + 3\@)‘;”
4 126231 (2v/2by — B1)
~ VR:  3VRi+ Bibi(64v2¢; +21) — 287b1 (16¢; + 3v/2) + 3\fb3
V) 12621 (2v/2by — )
And the third pair is

—3v2B1b3(2v/2b1 — B1)V/R3 — 218102 + 6v/2B2by + 3V Ry — 64v/2B1b3cy + 3287bico — 3\fb3

n= 12025, (2v/2b, — )
_3V2B163VR5(2v2b1 — B1) — 218163 + 6v/2B7b1 + 3V Ry — 64v/2531bico + 32B7bico — 3\fb3
e 126261 (2/2b; — By)
with
Ry = b2(14V23,6° — 398202 + 16V/285b1 + 2b% — 487),
R — 12[51174 — 318367 + V2b3 (3V/Ry + 1087) — 2B1by — 9B1b1vV/R1 + 2V2B3V/ Ry + 6b1
’ B} (B1 — 2v/2h1)?
and
R = —12v/2p1b% + 316263 + V2b3(3v/ Ry — 1033) + 2B1b1 — 96161V R1 + 2v283/R1 — 6b5

bBE(B1 — 2v/2b1)?

The invariant straight lines for the generalized systems (8) and (10) are given respectively by

8 ajz+1
3b1 g
which intersects the y—axis at the point yp; = —g% — E and

oz (2a1b1 — \/§a161 + 20181 + \/§Oé1b1) _ 16¢co + 3v2
2(b7 + f7) 6by
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which intersects the y—axis at the point yp, = —%ﬁ. The third pair (y1,y2) give y1 < y2, and in
addition we have

o If yo; < Yoo We get Yoo € [y1,y2] of the third pair (y1,ys2)

o If yo; > Yoo We get Yoy € [y1,y2] of the secondd pair (y1,ya2);

o If yo; = Yoo We get Yoy € [y1,y2] of the second and the third pair of y1, yo.

Then the continuous piecewise differential systems formed by (8) and (10) can have at most one limit cycle

Subcase 3.1.1.3: We consider vg of (51). As in subcase 3.1.1.1. the continuous piecewise differential
systems formed by (8) and (10) can have at most two limit cycle in this case. Solving the algebraic system
(12), we obtain three pairs (y1,y2). The first pair is
_ o 802
Y1 =% = 3,

The second pair is

215167 + 3V28103V/Sa(2v/2b1 + B1) — 6v287b1 + 3v/Sy + 64v2B1bics + 32871y + 3v/2b7

ne 1202, (2v/2b1 + By)
Yy = 215162 + 3v/261631/S2(2v/2b1 + B1) + 6v/2B7b1 — 3v/Ss — 64v/2B31b3co — 32B7bico — 3v/2b3
’ 120281(2v/2b1 + 1) '

And the third pair is
_ =3V2B103(2v2b1 + B1)v/ S5 + 216163 + 6v283b1 + 3v/Sy — 64v/2B1b3co — 3283b1co — 3v/2b3

o 126261 (2v/2b1 + B1) ’
Yy = 218103 4 3v2B163V/S5(2V2b1 + B1) 4+ 6v253b1 + 3v/Sy — 6421 bicy — 32683b1co — 3v/203
2 —_ .
1262 81 (2v/2b1 + B1)
With
S1 = —b?(14V25:103 + 396%0% + 16v/235b; — 2b% + 4671),
s, — 12251 b1 + 3157bF + V263 (1085 — 3v/S1) + b1 (28] — 91V S1) — 2V267V/ Sy — 67
b3B%(2v/2b; + B1)2 ’
S = 1272617 + 315767 + V263 (3V/S1 +1057) + b1(9681 V'St + 261) + 2v267 /Sy — 6
b3} (2v/2b1 + Br)* ’
and

Sy = b3(—14V2B,6% — 398207 — 16v/283b, + 2bF — 48%).

Since the invariant straight lines for the generalized systems (8) and (10) are given respectively as follows

_ 8co ajr +1
301 I
which intersects the y—axis at the point yo; = —2% — i, and
. 1 3\/5 — 16¢9 3x (2a1b1 + \/ialﬂl + 20181 — ﬁalbl)
Y= % by B+ B2 ’
which intersects the y—axis at the point yg, = 3‘567%. In both pairs of y1, y2 give y1 < y2, and in addition

we have

o If yo; < Yoy We get Yoy € [y1,y2] of the second pair (y1,y2);

o If yo; > Yoo We get Yoo € [y1,y2] of the third pair (y1,y2);
o If yo; = Yoy We get Yoy € [y1,y2] of the second and the third pair of y1, yo.
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Then the continuous piecewise differential systems formed by (8) and (10) can have at most one limit

cycle.

Subcase 3.1.2: We consider zg of (50). The fourth equation of (34) becomes

9\/5 (Oélbl — alﬁl) (b% (60,1B1 — 32a2ﬁ1) —|— (30,1 — 320,2) B% —|— 90(1B%b1 —|— 60&1[)?) = 0

All sets of real solution for this last equation is given as follows

€1
€2
€3
€4
€s
€6

g

3201 (b}+57) —3a1 (20381 +57)

{on = 9326, 1603
{51 = a;ifl}a
{a1 = O, bl = 0},

{CI,]_ = 2;051 = 0}7
{az = 55,01 =0} and
{b1 =0,5, =0}

The only allowed solution is e;. Then we have

_ 32a251 (b% + ﬂ%) - 3(11 (Qb%BI + 6:12))

953%by + 6b3

In this case the algebraic system (12) has no real solutions

_ —V/2b1 (872 + 3) + (34 3i) 3y

Y1

62

)

V2b1 (842 +3) + (=3 +30)8

and yo =

62

(57)

and then the continuous piecewise differential systems formed by (8) and (10) has no limit cycle in this case.

Subcase 3.2: We consider uz of (49). Solving the fifth equation of (34) we obtain all sets of real solutions

as follows

{b1 =0},
{al = 0}’

{az =

8as (—32(87v243)c2+128v/2c3+2(6475 +4872+27) ) —27a1 (—32(872+3) c2+128v/2c3 +V2(872+3)?)

3a
{az = =g+, 2

{ag =gt co =

3(1]

16v/2
__ 16792149 }

162

16(—64+/2(8v2+3)c2+512¢3+25673+19272+27)

_ 16’)’2+3} and

The allowed solutions are ws, wy and ws. Then we have three different subcases

Subcase 3.2.1: We consider w3 of (58). We solve now the fourth equation of (34) and we obtain

€1
€2
€3

€4
€5
€6

>+ 11

{by = 0},

{aa
{en

=0},

= [(3a1 — 8ag)(—8192(8v2 + 3)c3 + 192v/2(2563 + 1927, + 87)c2 — 16(2048+3
230472 + 208872 + 567)c2 + 16384+/2¢5 + v/2(409675 + 614473 + 835292 + 453672 + 729))]
[54(1536(872 + 3)c2 — 24v/2(25672 + 19272 + 33)ca — 4096v/2¢5 + 204873 + 230472 + 792, + 81)]},

{72 = V2c — %},
= %,'yg =/2cy — %} and

{a2
{az

_ 3a _
==

3
\/§CZ_E

1.

)

(58)

The allowed solution is ez. The algebraic system (12) in this case has complex solutions and then the

continuous piecewise differential systems formed by (8) and (10) cannot have limit cycles.

Subcase 3.2.2: We consider wy of (58). We solve now the fourth equation of (34) which becomes

we obtain

—27a1by (3\/§a1 + 6y — 80&2) =0,

€1
€2
€3

{bl = 0}7
{1 =0} and
{042 = % (\/Qal + 20&1)}.

{e9}

{wo}
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The allowed solution is e3. The algebraic system (12) in this case gives y; = y2 = —4‘{% or has complex
solutions
i (3v/10 — 8iv/27) i (310 + 8iv/2v,)
y1=— 6b, and  y; = 6, )

and then the continuous piecewise differential systems formed by (8) and (10) cannot have limit cycles.

Subcase 3.2.3: We consider ws of (58). We solve now the fourth equation of (34) which becomes
27a1b; (~3v2a; + 60 +8az ) =0,

we obtain
€1 {bl = 0},
es {a1 =0} and
es = {o2=32(v2a1 —2a1)}.

The allowed solution is es. The algebraic system (12) in this case gives y1 = y2 =
complex solutions

%2;3\/5’ or has

i (=8iv2y2 — 6iv2 + 3V10) and gy — —8v/292 — 6v2 + 3iV/10
6b1 ° 6b1 ’

and then the continuous piecewise differential systems formed by (8) and (10) cannot have limit cycles.

Y1 =

Case 4: We consider sg of (35). We solve now the remaining equations of (34) which are equivalent to the
system

a1y (872 +3) (b2 (¢} — ) + Bic2) =0,

a1 (8y2 +3) (albg (3b201 (vi4+ 1)+ Bive (dy2 +3) — 165103) -3 (GQ/B%CQ + o b3 (c% — 71))) =0,
arbs (872 + 3) (a1bz (3c1 — 32¢a) — 3az Py + 3arba) = 0,

16a1b3 (82 +3) = 0.

we get one of the following sets of real solutions

S1 = {&1 = 0},

s2 = {n= *% )

S3 = {CLQ = 0, bg = 0},

S4 = {bz = 0, Cy = 0} and
s5 = {b2=0,51 =0}

No allowed solution exists. Then no continuous piecewise differential systems formed by (8) and (10).

Case 5: We consider sy of (35). We solve now the sixth equation of (34) which is equivalent to —8b3 (v/2as + az) =
0, and we obtain one of the following sets of real solutions

s1 = {ba=0} and
So = {a2 = 7\/50/2}.
No solution is allowed, and hence no continuous piecewise differential systems formed by (8) and (10).

Case 6: We consider s12 of (35). Solving the four remaing equations of (34), and we obtain one of the
following sets of real solutions

aj 2070'2: %}7
az = 23,0, =0},
{b2 = 0,531 =0},

{ag = %,51 :0} and
{GQZO,bQ :0,0éQ :0}.

No solution is allowed, and hence no continuous piecewise differential systems formed by (8) and (10).
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3. CONCLUSION

In order to complete the remaining statements for Theorem 1, we have considered the planar continuous
piecewise differential systems formed by two a quadratic isochronous centers separated by the y—axis, having
in > 0 the quadratic isochronous center (8), and when x < 0 one of the systems (8), (9), (10) or (10).
These four continuous piecewise differential systems have two as an upper bound of the number of crossing
limit cycles, and there are a realized examples having one crossing limit cycle. See Theorem 1. In conclusion
for these four different continuous piecewise differential systems, we have proved the extension of the 16th
Hilbert problem to them.

4. APPENDIX 1
{app1}

The coefficients G1, G2 and G3 in Subcase 2.1.1.1 in the proof of statement (g) of Theorem 1 are given as
follows
G1 = b3(59049(4503599627370496 4% +3940649673949184+/2(8v2+3) A3 +35184372088832 (15282 (472 +3)+873) c2 +8796093022208+/2 (872 +
3) (167272 (42 + 3) + 981)ci! + 1099511627776 (2 (4y2 + 3)(83072v2(4v2 + 3) + 97101) + 28350)ci® + 137438953472v/2(8v2 +
3)(v2(4y2 + 3) (957442 (42 + 3) + 114057) + 33939)c + 805306368 (322 (472 + 3) (1672 (42 + 3) (1115842 (42 + 3) + 198423) +
1880577) +11874195)c5 +402653184+/2(8v2 +3) (32v2 (4y2 + 3) (1672 (4y2 + 3) (1865672 (472 + 3) + 33669) +323919) +2076435)c] +
176160768(8v2+3)2 (1672 (4y2+3) (1672 (4y2+3) (1091272 (47243)-+20007)+195615) +637389) c§+1048576+/2(8v2+3)3 (1672 (472 +
3) (1672 (4y2+3) (8905672 (42 +3) +166077) +1652157) +5479893) c3 + 32768 (82 +3) 4 (6472 (472 +3) (872 (472 +3) (10331272 (42 +
3) + 196209) + 994113) + 13442031)c + 8192v/2(8v2 + 3)® (12872 (472 + 3) (472 (4y2 + 3) (1083272 (4y2 + 3) + 20979) + 54189) +
1495179)c3 +512(8v2+3)° (8v2 (4v2 +3) (1672 (4y2 +3) (2483272 (42 +3) +49113) +517833) +911979) c2 +64+/2(8v2 +3) 7 (82 (4v2 +
3)(1672(4v2 + 3)(217672(4y2 + 3) + 4401) + 47385) + 85293)c2 + (872 + 3)3(3272(4y2 + 3) + 27)(25672(4y2 + 3)(2272(4y2 +
3) + 27) + 2187))cS — 52488(63050394783186944c3° + 53620983063379968v/2(872 + 3)cd* + 1583206743997440 (4482 (42 + 3) +
257)ck3 + 1099511627776+/2(8v2 + 3)(17067272(4v2 + 3) + 101367)ci? + 1649267441664 (4y2(4v2 + 3)(17017672(4y2 + 3) +
201501) +238221)cA! +19327352832v/2(8v2 +3) (12872 (42 + 3) (6256872 (42 +3) + 76261) +2968965) cA + 4294967296 (22 (4v2 +
3)(3272 (42 + 3) (18641922 (4v2 + 3) + 3402369) + 66117303) + 26720037)c + 2415919104v/2(8v2 + 3) (v2(4v2 + 3) (32072 (4v2 +
3)(5156872 (4v2 +3) +97083) +19447857) 4 4048380) c§ +226492416 (3272 (42 +3) (1672 (472 +3) (1672 (4y2 +3) (397762 (4v2 +3) +
100493)+1517967) +10156995) +50813001) ] +262144v/2(8v2 +3) (6472 (472 +3) (4y2 (472 +3) (12872 (472 +3) (3582042 (4y2 +3) +
951381) +120327525) 4+ 209920653) +2184071607)c§ + 196608 (872 +3) (1672 (472 +3) (1672 (472 + 3) (6472 (472 +3) (531522 (dy2 +
3)+154773)+10561995) +78664203) +216637659) c3 +36864+/2(8v2 +3)3 (872 (472 +3) (1672 (472 +3) (12872 (472 +3) (40362 (4v2 +
3) + 15251) + 2456757) + 20609559) + 31121739)cs — 512(8v2 + 3)4 (1672 (4v2 + 3)(64v2 (42 + 3)(2072(4y2 + 3)(33927y2 (4y2 +
3) —8631) — 500823) — 22910283) — 82570185)c3 — 24v/2(8v2 + 3)° (3272 (4y2 + 3) (82 (42 + 3) (25672 (4y2 + 3) (19642 (4y2 + 3) +
2817) + 116721) — 1677429) — 19860147)c3 — 36(872 + 3)5(872(4v2 + 3)(1672(4v2 + 3)(3272(4v2 + 3) (76872 (dy2 + 3) + 1447) +
26487) + 44469) — 137781)c2 — V272 (472 + 3) (872 + 3)7 (3272 (42 + 3) + 27) (1672 (4y2 + 3) (150472 (42 + 3) + 1863) 4 9477))c +
4374(3891110078048108544c38 + 3211066534315163648v/2(8v2 + 3)ci® + 1688849860263936(2432072(4v2 + 3) + 14091)ch? +
316659348799488v/2(872 + 3)(3304072(4y2 + 3) + 20249)cl® + 2199023255552(512y2 (4y2 + 3)(53185v2(4v2 + 3) + 65277) +
10204623)c}? +206158430208v/2(8v2 + 3) (6472 (4v2 + 3) (5923042 (4v2 + 3) + 773493) 4+ 16001199) 3 + 77309411328 (25672 (42 +
3)(272(4v2 + 3)(607552y2(4y2 + 3) + 1211461) + 1588041) + 87802137)ci® + 8589934592+/2(8v2 + 3)(v2(4v2 + 3)(647y2(4y2 +
3)(306152072 (4v2+3)+6789231)+309823137)+71758386)ch+1207959552( 1672 (4v2+3) (1672 (472+3) (1672 (47243) (52976072 (472 +
3) + 1723731) + 31276287) + 240995979) + 674964333)cs + 226492416v/2(8v2 + 3)(64v2(4y2 + 3)(472(4v2 + 3)(64v2(dvy2 +
3)(2068072(4v2 + 3) + 96791) + 8365815) + 17964909) + 217464831)cs + 2097152(16v2(4v2 + 3)(8v2(4v2 + 3)(25672(4vy2 +
3)(472(4v2 + 3)(4681672(4y2 + 3) + 1316943) + 12078153) + 2755209573) + 8807046813) + 21181880133)c§ — 393216+/2(8v2 +
3)(8v2(4y2 +3) (12872 (472 + 3) (272 (472 + 3) (3272 (472 + 3) (9035272 (4y2 + 3) — 273921) — 32568183) — 66914181) — 3691662561) —
4672803249)c3 — 147456(8v2 +3)2(8v2 (42 + 3) (1672 (4v2 + 3) (1672 (472 +3) (25672 (4y2 + 3) (277072 (4y2 + 3) — 3289) — 4904829) —
87842313)—634426101) —830747259)c5 —256v/2(8v2+3)3 (1672 (42 +3) (1672 (472 +3) (1672 (4v2+3) (25672 (4v2+3) (158602 (472 +
3) — 28989) — 35660169) — 633167847) — 4615420743) — 12271149837)c3 — 96(872 + 3)4(32v2(4v2 + 3)(8v2(4vy2 + 3) (6472 (472 +
3)(8v2(4y2 + 3)(416072(4v2 + 3) — 38703) — 953991) — 62963001) — 225271935) — 1198753749)c2 + 288v/2(8v2 + 3)°(v2 (472 +
3)(3272(4v2 + 3)(872(4v2 + 3) (642 (4y2 + 3) (1762 (4y2 + 3) + 1847) + 266697) + 2012769) + 27903933) + 4605822)ca + (872 +
3)6(3272(4y2 + 3) + 27)(1672(4v2 + 3)(1672(4v2 + 3)(1472y2(4v2 + 3)(872 + 672 + 9) + 18225) + 164025) + 531441))ct —
1296(35740566642812256256¢17 + 285708360360384266241/2(872 + 3)ci6 + 2251799813685248(15649672 (4y2 + 3) + 92349)cd® +
70368744177664+/2(8v2 + 3) (122296072 (472 + 3) + 794349)ci? + 35184372088832(8v2 (472 + 3) (166264072 (42 + 3) + 2186937) +
5656959)c33 +549755813888v/2(87v2 + 3) (642 (472 +3) (16242762 (42 +3) + 2428641) + 55619379) c3? + 34359738368 (16v2 (42 +
3) (322 (4v2+3) (90935362 (42 +3)+21828825) +520907193) +1981526247) c3 ' +1073741824+/2(872+3) (1672 (4y2+3) (6472 (42 +



LIMIT CYCLES OF CONTINUOUS PIECEWISE DIFFERENTIAL SYSTEMS 34

3)(872977672(4y2 + 3) + 27712233) + 1538398251) + 6476856633)ci0 + 268435456(32v2(4v2 + 3)(1672(4y2 + 3)(1672(4vy2 +
3)(492272072 (42 +3) +30752613) +722209851) + 6445072233) 4 39815710623) c + 8388608+v/2(872 +3) (1672 (472 +3) (1672 (4y2 +
3)(12872(4y2 + 3)(152680v2(4v2 + 3) + 11672919) + 2756410479) + 27369608805) + 90671150115)c§ — 2097152(642 (42 +
3)(8v2(4y2 + 3)(16742(4v2 + 3)(64y2(4v2 + 3)(50362472(4v2 + 3) — 3493251) — 688213503) — 10972936431) — 37593631143) —
380949604335)ch — 65536+/2(8v2 + 3) (3272 (4y2 + 3) (1672 (472 + 3) (1672 (472 + 3) (3272 (42 + 3) (16639842 (42 + 3) — 7804791) —
882556155) — 14978195109) — 107632778535) — 568326843585)c§ — 16384 (3272 (472 + 3) (6472 (4y2 + 3) (872 (42 + 3) (6472 (42 +
3) (872 (42 + 3) (12485672 (42 + 3) — 950589) — 32569047) — 2979587025) — 16289473653) — 348760104867) — 1473838416567)c3 +
512v/2(872 +3) (162 (472 +3) (12872 (472 +3) (472 (4y2 +3) (1672 (472 +3) (51272 (4y2 +3) (573572 (4y2 +3) +107514) +191405025) +
4420770453) + 12615799167) + 566991745695) + 1255878519237)ch + 256(8v2 + 3)2(872(4y2 + 3)(25672(4y2 + 3)(1672(4v2 +
3) (v2(4y2+3) (3272 (472 +3) (12208072 (472 +3) +455139) +39605355) +-6126 7347) + 77844296 7) +77082859845) +92650892499) c3 +
8v/2(8v2 + 3)3(8v2(4y2 + 3)(647v2(4v2 + 3)(8v2(4y2 + 3)(8v2(4v2 + 3)(12872(dy2 + 3)(18184y2(4y2 + 3) + 8397) — 510057) +
51484167) + 674752923) + 23163918867) + 33705582543)c3 + 2(8v2 + 3)4(6472(4v2 + 3)(272(4y2 + 3) (6472 (42 + 3)(8v2(4y2 +
3)(1672(4v2 + 3)(323272(4y2 + 3) — 23679) — 1084023) — 7433613) — 125951517) + 43046721) + 1420541793)c2 — v/27v2(4y2 +
3)(8y2 + 3)%(32y2(4y2 + 3) + 27)(3272(4v2 + 3)(472(4y2 + 3)(1672(4v2 + 3)(41672(4y2 + 3) + 8721) + 238383) + 570807) +
3720087))c3 +9(7821419487252849885184¢48 +6045920370158305542144+/2(8y2+3) ca 7 +864691128455135232(82928~2 (472 +3) +
50403)c3® +27021597764222976v/2(872 + 3) (61854472 (42 + 3) +440529)c3® + 13510798882111488 (472 (472 +3) (15863202 (42 +
3) + 2336103) + 3277179)ci* + 211106232532992v/2(87v2 + 3) (6472 (4y2 + 3)(71531672(4v2 + 3) + 1328763) + 34660737)ci® +
39582418599936 (6472 (42 +3) (872 (42 +3) (117888872 (472 +3) +3863173) +27006867) 4 454358565) c3 2 +412316860416+/2(8v2 +
3)(1672(4v2 + 3)(25672(4y2 + 3)(665252y2(4y2 + 3) + 3892149) + 1057756563) + 4992478497)c}t + 51539607552(5122 (472 +
3) (v2(4y2 +3) (5672 (42 +3) (31398472 (42 +3) +9974967) + 1028916351) + 644559201 ) + 68959891323) 10 — 1073741824v/2(8~2 +
3) (1672 (dy2 +3) (1672 (42 +3) (3272 (472 +3) (69713602 (42 +3) —89007381) — 6526225485) — 73004332293) — 264178894635)c —
201326592(6472 (4y2+3) (4v2 (4v2+3) (3272 (472 +3) (1672 (42 +3) (52930242 (472 +3) —37997325) —2230608699) —80476063245) —
152131081419)—1672746272145)c5 —25165824+/2 (872 +3) (3272 (472 +3) (1672 (4v2+3) (1672 (472+3) (3272 (472 +3) (4897762 (4y2+
3) —4812207) —711677367) — 14737165839) — 122830333389) — 727740287271)c] 46291456 (82 (42 +3) (1282 (42 +3) (1672 (4y2 +
3)(3272(4v2 + 3)(272(4y2 + 3)(28649672 (472 + 3) + 2406567) + 43182909) + 2860677891) + 39373245531) + 1978479398061) +
2353970611251)cS + 196608v/2(8v2 + 3) (1672 (472 + 3) (642 (4v2 + 3) (872 (4y2 + 3) (1672 (42 + 3) (3272 (4v2 + 3) (20651272 (4v2 +
3) —579483) + 79925697) 4+ 4748690691) + 39533298939) + 1099633802355) + 2798449794657) c3 + 12288 (3272 (472 +3) (1672 (42 +
3) (322 (4v24+3) (872 (472+3) (322 (4y24+3) (1672 (4y2+3) (1242402 (472 +3) — 1558569) — 18976923 ) 4-3132532683) +47747692809) +
1106031289113) + 5920657166601) + 24501375705501)ch — 9216+/2(8v2 + 3) (872 (4v2 + 3) (1672 (4y2 + 3) (3272 (472 + 3) (8v2 (472 +
3) (162 (472 +3) (51272 (4y2+3) (35872 (42 +3) +17059) +9683307) —301807539) —5539520097) — 134870218911) —742484192715) —
784612583667)c3 —1536(872+3)2 (1672 (4y2+3) (3272 (4v2+3) (272 (472+3) (872 (4y2+3) (1672 (472 +3) (162 (4y2+3) (37888 v2 (42 +
3)+417195)+4524579) — 322339743 ) — 4945963923 ) — 7236632097 ) — 78732452709) — 166203389781)c2 —192v/2(872 +3)3 (272 (472 +
3) (162 (472 + 3)(8v2(4v2 + 3)(327v2(4v2 + 3)(8y2(4v2 + 3)(327v2(4v2 + 3)(380872(4v2 + 3) + 20067) — 869697) — 44761329) —
2073859929) — 11120402925) — 58242213513) — 15109399071)ca — (872 + 3)*(3272(47y2 + 3) + 27)(3272(4v2 + 3)(32y2(4v2 +
3) (4y2 (472 +3) (4y2 (472 +3) (64y2 (4y2+3) (2482 (472 +3) — 1053) —742851) —5885217) — 19663317) —243931419) — 116226 1467) ) c? —
24(2361183241434822606848c1° + 1761664059039262179328+/2(8v2 + 3)ci® + 6917529027641081856 (2896v2 (472 +3) +1839)ch” +
972777519512027136+/2(8v2 + 3)(456072(4y2 + 3) + 3703)c3® + 81064793292668928(8v2 (472 + 3)(3281672(4y2 + 3) + 56963) +
176373)ci®+105553116266496+/2(8v2+3) (3272 (472 +3) (64445672 (472 +3)+1621131)+24413913) 14 +131941395333120(256v2 (472 +
3)(v2(4y2 + 3) (13417672 (4y2 + 3) + 692919) + 714663) + 53030619)ci® + 824633720832v/2(87v2 + 3)(1672(4y2 + 3) (162 (42 +
3)(619184~2(4v2 + 3) + 9820401) + 203726853) + 1080500715)ci? — 103079215104(16v2(4v2 + 3)(1672(4v2 + 3)(1672(4vy2 +
3)(4280322 (42 +3) —10945131) —402746013) — 4583251431) — 16786701225)ci! —536870912v/2(8v2 +3) (3272 (472 +3) (872 (472 +
3)(128072(4y2 + 3)(1333647v2 (42 + 3) — 1377279) — 5492737251) — 36416968281) — 295893771363)ci0 — 536870912(4v2 (472 +
3)(64v2 (42 + 3) (4y2 (42 + 3) (3272 (4y2 + 3) (151289672 (42 + 3) — 14556051) — 2830869891) — 15952623165) — 553059750879) —
417619151433)c) + 25165824v/2(872 + 3) (872 (472 + 3)(3272(4v2 + 3) (872 (4y2 + 3) (64y2 (42 + 3) (7006472 (42 + 3) + 721365) +
1335076965) +18911826621) +366397455051) +594764458695)c§ + 37748736 (82 (4v2 +3) (1672 (42 +3) (6472 (472 +3) (162 (42 +
3)(872(4v2 + 3)(398727v2(4v2 + 3) — 261411) + 15486417) + 756152577) + 47558442951) + 320706318627) + 399559605273)ch +
294912v/2(8v2 +3) (3272 (4v2 +3) (6472 (4y2 +3) (872 (472 +3) (872 (472 +3) (642 (4y2 +3) (16296v2 (42 +3) — 287443) +65935737) +
1944233847) + 16216223733) +454429891251) + 2335727304603) c§ — 49152(8v2 (472 +3) (3272 (42 +3) (1672 (4y2 +3) (12872 (4y2 +
3) (272 (4y2+3) (51272 (4y2+3) (586v2 (42 +3)4-24033) —51587199) —467180379) —82693752687) —867239849367) —8907538402305 ) —
9049152548457)c5 —3072v/2(8v2+3) (472 (472+3) (3272 (472 +3) (51272 (472 +3) (272 (472 +3) (42 (4y2+3) (3272 (472 +3) (2571272 (42 +
3) + 46845) — 63747243) — 845437095) — 2203435305) — 731126235663) — 7550590965129) — 3884579149761)ch — 768(8v2 +
3)2 (1672 (4y2 + 3) (872 (42 + 3) (1672 (4y2 + 3) (1672 (472 + 3) (6472 (472 + 3) (4y2 (4y2 + 3) (486472 (42 + 3) — 121263) — 3478869) —
549289593) — 10551682323) — 107299532223) — 278373578769) — 581776434315)c3 + 24v/2(872 + 3)3(128v2(4v2 + 3) (272 (42 +
3)(8v2(4y2 + 3) (82 (4y2 + 3) (1672 (4y2 + 3) (6472 (42 + 3) (152072 (42 + 3) + 58353) + 14301441) + 434161053) + 3795256377) +
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18986792607) + 12526595811) 4 215793212373)c2 + 16(8v2 + 3)* (272 (4y2 + 3) (3272 (4y2 + 3) (872 (42 +3) (162 (4y2 +3) (4y2 (4y2 +
3)(3272 (42 +3) (19842 (4v2 +3) +32355) +2565351) + 13443489) + 199998963) + 1018772397) + 11751754833) + 3486784401 )c2 +
V292 (472 4 3) (8v2 +3)%(3272(472 +3) +27) (1672 (472 +3) (872 (472 +3) +81) 4 729) (1672 (42 + 3) (872 (472 4 3) (35272 (472 +3) —
135)—3645)—19683))c1 +64(295147905179352825856c2° +212137556847659843584v/2(8v2+3) 3 +57646075230342348800 (4072 (42 +
3) +27)ci® + 3242591731706 75712v/2(8v2 + 3) (14882 (42 +3) + 1435)cd 7 + 3377699720527872(3272 (42 + 3) (198322 (42 + 3) +
42855)+591327)cy0+316659348799488+/2(8v2+3) (3272 (472 +3) (1916072 (472 +3)+70893)+1249263 ) 55 +13194139533312(32y2 (4y2+
3)(872 (472 + 3) (9190472 (42 + 3) + 890301) + 8779455) + 90548361)cl* — 2473901162496+/2(8v2 + 3) (1672 (4y2 + 3) (1672 (42 +
3)(72072(4y2 +3) —428701) — 11373093) — 69244551 )ci3 — 51539607552 (322 (472 +3) (82 (42 +3) (25672 (4y2 +3) (114742 (42 +
3) — 169119) — 136525257) — 909075879) — 7356711519)c3? — 536870912+/2(8v2 + 3)(3272(4y2 + 3)(8v2(4y2 + 3)(647v2(4v2 +
3)(26542472 (472 +3) —2876715)—1023792291) —8229027087) — 74254320891 ) ch ! —67108864 (3272 (472 +3) (872 (42 +3) (6472 (472 +
3)(8v2(4y2+3) (711042 (42 +3) —1284057) —275672079) — 30805712397) — 147688077195) — 949653593883 ) 30 4 8388608+/2(8v2 +
3)(8v2(4y2 + 3)(3272(4y2 + 3)(872(4v2 + 3)(64y2(4v2 + 3)(118960v2(4v2 + 3) — 1110987) + 920049759) + 15602051439) +
326967992685)-+558593560719)c] +18874368(8v2 (472 +3) (1672 (472 +3) (1672 (472 +3) (1672 (4y2+3) (162 (472 +3) (184002 (42 +
3) — 312821) + 33449643) + 1759740957) + 29141622639) + 205215463197) + 265387168395)c5 — 98304v/2(872 + 3)(3272(4y2 +
3)(327y2 (42 +3) (1672 (4y2 + 3) (872 (4y2 + 3) (128742 (42 4 3) (34072 (42 4 3) +57027) — 57169611) — 1636300035) — 29161648269) —
436621985685) — 2378454806709)ch — 331776(128v2 (42 + 3) (25672 (472 +3) (2 (4y2 + 3) (4v2 (4v2 + 3) (12872 (42 + 3) (64y2 (42 +
3)(2072(4v2 + 3) — 29) — 97911) — 57047463) — 369417105) — 277475625) — 25428395529) — 450976758219)c§ — 3072v/2(8y2 +
3)(4v2(4y2 + 3) (3272 (42 + 3)(3272(4v2 + 3)(3272(4v2 + 3)(4y2 (472 + 3)(3272(4v2 + 3)(251292(472 + 3) — 75729) + 301401) —
43466139) — 4711338189) — 152635110561) — 2059034673717) — 1265415759423 )c5 + 1152(87v2 + 3)2(1672(4v2 + 3)(64v2(4y2 +
3) (872 (4y2+3) (dy2 (472 +3) (1672 (4v2+3) (12872 (472 +3) (T6y2 (4y2 +3)+2827) —2456271) —80394525) — 120535047) + 741950685 ) +
39013615251)+120286887381)ca+24v/2(8v2+3)3 (3272 (472 +3) (872 (472 +3) (872 (472 +3) (872 (472 +3) (1672 (472 +3) (12872 (472 +
3)(28072(4y2 + 3) + 369) — 10363059) — 352188891) — 2035937349) — 3714595443) + 4424246325) + 62891259381)c3 + (872 +
3)4(3272(472 + 3)(3272(472 + 3)(4v2(472 + 3)(42(4y2 + 3)(51272(4y2 + 3)(v2(4v2 + 3)(6472(4y2 + 3) — 23823) — 338013) —
345692529) — 1062232461) — 1353580227) — 3486784401) + 15109399071)c3 — V272 (472 + 3) (872 + 3)° (1672 (42 + 3) (872 (42 +
3) 4+ 81) + 729) (1672 (4v2 + 3) (82 (42 + 3) (6472 (472 + 3) (11272 (42 + 3) + 2529) + 245673) + 925101) + 1948617)co — 473 (4v2 +
3)2(8v2 + 3)8(327v2(4y2 + 3) + 27) (1672 (472 + 3)(8v2(4y2 + 3) + 81) + 729)2)),

G = —6b}(531441(8v2 + 3)(8796093022208+/2¢3? + 13194139533312(8v2 + 3)ch! + 103079215104+/2(70472 (42 + 3) + 399)ciC +
42949672960(8v2+3) (70472 (4y2+3)+405)c) +12079595520v/2(8v2+3) 2 (3522 (4y2+3)+207) c§+2415919104 (82 +3)3 (3522 (42 +
3) + 213)c] + 88080384v/2(872 + 3)% (7042 (42 + 3) + 441)c§ + 9437184(8v2 + 3)° (7042 (4y2 + 3) + 459)c + 11796480v/2(872 +
3)6(22v2(4y2 + 3) + 15)ch + 163840(8v2 + 3)7(887v2(4y2 + 3) + 63)cs + 384v/2(87v2 + 3)8(70472(4y2 + 3) + 531)c3 + 96(872 +
3)9(64v2(4y2 + 3) + 51)ca + V2(8v2 + 3)10(3272(4y2 + 3) +27))c§ — 78732(—140737488355328c4* + 615726511554560+/2(8v2 +
3)ci® + 981863883603968(87v2 + 3)2ch? + 137438953472v/2(8v2 + 3)(391362(4y2 + 3) + 22311)ch! + 2147483648(128v2(4v2 +
3)(12716072 (42 +3) +146079) +5367951) 10 +2684354561/2(87v2 + 3) (6472 (4v2 +3) (27438472 (42 + 3) + 322587) + 6060015)c) +
201326592 (42 (4v2 + 3) (32072 (4v2 + 3) (550882 (472 + 3) 4+ 98037) + 18575649) + 14640021 )c§ + 10066329612 (82 + 3) (4y2 (4y2 +
3)(32v2(4y2+3) (7356872 (4y2+3)+135621)+2654775)+2156625) 5 +5505024 (872 +3)% (16v2 (4y2+3) (3272 (472 +3) (315042 (4y2+
3) +61371) +1261413) +4281903)cS + 32768v/2(87v2 + 3)3 (1672 (42 + 3) (3272 (472 + 3) (16456072 (4v2 + 3) + 353673) + 7871499) +
28554201)c5 + 8192(87y2 + 3)* (472 (472 + 3)(3272(4y2 + 3) (895842 (42 + 3) + 245133) + 6374133) + 6461127)ch — 512v/2(872 +
3)°(1672(4v2 + 3)(80v2(4y2 + 3)(16072(4v2 + 3) — 3699) — 389529) — 1976319)c3 — 8(8v2 + 3)6(16v2(4y2 + 3)(64v2(dy2 +
3)(10672y2 (42 + 3) + 7209) — 280179) — 2932767)c3 — v2(8v2 + 3)7(1672(4v2 + 3)(128v2(4v2 + 3)(87272(4y2 + 3) + 1053) +
26973) — 124659)c2 — v2(4v2 + 3)(8v2 + 3)8(32y2(4y2 + 3) + 27)(80072 (472 + 3) + 459))c; + 4374(—24769797950537728¢3° +
46443371157258240v/2(872 +3)cl* +52776558133248(240802 (42 +3) + 13533) 33 +21990232555521/2 (82 + 3) (19576072 (42 +
3) +113283)c? +103079215104(128072 (42 + 3) (204282 (4y2 + 3) +24147) +-9113391)ci! + 12884901888+/2(82 + 3) (3272 (4y2 +
3)(8296642 (42 + 3) + 1048173) + 10486611)ci0 + 2147483648(10v2(4y2 + 3)(64v2(4y2 + 3)(682352v2(4y2 + 3) + 1354977) +
56302533) + 120045159)c3 + 603979776+/2(8v2 + 3)(1672(4v2 + 3)(1672(4v2 + 3)(34672072(4v2 + 3) + 809037) + 9406611) +
34930035)c§ + 37748736(64v2 (42 + 3)(4y2(4y2 + 3)(25672(4y2 + 3)(238707v2(4v2 + 3) + 92931) + 29075517) + 57924153) +
657490203)c] + 10485761/2(8v2 + 3)(1672(dv2 + 3)(8v2(4y2 + 3)(1607v2(4v2 + 3)(2833672(4v2 + 3) + 351171) + 90000639) +
409445037) +1261923057)c§ — 196608 (872 +3)2 (872 (4v2 +3) (1672 (4y2 +3) (51272 (4v2 +3) (738172 (4y2 +3) —28071) —34174791) —
354478437) — 586966743)c5 — 12288v/2(8v2 + 3)3(32v2(4v2 + 3)(8072(4y2 + 3)(1672(4y2 + 3)(1038472(4y2 + 3) — 15549) —
838269) — 47273463) — 327934089)ch — 128(8v2 + 3)* (3272 (42 + 3)(8v2(4v2 + 3) (12872 (4y2 + 3)(55880y2(4v2 + 3) — 101187) —
41737437) — 238169403) — 1680672321)c3 — 48v/2(8v2 + 3)°(6472(4y2 + 3)(dv2(dv2 + 3)(3272(4y2 + 3)(496072(4y2 + 3) —
28917) — 2209923) — 6042681) — 84853413)c2 + 48(87v2 + 3)% (y2(4v2 + 3) (1672 (42 + 3) (25602 (472 + 3) (1472 (42 + 3) + 195) +
908091) + 9310059) + 2007666)ca + v2(872 + 3)7(3272(4v2 + 3) + 27)(3272(4y2 + 3)(4y2(4v2 + 3)(13672(4y2 + 3) + 567) +
2187) 4 19683))ct — 5832(—72057594037927936¢36 + 75435293758455808+/2(872 + 3)ch® + 211106232532992(106402 (42 + 3) +
5949)ch? 4 9851624184872960v/2(872 + 3)(7672(4v2 + 3) + 45)ci + 5497558138880(1672 (4y2 + 3) (508242 (4v2 + 3) + 63351) +
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312903)ci? + 51539607552v/2(8v2 + 3)(64v2(4y2 + 3)(15889672(4y2 + 3) + 231651) + 5147469)cs! + 1073741824 (1672 (4v2 +
3) (642 (4v2 +3) (114347272 (42 +3) +2892825) + 140222259) + 533154879) c40 + 134217728v/2(8v2 +3) (3272 (4v2 +3) (3272 (42 +
3)(399520y2 (42 +3) +1644417) +48560877) +414357039) ) + 75497472(1672 (4y2 +3) (8072 (472 +3) (102472 (472 +3) (20972 (4y2 +
3)+4266)+7305471)+338267907)+1053453843) c5 —2097152v/2(8v2+3) (322 (472 +3) (4072 (472 +3) (64v2 (472 +3) (13816v2 (472 +
3) — 106101) — 14430069) — 367467759) — 2430686475)cs — 65536(2247v2(4v2 + 3)(1672(4vy2 + 3)(1672(4v2 + 3)(32v2(4y2 +
3)(3995272(4v2 + 3) — 166383) — 18179397) — 293994765) — 2008656711) — 70545308859)c§ — 24576v/2(8v2 + 3) (6472 (42 +
3) (872 (42 + 3) (6472 (472 + 3) (1672 (42 + 3) (822472 (42 + 3) — 55431) — 2926773) — 195330447) — 692743185) — 7211949615)c3 +
512(87y2 + 3)2(2562 (472 + 3)(4v2 (472 + 3) (872 (42 + 3) (3272 (42 + 3) (111202 (42 + 3) + 301887) + 27684909) + 237446235) +
442270449) + 19361281365)cs + 64v/2(87v2 + 3)3(1672(4dv2 + 3)(1672(4v2 + 3)(8072(4y2 + 3)(12872(4y2 + 3) (11122 (42 + 3) +
4095) +1280043) + 119921229) +991609857) 4+ 2966680809) 3 + 24 (82 +3)4 (82 (4y2 +3) (1672 (4y2 +3) (8072 (4y2 +3) (642 (42 +
3)(49672(4v2 +3) + 315) + 36693) + 8085339) + 99536931) + 185118615)c2 + v/2(872 + 3) (3272 (42 + 3) (4v2 (4y2 + 3) (3272 (42 +
3)(327y2(4v2 + 3) (41672 (42 + 3) — 1791) — 122229) — 1791153) + 767637) + 23914845)ca — v2(4v2 + 3) (872 + 3)6 (3292 (472 + 3) +
27) (1672 (472+3) (872 (47243) (322 (472 +3)+1431) +12879)+59049) )¢5 +27(—29975959119778021376cL 7 +19167320014088830976v/2(8y2 +
3)c38 + 4503599627370496 (1409122 (4y2 + 3) + 77589)cl® + 562949953421312v/2(8v2 + 3)(36800072 (4y2 + 3) + 223659)cs? +
35184372088832(320v2 (4v2+3) (1036842 (4y2+3)+139959)+14693157) i3 +35184372088832+/2(8v2+3) (472 (472+3) (878716v2 (42 +
3) + 1601523) + 2521935)ch? + 68719476736(1672(4v2 + 3)(64v2(4y2 + 3)(346769672(4y2 + 3) + 13236129) + 762612975) +
3207437433)c! +549755813888+/2(872+3) (72 (472+3) (472 (472+3) (262803272 (472 +3) +33238593) +151400421) +45039807) 10 —
536870912(1672 (4v2+3) (1672 (472 +3) (642 (42 +3) (118360072 (472 +3) —16309341) —2169499383) —22400960589) — 75380975811) ¢ —
134217728v/2(872 + 3) (872 (4y2 + 3) (642 (42 + 3) (2072 (4v2 + 3) (7437762 (42 + 3) — 5008437) — 259275897) — 12023978013) —
22000273029)c§ — 4194304(327v2 (4y2 +3) (162 (dy2 +3) (162 (4y2 +3) (322 (4y2 +3) (8449762 (42 +3) — 6479235) — 881545599) —
17001899109) — 133103892735) — 744344826705)ch + 1048576+/2(87v2 + 3) (1672 (472 + 3) (1672 (42 + 3) (12872 (4v2 + 3) (272 (42 +
3)(15545672 (42 +3) +1761759) +26852067) 4 5215346919) +46528965189) +141939328995) c§ + 32768 (1672 (4y2 +3) (5122 (4v2 +
3) (2 (472+3) (1672 (472 +3) (6472 (472 +3) (1634482 (472 +3) —396495)+105558957)+6094259937) +6109485102) +1305941324319) +
3187241401437)c3 + 8192v/2(8v2 + 3) (872 (42 + 3) (642 (4y2 + 3) (1672 (472 + 3) (6472 (472 + 3) (272 (42 + 3) (11240072 (472 +3) —
1293327) — 948915) + 512247159) + 10635689367) + 313465690881) + 404175229407)c5 — 512(8v2 + 3)2 (872(4y2 + 3) (51272 (42 +
3) (2 (42 + 3) (82 (4y2 + 3) (64072 (42 + 3) (11122 (4y2 + 3) + 69525) + 32785317) — 659801133) — 989306946) — 243884120751) —
322520382639)c3 — 64v/2(872 + 3)3 (1672 (42 + 3) (872 (4y2 + 3) (1672 (4y2 + 3) (1672 (4y2 + 3) (1672 (4v2 + 3) (333442 (4y2 + 3) +
370791) + 2622213) — 221125383) — 4764722859) — 17912218905) — 47050066053)c2 — 32(8v2 + 3)*(2v2(4v2 + 3)(12872(4v2 +
3)(v2 (472 + 3) (1672 (4y2 + 3)(64y2(472 + 3) (372872 (472 + 3) + 20385) — 1188999) — 112160295) — 122231430) — 6882692391) —
2195382771)co — V2(872 + 3)°(3272(dv2 + 3) + 27) (1672 (472 + 3)(872(4y2 + 3) (1672 (4y2 + 3) (642 (4v2 + 3)(2672(4y2 + 3) —
27) — 43011) — 1082565) — 4782969) — 14348907))c? — 12(—64563604257983430656¢48 + 25940733853654056960/2 (82 + 3)ci” +
5188146770730811392(1902 (4y2-+3)+101)ci6+3377699720527872v/2(8v2+3) (9284872 (472 +3)+57621)ch® +316659348799488(160y2 (4y2+
3)(32536v2 (4v2+3) +48819) +2740311)ch* +39582418599936v/2(8v2 +3) (5442 (4y2 +3) (711272 (4y2 +3) + 17575) + 4256721 ) cd3 +
824633720832(16v2 (42 +3) (1672 (472 +3) (10380642 (42 +3) +7470357) +126380763) 4+ 579754989) c3? — 154618822656+/2(8v2 +
3) (1672 (42 + 3) (3272 (42 + 3) (3507272 (42 + 3) — 1683393) — 74672793) — 397657593) 3’ — 4831838208 (322 (42 + 3) (82 (42 +
3)(25672 (472 +3) (9130072 (472 +3) —808369) — 549450027) — 3264549723) — 24286529295) 10 — 67108864v/2(8v2 +3) (25672 (42 +
3) (v2(4y2+3) (32072 (42 +3) (2398882 (42 +3) — 1900737) —2573984061) — 2317559526 ) — 155008434213 )¢5 +75497472(8v2 (42 +
3) (3272 (4v2+3) (872 (42 +3) (6472 (4v2+3) (545672 (4v2+3) +405189)+496835775) +6550265475) +119844675981) +184552669701) c5 +
9437184/2(8v2+3) (1282 (4v2+3) (42 (472 +3) (3272 (4724+3) (12872 (472 +3) (365872 (472 4+3) —22987)4+19991403) +1378335123) +
3481961337) +90973454751)ch + 98304322 (472 + 3) (3272 (4y2 + 3) (1672 (472 + 3) (872 (4y2 + 3) (6472 (472 + 3) (8472872 (472 +3) —
1259427) + 249961491) + 7318577043) + 117711257481) + 1582571087703) + 7791361373061)c§ — 36864+/2(8v2 + 3)(128v2(dv2 +
3) (872 (42 + 3) (6472 (4y2 + 3) (272 (472 + 3) (5122 (42 + 3) (2412 (4y2 + 3) + 12486) — 27433917) — 183363183) — 11751942915) —
39893681547) — 796810217499)c3 — 9216(4v2(4v2 + 3)(32v2(4v2 + 3)(3272(4y2 + 3)(12872(4y2 + 3)(72(4y2 + 3)(16072(4v2 +
3)(28962 (42 + 3) + 5555) — 33107157) — 105492132) — 16851439341) — 334277156637) — 3300035502159) — 1622387867769)cs —
384v/2(872 +3) (3272 (42 + 3) (472472 +3) (3272 (472 +3) (872 (472 + 3) (1672 (42 +3) (3272 (472 +3) (467272 (472 +3) — 104547) —
23537709) —887214627) —8089785171) —155946224187) —191658350799) — 758956737951 ) c3 +72(8v2+3)2 (3272 (472 +3) (872 (472 +
3)(8v2(4v2 + 3)(8v2(4v2 + 3)(16v2(4v2 + 3)(64v2 (42 + 3)(848v2(4y2 + 3) + 35427) + 8681067) + 253595043) + 2086955685) +
9755662437) +24034419225) +96725982087) 2 4+ 9+/2(8v2 +3)3 (1672 (4y2 +3) (642 (42 +3) (872 (472 +3) (272 (472 +3) (1672 (4y2 +
3) (102472 (4v2 +3) (1372 (4y2 +3) +218) +579717) + 12313539) 4 21434787) +97253703) + 1994498073) +4261625379) c2 + 2 (4y2 +
3)(8y2 + 3)*(3272 (472 + 3) + 27)(1672(472 + 3) (872 (472 + 3) + 81) + 729)(1672 (472 + 3) (3272 (472 + 3) 4 27) (18472 (472 + 3) —
135) — 19683))c1 + 32(—9223372036854775808¢4” +2305843009213693952v/2(8v2 + 3)c4® 4 108086391056891904(976v2 (42 +3) +
483)c37 +6755399441055744+/2(8v2 +3) (481672 (472 +3) +2997)ci +105553116266496 (322 (472 +3) (4656872 (472 +3) +79563) +
947673)ci® + 13194139533312v/2(8v2 + 3) (6472 (4y2 + 3) (1449272 (42 + 3) + 52887) + 1657449)c* + 2473901162496(1672 (4v2 +
3) (1672 (42 + 3)(1332872(4y2 + 3) + 296067) + 5726295) + 28169937)cs3 — 1236950581248v/2(872 + 3) (872 (472 + 3) (872 (472 +
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3)(1451272 (42 +3) — 203129) — 2768895) — 8254791)c}? — 1610612736 (3272 (472 + 3) (872 (42 + 3)(128v2 (42 + 3) (614002 (42 +
3) — 511953) — 247821849) — 1720462599) — 14085493785)c! — 67108864v/2(8v2 + 3)(3272 (472 + 3)(8v2(4y2 + 3)(32v2 (472 +
3)(10313672 (42 +3) — 1037943) — 423575973) — 3754547559) — 34924275171) 30 + 8388608 (8v2 (42 + 3) (3272 (4y2 + 3) (872 (42 +
3) (642 (4v2+3) (1511842 (4y2+3) —1193967)+755240679)+12633531363) +256609639521) 4423514131201 ) c§+12582912v/2(8v2+
3) (42 (472 43) (1672 (4y2 4 3) (3272 (4y2 +3) (82 (472 +3) (4438472 (42 4 3) — 637989) 4-22563819) + 1890504765 ) +21223105083) 4
18784569465)c5 + 98304(32v2 (42 + 3)(12872(4y2 + 3)(4y2(4y2 + 3)(872(4v2 + 3)(64v2(dy2 + 3)(37672(4y2 + 3) — 166491) +
42349635) + 1469145681) + 6786075105) + 408571427457) + 2209108652001)c) — 12288v/2(8v2 + 3)(3272(4y2 + 3)(1672(4y2 +
3) (6472 (472 +3) (42 (472 +3) (3272 (472 +3) (683272 (42 +3) — 11217) — 4553847) — 134931825) — 12856946535) — 112423646979) —
671532567687)cS — 3072(4v2(4v2 + 3)(32v2(4y2 + 3)(6472(4y2 + 3)(1672(dv2 + 3)(4v2(4v2 + 3)(327v2(4v2 + 3)(4592v2 (42 +
3) — 120471) + 10676205) + 57287007) — 1120551003) — 129612495951) — 2026708180569) — 1315665631737)c5 + 3456+/2(8v2 +
3)3 (1672 (4y2+3) (872 (4y2 +3) (12872 (4v2 +3) (872 (42 +3) (872 (472 +3) (8072 (4y2 +3) +3101) —234009) — 2853927) — 102296925) +
368249247) + 2382450003)c5 + 72(8v2 + 3)2(64y2(4v2 + 3)(4v2(4y2 + 3)(8v2(4v2 + 3)(872(4v2 + 3)(1672(4v2 + 3)(6472(4y2 +
3)(33672(4v2 + 3) + 349) — 6596181) — 226708713) — 1371063105) — 3095525727) — 74933181) + 22685621967)c3 + 3v/2(8y2 +
3)3 (1672 (472 + 3)(1672(4v2 + 3)(64v2(4y2 + 3) (72 (472 + 3)(1672(4y2 + 3)(3272(4v2 + 3)(3272(472 + 3) — 7305) — 3400623) —
108267435) — 82924479) — 1713897225) — 2625849981) + 2711943423)c3 — 72 (472 + 3)(872 + 3)4 (1672 (472 + 3)(872(4v2 + 3) +
81) + 729) (1672 (472 + 3) (872 (472 + 3) (642 (42 + 3) (2082 (42 + 3) + 4869) + 467289) + 1712421) + 3365793)ca — 4v/27vZ (4y2 +
3)2(8v2 + 3)5(32v2(4y2 + 3) + 27) (1672 (472 + 3)(8y2(4y2 + 3) + 81) + 729)2)), and

G'3 = 9b3(531441(8796093022208¢42 +65970697666561/2(8v2+3)cA! +103079215104( 70472 (472 +3) +399) 30 +21474836480v/2(8v2+
3)(704y2 (4v2 + 3) +405)c) + 12079595520(8v2 +3)2 (3522 (472 +3) +207)ch + 1207959552v/2(872 + 3)3 (3522 (4v2 +3) +213)ch +
88080384 (872 +3)* (70472 (4y2 +3) +441)c§ +4718592v/2(872 +3)° (70472 (472 +3) +459)c3 + 11796480 (872 + 3)6 (2272 (472 +3) +
15)ch +81920v/2(8v2 +3)7 (8872 (4v2 +3) +63)c3 +384(8v2 +3)3 (70472 (4v2 +3) +531)c2 +48v/2(8v2 +3)? (6472 (472 +3) +51)ca +
(8v2+3)19(3272 (4y2+3)+27))c§ —944784(61572651155456¢53 +450799767388161/2(8v2 +3)cA? +103079215104(46 7272 (472 +3) +
2661)c}! +34359738368+/2(872+3) (281672 (4y2 +3) +1647)c30 +268435456(8072 (472 +3) (193602 (4v2 +3) +22707) +531927)ch +
1207959552v/2(8v2 + 3) (42 (42 + 3)(809672(4y2 + 3) + 9813) + 11853)c5 + 12582912(8v2 + 3)2 (1672 (42 + 3)(2604872(4v2 +
3) + 33129) + 167265)ch + 352321536v/2(87v2 + 3)3(v2(4v2 + 3)(7047y2(4y2 + 3) + 963) + 324)c§ + 589824 (8v2 + 3)4(8y2(4y2 +
3)(3344v2(4v2 + 3) + 5169) + 15363)c5 + 4096+/2(8v2 + 3)°(807v2(4v2 + 3)(88072(4y2 + 3) + 1773) + 62613)cs + 128(8v2 +
3)6(167y2(4y2 + 3)(704v2(dvy2 + 3) + 7407) + 76707)c3 — 384v/2(8v2 + 3)7(8v2(4v2 + 3)(64v2(4v2 + 3) — 3) — 297)c3 — (872 +
3)8 (1672 (4v2+3) (5442 (472+3)+333) —1215) co —2v/272 (4y2+3) (8v2+3)? (3272 (472 +3) +27)) c§ +13122(22517998136852480c3 4 +
16008889300418560+/2(8v2 + 3)ci? + 2199023255552(7496072 (4y2 + 3) + 43299)cd? + 137438953472v/2(872 + 3) (2297602 (42 +
3) +141363)ch! + 8589934592(1672 (4v2 + 3) (92576072 (4v2 + 3) + 1159713) + 5758533)ci0 + 42949672960+/2(872 + 3) (872 (4v2 +
3)(31768v2(4v2 + 3) + 44433) + 120447)c) + 4026531840(64v2(4v2 + 3)(v2(4y2 + 3)(7849672(4v2 + 3) + 178281) + 127332) +
1867941)c5+50331648v/2(872+3) (3272 (472 +3) (872 (472 +3) (5632072 (472 +3) +175203) +1180737) +9630333) cf +22020096 (82 +
3)2(327y2(4y2 +3) (872 (4v2 +3) (352072 (42 +3) +29241) + 251019) + 2312631)c§ — 131072v/2(8v2 + 3)3 (1672 (4y2 + 3) (1672 (42 +
3)(2552072 (42 + 3) — 139509) — 3235545) — 16707951)c5 — 40960(872 + 3)* (1672(4v2 + 3)(12872(4v2 + 3)(1298v2(4v2 + 3) —
2781) — 660231) — 3692385)cs — 2560v/2(872 + 3)° (3272 (4y2 + 3) (872 (42 + 3) (396872 (42 + 3) — 8775) — 135351) — 1565163)c3 —
32(8v2 + 3)5(327v2 (472 + 3)(872(4v2 + 3)(608072(4v2 + 3) — 30753) — 410427) — 4721733)c2 + 16v/2(8v2 + 3)7(3272(4dv2 +
3)(4y2(4v2 + 3)(80v2(4v2 + 3) + 1809) + 9963) + 111537)ca + (872 + 3)%(872(4y2 + 3) + 27)(32v2(4y2 + 3) + 27) (4072 (42 +
3) +27))ct — 69984(11258999068426240c3° + 7740561859543040v/2(8v2 + 3)cit -+ 21990232555520(34722 (42 + 3) + 2061)ci +
549755813888+/2(8v2 +3) (2512072 (42 +3) +17073)cd? + 17179869184(1767v2 (472 +3) (169602 (42 +3) +24399) + 1476873) it +
2147483648v2(8v2 + 3)(1672(4v2 + 3)(11264072(4vy2 + 3) + 214281) + 1386477)ci® + 12884901888(5v2(4y2 + 3)(87v2(4y2 +
3)(1091272 (42 + 3) + 41805) + 301563) + 396819)c) + 201326592v/2(8v2 + 3)(2072(4y2 + 3)(3272(4y2 + 3)(T04v2(4v2 + 3) +
9423) 4 338985) + 1988469)c§ — 6291456(8v2 + 3)% (322 (42 + 3) (8v2 (42 + 3) (704072 (4v2 +3) — 71199) — 784161) — 8070273 )cf —
262144v/2(872 +3)3 (3272 (472 + 3) (872 (472 + 3) (1232072 (42 + 3) — 68877) — 871641) — 9692055)c§ — 16384 (82 + 3)* (162 (42 +
3) (3272 (4v2 +3) (484072 (4v2 +3) — 36261) — 1972917) — 11844063 )c3 + 2048v/2(8v2 +3)® (8072 (4v2 + 3) (162 (472 +3) (3272 (42 +
3) + 2781) + 79461) + 2645541)c5 + 64(8v2 + 3)6 (16072 (4y2 + 3)(8v2(4y2 + 3) (7042 (4y2 + 3) + 2457) + 40095) + 3243321)c3 +
8v/2(8v2 + 3)7(3272(4v2 + 3)(8v2(4dv2 + 3)(64072(4v2 + 3) + 81) + 10449) + 303993)c3 + 4(8v2 + 3)% (42 (42 + 3)(872(4y2 +
3)(16072(4y2 +3) —621) —2673) + 6561)ca — 27+v/2v2 (42 + 3) (872 +3)? (3272 (4y2 +3) +27))c3 + 81(14411518807585587200c3° +
9547631210025451520v/2(8v2+3)c3® +6755399441055744 (132802 (4y2+3)+8241) e +70368744177664+/2(8v2+3) (21560072 (4v2+
3)+171459)c}3+10995116277760(32v2 (472 +3) (14463272 (42 +3) +261405) +3275559) c2 +-824633720832v/2 (872 +3) (1672 (4y2 +
3)(2427202 (42 +3) +755493) + 5864859 ) ci t +8589934592 (322 (42 +3) (292072 (4v2 +3) (352072 (42 +3) +36603) +118670589) +
1113354315)ci0 —1073741824+v/2(8v2 +3) (322 (472 +3) (872 (4v2 +3) (34496072 (472 + 3) — 6820533) — 75439107) — 793854027)c —
603979776(167v2 (4v2 +3) (1672 (472 +3) (162 (42 + 3) (1496002 (4y2 + 3) — 1142751) — 44930457) — 507514491) — 1822681521 )c§ —
2147483648v/2(8v2 +3) (42 (472 + 3) (4072 (472 + 3) (3272 (472 + 3) (10782 (4v2 + 3) — 9333) — 925587) — 29953881) — 29596671 )ch +
524288(128v2(4v2 + 3)(8v2(4v2 + 3)(3272(4v2 + 3)(4v2(4y2 + 3)(24640v2(4v2 + 3) + 940671) + 21925485) + 992114325) +
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4274484939) + 102025393641)c§ + 196608v/2(8v2 + 3) (642 (42 + 3)(3272(4y2 + 3)(1672(4y2 + 3)(2072(4y2 + 3)(3616v2 (42 +
3) — 6009) + 1133487) + 39062007) + 793170225) 4 10379849733)c5 + 4096(87v2 + 3)2(3272(4v2 + 3)(32v2(4v2 + 3) (1672 (4y2 +
3) (12872 (4y2+3) (26452 (4y2+3) —26136)+1629477) +179334729) +4360250331) +30926854701 ) c§ —2048+/2(8v2+3)3 (16v2 (4y2 +
3)(1672 (472 + 3)(6472(472 + 3)(272(4y2 + 3)(800v2 (42 + 3) 4 115497) + 33939) — 30192993) — 409347351) — 1516201173)c3 —
384(87v2 +3)4(32v2 (42 + 3) (4y2 (472 + 3) (1602 (472 + 3) (4v2 (42 + 3) (T04v2 (4v2 + 3) + 8331) — 351) — 11982573) — 39503781) —
291761109)c2 — 16v/2(8v2 + 3)° (1672 (42 + 3) (1672 (4y2 + 3)(3272(4y2 + 3) (272 (4y2 + 3)(128072(4y2 + 3) + 7227) — 15795) —
1948617) — 22851963) — 81310473)cz — (842 + 3)%(3272(4y2 + 3) + 27)(327v2 (472 + 3)(8v2(4y2 + 3)(32073 (472 + 3)% — 6561) —
59049) —531441))c? —144(6341068275337658368c5 +4035225266123964416+/2(8v2 +3) ey +4503599627370496 (79762 (42 +3) +
5283)c15+1407374883553281/2(8v2+3) (399202 (42 +3)+39411) 34 +2199023255552 (3272 (472 +3) (23548072 (42 +3) +589131) +
8438823)c3® + 274877906944v/2(872 + 3)(25672(4y2 + 3)(11147v2(4y2 + 3) + 69507) + 10267641)ci? — 8589934592(327y2(4y2 +
3)(8v2(4y2 + 3)(2950472 (42 + 3) — 6545907) — 70427961) — 737840583)cs! — 2147483648v/2(87v2 + 3)(3272(4v2 + 3) (872 (42 +
3)(14924872 (472 +3) —1696977) —24709455) —304505487) c 10 — 67108864 (162 (4y2+3) (1672 (472 +3) (1672 (472 +3) (4875202 (4v2+
3) — 4492647) — 267871779) — 3708547659) — 15154801191)c) — 33554432v/2(872 + 3)(472(4v2 + 3)(3272 (472 + 3)(872(4v2 +
3)(19360v2 (42 + 3) — 696699) — 56124009) — 1932030063) — 2203465923 )c5 + 524288(512y2(4v2 + 3)(272 (42 + 3) (642 (4v2 +
3)(2v2(4y2 + 3)(8800072 (42 + 3) — 423261) + 9452133) + 1213136919) + 1493145819) + 153420226065)ch + 131072/2(8v2 +
3)(32792(4v2 +3) (1672 (4y2 + 3) (1672 (4dv2 + 3) (16072 (4y2 + 3) (123272 (4y2 +3) — 16839) + 11239641) 4+ 430173423) + 4499461629) +
29985731739)c§ —4096 (1672 (472 +3) (3272 (472 +3) (12872 (472 +3) (4072 (472 +3) (472 (472 +3) (49672 (472 +3)+70011) — 1175877) —
156493701) — 19858237749) — 266410133271) — 656224941123)c3 — 1024v/2(8v2 + 3)(87v2(4v2 + 3)(32v2(dv2 + 3)(3272(4y2 +
3)(872 (472 +3) (1672 (472 +3) (536072 (4v2 +3) +22491) —6841665) — 146805291) —4481641953) —59743357191) — 73834692453)cs —
128(87y2 + 3)2(12872(4v2 + 3)(v2(4vy2 + 3)(1692(4y2 + 3)(8v2(4vy2 + 3) (1672 (4y2 + 3) (544072 (42 + 3) — 89019) — 11718675) —
197419761) — 2836576179) — 1163324349) — 22972600107)c3 + 16+/2(8v2 +3)3 (872 (4v2 +3) (6472 (42 +3) (1672 (42 +3) (4y2 (4y2 +
3) (1672 (dy2 +3) (2562 (42 +3) +12555) + 771525) +5181003) +69264477) +1784047437) +2195382771)c3 + (82 +3) 4 (1672 (472 +
3)(167v2(4y2 +3) (6472 (4v2 +3) (72 (4y2 +3) (16792 (4y2 + 3) (6082 (4v2 4+ 3) +10287) +406539) + 518319) +24977727) + 157837977) +

387420489)c2+256v/273 (472 43)3 (872+3)5 (3272 (4y2+3) +27) (1672 (472+3) (872 (472+3) +81)+729) )e1 +64(4611686018427387904cL B+

2810246167479189504v/2(8v2+3)c37+13510798882111488(1744y2 (4y2+3)+1263) 50 +20266198323167232v/2(8v2+3) (16672 (4v2+
3) + 215)cd® + 52776558133248(16v2 (42 + 3)(992072(4y2 + 3) + 37989) + 308529)ci* + 824633720832v/2(872 + 3) (3272 (4y2 +
3)(8456v2 (472 +3) +151845) +3372381)c43 — 51539607552(16v2 (472 +3) (1672 (472 +3) (45616y2 (472 +3) — 861873) — 23305671) —
138661875)ci? — 3221225472v/2(872 + 3) (3272 (42 + 3) (872 (42 + 3) (7398472 (42 + 3) — 809253) — 18279837) — 268027785)ci! —
201326592(16v2 (472 +3) (1672 (4y2 +3) (1672 (472 +3) (5420872 (42 +3) — 704625) — 102240387) — 1730283687) — 7827786945)ci0 +
16777216v/2(8v2+3) (642 (4y2+3) (6472 (4v2+3) (72 (472 +3) (3608072 (42 +3) —230949) +4718331) +391378959) +7796915253) ¢ +
25165824(2v2 (4y2 + 3)(87v2(4v2 + 3)(647v2(4vy2 + 3)(4y2(4y2 + 3)(5104072(4y2 + 3) — 694773) + 19038645) + 2764517445) +
14576882067) + 6169498569)c5 + 196608+v/2(8v2 + 3) (12872 (42 + 3)(1672(dy2 + 3)(3272(4y2 + 3)(10v2(4y2 + 3) (25672 (dy2 +
3) — 21633) + 1508571) + 122552919) + 1397464569) + 40192784415)c] — 36864(1672(472 + 3)(12872(47y2 + 3)(3272(4y2 +
3)(2v2 (42 +3) (1672 (42 +3) (224072 (472 +3) + 5573) — 3293451) — 23760945) — 880465059) — 53802187983 ) — 147097377243)c§ —
49152\/5(8’}/2 + 3)(4y2(4dv2 + 3)(4y2(4dv2 + 3)(12872(4dv2 + 3)(272(4dv2 + 3)(32y2(4v2 + 3)(680v2(4vy2 + 3) — 14049) — 399411) —
7680015) — 1704147579) — 3962955537) — 3030808023) 3 + 384(16v2 (42 +3) (472 (472 +3) (3272 (4v2 +3) (1672 (42 +3) (1672 (472 +
3)(179272 (472 +3) (572 (4v2 +3) +276) — 2337255) — 70005141) — 147515337) + 19515753549) +47397628467) + 130130237583 ) c5 +
48v/2(8y2 + 3)(1672(4y2 4 3)(167v2(4y2 + 3)(16v2(4y2 + 3)(4v2(4y2 + 3)(327v2(4y2 + 3)(8v2(4ya + 3)(512v2(4y2 + 3) + 2589) —
1006749) — 66568149) — 179423667) — 524886561) + 2319739965) + 11751754833)c3 + 3(8v2 + 3)2(25672(4y2 + 3)(2v2(4y2 +
3) (1672 (42 +3) (272 (4y2 +3) (3272 (472 +3) (872 (42 +3) (6472 (472 +3) —6183) — 770391) — 48208041) — 70996581) — 336402153) —
43046721) + 1937102445)c2 — 12272 (472 + 3)(872 + 3)3(1672(dv2 + 3)(872(4y2 + 3) + 81) + 729)(1672(4y2 + 3)(1672(4y2 +
3)(1672(4v2 + 3)(872(4v2 + 3) + 195) + 4617) + 32805) + 59049)ca — 272 (472 + 3)2(8v2 + 3)*(3272(472 + 3) + 27)(1672(4y2 +
3)(872(4y2 + 3) + 81) + 729)2)).

5. APPENDIX 2

The coefficients Hy, Ho and Hj in Subcase 3.1.1.1 in the proof of statement (g) of Theorem 1 are given
as follows
Hy = —b3(—59049(—4503599627370496¢3* + 3940649673949184+/2(8v2 + 3)cd3 — 35184372088832(1528v2 (42 + 3) + 873)cd? +
8796093022208v/2(872 + 3) (167272 (42 + 3) + 981)ci! — 1099511627776 (v2(4v2 + 3)(83072v2(4y2 + 3) + 97101) + 28350)ci® +
137438953472v/2(8v2+3) (72 (4y2+3) (957442 (472 +3)+114057)+33939) c) —805306368 (3272 (42 +3) (1672 (472 +3) (1115842 (4v2+
3)+198423)+1880577) + 11874195)c5 +402653184v/2(8v2 +3) (3272 (472 +3) (162 (4y2 +3) (186562 (4y2 +3) + 33669) +323919) +
2076435)c] —176160768(8v2+3)2 (162 (472 +3) (1672 (4v2 +3) (1091272 (42 +3) +20007) +195615) +637389) c§ + 1048576 1/2(8v2 +
3)3 (1672 (4y2 + 3) (1672 (4y2 + 3) (8905672 (42 + 3) 4 166077) + 1652157) + 5479893 ) c5 — 32768(8v2 + 3)* (642 (4v2 + 3) (872 (4y2 +

{app2}
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3)(1033122 (42 + 3) + 196209) + 994113) + 13442031)ci + 8192v/2(872 + 3)° (12872 (4y2 + 3) (42 (42 + 3) (1083272 (4y2 + 3) +
20979) + 54189) + 1495179)c3 — 512(8v2 + 3)%(8v2 (42 + 3) (1672 (42 + 3)(2483272 (42 + 3) + 49113) + 517833) + 911979)c3 +
64v/2(8v2+3)7 (872 (4y2 +3) (1672 (472 +3) (217672 (472 +3) +4401) +47385) +85293) ca — (872 +3) 8 (322 (4y2 +3) +27) (256v2 (4v2 +
3) (2272 (4v2+3)+27)+2187)) c§ +52488(—63050394783186944c1° +53620983063379968/2 (872 +3) c* —1583206743997440(448v2 (4y2+
3) +257)ci 4+ 1099511627776+/2(8v2 + 3) (17067272 (42 + 3) + 101367)cd? — 1649267441664(4y2 (4y2 + 3) (17017672 (4v2 + 3) +
201501) +238221)ch! +19327352832v/2(87y2 +3) (1282 (42 +3) (6256872 (472 +3) +76261) +2968965) 30 — 4294967296 (2v2 (4y2 +
3)(32v2 (42 + 3) (18641922 (42 + 3) + 3402369) + 66117303) + 26720037)c + 2415919104v/2(87v2 + 3) (Y2 (42 + 3) (32072 (472 +
3)(5156872 (4v2 +3) +97083) +19447857) +4048380) c3 — 226492416 (3272 (472 +3) (1672 (472 +3) (1672 (42 +3) (397762 (42 +3) +
100493)+1517967) +10156995) +50813001) ] +262144/2(8~v2 +3) (6472 (472 +3) (4y2 (472 +3) (12872 (472 +3) (35820472 (4v2 +3) +
951381) +120327525) +209920653) +2184071607)c — 196608 (82 +3)2 (1672 (42 +3) (1672 (42 +3) (642 (4v2 +3) (5315272 (4y2 +
3)+154773)+10561995) +78664203) +216637659)c3 +36864+/2(8v2 +3)3 (872 (472 +3) (1672 (472 +3) (12872 (472 +3) (403672 (472 +
3) + 15251) + 2456757) + 20609559) + 31121739)c5 + 512(8v2 + 3)*(1672(4y2 + 3)(64v2(4v2 + 3)(2072(4v2 + 3)(3392v2 (42 +
3) — 8631) — 500823) — 22910283) — 82570185)c3 — 24v/2(87v2 + 3)%(3272(4v2 + 3)(8v2(dy2 + 3) (25672 (42 + 3)(1964v2 (4y2 +
3) + 2817) + 116721) — 1677429) — 19860147)c3 + 36(872 + 3)6(8v2(4v2 + 3)(1672(4v2 + 3)(3272(472 + 3)(7687v2(4y2 + 3) +
1447) + 26487) 4 44469) — 137781)ca — v/2v2(4y2 + 3) (872 + 3)7(3272(4y2 + 3) + 27) (1672 (4y2 + 3)(1504~2 (4v2 + 3) + 1863) +
9477))c} — 4374(—3891110078048108544c16 + 3211066534315163648v/2(8v2 + 3)ci® — 1688849860263936(243207y2(4y2 + 3) +
14091)c3*+316659348799488v/2(8v243) (330402 (472 +3)+20249) 13 —2199023255552 (5122 (472 +3) (5318572 (4v2+3) +65277) +
10204623)c3? +206158430208+/2 (82 + 3) (642 (472 + 3) (59230472 (42 + 3) + 773493) 4+ 16001199) i — 77309411328(25672 (4y2 +
3)(2v2(4y2 + 3)(607552y2 (4y2 + 3) + 1211461) + 1588041) + 87802137)ci + 8589934592v/2(8v2 + 3)(y2(4v2 + 3)(64v2(4v2 +
3)(306152072 (4y2+3)+6789231)+309823137)+71758386)ch — 1207959552 (1672 (4v2+3) (1672 (472 +3) (162 (472+3) (52976072 (4v2+
3) + 1723731) + 31276287) + 240995979) + 674964333)ch + 226492416+/2(87v2 + 3)(64v2 (472 + 3)(dy2(dv2 + 3)(647v2(dy2 +
3)(2068072(4v2 + 3) + 96791) + 8365815) + 17964909) + 217464831)ch — 2097152(16v2(dv2 + 3)(8v2(dy2 + 3)(256v2(4vy2 +
3)(4v2(4y2 + 3)(4681672(4v2 + 3) + 1316943) + 12078153) + 2755209573) + 8807046813) + 21181880133)c§ — 393216+/2(8y2 +
3) (82 (4ya +3) (12872 (472 + 3) (272 (4y2 + 3) (3272 (4y2 + 3) (903522 (42 + 3) — 273921) — 32568183) — 66914181) — 3691662561) —
4672803249)c5 + 147456(8v2 +3) (872 (42 +3) (1672 (472 +3) (16742 (472 +3) (25672 (472 + 3) (277072 (472 + 3) — 3289) — 4904829) —
87842313)—634426101)—830747259)cs —256+/2(8v2+3)3 (1672 (4v2+3) (1672 (472 +3) (1672 (472 +3) (25672 (472 +3) (1586072 (42 +
3) — 28989) — 35660169) — 633167847) — 4615420743) — 12271149837)c3 + 96(8v2 + 3)*4 (3272 (4v2 + 3)(8v2(4v2 + 3) (642 (42 +
3)(872(47v2 + 3) (416072 (42 + 3) — 38703) — 953991) — 62963001) — 225271935) — 1198753749)c3 + 288v/2(872 + 3)° (y2(4y2 +
3)(3272 (472 + 3) (872 (472 + 3) (642 (4y2 + 3) (1762 (4y2 + 3) + 1847) + 266697) + 2012769) + 27903933) + 4605822)ca — (872 +
3)6(3272(4v2 + 3) + 27)(1672(4y2 + 3)(1672(dy2 + 3)(1472v2(dy2 + 3)(872 + 672 + 9) + 18225) + 164025) + 531441))ct +
1296(—35740566642812256256¢17 + 28570836036038426624+/2 (82 + 3)ci® — 2251799813685248(156496y2 (472 + 3) +92349)cl® +
70368744177664v/2(8v2 + 3)(122296072 (472 + 3) + 794349)ci* — 35184372088832(8v2 (4v2 + 3) (16626402 (42 + 3) + 2186937) +
5656959)c3% +549755813888+/2(8v2 + 3) (6472 (42 +3) (16242762 (4y2 + 3) +2428641) 4+ 55619379) c32 — 34359738368(16v2 (42 +
3) (3272 (472+3) (90935362 (472 +3) +21828825) +520907193) +1981526247) c3 1 +1073741824/2(8v2+3) (1672 (472 +3) (642 (42 +
3)(87297767v2(4y2 + 3) + 27712233) + 1538398251) + 6476856633)ci0 — 268435456(32v2(4v2 + 3)(1672(4y2 + 3)(1672(4vy2 +
3)(49227202 (42 +3) +30752613) +722209851) + 6445072233) 4 39815710623) c + 8388608+/2(872 +3) (1672 (472 +3) (1672 (4y2 +
3)(12872(4y2 + 3)(152680v2(4v2 + 3) + 11672919) + 2756410479) + 27369608805) + 90671150115)c5 + 2097152(64v2(dvy2 +
3)(8v2(4y2 + 3)(1672(4y2 + 3)(64y2(4y2 + 3)(50362472(4y2 + 3) — 3493251) — 688213503) — 10972936431) — 37593631143) —
380949604335)ch — 65536+/2(872 + 3) (3272 (472 + 3) (1672 (472 + 3) (1672 (4y2 + 3) (3272 (42 + 3) (16639842 (42 + 3) — 7804791) —
882556155) — 14978195109) — 107632778535) — 568326843585)c§ + 16384(32v2(4v2 + 3) (6472 (4y2 + 3) (8v2 (472 + 3) (6472 (42 +
3) (872 (42 + 3) (12485672 (4y2 + 3) — 950589) — 32569047) — 2979587025) — 16289473653) — 348760104867) — 1473838416567)c3 +
512v/2(872 +3) (162 (472 +3) (12872 (472 +3) (472 (4y2 +3) (1672 (472 +3) (51272 (4v2 +3) (573572 (4y2 +3) +107514) +191405025) +
4420770453) + 12615799167) + 566991745695) + 1255878519237)ch — 256(8v2 + 3)2(8v2(4y2 + 3)(25672(4y2 + 3)(1672(4y2 +
3) (72 (472 +3) (3272 (472 +3) (12208072 (472 +3) +455139) +39605355) +61267347) +778442967) +77082859845) +92650892499) c3 +
8v/2(8v2 + 3)3(8v2(4vy2 + 3)(64v2(4vy2 + 3)(872(4y2 + 3)(8v2(4y2 + 3) (12872 (4y2 + 3)(18184~y2(4y2 + 3) + 8397) — 510057) +
51484167) + 674752923) + 23163918867) + 33705582543)c3 — 2(8v2 + 3)*(64v2(4v2 + 3)(2v2(4v2 + 3) (6472 (4y2 + 3) (872 (4y2 +
3) (1672 (42 +3) (323272 (42 +3) —23679) — 1084023) — 7433613) — 125951517) +43046721) + 1420541793 ) ca —/2v2 (472 +3) (872 +
3)5(32v2(4y2 + 3) + 27) (3272 (472 + 3) (4y2(4y2 + 3) (1672 (4y2 + 3) (41672 (42 + 3) + 8721) + 238383) + 570807) + 3720087))cs —
9(—7821419487252849885184c18 +6045920370158305542144+/2(8v2 +3)cl” —864691128455135232(829282 (4v2 +3) +50403) 36 +
27021597764222976+/2(8v2+3) (6185442 (472 +3)+440529)ci® —13510798882111488(4v2 (472 +3) (15863202 (4v2+3)+2336103) +
3277179)c* +211106232532992+/2(8v2+3) (64v2 (42 +3) (71531672 (472 +3)+1328763)+34660737) i —39582418599936 (64v2 (4y2 -+
3) (872 (472 +3) (11788882 (4y2+3) +3863173) +27006867) +454358565 ) ch2 +412316860416+/2(8v2 +3) (1672 (4v2 +3) (25672 (42 +
3)(665252v2 (4y2+3)+3892149)+1057756563)+4992478497) ci! —51539607552(51272 (4v2+3) (72 (472 +3) (5672 (4y2+3) (3139842 (4y2+
3) +9974967) + 1028916351) + 644559201) + 68959891323) 30 — 1073741824+/2(8v2 + 3) (162 (42 + 3) (1672 (42 + 3) (3272 (4y2 +
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3)(697136072 (42 + 3) — 89007381) — 6526225485) — 73004332293) — 264178894635)c3 + 201326592(6472 (42 + 3)(472(4vya +
3)(32v2 (472+3) (1672 (472 +3) (52930242 (472-+3) —37997325) —2230608699) —80476063245) — 152131081419) — 1672746272145) c§ —
25165824v/2(872 + 3) (3272 (4y2 + 3) (1672 (472 + 3) (1672 (472 + 3)(3272 (4y2 + 3) (48977672 (472 + 3) — 4812207) — T11677367) —
14737165839) — 122830333389) — 727740287271)c] — 6291456 (82 (42 + 3) (1282 (472 4 3) (1672 (472 + 3) (3272 (472 4 3) (272 (472 +
3) (2864962 (4y2-+3)+2406567) +43182909)+2860677891)+39373245531)+ 1978479398061 ) +2353970611251)cS+196608v/2(872+
3) (1672 (4y2 +3) (642 (472 +3) (82 (4v2 +3) (1672 (42 +3) (3272 (42 +3) (2065122 (42 +3) — 579483) + 79925697) + 4748690691 ) +
39533298939) -+ 1099633802355) + 2798449794657)c5 — 12288(32v2 (472 + 3) (16v2 (472 +3) (3272 (472 +3) (872 (42 + 3) (3272 (472 +
3) (162 (4y2 + 3) (12424072 (4v2 4 3) — 1558569) — 18976923) + 3132532683) + 47747692809) + 1106031289113) +5920657166601) +
24501375705501)cd — 9216v/2(8v2 + 3)(872(4y2 + 3)(1672(472 + 3)(327v2(472 + 3)(8y2(4v2 + 3)(1672(4vy2 + 3)(512v2(47a +
3) (35872 (472 + 3) + 17059) + 9683307) — 301807539) — 5539520097) — 134870218911) — 742484192715) — 784612583667)c3 +
1536(8y2 +3)2 (1672 (4v2 + 3) (3272 (4v2 + 3) (2v2 (472 + 3) (8v2 (4v2 4 3) (1672 (4y2 + 3) (1672 (42 + 3) (378882 (4y2 + 3) +417195) +
4524579) —322339743) —4945963923) — 7236632097) — 78732452709) — 166203389781) 2 — 1921/2(8v2 +3)3 (272 (4724 3) (1672 (42 +
3)(872(4v2 + 3) (3272 (472 + 3)(8v2(4y2 + 3)(32v2 (472 + 3)(380872 (42 + 3) 4 20067) — 869697) — 44761329) — 2073859929) —
11120402925) — 58242213513) — 15109399071)ca + (872 + 3)4(3272(4y2 + 3) + 27)(3272(4v2 + 3)(3272(4y2 + 3)(4y2 (472 +
3)(4y2(4y2 + 3)(6472(4y2 + 3)(24872 (472 + 3) — 1053) — 742851) — 5885217) — 19663317) — 243931419) — 1162261467))c2 +
24(—2361183241434822606848¢3° +1761664059039262179328+/2(8v2 +3) c3® —6917529027641081856 (28962 (42 +3) +1839)c3” +
972777519512027136v/2(872 + 3) (456072 (472 + 3) + 3703)ch® — 81064793292668928(8v2(4v2 + 3)(3281672 (472 + 3) + 56963) +
176373)c15+105553116266496+/2(8v2+3) (3272 (4y2+3) (6444562 (4y2+3)+1621131)+24413913) cA4 —131941395333120(2567y2 (472 +
3)(y2 (472 + 3) (13417672 (472 + 3) 4 692919) + 714663) + 53030619)ck3 + 824633720832v/2(872 + 3) (1672 (472 + 3)(1672(4v2 +
3)(619184y2 (4y2 + 3) + 9820401) + 203726853) + 1080500715)ck? + 103079215104(1672 (472 + 3)(1672(4ya + 3)(1672(472 +
3)(42803272 (472 +3) — 10945131) — 402746013 ) —4583251431) — 16786701225)c! —536870912v/2(8v2 +3) (3272 (472 +3) (872 (42 +
3)(128072 (472 + 3) (13336472 (42 + 3) — 1377279) — 5492737251) — 36416968281) — 205893771363)cl0 + 536870912(4ya (42 +
3) (642 (4v2 + 3) (472 (42 + 3) (3292 (472 + 3) (151289672 (42 + 3) — 14556051) — 2830869891) — 15952623165) — 553059750879) —
417619151433)c3 + 25165824v/2(8v2 + 3) (872 (472 + 3) (3272 (4v2 + 3) (872 (472 + 3) (6472 (42 + 3) (7006472 (42 + 3) + 721365) +
1335076965) +18911826621) +366397455051) +594764458695) 5 — 37748736 (8v2 (472 +3) (1672 (472 +3) (642 (4y2+3) (1672 (4v2 +
3)(8y2(4v2 + 3)(3987272 (472 + 3) — 261411) + 15486417) + T56152577) + 47558442951) + 320706318627) + 399559605273)c] +
204912v/2(872 +3) (322 (42 4 3) (6472 (4y2 +3) (872 (4v2 +3) (872 (4v2 +3) (642 (42 +3) (1629672 (4v2 +3) — 287443) +65935737) +
1944233847) + 16216223733) + 454420891251) + 2335727304603 c§ + 49152(87a (42 +3) (3272 (42 + 3) (1672 (42 +3) (12872 (472 +
3)(2y2 (4y2+3) (51272 (472+3) (58672 (4y2+3)+24033) —51587199) —467180379) —82693752687) —867239849367) —8907538402305) —
9049152548457) 3 —3072v/2(8v243) (4v2 (472 43) (3272 (472 43) (51272 (472 +3) (272 (472 +3) (472 (472 +3) (3272 (472 +3) (2571272 (4ya+
3) + 46845) — 63747243) — 845437095) — 2203435305) — 731126235663) — 7550590965129) — 3884579149761)ci + 768(8y2 +
3)2(162 (472 + 3) (872 (42 + 3) (1672 (4y2 + 3) (1672 (4v2 4 3) (6472 (42 + 3) (4y2 (42 + 3) (48642 (4o + 3) — 121263) — 3478869) —
549289593) — 10551682323) — 107299532223) — 278373578769) — 581776434315)c3 4 24v/2(8y2 + 3)3 (12872 (472 + 3)(272(4y2 +
3)(872(4v2 4 3) (872 (42 + 3)(1672(4v2 + 3) (642 (472 + 3) (15202 (4y2 + 3) + 58353) 4 14301441) + 434161053) + 3795256377) +
18986792607) 4 12526595811) 4 215793212373) 2 — 16(8v2 + 3)* (272 (472 + 3) (3272 (472 + 3) (872 (472 + 3) (1672 (472 + 3) (42 (42 +
3) (322 (42 +3) (198472 (472 4 3) 4 32355) 4 2565351) 4 13443489) 4 199998963 ) + 1018772397) 4 11751754833) + 3486784401 )ca +
V272 (472 4 3) (8y2 +3)%(3272(472 +3) +27) (1672 (472 +3) (872 (472 +3) +81) + 729) (1672 (472 + 3) (872 (472 + 3) (35272 (472 4 3) —
135)—3645) — 19683))c1 +64(295147905179352825856¢20 —212137556847659843584+/2(8v2+3) c19 +57646075230342348800(40y2 (4v2+
3) +27)ck8 — 324259173170675712v/2(8v2 + 3) (14882 (472 + 3) + 1435)ch7 4 3377699720527872(3272 (472 4 3) (1983272 (4v2 +3) +
42855)4-591327) 10 —316659348799488+/2(8v2+3) (3272 (472 +3) (1916072 (472 +3)-+70893)+1249263) c15+13194139533312(3272 (472 +
3) (872 (472 + 3)(9190472 (472 + 3) + 890301) + 8779455) + 90548361)ckt + 2473901162496/2(872 + 3) (1672 (472 + 3) (1672 (472 +
3)(72072 (42 +3) — 428701) — 11373093) — 69244551)c}? — 51539607552(3272 (42 + 3) (872 (472 -+ 3) (2562 (472 +3) (1147472 (4y2 +
3) — 169119) — 136525257) — 909075879) — 7356711519)ck2 + 536870912v/2(872 + 3)(3272 (42 + 3)(872(4vya + 3)(6472 (v +
3)(265424~2 (42 +3) —2876715) —1023792291) —8229027087) — 74254320891 )ch ' —67108864(3272 (4v2+3) (872 (472 43) (6472 (4y2+
3) (872 (42 +3) (7110472 (472 +3) — 1284057) — 2756 72079) — 30805712397) — 147688077195) — 949653593883 c10 — 8388608+/2(872 +
3)(8y2(4v2 + 3)(327v2(4v2 + 3)(By2(4y2 + 3)(647v2(4v2 + 3)(118960y2 (472 + 3) — 1110987) + 920049759) + 15602051439) +
326967992685)+558593560719)c) + 18874368 (872 (472 +3) (1672 (4v243) (162 (42 +3) (1672 (472 +3) (1672 (472 +3) (1840072 (472 +
3) — 312821) + 33449643) + 1759740957) + 29141622639) + 205215463197) + 265387168395)c5 + 98304v/2(82 + 3) (3272 (472 +
3)(32y2 (4y2 +3) (1672 (42 +3) (872 (472 + 3) (1282 (472 +3) (34072 (42 +3) + 57027) — 57169611) — 1636300035) — 20161648269) —
436621985685) — 2378454806709)c] — 331776(12872 (4v2 + 3) (25672 (472 + 3) (v2 (472 + 3) (472 (472 + 3) (12872 (42 + 3) (6472 (4v2 +
3)(2072 (472 + 3) — 29) — 97911) — 57047463) — 369417105) — 277475625) — 25428395529) — 450976758219)cS + 3072v/2(87v2 +
3)(4v2(4v2 + 3)(3272(4dv2 + 3)(3272(4dv2 + 3)(3272(4v2 + 3)(4y2(4dv2 + 3)(3272(4v2 + 3)(2512v2(4y2 + 3) — 75729) + 301401) —
43466139) — 4711338189) — 152635110561) — 2059034673717) — 1265415759423)c3 + 1152(8v2 + 3)2(1672 (472 + 3)(6472(4v2 +
3)(8y2 (4v2+3) (472 (4y2+3) (1672 (4v2+3) (1282 (4y2+3) (7672 (4v2+3) +2827) —2456271) —80394525) — 120535047) +741950685) +
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39013615251)+120286887381)ch —24v/2(8v2+3)3 (3272 (472 +3) (872 (472 +3) (82 (4v2+3) (872 (472 +3) (1672 (472 +3) (12872 (42 +
3)(28072(4y2 + 3) + 369) — 10363059) — 352188891) — 2035937349) — 3714595443) + 4424246325) + 62891259381)c3 + (872 +
3)4(3272(472 + 3)(3272(472 + 3)(472(472 + 3) (472 (472 + 3)(51272(472 + 3)(72(4v2 + 3)(6472(4y2 + 3) — 23823) — 338013) —
345692529) — 1062232461) — 1353580227) — 3486784401) + 15109399071)c3 + v/272(4v2 + 3) (872 + 3)° (1672 (42 + 3) (872 (42 +
3) + 81) + 729) (1672 (472 + 3) (872 (472 + 3) (6472 (4v2 + 3) (11272 (42 + 3) + 2529) + 245673) + 925101) + 1948617)cp — 473 (4v2 +
3)2(8v2 + 3)% (3272 (472 + 3) + 27) (1672 (472 + 3)(872(472 + 3) + 81) + 729)%)),

Hy = —6b%(531441(8v2 + 3)(8796093022208v/2c4? — 13194139533312(872 + 3)c3! + 103079215104+/2(7042 (42 + 3) + 399) 30 —
42949672960(8v2+3) (70472 (4y2+3)+405)c)+12079595520v/2 (872 +3) 2 (3522 (4y2+3)+207) c§ —2415919104 (82 +3)3 (3522 (42 +
3) + 213)c] + 88080384v/2(872 + 3)4 (7042 (42 + 3) + 441)c§ — 9437184(8v2 + 3) (704v2 (42 + 3) + 459)c5 + 11796480v/2(8~2 +
3)6(22v2(4y2 + 3) + 15)ch — 163840(8v2 + 3)7(88v2(4y2 + 3) + 63)c3 + 384v/2(87v2 + 3)3(704v2(4y2 + 3) + 531)c3 — 96(8v2 +
3)%(64v2(4y2 + 3) + 51)ca + V2(87v2 + 3)10(32v2(4y2 + 3) + 27))c§ — 78732(140737488355328¢1% + 615726511554560v/2(8y2 +
3)cd3 — 981863883603968(8v2 + 3)2ch? + 137438953472v/2(8v2 + 3)(3913672(4y2 + 3) + 22311)ch! — 2147483648(1287y2(4y2 +
3)(12716072 (472 +3) +146079) + 5367951 ) c50 +268435456+/2(82 + 3) (642 (4v2 +3) (2743842 (472 + 3) +322587) +6060015)c) —
201326592(4y2 (472 + 3) (32072 (472 + 3) (5508872 (42 + 3) + 98037) + 18575649) + 14640021)c§ + 100663296+/2 (82 + 3) (4y2 (42 +
3) (3272 (472+3) (7356872 (472 +3)+135621) +2654775) +2156625) c] — 5505024 (872 +3) 2 (1672 (47243) (3272 (472 +3) (315042 (42 +
3) +61371) +1261413) +4281903)c§ + 32768v/2(87v2 +3)3 (1672 (4y2 + 3) (322 (42 + 3) (16456072 (4v2 + 3) + 353673) + 7871499) +
28554201)c5 — 8192(8v2 + 3)4 (42 (4v2 + 3)(3272(4v2 + 3) (895842 (42 + 3) + 245133) + 6374133) + 6461127)cs — 512v/2(8v2 +
3)5(1672(4y2 + 3)(8072(4v2 + 3)(160v2(4y2 + 3) — 3699) — 389529) — 1976319)c3 + 8(8v2 + 3)6(1672(4v2 + 3)(64v2(4y2 +
3)(1067272 (472 + 3) + 7209) — 280179) — 2932767)c3 — v2(8v2 + 3)7(1672(4v2 + 3)(12872(4v2 + 3)(87272(4v2 + 3) + 1053) +
26973) — 124659)ca + v2(dvy2 + 3)(8v2 + 3)8(3272(4y2 + 3) + 27)(80072(4y2 + 3) + 459))c] + 4374(24769797950537728¢5° +
46443371157258240v/2(8v2 + 3)ci* — 52776558133248(240802 (472 + 3) + 13533) ¢33 +2199023255552+/2(8v2 + 3) (1957602 (42 +
3) +113283)ci? — 103079215104 (128072 (42 + 3) (2042872 (42 + 3) +24147) + 9113391 )c}! + 12884901888v/2(872 + 3) (3272 (42 +
3)(829664v2 (472 + 3) + 1048173) + 10486611)ci® — 2147483648(107v2(dy2 + 3)(64v2(4y2 + 3)(6823527v2 (42 + 3) + 1354977) +
56302533) + 120045159)c5 + 603979776+/2(8v2 + 3)(16v2(4v2 + 3)(1672(4v2 + 3)(34672072(4v2 + 3) + 809037) + 9406611) +
34930035)c5 — 37748736(64v2(4v2 + 3)(4y2(4y2 + 3)(25672(dv2 + 3)(238707v2(4v2 + 3) + 92931) + 29075517) + 57924153) +
657490203)c] + 10485761/2(8v2 + 3)(1672(4v2 + 3)(8v2(4y2 + 3)(16072(4v2 + 3)(2833672(4y2 + 3) + 351171) + 90000639) +
409445037) +1261923057)cS -+ 196608 (82 +3)2 (872 (472 +3) (1672 (4v2 +3) (51272 (4v2 +3) (738172 (42 +3) —28071) —34174791) —
354478437) — 586966743)c3 — 12288v/2(8v2 + 3)3(3272(4v2 + 3)(8072(4v2 + 3)(1672(4v2 + 3)(10384v2(4y2 + 3) — 15549) —
838269) — 47273463) — 327934089)c4 + 128(8v2 + 3)*(32v2 (472 + 3)(872(4v2 + 3) (12872 (4y2 + 3)(55880v2(4v2 + 3) — 101187) —
41737437) — 238169403) — 1680672321)c3 — 48v/2(8v2 + 3)5(6472(4y2 + 3)(4v2(dy2 + 3)(3272(4v2 + 3)(4960v2(4y2 + 3) —
28917) — 2209923) — 6042681) — 84853413)c2 — 48(872 + 3)%(v2 (472 + 3)(1672(4y2 + 3)(256072 (472 + 3)(14y2(4y2 + 3) + 195) +
908091) + 9310059) + 2007666)c2 + v2(8v2 + 3)7 (3272 (472 + 3) + 27)(327v2(4y2 + 3)(4y2(4v2 + 3)(13672(4y2 + 3) + 567) +
2187) + 19683))c] — 5832(72057594037927936c46 + 75435293758455808+/2(8v2 + 3)cl® — 211106232532992(10640v2 (42 + 3) +
5949)c}t + 9851624184872960+/2(8v2 + 3) (7672 (472 + 3) + 45)cd3 — 5497558138880(16v2 (42 + 3) (508242 (42 + 3) + 63351) +
312903)ci? + 51539607552v/2(8v2 + 3)(64v2(4y2 + 3)(15889672(4y2 + 3) + 231651) + 5147469)cs! — 1073741824 (1672 (4v2 +
3) (642 (4y2 +3) (114347272 (42 +3) +2892825) + 140222259) + 533154879) c40 + 134217728v/2(8v2 +3) (3272 (4v2 +3) (3272 (42 +
3)(39952072 (42 +3) +1644417) +48560877) +414357039)c) — 75497472(1672 (42 +3) (8072 (4v2 +3) (102472 (472 +3) (20972 (472 +
3)+4266)+7305471)+338267907)+1053453843) c5 —2097152v/2(8v2+3) (322 (472 +3) (4072 (472 +3) (6472 (42 +3) (138162 (472 +
3) — 106101) — 14430069) — 367467759) — 2430686475)ch + 65536(22472(4v2 + 3)(1672(dv2 + 3)(1672(4y2 + 3)(32v2(dvy2 +
3)(3995272 (42 + 3) — 166383) — 18179397) — 293994765) — 2008656711) — 70545308859)c§ — 24576+/2(8v2 + 3)(64y2(4v2 +
3) (872 (42 + 3) (6472 (472 + 3) (1672 (4y2 + 3) (822472 (42 + 3) — 55431) — 2926773) — 195330447) — 692743185) — 7211949615)c3 —
512(87y2 + 3)2(256v2(4v2 + 3) (472 (472 + 3) (872 (42 + 3) (3272 (4v2 + 3) (111202 (42 + 3) + 301887) + 27684909) + 237446235) +
442270449) + 19361281365)ch + 64v/2(87v2 + 3)3 (1672 (42 + 3)(1672(4y2 + 3)(80v2(dy2 + 3) (12872 (4y2 + 3) (111272 (42 + 3) +
4095) + 1280043) +119921229) + 991609857) +2966680809) c3 — 24 (872 + 3)* (872 (4v2 +3) (1672 (472 +3) (8072 (4v2 +3) (642 (42 +
3)(49672 (42 + 3) + 315) + 36693) + 8085339) + 99536931) + 185118615)c2 + v/2(8v2 + 3) (3272 (42 + 3) (42 (42 + 3) (3272 (42 +
3)(32y2(4v2 + 3) (41672 (42 + 3) — 1791) — 122229) — 1791153) + 767637) + 23914845)c2 + v2(4y2 + 3) (872 + 3)6 (3272 (4v2 + 3) +
27) (1672 (472 +3) (872 (472+3) (3272 (42 +3) +1431)+12879)+59049) )3 +27(299759591197780213 7637 +19167320014088830976 /2 (82 +
3)cd6 — 4503599627370496 (14091272 (4y2 + 3) + 77589)cl® + 562949953421312v/2(872 + 3)(36800072 (4y2 + 3) + 223659)cs? —
35184372088832(320v2 (4v2+3) (1036842 (4y2+3)+139959)+14693157) i3 +35184372088832v/2(8v2+3) (472 (472+3) (878716v2 (42 +
3) + 1601523) + 2521935)ci? — 68719476736(16v2 (42 + 3)(64v2(4y2 + 3)(3467696v2(4y2 + 3) + 13236129) + 762612975) +
3207437433)c +549755813888+/2(8v2+3) (12 (472+3) (472 (47243) (26280322 (472 +3) +33238593) +151400421) +45039807) 30+
536870912(167v2 (4v2+3) (1672 (472 +3) (642 (4y2+3) (118360072 (472 +3) — 16309341) —2169499383) —22400960589) — 75380975811) ¢ —
134217728v/2(872 + 3) (872(47v2 + 3) (642 (472 + 3) (2072 (4y2 + 3)(743776v2 (472 + 3) — 5008437) — 259275897) — 12023978013) —
22000273029)c5 +4194304(327v2 (42 +3) (162 (dy2 +3) (162 (dy2 +3) (322 (4y2 +3) (8449762 (42 +3) — 6479235) — 881545599) —
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17001899109) — 133103892735) — 744344826705)c] + 1048576+/2(8v2 + 3) (1672 (472 + 3) (1672 (42 + 3) (12872 (4v2 + 3) (272 (4y2 +
3)(155456v2 (42 +3) +1761759) +26852067) +5215346919) +46528965189) + 141939328995 c§ — 32768 (1672 (472 +3) (51272 (4y2 +
3) (72 (47y2+3) (1672 (4y2+3) (6472 (472 +3) (1634482 (472 +3) —396495)+105558957) +-6094259937) +-6109485102) +1305941324319) 4-
3187241401437)c3 + 8192v/2(872 + 3) (872 (42 + 3) (6472 (4y2 + 3) (1672 (472 + 3) (6472 (472 + 3) (272 (42 + 3) (11240072 (4y2 +3) —
1293327) — 948915) + 512247159) + 10635689367) + 313465690881) + 404175229407)ci + 512(8v2 + 3)% (872 (4y2 + 3) (51272 (42 +
3) (72 (42 + 3) (872 (42 + 3) (6402 (42 4 3) (111272 (442 + 3) + 69525) + 32785317) — 659801133) — 989306946) — 243884120751) —
322520382639)c3 — 64v/2(87v2 + 3)3 (1672 (472 + 3) (872 (42 + 3) (1672 (42 + 3)(1672(4y2 + 3) (1672 (472 + 3) (333442 (dy2 + 3) +
370791) + 2622213) — 221125383) — 4764722859) — 17912218905) — 47050066053)c2 + 32(8v2 + 3)*(272(4v2 + 3)(12872(4y2 +
3)(v2(4v2 + 3) (1672 (42 + 3) (6472 (4y2 + 3)(3728v2(4v2 + 3) + 20385) — 1188999) — 112160295) — 122231430) — 6882692391) —
2195382771)ca — v/2(8v2 + 3)5(327v2(4v2 + 3) + 27) (1672 (472 + 3)(8v2(4v2 + 3)(1672(4v2 + 3)(64v2(4v2 + 3)(2672(4y2 + 3) —
27) — 43011) — 1082565) — 4782969) — 14348907))c? — 12(64563604257983430656¢4® + 25940733853654056960+/2(8v2 + 3)ch” —
5188146770730811392(19072 (4y2+3)+101)ci0+3377699720527872v/2(8v2+3) (9284872 (472 +3)+57621)ch® —316659348 799488 (1602 (4y2+
3)(3253672 (472 +3) +48819) +2740311) c3* +39582418599936/2(8v2 +3) (54472 (472 +3) (711272 (472 +3) + 17575) +4256721) ¢33 —
824633720832(16v2 (472 +3) (1672 (4v2 +3) (10380642 (42 +3) +7470357) +126380763) +579754989) c5? — 154618822656+/2(8v2 +
3)(1672(4y2 +3) (3272 (472 + 3) (350722 (4v2 + 3) — 1683393) — 74672793) — 397657593) 3! + 4831838208(322 (4y2 +3) (82 (4y2 +
3)(25672 (472 +3) (9130072 (4y2 +3) — 808369) — 549450027) — 3264549723) — 24286529295)c1? — 67108864v/2(8~2 +3) (25672 (42 +
3) (2 (472 +3) (32072 (42 +3) (23988872 (472 +3) — 1900737) — 2573984061 ) — 2317559526) — 155008434213 )c) — 75497472(8v2 (472 +
3) (322 (4y2+3) (872 (472 +3) (64v2 (4v2+3) (545672 (472 +3) +405189) +496835775) +6550265475 ) +1198446 75981 )+ 184552669701 ) c§ +
9437184+v/2(8v2+3) (12872 (4v2+3) (42 (472 +3) (3272 (47243) (12872 (472 +3) (365872 (472 +3) —22987)4+19991403) +1378335123) 4
3481961337) +90973454751)c] — 98304(3272 (4y2 +3) (3272 (472 +3) (1672 (42 +3) (872 (42 +3) (6472 (472 +3) (8472872 (472 +3) —
1259427) + 249961491) + 7318577043) + 117711257481) + 1582571087703) -+ 7791361373061)c§ — 36864v/2(8v2 + 3) (12872 (472 +
3) (872 (4y2 + 3) (6472 (4y2 + 3) (272 (4y2 + 3) (51272 (42 + 3) (24172 (4y2 + 3) + 12486) — 27433917) — 183363183) — 11751942915) —
39893681547) — 796810217499)c3 + 9216(4v2(4v2 + 3)(3272(4v2 + 3)(3272(4y2 + 3)(1287v2(4v2 + 3)(v2(4y2 + 3)(16072(4v2 +
3)(2896v2(4v2 + 3) + 5555) — 33107157) — 105492132) — 16851439341) — 334277156637) — 3300035502159) — 1622387867769)cs —
384v/2(872 +3) (3272 (472 + 3) (472 (472 +3) (3272 (472 + 3) (872 (472 + 3) (1672 (42 + 3) (3272 (472 + 3) (467292 (472 + 3) — 104547) —
23537709) —887214627) —8089785171) —155946224187) —191658350799) — 758956 737951)c3 — 72(8v2+3)2 (3272 (472 +3) (872 (4y2 +
3)(872(4y2 + 3)(872(4y2 + 3) (1672 (472 + 3)(64v2(4v2 + 3)(8487y2(4y2 + 3) + 35427) + 8681067) + 253595043) + 2086955685) +
9755662437) +24034419225) +96725982087)c2 +9v/2(8v2 +3)3 (1672 (472 +3) (6472 (472 +3) (872 (472 +3) (272 (472 +3) (1672 (4y2 +
3)(1024~2 (472 +3) (1372 (472 +3) +218) 4+ 579717) + 12313539) +21434787) +-97253703) 4 1994498073) +4261625379) c2 —y2 (4y2 +
3)(8v2 + 3)4(3272(4v2 + 3) + 27) (162 (472 + 3)(8y2(4v2 + 3) 4 81) + 729) (162 (472 + 3) (3272 (472 + 3) + 27) (1842 (4y2 + 3) —
135) — 19683))c1 + 32(9223372036854775808¢4° + 23058430092136939521/2(872 + 3)ci® — 108086391056891904(97672 (4v2 + 3) +
483)ch +6755399441055744+/2(8v2 +3) (481672 (472 +3) +2997) 16 — 105553116266496 (3272 (4y2 +3) (4656872 (472 +3) +79563) +
947673)ci® + 13194139533312v/2(8v2 + 3) (6472 (4y2 + 3) (1449272 (4y2 + 3) + 52887) + 1657449)c* — 2473901162496(1672 (42 +
3)(1672 (42 + 3) (1332872 (42 + 3) + 296067) + 5726295) + 28169937)cs® — 1236950581248+/2(872 + 3)(872(4v2 + 3) (872 (42 +
3)(1451272 (42 +3) — 203129) — 2768895) — 8254791 )ch? + 1610612736322 (4v2 + 3) (872 (4v2 + 3) (12872 (4y2 + 3) (614002 (42 +
3) — 511953) — 247821849) — 1720462599) — 14085493785)c3! — 67108864v/2(8v2 + 3)(3272(472 + 3)(87v2(4y2 + 3)(32v2 (42 +
3)(1031362 (42 +3) — 1037943) — 423575973) — 3754547559) — 34924275171)cA® — 8388608 (82 (4y2 +3) (3272 (42 +3) (872 (dy2 +
3) (642 (4v2+3) (1511842 (4y2+3) —1193967)+755240679) +12633531363) +256609639521) 4423514131201 ) c§+12582912+/2(8v2+
3) (42 (4y2 4 3) (1672 (4y2 4 3) (3272 (4y2 +3) (82 (4y2 +3) (4438472 (4y2 4 3) — 637989) 4+ 22563819) + 1890504765) +21223105083) +
18784569465)c5 — 98304(3272(472 + 3)(128v2(4y2 + 3)(4y2(4v2 + 3)(872(472 + 3)(64y2(4v2 + 3)(37672(4y2 + 3) — 166491) +
42349635) + 1469145681) + 6786075105) + 408571427457) + 2209108652001)c] — 12288v/2(8v2 + 3)(3272(4y2 + 3)(1672(4y2 +
3) (6472 (472 +3) (472 (472 +3) (3272 (472 +3) (683272 (472 +3) — 11217) — 4553847) — 134931825) — 12856946535 ) — 112423646979) —
671532567687)63 + 3072(4y2(4v2 + 3)(32v2(4v2 + 3)(64v2(4y2 + 3)(1672(4v2 + 3)(4v2(4dv2 + 3)(32v2(4y2 + 3)(4592v2(4y2 +
3) — 120471) + 10676205) + 57287007) — 1120551003) — 129612495951) — 2026708180569) — 1315665631737)c§ + 3456v/2(8v2 +
3)3(16y2 (4y2+3) (872 (4v2+3) (12872 (472 43) (872 (4y2 +3) (872 (42 +3) (8072 (472 +3) +3101) —234009) — 2853927 ) — 102296925) +
368249247) + 2382450003)cs — 72(8v2 + 3)% (6472 (472 + 3)(4y2(4v2 + 3)(8v2(4y2 + 3)(872(472 + 3)(1672(dy2 + 3) (6472 (42 +
3)(33672(4v2 + 3) + 349) — 6596181) — 226708713) — 1371063105) — 3095525727) — 74933181) + 22685621967)c3 + 3v/2(8y2 +
3)3 (1672 (472 + 3)(1672(4v2 + 3)(64v2(4y2 + 3)(v2(4y2 + 3)(1672(4y2 + 3)(3272(4v2 + 3)(3272(472 + 3) — 7305) — 3400623) —
108267435) — 82924479) — 1713897225) — 2625849981) + 2711943423)c3 + 72 (472 + 3)(872 + 3)4 (1672 (472 + 3) (872 (4v2 + 3) +
81) + 729) (1672 (42 + 3) (872 (472 + 3) (6472 (4y2 + 3) (20872 (42 + 3) + 4869) + 467289) + 1712421) + 3365793)co — 4v/2v2 (4y2 +
3)2(8v2 + 3)%(32y2(4y2 + 3) + 27) (1672 (472 + 3)(8v2(4v2 + 3) + 81) + 729)2)) and

Hj = —9b7 (—531441(—8796093022208¢424+65970697666561/2(8v2+3)ci! —103079215104 (7042 (4y2+3)+399)c0+21474836480+/2 (82 +
3)(704y2(4y2 + 3) + 405)c) — 12079595520(8v2 + 3)2(352v2(4y2 + 3) + 207)ch + 1207959552v/2(8v2 + 3)3(35272(47y2 + 3) +
213)cl — 88080384(8v2 + 3)*(704v2(4v2 + 3) + 441)c§ + 4718592v/2(8v2 + 3)°(T04v2(4v2 + 3) + 459)c3 — 11796480(8v2 +
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3)6(22v2(4y2 + 3) + 15)cj + 81920v/2(872 + 3)7(8872(4v2 + 3) + 63)c3 — 384(87y2 + 3)8(704v2 (42 + 3) + 531)c2 + 48v/2(8v2 +
3)9(64v2(4v2 + 3) + 51)ca — (8v2 + 3)10(327v2(dy2 + 3) + 27))c§ + 944784(—61572651155456¢13 + 45079976738816v/2(8v2 +
3)c3? —103079215104(46722 (42 + 3) +2661) it + 34359738368+/2(8v2 + 3) (281672 (4y2 +3) + 1647)ci0 — 268435456(80y2 (42 +
3)(1936072 (472+3)+22707)+531927) 3 +1207959552v/2(8v2+3) (472 (472+3) (809672 (472 +3) +9813) +11853) c§ —12582912(8y2 +
3)2(1672(4y2 + 3)(26048v2(4v2 + 3) + 33129) + 167265)c] + 352321536v/2(8v2 + 3)3(y2(4y2 + 3)(704y2(4y2 + 3) + 963) +
324)c§ — 589824 (82 + 3)* (872 (4y2 + 3) (334472 (42 + 3) + 5169) + 15363)c3 + 4096v/2(8v2 + 3)° (802 (42 + 3) (88072 (4y2 + 3) +
1773) + 62613)c5 — 128(872 + 3)8 (1672 (42 + 3) (70472 (4y2 + 3) + 7407) + T6707)c3 — 384v/2(8v2 + 3)7 (872 (42 + 3) (642 (dv2 +
3) — 3) — 297)c3 + (872 + 3)%(16792(4y2 + 3)(544y2(4y2 + 3) + 333) — 1215)ca — 2v272(4y2 + 3)(8v2 + 3)°(32v2(4dv2 + 3) +
27))c§ — 13122(—22517998136852480c1* + 16008889300418560v/2(872 + 3)ci — 2199023255552(7496072 (472 + 3) + 43299)ci? +
137438953472v/2(872+3) (2297602 (4v2+3)+141363) i —8589934592 (1672 (4y2+3) (9257602 (42 +3)+1159713)+5758533) c50+
42949672960v/2(8v243) (872 (472 43) (317682 (4y2+3) +44433) +120447) c§ — 4026531840642 (472 +3) (v2 (472+3) (78496y2 (42 +
3) +178281) 4+ 127332) + 1867941)c5 + 50331648+/2(872 + 3) (3272 (472 +3) (872 (442 + 3) (5632072 (4y2 + 3) + 175203) + 1180737) +
9630333)ch — 22020096(872 + 3)2 (3272 (472 + 3) (872 (472 + 3) (352072 (472 + 3) +29241) + 251019) + 2312631 )c§ — 131072v/2(8y2 +
3)3(1672 (4v2+3) (1672 (472 +3) (2552072 (472 +3) — 139509) — 3235545) — 16707951 ) c5 +40960(8v2 +3) 4 (1672 (472 +3) (12872 (4y2 +
3)(1298v2 (42 + 3) — 2781) — 660231) — 3692385)c3 — 2560v/2(8v2 + 3)% (3272 (472 + 3)(8v2(4y2 + 3)(39687y2 (4y2 + 3) — 8775) —
135351) — 1565163)c3 + 32(872 + 3)6 (3272 (4v2 + 3) (872(4y2 + 3) (608072 (472 + 3) — 30753) — 410427) — 4721733)c2 + 16v/2(8v2 +
3)7(32v2(4y2 + 3)(4v2(4v2 + 3)(8072(4y2 + 3) + 1809) + 9963) + 111537)ca — (872 + 3)8(872(4v2 + 3) + 27)(32v2(4y2 + 3) +
27) (4072 (4v2 +3) +27))ct + 69984(—11258999068426240c15 + 7740561859543040+/2 (82 + 3)ch* — 21990232555520(347272 (4y2 +
3) + 2061)ci3 + 549755813888v/2(8v2 + 3)(2512072(4y2 + 3) + 17073)ci? — 17179869184 (17672 (42 + 3)(16960v2(4v2 + 3) +
24399)+1476873)ch! +2147483648v/2(872 +3) (1672 (472 +3) (11264072 (42 +3) +214281) +1386477) s — 12884901888 (572 (4v2 +
3)(8v2(4y2+3) (1091272 (4v2 +3) +41805) +301563) +396819)c +201326592v/2(8v2 +3) (2072 (472 +3) (322 (472 +3) (7042 (4y2 +
3)+9423)+338985) +1988469)c§ +6291456 (8v2 +3)2 (3272 (472 +3) (82 (4v2+3) (70402 (4y2+3) —71199) — 784161) —8070273) c] —
262144v/2(872 + 3)3 (3272 (472 + 3) (872 (472 + 3) (1232072 (42 + 3) — 68877) — 871641) — 9692055)c§ + 16384(8v2 + 3)* (1672 (4y2 +
3)(32v2 (42 + 3) (484072 (4y2 +3) — 36261) — 1972917) — 11844063 ) c3 + 2048v/2(872 +3)° (8072 (4v2 + 3) (1672 (42 + 3) (3272 (42 +
3) 4 2781) + 79461) + 2645541)cs — 64(8v2 + 3)8 (16072 (472 + 3)(872(4v2 + 3) (70472 (dy2 + 3) + 2457) + 40095) + 3243321)c3 +
8v/2(8v2 + 3)7(3272(4v2 + 3)(8v2(4v2 + 3)(64072(4y2 + 3) + 81) + 10449) + 303993)c3 — 4(8v2 + 3)8 (42 (42 + 3)(872(4y2 +
3)(160v2(4y2 +3) —621) — 2673) +6561)c2 — 27v/272 (472 +3) (872 +3) % (3272 (4y2 +3) +27))c§ — 81(—14411518807585587200c16 +
9547631210025451520v/2(8v2+3)c3® —6755399441055744 (132802 (4y2+3)+8241) e +70368744177664+/2(8v2+3) (21560072 (4v2+
3)+171459)cl® —10995116277760(3272 (42 +3) (14463272 (472 +3) +261405) +3275559) c2 +824633720832/2(872+3) (1672 (4y2 +
3)(242720y2 (42 +3) +755493) +5864859) ci * — 8589934592 (322 (42 +3) (292072 (472 +3) (352072 (4v2 +3) +36603) +118670589) +
1113354315)ci0 — 1073741824+/2(8v2 +3) (3272 (472 +3) (872 (4y2 +3) (34496072 (4v2 + 3) — 6820533) — 75439107) — 793854027)c +
603979776(16v2 (4y2 +3) (1672 (42 +3) (1672 (4y2 +3) (1496002 (42 +3) — 1142751) — 44930457) — 507514491) — 1822681521)c§ —
2147483648v/2(8v2 +3) (472 (472 +3) (4072 (4v2 +3) (3272 (472 + 3) (107872 (4y2 +3) — 9333) — 925587) — 29953881) — 29596671 )ch —
524288(1287v2 (472 + 3)(87v2(4v2 + 3)(3272(4v2 + 3)(4v2(4y2 + 3)(2464072(4y2 + 3) + 940671) + 21925485) + 992114325) +
4274484939) + 102025393641)cS + 196608v/2(8v2 + 3) (6472 (dy2 + 3) (3272 (42 + 3)(1672(4v2 + 3)(2072(4y2 + 3)(361672(dy2 +
3) — 6009) + 1133487) + 39062007) + 793170225) + 10379849733)c3 — 4096(8v2 + 3)2(32v2(4y2 + 3)(3272(4v2 + 3)(1672(4y2 +
3) (12872 (4y2+3) (26452 (4y2+3) —26136)+1629477) +179334729) +4360250331) +30926854701 ) c§ —2048+/2(8v2+3)3 (16v2 (4y2 +
3)(1672 (42 + 3) (6472 (472 + 3)(272(47v2 + 3)(800v2 (42 + 3) + 115497) + 33939) — 30192993) — 409347351) — 1516201173)c3 +
384(87v2 4 3)%(32v2(4y2 + 3) (42 (4y2 + 3) (16072 (4y2 + 3) (4y2 (42 + 3) (70472 (42 + 3) +8331) — 351) — 11982573) — 39503781) —
291761109)c2 — 16v/2(8v2 + 3)° (1672 (472 + 3)(1672(4v2 + 3)(327v2(4v2 + 3)(2v2(dy2 + 3) (128072 (472 + 3) + 7227) — 15795) —
1948617) —22851963) —81310473)ca + (872 +3)% (3272 (42 +3) +27) (3272 (472 +3) (872 (472 +3) (32073 (42 +3)% — 656 1) — 59049) —
531441))c? + 144(—6341068275337658368¢c7 + 4035225266123964416v/2(8v2 + 3)ci6 — 4503599627370496(797672 (472 + 3) +
5283)cl5+140737488355328+/2(8v2+3) (399202 (4y2+3)+39411) 34 —2199023255552 (3272 (472 +3) (2354802 (42 +3) +589131) +
8438823)ch? + 274877906944v/2(8v2 + 3)(25672(4v2 + 3)(11147v2(dy2 + 3) + 69507) + 10267641)ch? + 8589934592(322 (4y2 +
3)(8v2(4y2 + 3)(2950472 (42 + 3) — 6545907) — 70427961) — 737840583)cs! — 2147483648v/2(87v2 + 3)(3272(4v2 + 3) (872 (42 +
3)(1492482 (4y2+3) —1696977) —24709455) — 304505487 ) c30+67108864(1672 (472+3) (1672 (472 +3) (1672 (472 +3) (48752072 (4y2 +
3) — 4492647) — 267871779) — 3708547659) — 15154801191)c) — 33554432v/2(872 + 3)(4v2(4v2 + 3)(3272(4v2 + 3)(872(4v2 +
3)(1936072 (42 + 3) — 696699) — 56124009) — 1932030063) — 2203465923 )c3 — 524288(5127v2 (472 + 3) (272 (4y2 + 3) (642 (4v2 +
3)(2v2(4y2 + 3)(8800072 (42 + 3) — 423261) + 9452133) + 1213136919) + 1493145819) + 153420226065)ch + 131072v/2(8v2 +
3)(3272 (42 + 3) (1672 (42 + 3) (1672 (492 + 3) (16072 (42 + 3) (123272 (42 + 3) — 16839) + 11239641) 4 430173423) + 4499461629) +
29985731739)c§ +4096(16v2 (4y2+3) (3272 (42 +3) (12872 (42 +3) (402 (472 +3) (4v2 (4v2+3) (49672 (472 +3) +70011) — 1175877) —
156493701) — 19858237749) — 266410133271) — 656224941123)c — 1024v/2(87v2 + 3)(872(4v2 + 3)(3272(4v2 + 3)(3272(4v2 +
3)(8v2(4y2+3) (1672 (42 +3) (536072 (42 +3) +22491) — 6841665) — 146805291) — 4481641953) — 59743357191) — 73834692453)c +
128(8v2 + 3)2(128v2(4y2 + 3)(v2(4y2 + 3) (1672 (4y2 + 3)(8v2(4v2 + 3)(1672(4v2 + 3)(5440v2 (42 + 3) — 89019) — 11718675) —
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197419761) — 2836576179) — 1163324349) — 22972600107)c3 + 16+/2(8v2 +3)3 (82 (42 +3) (642 (4y2 +3) (1672 (4y2 +3) (4y2 (472 +
3)(167v2(4y2 +3) (2562 (42 +3) +12555) +771525) +5181003) +69264477) +1784047437) +2195382771)c2 — (872 +3)* (1672 (472 +
3) (1672 (42 +3) (6472 (42 +3) (v2 (472 +3) (1672 (42 +3) (6082 (4y2 +3) + 10287) +406539) 4+ 518319) +24977727) + 157837977) +
387420489) c2+256v/273 (472+3)3 (872 +3)° (3272 (472+3) +27) (1672 (472 +3) (872 (472+3) +81) +729) ) c1 +64(4611686018427387904c45 —
2810246167479189504/2(8v2+3) 37 +13510798882111488(17442 (4y2+3)+1263) 36 —20266198323167232v/2(872+3) (16672 (472 +
3) + 215)cd® + 52776558133248(16v2 (42 + 3)(992072 (4y2 + 3) + 37989) + 308529)ci* — 824633720832v/2(8v2 + 3) (3272 (4y2 +
3)(845672 (42 +3) +151845) +3372381)ci3 — 51539607552( 1672 (4v2 +3) (1672 (4y2 + 3) (4561672 (42 +3) — 861873) —23305671) —
138661875)ch? + 3221225472v/2(87v2 + 3) (3272 (472 + 3) (872 (42 + 3) (7398472 (42 + 3) — 809253) — 18279837) — 268027785)ch! —
201326592(1672 (472 +3) (1672 (4v2 +3) (162 (42 +3) (5420872 (42 + 3) — 704625) — 102240387) — 1730283687) — 7827786945) 30 —
16777216+/2(872+3) (642 (4v2+3) (6472 (472 +3) (v2 (472 +3) (3608072 (472 +3) —230949)+4718331) +391378959) + 7796915253 ) 3 +
25165824(272(472 + 3)(8v2(4y2 + 3)(64v2(4v2 + 3)(4y2(4v2 + 3)(510407y2(4y2 + 3) — 694773) + 19038645) + 2764517445) +
14576882067) + 6169498569)c5 — 196608v/2(8v2 + 3)(128v2(4v2 + 3)(1672(4y2 + 3)(3272(4v2 + 3)(1072(4y2 + 3)(25672(4v2 +
3) — 21633) + 1508571) + 122552919) + 1397464569) + 40192784415)c] — 36864(1672(4v2 + 3)(12872(4v2 + 3)(32v2(4y2 +
3)(27v2(4y2 +3) (1672 (42 +3) (224072 (4y2 +3) + 5573) — 3293451) — 23760945) — 880465059) — 53802187983) — 147097377243)c§ +
49152v/2(8v2 + 3) (472 (42 + 3) (472 (472 + 3) (12872 (4y2 + 3) (272 (472 + 3)(3272(4v2 + 3) (68072 (4v2 + 3) — 14049) — 399411) —
7680015) — 1704147579) — 3962955537 ) — 3030808023) 3 + 384 (1672 (4y2 +3) (42 (4y2 +3) (3272 (4y2 +3) (1672 (42 +3) (1672 (4y2 +
3)(179272 (42 +3) (572 (4y2 +3) +276) — 2337255) — 70005141) — 147515337) + 19515753549) +47397628467) + 130130237583 ) c5 —
48v/2(872 + 3) (1672 (472 + 3) (1672 (472 + 3)(1672 (472 + 3) (472 (472 + 3) (3272 (472 + 3)(8y2 (472 + 3) (51272472 + 3) + 2589) —
1006749) — 66568149) — 179423667) — 524886561) + 2319739965) + 11751754833)c3 + 3(8v2 + 3)2(25672 (472 + 3)(2v2(4y2 +
3) (1672 (42 +3) (272 (472 +3) (3272 (472 +3) (872 (42 +3) (6472 (472 +3) —6183) — 770391) — 48208041) — 70996581) — 336402153) —
43046721) + 1937102445)c3 + 12v/272(4v2 + 3) (872 + 3)3(1672(4v2 + 3)(8v2(4v2 + 3) + 81) + 729) (1672 (472 + 3)(1672(4v2 +
3) (1672 (42 + 3)(8v2(4v2 + 3) + 195) + 4617) + 32805) + 59049)ca — 273 (42 + 3)%(872 + 3)4(3272(4y2 + 3) + 27) (1672 (4v2 +
3)(872(4v2 + 3) + 81) + 729)2)).
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