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Two Strategies in Transient Change Detection

Daniel Egea-Roca, Blaise Kévin Guépié, José A. LoBalcedo, Gonzalo Seco-Granados, and
Igor V. Nikiforov,

Abstract—The paper addresses the transient change detection

(TCD) problem, assuming that the duration of change is finite
The TCD criterion minimizes the worst-case probability of missed
detection among all tests with a prescribed worst-case prability

of false alarm. We study the fixed sample size (FSS) test as
solution to the TCD problem. First, the operating characteiistics
of the FSS test have been established for arbitrary pre- and gst-
change distributions. Next, a numerical method of the samg
(block) size optimization has been considered for three péicular

log-likelihood ratio distributions, i.e., Gaussian, X2 and expo-
nential. Moreover, simple asymptotic equations for the optnal

operating characteristics and block size have been propoden

the Gaussian case. Numerical results are provided to confirrthe
theoretical findings for the above-mentioned distributiors. The
accuracy and sharpness of the asymptotic analytical equatn is
analyzed in the Gaussian case. Finally, the FSS test is compd to
the finite moving average (FMA) test obtained by optimizing he
CUSUM-type test with respect to the TCD optimality criterion

for the above-mentioned distributions. The application of the
FSS and FMA tests to the radio-navigation integrity monitoring
is also considered.

Index Terms—Transient Change Detection, Neyman-Pearson
Test, Fixed Sample Size Test, Finite Moving Average, Hypo#sis
Testing.

. INTRODUCTION
HE field of detection theory has usually been linked

the classical problem of hypothesis testing, which h

a

In the QCD problem the post-change period is infinitely
long. Let {y,},>1 be a sequence of independent random
variables and letr be the index of the first post-change
observation:

Yn ~ {

where Fy is the pre-change cumulative distribution function
(CDF) and F; is the post-change CDF. L&®” be the joint
distribution of the observationg, o, -+ , yu, Y»+1,- -~ When

v < oo. Let P> denote the same when = o, i.e. there
is no change and all the observations y»,--- are i.i.d.
with CDF Fj. Let E” (resp. E*>*) and P¥ (resp.P>) be
the expectation and probability with respect to (w.r.t.¢ th
distributionP” (resp.P=°). Lorden [9] proposed an optimality
criterion which involves the minimization of the worst-vebr
case mean detection delay:

[(T — v+ |y, 7?]1/_1} )

if
if

Fy
Fy

n < v,
n>v,

)

E(T) = sup esssup E”
v>1

among all stopping time§" belonging to the clasg’, =
{T : E=(T) > n}, where (z)™ = max(0,z) andn > 0
is a prescribed value of the average run length to a false
alarm. He proved that the cumulative sum (CUSUM) test,
tgreviously introduced by Page [10], is asymptotically oyt
yur.t. criterion (2) whem — oo. A non asymptotic optimality

been treated in so many textbooks since its inception [1], [éJf the CUSUM test has been established by Moustakides [11].

and its has been applied to a wide range of applications [3
[5]. On the other side, the problem of abrupt change detecti
in random signals has many important novel applicatio

such as fault detection, on-line monitoring of safetyicait
infrastructures, and segmentation of signals, just to men

]_In contrast to the QCD, the TCD problem is motivated
gy some applications when the observed phenomena (say,
{0 underwater acoustic signal [12], a navigation systertt fau
[13] or a cyber-physical attack on the supervisory contrml a

t data acquisition (SCADA) system [14]) is of short and maybe

a few [6]-[8]. This kind of detection lies outside the field otNknown (and random) duratiah :

classical hypothesis testing and it uses the backgrounkeof t

sequential change detection (SCD), includingckestchange

detection (QCD) and more recenthansientchange detection

(TCD).
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l<n<vorn>v+L-1
v<n<v+L-1

Yn ~ { (3)
There are two main scenarios of TCD. The first scenario
corresponds to the situation when the observed phenomena is
of unknown and random duratidih The case of geometrically
distributed L ~ Geom(y) with a known parametet) and

an optimal solution to the TCD problem in this case are
considered in [15].

The second scenario arises when the observed phenomena
(fault, attack or intrusion) leads to a serious degradatfche
system security when the transient change is detected éth t
delay greater than a required time-to-alert.e. 7—v+1 > L.

For this reason the transient changes detected with thg dela
greater than. are assumed to be missed. Typical examples of
safety and security critical systems include but are noitdich
to: navigation systems integrity monitoring [13], [16],7]1
detection of cyber-physical attacks on SCADA systems [14],
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drinking water monitoring [18] or sodium-cooled fast reast subsequent signal blocks by the discrete Fourier transform
monitoring [19] and its heat exchanger leak detection [20]. (especially in the case of high sampling rate) in the spkctra
detailed numerical example of the GNSS integrity monitgrinanalysis. This makes the FSS-type tests interesting atieen
is discussed in Section VII-A. to the sequential tests for these batch-type applicati®nsh
The TCD problem has been considered in [12]-[15], [18% perspective also justifies the study of the FSS test, edpeci
[21]-[28]. In particular, it was shown that the Shewhart tests block size optimization.
minimizes the probability of missed detection among all The history of comparisons between sequential and non-
stopping timed" belonging to the class), for the special case sequential, i.e., FSS strategies, in the theory of steudisti
L =1 in [24], [25]. A solution minimizing the probability of hypotheses testing and signal detection is quite long, some
missed detection in a restricted class of truncated seiglientesults and references can be found in [6], [8], [30], [31].
probability ratio tests provided that the probability olsia The first comparison between optimal sequential and FSS
alarm is upper bounded have been established in [18], [26{rategies in QCD was performed by A.N. Shiryaev in [32]-
It was shown that the window-limited CUSUM test with ar{34] for the Bayesian approach and under assumption of a long
optimal variable threshold is reduced to the finite movingtationary pre-change regime (when- oc). Next, a method
average (FMA) test. However, the issue of optimality ofor selecting the asymptotically optimum sample size of the
asymptotic optimality for the second scenario is still apen FSS test in the QCD problem has been considered in [35] by
If the pre- and post-change distributiod$ and F; are using the criterion, which is slightly different from (2).h&
known, the non-sequential or fixed sample size (FSS) stmparison between optimal sequential and FSS strategies i
tistical test is based on thepeatedNeyman-Pearson (N-P) QCD for the non-Bayesian approach by using Lorden’s worst-
test. The conventional N-P test minimizes the probability avorst-case criterion (2) has been considered in [36] and its
missed detection (PMD) provided that the probability o6éal generalization to the case of composite hypothesis andeto th
alarm (PFA) is upper bounded [2] for a sample of a givetase of multiple hypotheses after change have been coedider
size. In contrast to the sequential tests, the FSS testetenid in [37] and [29], [36], [38], respectively. It was shown thhe
favor of one of two alternative hypotheses by using a sammetimal minimax sequential change detection/isolatist ie
(block) of an optimal size. Hence, the FS®geatedN-P asymptotically twice as good as its FSS competitor.
test) necessitates the optimization of the block size. TB8 F  There are no results in the literature on the comparison
strategy is usually suboptimal w.r.t. the QCD criterion Hut between the sequential and FSS strategies in the TCD problem
has some practical advantages. For instance, the FSSggtratthe current paper represents the first attempt in this damct
is more simple, flexible and easily adaptable to the large-The rest of the paper is organized as follows. In Section Il
scale systems with time-variable structures than the seiglie we state the TCD problem which is treated in the paper, i.e.,
strategy. Typical examples of large-scale systems witletimthe optimality criterion and the original contributionsh&
variable structures are satellite navigation in (sub-)aarb proposed FSS test is defined in Section Ill. Its competitor,
environment and network tomography for anomaly detectigr., the FMA test is also briefly presented here. The opwgati
(see some details and references in [29]). characteristics of the FSS test are studied in Section \afor
The global navigation satellite systems (GNSS) are extearbitrary distribution. We consider three particular disitions
sively used in rail transport and in-car positioning andinavin Section V. Subsection V-A is devoted to the Gaussian mean
gation in (sub-) urban environment. For some safety/sgcurtase. First, we propose upper bounds for the operating char-
critical services, the GNSS autonomous integrity monii@ri acteristics of the FSS test. Second, we consider the blaek si
(fault detection and exclusion) is an important function. loptimization. Two non-Gaussian log-likelihood ratio (LLR
contrast to the civil aviation application, some linessafht to  settings, i.e., the detection of transient changes in thes§an
satellites are blocked by buildings, other urban consibust variance and in the rate of the exponential distribution are
trees, and interference. Hence, some channels disappear gghsidered in Subsections V-B and V-C. The accuracy and
reappear (after re-acquisition) in an unpredictable way. Fsharpness of the asymptotic solution of Gaussian mean case
the fault detection problem, this means that the dimensiolsexamined in Section VI by its comparison to the numerical
of observations, nuisance and informative parametersttend block size optimization. The numerical optimization forotw
distribution of noise are time-variable in pre- and posttile non-Gaussian settings is also considered here. Sectiois VI
modes. There are no results regarding the sequential agprogedicated to the comparison of the FSS test against the FMA
applicable to such a situation in the literature. The FS$ tasst for three different LLR distributions (Gaussiay? and
is a suboptimal but practicable solution easily (re-) adjble exponential) and to the application of these tests to ths+ad
in each data block for such a system with a time-variabigavigation integrity monitoring. The discussion of theaibed
structure. results is given in Section VIII and Section IX concludes the
Furthermore, the FSS-type tests represent an alternati¢gper.
to the sequential tests when the sensors and computers are
connected by a network or the data streams are necessarily I
preprocessed by blocks. In fact, the raw data is usuallysiran '
mitted via network by blocks, because it is difficult to send Let{y,},>1 be a sequence of independent random variables
each new observation one-by-one as required by the seglertéfined by the generative model of transient changes (3).
approach. A similar example is the data preprocessing Die goal of the current paper is to study the operating

PROBLEM STATEMENT AND CONTRIBUTIONS
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characteristics of the FSS test by using the TCD optimalityith é,.(h) the decision at the-th block of N observations

criterion proposed in [18], [26] : of the N-P test, defined as
. def .
=< V(T — > £ |1 ifFS.>h
2 {Pmd(T) P (T -v+1> L] T2 V)} @ 20k {o if S, <h’ @

among all stopping time¥' € C,, satisfying . .
whereh is a chosen threshold arff], is the LLR correspond-

C,= {T : Pra(T) def supP*(l <T<l+m,) < a} ., (5) Ing to thex-th block of V observations

>1

- KN
where m, is a given reference period. Next, we optimize S, = Z Ay A = log f1(yi)7 @)
the operating characteristics of the FSS test by choosieg th fo(yi)

. . . i=(k—1)N+1
optimal block size and, finally, we compare the FSS test
against the FMA test. wheref; is the probability density function (PDF) of the CDF

The original contributions of this work are the following. £j. j = 0,1 andJ; is the LLR of observationy;.

« Expressions for the worst-case PMPhg(T:ss) (4) and Remarkl. To simplify the notations, we consider the case of
PFA P(Twss) (5) of the FSS test are established foabsolutely continuous distributiods and F; (with densities).
arbitrary pre-change and post-change distributions.  In the case of discrete or continuous-discrete distrilmstia

« The optimization of the FSS test w.r.t the TCD criteriomandomization on the boundafyis necessary (see details in
(4) — (5) is performed in the Gaussian mean case. AR]).
asymptotically optimal block size &* = [L/2]. It min-
imizes an upper bound for the worst-case I_DIE?I,Q,(T_FSS) B. FMA Test
provided that the worst-case PFR,(Trss) in a given
periodm,, is upper bounded. The numerical optimization Initially, the window-limited CUSUM with a constant
confirms the sharpness of the asymptotic upper boutitteshold has been considered by Lai in [39] and shown to
for the worst-case PMIPnq(7rss) for small values of the be asymptotically optimal in the QCD problem for minimiz-
worst-case PFAP,(Trss), typical in applications. ing average detection delay for i.i.d. and non-i.i.d statica

« The numerical optimization of the FSS test w.r.t the TCInodels. Next, in papers [18], [26], a window-limited CUSUM
criterion (4) — (5) is performed for two non-Gaussian LLRvith a variable threshold

settings, i.e., the transient change detection in the negia n
of Gaussian distribution and in the rate of the exponentialT,, =inf {n > L: max l Z i — a(k:)] > 0} . (9
distribution. e St

o The comparison between the optimized FSS and FM . .
tests is performed for three different LLR distributioné\a;here a(k) is a variable threshold, has been proposed as a

: : : : L lution to the TCD problem. It was shown in [18], [26]
Gaussiany? and exponential). This comparison is inter>° o .
( X P ) P at the optimization of the variable threshailtk) w.r.t. the

esting because no optimal solution for the TCD problem. ™ . ) L
is available, so it is worth considering the FSS as [iterion (4) — (5) redu_ces the W|ndow-||_m|te_d CUSUM test
) to the FMA test given by the stopping time

possible candidate. The window-limited CUSUM test i

also considered in the Gaussian mean case. n

. Finally, the FSS and FMA tests are applied to the Taw(a) =infqn>L: > X>ap. (10)
radio-navigation integrity monitoring and their statisti i=n—L+1
characteristics are compared in this case. In conclusion, as it follows from [26], the FMA test is the

best sequential competitor (benchmark for the TCD) of the

Hl. TRANSIENT CHANGE DETECTION: FSSAND FMA FSS test for today's level of knowledge w.r.t. the criterion
TESTS (4) — (5). In particular, the FMA test outperforms the con-

The goal of this section is to define the competitors, i.g@entional CUSUM (see [26]), window-limited CUSUM (see

FSS and FMA tests for TCD. Section VII) and modified CUSUM tests (see [15]). As it
follows from (6) — (8) and (10), the FSS and FMA tests are
A. FSS Test equivalent, i.eTrss = Trya When N = L =1 anda = h.

The general FSS strategy can be described as follows:
sample blocks with a fixed siz¥ are collected, and atthe end |v. PERFORMANCE OFFSS TEST FOR ANARBITRARY
of each sample block a decision betwelp = {y, ~ Fo} DISTRIBUTION
and#; = {y, ~ F1} is taken. We stop sampling as soon as ) . _ .
a decision is made in favour &f,. The solution to the op- The goal of this section is to examine the statlstmgl prop-
timal hypothesis testing problem is given by the fundamien@/ties of the FSS test w.r.t. the criterion (4) — (5). Firse w

Neyman-Pearson lemma [2], and then the stopping time of tﬂnépviQe the error probgb_ilitie_s of the N-P test w.r.t the '_I'CD
FSS (orrepeatedN-P test) is given by criterion. Next, the optimization of the FSS test is exardine

; Let us consider a sample of si2é, y1,...,.ynv ~ F;, j =
Trss( N, h)d:e N -inf{k >1:6,(h) =1}, (6) 0,1.LetG; = G;(N,h) =P;(S < h) be the CDF of the LLR
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S = ZQI:I Ak, Whenyy,...,yn ~ F;, j = 0,1. It follows irregular and the classical hypothesis testing cannot péeap
from (7) — (8), that the error probabilities are given by :  to it. The transition block PMDP" (S} < h) and the function
A(v,N,h) are used in Corollary 2, Theorem 3, Corollary 4

def
ag(N,h) = Po(S > h) =1 = Go(N, h), (11 and Corollary 6 for the calculation of the worst-case PMD

a1 (N, h) € Py (S < h) = Gy (N, ), Pmd(Trss N, ). u

Remark 2. It is worth noting that the worst-case PMD

‘ﬁ”md(Tpss; N, h) of the FSS test is a periodic function of the

change-pointy (the period is equal taV) due to the fact

that the observations are i.i.d. under the pre-change eegim

A. Worst-case PFA and PMD Without loss of generality and seeking simplicity, in thejsel
Let us consider the FSS stopping time defined in (6), whe¥¢ consider only the first blocks<( = 1) of observations

5, (h) is the decision of the N-P test at theth block of N {¢¥a}1<n<n and the change-point € [1, N] for calculation

observations. Thereby, the performance of the FSS stoppRigP” (S < h).

time in terms of the TCD criterion is given by the two

following theorems for the worst-case probabilities of seid B, Optimization of FSS Test

detection (4) and false alarm (5), respectively. The FSS test (6) — (7) has two tuning parameters : the block
Theoreml (Worst-case PFA of the FSS tesblet Tiss be the sjze v and the threshold. Taking into account the criterion

FSS stopping time (6) with the decision function(h) (7) — (4) — (5), the optimal choice ofV and & is reduced to the
(8), where the block size i > 1 and the detection threShOldfonowing optimization pr0b|em:

is h. The worst-case PFA in a given reference periad boils

whereP;(...) stands for the probability of an event when th
hypothesist; = {y1,...,yn ~ F}} is true,j =0, 1.

arginf {Pma(Trss N, h)} = {N*, h*}
down to { {N.h} menTes (15)
Pra(Tess N, 1) = 1 — [Go(N, 1)) %1 (12) subject toP(Tres N, h) = o,

whereN* andh* are the optimal parameters of the FSS test. In
general, this problem has to be numerically solved. Theoreas
is that it is not trivial to obtain a closed-form expressianm f
the statistical properties of the FSS test for the TCD ddter

where [2] = min{n € Zn > z} stands for the ceiling
function.

Proof: The proof is given in Appendix A.
Theorem2 (Worst-case PMD of the FSS test)et Tis be
the FSS stopping time (6) with the decision functi®(2) . PERFORMANCE OFFSS TEST FORTHREE PARTICULAR
(7) — (8), where the block size i > 1 and the detection DISTRIBUTIONS
threshold ish. Let L > 1 be the required time-to-alert. Then

the worst-case PMD of the FSS teBfyi(Trss; IV, h), is given A. Transient ChaTnge |n. the. Mean . .
by The goal of this section is to examine the Gaussian mean

_ case of the TCD problem and to apply the general results of
BT N 1 A(v,N,h) if 1<N<L 13 Section IV to this particular case. With the previous resule
md(Trss; N, h) = L it N> (13) realize how difficult is to obtain a closed-form expression f
the worst-case PFA and PMD of the FSS test. Even if we know
with an expression for the worst-case PMD (13) — (14), we would
B [E]1ie 1<)y still need numerical computation for the terf(v, N, h) in
A(v,N,h)= {PV(Si<h>[G1(N’ h)l LZJ ff 1*—1/—1/ . (14). In this section we limit ourselves to the Gaussian mean
PY(SY <h)[G1(N,h)]V 1 if v +1§1/§N14 case allowing us to obtain closed-form expressions for the
_ Tin < ds for the floor f . (* _) worst-case PFA and PMD of the FSS test. Even though some
%TJLJ_JI:ITTE\TTLEL l;] Jsf}sf;?]r(]jssfo?rtr:eeLL(;S:)focEgtlt(r):%siEon additional upper bounding procedure for the worst-case PFA
bloj\ék of observations \7vith/ € [(5— 1)N + 1, kN]. The first given by (13) — (14) will be necessary to optimize the FSS
K V] test. Fortunately, the negative impact of this upper bound i

part of the transition b.IOCK’ MY )Nt - Yy belongs asymptotically negligible whear — 07. We will show these
to the pre-change period and the second partyi.e..., y«n results below

bfelc;ng;tgthe post—lc_:hgnger?eriod msr?bf hlz is the PMD 1) The Worst-case Probabilities in the Gaussian Mean
of the N-P test applied to this transition block. Case: Let us first re-write the generative TCD model (3) for
Proof: The proof is given in Appendix B. The classicakhe Gaussian mean case

hypothesis testing is based on the assumption that all ob- N(0,02) if 1<n<v
Y~ { , <

N(@,0%) if v<n<v+L-1" (16)

servations are identically distributed under each hypsithe
Because this assumption is not fulfilled for the above men-
tioned transition block, the classical hypothesis testiagnot whereA (i, o2) stands for the Gaussian law with meamand
be applied here. The main technical novelty in the proof igriances?. The PDF of\ (u, 0?) is given by f(z; u, 0?) =
the calculation ofA(rv, N, h) as a function of two terms. The (1/v27r02) exp{—(z —u)?/20?}. Because a transient change
term G1(N,h) is regular and can be calculated using thdetected with the delay greater thars assumed to be missed,

classical hypothesis testing. The other tef(Sy < h), is we do not consider the generative TCD model for the period
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afterv + L — 1. Let us also re-write the FSS test (7) for the 2) Asymptotic Optimization in the Gaussian Mean Case:
Gaussian mean case. After simple algebra, we obtain Corollaries 1 and 2 from the previous section provide us with
N the elements needed to get the optimal block $izefor the
S () def 1if S, >h _ 0 0 ~(17) FSS test. Nevertheless, even in the Gaussian mean case, the
M=ot seen 5= 2 (W a7 i ically i
Ui:(n—l)N+1 proble_zm (15) is analytically intractable due to the_numsrou
combinations ofl. and NV, the presence of the functions floor
The case of zero-mean pre-change Gaussian law is assumedceil [.] andv* = (L%J + 1) N — L. The main difficulty
here and in the sequel without loss of generality. corresponds to the worst-case PNPRy(7rss; N, h) given by
Based on the above model, we provide the theoretical resyt®) with the termsy; (v, N, h) and~(N, h) defined in (20)
needed to obtain closed-form expressions for the worst-cagd (21).
PMD and PFA of the FSS test and to optimize it w.r.t. the Therefore, the FSS test optimization will be done by using
criterion (4) — (5). the criterion of optimality (4) — (5), the worst case PFA

Corollary 1 (of Theorem 1 : Worst-case PFA in the Gaussiafd8) and the upper boung(N,a) > Pra(Trss NV, a) =
mean case)Let T be the FSS stopping time (6) with they1 (™, N, a)y2(N, a) for the worst-case PMD (22). Never-
block size N > 1 and detection threshold, where the theless, even with such an upper bound Pay(7:ss; IV, ),
decision function is defined in (17). The worst-case PFA is minimization is not a trivial problem and it can be done

a given reference periogh,, is only asymptotically whermy — 0+.
[ma Theorem3 (Optimization problem) Let T.ss be the FSS
Paa(Toes N, 1) = 1 — [(I) (h + NQ/QH v 7 (18) Stopping time (6) with the block siz& > 1 and the detection
VoN thresholdh, where the decision function is defined in (17). It

where o = 62/02 is the signal-to-noise ratio (SNR) andis assumed thaliss € C,. The optimal choice of the block
_ f (1/v/27) exp{—u?/2}du denotes the CDF of size N is reduced to the following minimization problem

the standard normal distribution. N* = argmin (N, a) asa — 07, (23)

Proof: It follows from (16) and (17) that the LLRS, 1SNl
obeys the Gaussian distributioh’(—Ng/2, Ng) under the where¥(N,«) is an upper bound foPng(Trss; N, o) defined
pre-change regime. It follows from (11) that as follows

h+NQ/2> _ 1 (N, N,a)y(N,a) if IS N<|L]
Go(N,h) =Py(Sx <h) =0 ——— | . 19 N,a)= Y B 2 24
0( ) 0( ) ( TJN (19) ’Y( a) vl(y*,N,a) if L%J-HSNSL- (24)

Putting together (12) and (19), we prove (18). [ ]

T N—-v+1

Corollary 2 (of Theorem 2 : Worst-case PMD in the Gaussiafit (v, N, @) =@ [‘1’1 <(1—Oé) 5| ) —%ﬂ (25)
mean case)Let Trss be the FSS stopping time (6) with the
block size N (1 < N < L) and detection thresholt, where L [ %]
the decision function is defined in (17). Then the PMDof  72(N, &)= <<I> [<I>1 <(1 — o)1 > —V/ QND . (26)
the N-P test applied to the transition block is given by

The asymptotically optimal parametess” andh* of the FSS
(v, N, h)=P"(S¥ < h)=a (h + (v - N/2— 1)9) ,(20) test (6), (17), which realize the optimum in (23) as— 07,

VeoN are given by

where S} = & S°N (y; — ) is the LLR of the transiton  n* — [L/2] (27)
block with 1 < v < N. The PMD~, of the sequence of N-P 1
tests applied tck% —1 blocks contained only the post-change h* = \/p[L/2]- &1 <(1 —a) [T ) _e [L/2].(28)
observations is 2

. h— No/2 | &1 Proof: The detailed proof is given in Appendix D but
Y2 (N, h)=[G1(N, h)]LWJ 1_ {@ (Wﬂ (21) a short sketch of the proof is as follows. We note the fol-

lowing technical novelty and subtlety of the worst-case PMD
The worst-case PMPmg(Trss; N, h) (13) — (14) of the FSS Pnd(Ttss; IV, &) minimization w.r.t. the criterion (4) — (5). Let

test is given by Ttss € Co. The exact worst-case PMIY +— Ppg(Trss; N, @)
. as a function of the block siz& for a given value ofx is
Prua(Tessi N, 1) - = 120EN Ay, N, h) = A", N, h) untractable due to a number of local minima and maxima. This
— 71, N, h)ya(N, h). (22) fact motivated the authors to divide the interval of defoniti
[1,L] (L > 2) of natural numbersV into two subintervals
Proof: The proof is given in Appendix C. m [1,|L/2]] and[|L/2]+ 1, L] and to use the following upper

Because (18) defines a bijective function, there existsbaunds instead of exact functiol — Pmg(Ztss; N, ). The
unique solutiomh = h(«) of the equatiorPi(Tiss N, h) = a. PMD Ppg(Ttss; IV, @) is a product of the two terms~; and
In the sequel we use instead ofh in the notations, wherever y,, see (22). IfN e [1,|L/2]], the term to minimize is
it is not confusing. v2(N,«) but the term~,(v*, N,«a) is just upper bounded
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by v1(N, N, «), which tends tol whena — 0. If N € the decision function is defined in (30). Then the PM"

[[L/2] + 1,L], the term to minimize isy;(v*, N,a) but of the N-P test applied to the transition block is given by

v2(N,a) = 1. To find the optimal block sizeV* which N

minimizes the upper bound foA(v*, N, «), we show that Var _mvav _ , 2

N — 7(N,a) is a decreasinE:J function in the interval 1 N =EIST <h)=F (;d’(y)gi <h>’ (32)

[1,|L/2]] and N — ~;1(v*, N,«) is an increasing function B

in the interval [|L/2] + 1, L]. Finally, to “glue” these two where the sumSy = vazlyf corresponds to the transition

functions together, we consider two different cas@d.: = 2n, block with1 <v < N, & ~ N (0,1) and

n € Z, is an even numbeii) L = 2n + 1 is an odd number > i

and we get the optimal block siz&*=[L/2]. ] d;(v) = { 79 !f pev .
Let us examine now two TCD problems, where the LLR op T v<isN

S, of the FSS test is non-Gaussian. The first case studyTige CDF ofS,. under the distributionV'(0, 0?) is given by

the detection of transient changes in the variance of Gaissi

distribution and the second one is the detection of tratsien  GY*(N,h) = P1(S, < h) = F2 (h/o7; N). (34)

e e e Th wortcase P 1 N.1) o e FSS et (), (20
9 P is given by (13) — (14) withy; = 4/ (v, N,h) (32) and

of the block sizeN. G (N, ) — GYa' (N, ) (34).

Proof: The proof of (32) — (33) follows from the defi-
nitions of the transient change generative model (29) aed th
Let us re-write the generative TCD model (3) for thelecision function (30). The proof of (34) follows immedigte

(33)

B. Transient Change in the Variance

Gaussian variance case from the definition of they%, distribution. n
N(@©,02) if 1<n<v Because (31) defines a bijective function, there exists a
Yn { N(O,02) if v<n<v+L-1" (29)  unique solution, = h(c) of the equatiorPra(Trss; N, h) = a.

_ _The main problem is to compute}®. The exact CDF of
where (0, 0%) stands for the zero-mean Gaussian law Withe quadratic form in Gaussian variablgs? | d;(v)¢? is
variances®. Let us also re-write the FSS test (7) for thgyajlable only for some special cases and its calculation is

Gaussian variance case. Without loss of generality, let Véry difficult (see Chapter 4.6 in [40]). Instead, we use an
assume in the sequel that < o; 1. After simple algebra, approximation given in [40], [41] :

we obtain

N
5. (h) % LifSe=n o _ Ki W2 (30) P <Z i€} < m) = min {H1(2), H2(z)},  (35)
K 0 if Sp<h’ " i=(k—1)N+1 i =t

7 . N 7
Based on the above model, we provide the theoretical reSLthere& ~N(0,1),d; >0,i=1,....N, 35, di =1,

needed to obtain the expressions for the worst-case PMD and

N 1. 7.
PFA of the FSS test and to numerically optimize it w.r.t. the H () = ZJ’Y (1/(2d2>’ T;/(Zdz)) (36)
criterion (4) — (5). — T(1/(2dy)) ’
Corollary 3 (of Theorem 1 : Worst-case PFA in the Gaussian . L R
variance case)lLet Ti.s be the FSS stopping time (6) Witr?thnedmcomplete gamma function igp, ) = [y~ e du
the block sizeN > 1 and detection threshol#l, where the a
decision function is defined in (30). The worst-case PFA in a N 1/N
given reference perioth,, is Hy(x) = F\2(x/04; N), 64 = <H di> . (37)
My =1
Pu(Tiss N 1) =1~ [Fe (/o M) %1 @) Finally, we get
hereFa(: N) = [ ™ ) denotes the CDF of N h
ereF q(x;N) = —_— enotes the 0 ~
where i (1:) = [y du denotes N, N, h) = B (Z dn)e < —) . @8
the x% distribution with N degrees of freedom and— I'(z) i—1 d(v)
is the gamma function. ~
J whereé; ~ N (0,1), d; = d;(v)/d(v) stands for the normal-

Proof: By substituting the definition of CDE/y (N, h) =
P>*(S. < h) = Fe(h/od;N) into (12), we immediately
obtain (31). [ ]
Corollary 4 (of Theorem 2 : Worst-case PMD in the Gaussiafy- 1ransient Change in Exponential Distribution
variance case)Let Tiss be the FSS stopping time (6) with the Let us re-write the generative TCD model (3) for the
block size N (1 < N < L) and detection thresholll, where exponential distribution Exp\)

ized coefficients and(v) = Y2, d;(v) for 1 <v < N.

Lf o9 > o1 then the inequality in the definition o, (h) (30) must be N Exp(Ag) if 1<n<v (39)
reversed. " Exp(A) if v<n<v+L-1"
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where) stands for the rate of the exponential distribution. ThEhe worst-case PMPn4(Ttss N, k) of the FSS test (6), (41)

PDF of Exgd)\) is given by is given by (13) — (14) withy; = 7®(v, N, h) (43) and
- G1(N,h) = GT®(N, h) (45).
) — e ™ jf x>0 40 )
f(z;A) = 0 if 2<0 ° (40) Proof: The proof of (43) — (44) follows from the defi-

nitions of the transient change generative model (39) ared th

Let us also re-write the FSS test (7) for the exponentigbision function (41). The proof of (45) follows immedigte
distribution Exit). Without loss of generality, let us assumgrom the definition of they2,, distribution. m

in the sequel thad, > \; 2. After simple algebra, we obtain

1 ifS >h KN VI. NUMERICAL RESULTS
5. (h) U Se= Y w4 ,
K : ) Pk @ A. Gaussian Mean Case

0 ifSc<h (TN 41

This section is dedicated to the numerical analysis of the
Based on the above model, we provide the theoretical resiltscuracy and sharpness of the asymptotic solution obtained
needed to obtain the expressions for the worst-case PMD gfthptimization Theorem 3. First of all, let us compare the
PFA of the FSS test and to numerically optimize it w.r.t. thgue PMD N — Pma(Trss N, o) given by (22) with its upper
criterion (4) — (5). bounds N +~ ~1(N, N, a)v:(N,«) defined in the interval
Corollary 5 (of Theorem 1 : Worst-case PFA in the exponential, | L/2]] and N+~ ~(v*,N,a) defined in the interval
case) Let Ty be the FSS stopping time (6) with the blocK|L/2] + 1,L] for two different cases ofL = 2n and

size N > 1 and detection thresholél, where the decision L = 2n + 1. The results of this comparison are presented
function is defined in (41). The worst-case PFA in a given
reference periodn,, is

Pra(Tres N, B) = 1 — [Fez 200 2N)] I F T 42)

Proof: It follows from the definition ofy? distribution
that the exponentially distributed random variable wkh=
1/2 obeys they? distribution with2 degrees of freedom, i.e.,
¢ ~ Exp(1/2) ~ x3. By substituting the definition of CDF
G()(N, h) = ]P)()(S,{ < h) = FX2(2h)\(),2N> into (12), we
immediately obtain (42). [ ] 103k

As previously, the main problem is to compute the PMD

N = Pma(Tres N, @)
—o— N = 7 (N, N, @)%, (N, )
4= N = 7,(v*, N, ) 3

T
I
1
1
1
1
1
1
1
1
1
1
1
1
!
5

~E*® of the N-P test applied to the transition block. The Ni=n

N . . . . N 4 . . . . . .
distribution of the sum of exponential vana_blgizl_ Yis 0 e 7 s o 10
wherey; ~ Exp();), obeys the hypoexponential distribution Block size N

(or the generalized Erlang distribution) [42]. The exactFCD

of the hypoexponential distribution is available only fonse Fig. 1. The true worst-case PMBhng(Trss; IV, o) given by (22) and its upper
i i ion i e bounds given by (24) as functions of the block si¥e The SNR isp = 9,

special cases ofy, ..., Ay and its calculation is Vgry difficult. the required time-to-alert i€ = 10, the reference period g1, = 20, and

Hence, based on the fact th@t~ EXp(1/2) ~ x5, W€ US€ he worst-case PFA is — 104,

again the approximation proposed in [41].
Corollary 6 (of Theorem 2 : Worst-case PMD in the expoin Figures 1 and 2 for the following parameters : the SNR
nential case) Let Tiss be the FSS stopping time (6) with they = 9, L = 10,11, m, = 20, anda = 10~%. Here and in
block size N (1 < N < L) and detection thresholll, where the rest of the paper, we use the parameters typical for some
the decision function is defined in (41). Then _the_PMBp real-time applications, such as the navigation systenegiity
of the N-P test applied to the transition block is given by monitoring and the drinking water monitoring (see [13],]46

N [18], [43] and the example on GNSS integrity monitoring

~EP(y, N, h) =P (SY < h)=P Zdi(y)g <h|, (43) given in Section VII-A)_. First, the;e figgres iIIustrat_e timeain
i1 idea of Theorem 3 : if the required time-to-alert is an even

N _number, i.e.L. = 2n, then the asymptotically optimal block
where the sumSY = > ;" y; corresponds to the transitiongj;e is N* — n but if I = 2n 11 then N* = n + 1.

block with1 <v < N, {; ~ x3 and Second, as it follows from the definition of the function
1/(200) if i<wv N — ~1(N, N, «) in the interval[1, | L/2]], this upper bound
di(v) = { 1/(2\1) if v<i<N - (44)  cannot be very accurate fov — 7 (v*, N, ) due to the fact

o o thatv* = (| %] 4+ 1) N — L is simply replaced byV. Hence,
The CDF of S under the distribution Exp\) is given by it is clear that for the non-asymptotic values @f the upper
GE®(N, h) = Py(S, < h) = Fi» (2hA1: 2N) . 45 boupdmg in the intervall, |L/2]] is less accurate than in
o ) 1 ) x@ (2h ) (45) the interval[| L/2] + 1, L]. Hence, a more rapid convergence
21f Ao < A1 then the inequality in the definition af. (1) (41) must be Of the upper bour?d to the true worst-case P_de(TFss; a)
reversed. can be expected in the case bf= 2n + 1. This conclusion
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10° T T T T T
— N = Prna(Tos NV, @)

—— N = (N, N, )7, (N, )
-+--N =7, (v*, N, @)

&
=]
102 F J 4
o510
103 | E o= Pmd(ﬂss; (l)
| 105 ¢ o J
i —o— a—J(N*, «a)
1
N*=mn-+1:;
104 . . . . ] . . . 106 . . .
1 2 3 4 5 6 7 8 9 10 11 10°® 10 102 10°
Block size N e}

Fig. 2. The true worst-case PMByq(Tkss; N, «) given by (22) and its upper Fig. 4. The minimum worst-case PMBiqg(7kss) given by (46) and its upper
bounds given by (24) as functions of the block si¥e The SNR isp =9, bound¥(N*) with the asymptotically optimalN* as functions of the worst-
the required time-to-alert i€ = 11, the reference period 8., = 20, and case PFAa. The SNR isp = 4, the required time-to-alert i& = 21, the

the worst-case PFA ia = 104, reference period is v, = 150, and the worst-case PFA belongs to the interval
a € [1077,0.25].
10°
. 1 distribution has been considered in Section V-B and for the
detection of transient changes in the rate of the exporientia
102 ] distribution in Section V-C. The goal of this section is to
o examine the numerical optimization of the block si2é
£ 100 | for non-Gaussian setting and extend the results obtained fo
the Gaussian mean case to some practical situations where
10 4 observations are non-negative (e.g., daily number of tefec
a = Pmd(Ts @) people in the epidemics).
10°¢ —oe— a— J(N* «a) 3
10 1 e

10® 104 102 10° 09
(0%

Fig. 3. The minimum worst-case PMBhq4(7kss) given by (46) and its upper

bound¥(N*) with the asymptotically optimalN* as functions of the worst- So.e F 4
case PFAa. The SNR isp = 4, the required time-to-alert i€ = 20, the =

reference period is ., = 150, and the worst-case PFA belongs to the interval s o i
a € [1077,0.25]. 04l .

Gaussian mean

. . . et R W A C Gaussian variance
is confirmed by Figures 3 and 4. Here, the non-asymptotic .|

minimum worst-case PMD

! —-- Exponential distribution|

0 5 10 15 20 25

Prd(Trss ) = 1§IIlJ\}IglL {m @, N,a)y(N,a)} (46) Block size N

obtained by numerical optimization of (22) and its uppefig. 5. The worst-case PMBmg(Tkss; N, ) as a function of the block size

bound V(N*, a) in (24) are presented as functions of thé' for the following three cases : — Gaussian mean; — Gaussiaanea; —
t PEA for the followi ical f exponential distribution. The required time-to-alertZis= 21, the reference

worst-case | or the following parameters typical for yeriog sy, = 20, and the worst-case PFA is = 10—5.

some real-time applications : SNR = 4, L = 20,21,

me = 150, and a € [1077,0.25]. It follows that the 5%

accuracy is reached at = 1073 for L = 20 and the same

accuracy is reached at=1.5-10"2 for L = 21.

Let us compare the worst case PMD as a function of the
block size N — Pma(Trss N, ) for the Gaussian mean case
(22) with the the same functions for the transient changes in
_ _ the variance, calculated by(13) — (14) with = 2 (v, N, h)

B. Two Non-Gaussian LLR Settings (32) andG4 (N, h) = GV (N, h) (34), and for the transient

Let us return to the examination of the TCD problem wheghanges in the rate of the exponential distribution, caled
the sums,. of the FSS test is non-Gaussian. The calculatidsy (13) — (14) withy; = 75°(v, N, h) (43) andG4 (N, h) =
of the worst case PMD and PFA of the FSS test for th@™"(IV, h) (45). The results of comparison are presented in
detection of transient changes in the variance of Gaussigigures 5 for the following parameters’: = 21, m, = 20,
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12 : : : functions of the worst-case PFA are shown in Figures 6.
b I Next, the minimum worst-case PMBng(Trss; N* (), ) as
functions of the worst-case PF#are shown in 7. Both figures
represent the three following settings : — Gaussian mean; —
Gaussian variance; — exponential distribution. Due to tie r
duced separability between the pre-change and post-chgnge
and exponential distributions, the convergence rate obfie
timal block sizeN* to its asymptotic value is reduced for the
non-Gaussian LLR settings (see Figure 6). For the threeeabov
mentioned settings, the functions— Pma(Trss; N* (), o) are
quite similar with correction for the separability betwette

1 ‘ ‘ ‘ A pre-change and post-change distributions (see Figure 7).

©
T

i
Gaussian mean !
\

77777777 Gaussian variance

Optimal block sizeV*

3+ —-—-— Exponential distribution

VIl. COMPARISONBETWEEN THEFSS, WINDOW-LIMITED

Fig. 6. The optimal block sizeV* as a function of the worst-case PFA CUSUMAND FMA TESTS

a for the following three cases : — Gaussian mean; — Gaussiganea; A Gaussian Mean Case
— exponential distribution. The required time-to-alertfis= 21 and the )

reference period isn, = 20. Let us compare the FSS, window-limited CUSUM and FMA
tests in the Gaussian mean case. The upper bound for the
worst-case PMDPm(Tria; @) as a function of the worst-case
PFA « is given as follows [18], [26] :

] Prna(Thum; @) = & (qu ((1 - a)m%) —\/Q_L) . @)

The minimum worst-case PMPmg(Trss; ) of the FSS test

& A is given by (46) withy; (v*, N, a) (25) andy, (N, ) (26). Its
a5 Gaussian mean \d upper boundy(N*, o) is given by (24) with the asymptotically
1% Gaussian variance \d optimal block sizeN* = [L/2].
___ Exponential distribution ‘ We exclude from our comparison the caselof= 1 when
108 F t the FSS, window-limited CUSUM and FMA tests coincide
' (see the analysis of this case in [24], [25]). In the case of
16710 ‘ ‘ ‘ L = 1, the upper bounds for the worst-case PMD become
10° 10 N 10 10° equal to the worst-case PMD for both te®gy(Trss o) =

7(17 Oé) = Pmd(TFMA; Oé) = P—md(TFMA; Oé).

Fig. 7. The minimum worst-case PMBnqg(Trss; N*, «) as a function of

the worst-case PFAx for the following three cases : — Gaussian mean; — 100 .
Gaussian variance; — exponential distribution. The reguitime-to-alert is Pro -0 g
L = 21 and the reference period ia, = 20. e % el
\:—\\\\\ &"@\0\
10" E \\\:\\\ O\S\o 1
\\ \\\
. . — No .
anda = 10~°. The models of transient changes are defined & s _ N
as follows : B2k FSSa = Pma(T.s @) NN |
. - —=a—FSSa — F(N* N0 t{\
« Gaussian meang = 3; o FN, @) N SOV
« Gaussian variancea? /o2 = 5; o | == FMA @ = Prd(Tou; @) NN
« Exponential distribution A, /Ao = 0.25 — o FMA a > Pog(Th: @) N
Figure 5 shows that the behavi_our of the functi.ﬁh A S— window-limited CUSUMa — Pina(Th; ) \
Pmd(Ttss; IV, «) for two non-Gaussian LLR settings is similar 10 - ‘ ‘ : ‘

to the Gaussian mean case. Less pronounced minima of the
function N — Pna(Trss N, ) for the non-Gaussian LLR
settings is explained by the reduced separability between tig. 8. The minimum worst-case PMByyq(Tiss) of the FSS test, its upper
pre-change and post-changé and exponential distributions bound5(N*), the simulated worst-case PMBing(Tkua) of the FMA test,

i i limi 1o its upper bound given by (47) and the simulated worst-cas® BMq(Tw.)
due to the fact that their supportis limited to the real sewis of the window-limited CUSUM test as functions of the worase PFA«.
z € [0, 00]. The SNR isg = 0.25, the required time-to-alert i€ = 100, the reference
As it follows from Theorem 3, the main source of the miniperiod ism. = 200, and the worst-case PFA belongs to the intervak

mum worst-case PMPa(Trss N* (), @) overestimation by 10”7099

its upper bound is a non-asymptotic behaviour of the optimal

block size N*(a) < [L/2] for significant values of the PFA  Let us compare the equation Ba(Ta; ) with the equa-
a. To illustrate this situation, the optimal block siz88&* as tions for the minimum worst-case PMBnyg(Ttss; V*(), @)
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and its upper boungi(N*, «) for the FSS test. Their structures
are very similar (compare (24) — (26) and (47)) : in both cases
the argument of the functiom — ®(z) is a sum of two 1071

terms. The first terms, i.&@~! ((1 — a)ﬁ) for the FMA test

1
and®! ( (1-a) [%*1 ) for the FSS test, are responsible &
E Prg(T) = 8- 1074

for the relation betweem and Pmg(7T)). The second terms, I N N B
i.e. v/oL for the FMA test andy/o [L/2] or % 104 b s (Ti-g)

for the FSS test, define the square root of information (in ' met ey

KullbackLeibler sense) obtained during the time-to-alertt 105 o o FSS—=A(N"6)

follows from Theorem 3 thatv* — [L/2] whena — 0" e FMA: 01 Frg(To0: )

and in any caseN* > 1. Hence, the first term of the FSS 0, 25 s 35 4 a5 5 55
test reduces the worst-case PMD not worse (even better) than 4

the first term of the FMA test. On the other hand, the quantity
of information extracted by the FMA test is asymptotically'd 9- The minimum worst-case PMD of the FSS and FMA testsiastions
. . . ._“of the fault amplituded € [2,5.8].
(whena — 071) twice as large as the quantity of information
extracted by the FSS test. Hence, it can be expected that
the FMA test should perform better for practically intenegt
situations wherr — 0 and the second terms are dominanichange and post-change pseudorange residuals is reduced to
The first comparison between the FSS, FMA and window16), wherev is the fault onset time. The minimum operational
limited CUSUM tests is presented in Figure 8 for the folperformance standards (MOPS) for the GPS system [43]
lowing parameters p = 0.25, L = 100, m, = 200, specifies, for the (non-) precision approach of typical tare
and a € [1075,0.99]. Because we are interested in nonm., the required time-to-aledt (both are measured in number
asymptotic values ofy, we use the minimum worst-case PMDof sampling periods), the worst-case PMD and the worst-
Pma(Trss N* (), ) and its upper boungl( N*, ) for the FSS case PFA during a perioch,. The signal sampling period
tests (which is closed to the true PMD), the simulated words usually 1 sec. Let us compare the FMA and FSS tests
case PMDPmg(Tr; @) and its upper bound for the FMA testfor the following typical parameters L = 6, m, = 150,
and the simulated PMPyg(T,.; ) for the window-limited « = 2-10~°. The variance in the TCD model (16) i& =1
CUSUM test (9) witha(k) = a, k = 1,...,L. To get the to simplify notations. The worst-case PMByq(7:ss) and
simulated PMDPmg(Trya; o) and Prmg(Tw; o), 10 Monte-  Pmd(Tria) as functions of the residual fault amplitudeare
Carlo runs have been performed. It follows that the FMA teshown in Figure 9. It follows that the FMA test significantly
outperforms the FSS and window-limited CUSUM tests.  outperforms the FSS test with the optimal block si¥é = 3
The second comparison between the FSS and FMA tefis all values of¢ € [2,5.8]. A typical MOPS in terms of the
is related to the important problem of radio-navigation inworst-case PMD i®nq(T) = 8-10~%. Therefore, the FMA test
tegrity monitoring. Certainly, the considered model ofrgiy respects this MOPS beginning frofn= 3.4 but the FSS test
is simplified but it is sufficient to show very promising resul only from 6 = 4.7. The minimum detectable fault amplitude
for the GNSS (GPS, Glonass, Galileo, Beidou,...) integrifyespecting the MOPS) defines the horizontal/verticalnalar
monitoring. limits. The reduction of these alarm limits improves theesyaf

Example(GNSS integrity monitoring)For safety-critical civil Of aircraft and air traffic control.

aircraft navigation modes (landing, takeoff, etc.), a majo

problem of existing navigation systems consists of theik la ) ) )

of integrity. The integrity monitoring concept requires avn B. Two Non-Gaussian LLR Settings vs. the Gaussian Mean
igation system to detect the faults and remove them from th@Se

navigation solution before they sufficiently contaminate t | et us continue the comparison of the FSS and FMA tests
output. Let us consider the receiver autonomous integréig-m for two non-Gaussian LLR settingg{ and exponential) to
itoring (RAIM) of the GNSS channels. Some insight into thgerify how the operating characteristics of the FSS and FMA
RAIM can be found in [13], [43]. The RAIM is a method oftests differ from those obtained in Section VII-A for the
GNSS integrity monitoring that uses redundant measurenegyssian mean case.

(satellite pseudoranges) at the user’s satellite receinethe In the case of transient change in the variance, the upper
nominal situation the pseudorange measurements areeffe¢jy nd for the worst-case PMBing(Thu; @) as a function of

by random noise obeying a zero-mean Gaussian distributigfe worst-case PFA is given as follows [18], [26] :

Suddenly arriving additional biases (faults) in pseudgemn

lead to a degradation of the position estimation, which is__ 08 4 o

clearly undesirable. Due to the redundant pseudorange medimd(Truas @) = Fie (U_%sz <(1 —a)me 5L) ;L) , (48)
surements, the residuals of the least squares estimatadpro

the user with information on the presence or absence ofsfaultherez — F\ 2 (z; L) stand for the CDF of thg? distribution

in measured pseudoranges. Hence, a simplified model of pnéth L degrees of freedom, and in the case of exponen-
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Fig. 10. The minimum worst-case PMBing(Trss) of the FSS test and the Fig. 12. The minimum worst-case PMBing(Tss) of the FSS test and the
upper bound for the PMIPmq(Trwa) Of the FMA test given by (47) as upper bound for the PMPmq(Trwa) Of the FMA test given by (49) as
functions of the worst-case PFA for the Gaussian mean case. The SNR isunctions of the worst-case PFA for the exponential case. The parameter
o = 3, the required time-to-alert i& = 21, mo = 20, and the worst-case ratio is A1 /Ao = 0.25, the required time-to-alert i& = 21, mo = 20, and
PFA belongs to the intervak € [10~7,0.99).

Prg(T)

10—10 E

1008 .

FSSa — Pma(T N*(a), )

—-— FMA a > Pmg(T,.; @)

10712

Fig. 11. The minimum worst-case PMBpg(Trss) of the FSS test and
the upper bound for the PMPmq(ZTrma) Of the FMA test given by (48)
as functions of the worst-case PFRA for the Gaussian variance case. Th
variances ratio is'? /o2 = 5, the required time-to-alert 5 = 21, mq = 20,

and the worst-case PFA belongs to the intervat [10~7,0.99].

10°

the worst-case PFA belongs to the interdas [10~7,0.99].

for all values of the PFAx € [1077, @], wherea takes the
values0.618 for the Gaussian mea,097 for the Gaussian
variance and).224 for the exponential distribution. Hence,
the relationship between the FSS and FMA tests is similar
for three different settings with correction for the sejmélity
between the pre-change and post-change distributionghwhi
only impacts the value of:.

VIII. DISCUSSION

As it follows from the FSS stopping time definition (6) —
(8), the FSS test is based on the repeated N-P tests applied
to the sequence of blocks of a fixed si2& Hence, a key
problem of the FSS test designer is to find an optimal block
size N* by using the transient change detection criterion (4)
— (5) which minimizes the worst-case probability of missed

Jdetection, i.e., the situation whéhss— v + 1 > L, provided

that the worst-case probability of false alarm in a giveriquer
me IS upper bounded. Knowingy*, the optimal threshold*
follows immediately from the definition of the clags, (5).

To realize such a scheme, Theorems 1 and 2 provide the

tial distribution the upper bound for the worst-case PMM@esigner with the equations for the worst-case probagsliti

]P—md(TFMA; 04) is

T A
Pmd(TFMA; Oé) = FX2 (A_lFX; ((1 — Oé) 7”1a ;2L) ;2L>
0

of missed detectioPyy(Trss) and false alarmPi(7iss) as
functions of the FSS tuning parametel§ ~ and the pre-

. (49) and post-change distribution’s, and F;. Corollaries 1 — 6

concretize these general results in the special cases of the

As previously (see Subsections V-B and V-C), it is assuméghussian,y? and exponential LLR distributions. These three
thatoy < o1 andg > A;. We use the same set of parametersases cover two different types of measured signals defined
as in Section VI-B :L = 21 andm, = 20. First, we compare by their support. The support of the Gaussian distribution
the FSS and FMA tests for the transient change detectisnthe real axisr €] — oo, 0o but the supports of the?

in Gaussian mean as a reference case for the non-Gausaiah exponential distributions are limited to the real semi-
settings. The results for the SNR = 3 are presented in axis z € [0,00[. Next, Theorem 3 establishes an asymptot-
Figure 10. The comparison of FSS and FMA tests for theally optimal solution for the Gaussian mean case. Here, th

Gaussian variance with the ratio} /o3 =
Figure 11 and for the exponential case with the ratig\, =

5 is shown in asymptotically optimal FSS tuning paramet@rs, h* and the

upper boundy(N*, ) for the probability of missed detection

0.25 is shown in Figure 12. It follows from Figures 10, 11Pyq(T:ss; @) are represented as functions of the upper bound
and 12 that the FMA test outperforms the FSS test for bothfor P, (T:ss), required time-to-alerL, reference periodn,,
the Gaussian LLR setting and the non-Gaussian LLR settingsd SNRp. The comparison between the optimal probability
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of missed detectio®mq(Trss; ), Obtained by the numerical detection provided that the worst-case probability of dals
FSS test optimization, and its asymptotically optimal upp@&larm in a given period is upper bounded. The operating
bound7¥(N*, ) shows that this upper bound is rather shargharacteristics of the FSS test are obtained in the general
in practically interesting case of smaill. A numerical opti- case of arbitrary pre- and post-change distributions. Next
mization of the FSS test has been considered forythand these operating characteristics have been concretizet rize
exponential distributions. particular LLR distributions : Gaussiar? and exponential.
The optimal FSS test has been compared against the FMAe optimization of the FSS tuning parameters has been
test for the three above-mentioned LLR distributions. Theonsidered for these distributions. An asymptoticallyiropt
choice of the FMA test as a sequential competitor is justifiethalytical solution has been obtained in the Gaussian case.
for the following reasons. The general issue of optimality d\ext, the FSS test has been compared against its sequential
asymptotic optimality in the TCD problem (4) — (5) is stillcompetitor, i.e., the FMA test. Finally, the applicationhmfth
open but the FMA test is obtained by optimizing the windowthe FSS and the FMA tests to the radio-navigation integrity
limited CUSUM test w.r.t. criterion (4) — (5) in a restrictedmonitoring and their comparison demonstrate some progisin
class of truncated sequential tests. These comparisong shesults.
that the relationship between the operating charactesisti
the FSS and FMA tests in the case of non-Gaussian LLR ACKNOWLEDGMENTS
settings does not differ substantially from the Gaussiaarme
case. Some slight difference is due to the different seflayab
between the pre-change and post-change distributionsein

This work was partially supported by the Spanish Agency
f Research (AEI) under the research and development projec

g : . . D2020-118984GB-I0, and by the Catalan ICREA Academia
cases of Gaussiang® and exponential settings. It is showrbr

that the FSS test outperforms the FMA test for significa%tf?r%fhﬂb;ggi \(/)vfo_rrlt(;lgllzz psrr:;:l;lg supported by the Univgrsit
probability of false alarm, which has perhaps only thecsgdti ' '
rather than practical importance. For small probabilitids
false alarm, which is typical in applications, the FMA test APPENDIXA
outperforms the FSS test for all settings. PROOF OFTHEOREM 1

It is worth noting that the relationship between the FSS To prove (12) let us first calculate the maximum number
test and the FMA test as sequential competitor in the TC, of decisions taken by the N-P test (7) during the reference
problem qualitatively corresponds to the relationshipMeein  period m,,. It is obvious thatN; = [%} Due to the fact
the FSS and CUSUM tests in the QCD problem (see [2%hat the pre-change observations are i.i.d., the randonbaum
[32]-[38], [44]). For both the QCD and the TCD problems\/ € [0, N4] of the events{d,, = 1} during the reference
the FSS test outperforms the FMA (resp. CUSUM) test for geriodm,, follows the binomial distributionB(Ny, p), where
high rate of false alarms, but for a lower rate of false alarms= 1 — G, (IV, h). Hence, the probability of the evefif/ >
(which is typical in applications) the FMA (resp. CUSUM)0} defines the worst-case PFA of the FSS test with the stopping
test performs better than the FSS test. Theorem 3 shows tivat T (6)
the asymptotically optimal block siz&™* of the FSS test is e
equal to a half of the required time-to-alefitin the TCD  Pra(Trss N, h)=1—(1—p)"=1-[Go(N, %1 (s0)
problem. Accordingly, as follows from [29], [36], [38], the
asymptotically optimal block siz&* of the FSS test is equal APPENDIXB
to a half of the worst-worst-case mean detection dél&y) PROOF OFTHEOREM 2

(2) in the QCD problem. The proof of Theorem 2 is divided in two parts. Rarts 1
Often the algorithm designer has to choose between i worst-case PMIPma(Tiss) Of the FSS test is defined as a
operating characteristic of the transient change detectdiits product of N-P test error probabilitieBarts 2is devoted to

complexity. Hence, another performance metric to consilerihe calculation of the number of factors in this product and
comparing the FSS and FMA tests is their respective COMplgKz worst-case PMPmg(Tkso).

ity of implementation. Although the realization of the FS&la Part 1: Since the proof forN > L is trivial, i.e. the
FMA tests involves the same number of LLR calculation p&{yrst-case PMD iPma(Tese) = 1, we will prove,the case

observation, the FSS test is simpler and easily adaptable fthen1 < N < I.. Let us consider the following probability
practical implementation due to its block-by-block methaid -

data transmission, LLR calculation and decision-making. B ]P’”ZI(TFSS >v+L) = [Po(S. < h)]L"T“J
using the obtained theoretical results, the designer cahafin B2y
tradeoff between the loss of optimality and the computaition ] pr=N n). (51
burden of the detection scheme. 1_11 (S < h), (51)
r=| )
IX. CONCLUSION where S, is the LLR of the N-P test in the:-th block of

. ) o _observations. Next, we define the probability that no false
In this paper, we have studied the statistical propertiggarms occur before the change-point
of the FSS test w.r.t. the transient change detection crite-

rion which minimizes the worst-case probability of missed P2 (Thss > v) = [Po(Sk < h)]L

v

~] (52)
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Hence, we get the following conditional PMD APPENDIXC
=y PROOF OFCOROLLARY 2
PY2UT > ot L Thee> 1) = PN(S <h). (53 First, we prove the PMD (20) of the transition block. Let
(Trss> v+ LiTrss 2 v) H ( ) (53 us consider the observations,}1<,<y governed by the
probability measuréP :
The pre-change observations are i.i.d. and the sequential
.

KZI—V]?J_H

o
blocks of observations are also i.i.d. Therefore, this doomal N (0’ 02) !f l<n=<v-1 )
probability is a periodic function of the change-point(the N(0,0%) ifv<n<N

peri_oq is equal tc_N). In order to simplify t.he notation, it is g it follows from (61), the first— 1 pre-change observations
sufficient to consider that = {1,2,..., N} : obeyN (0, 02) and the lastV —v+1 post-change observations

(61)

Pma(Tess N,h) = max_A(v, N, h) obey N'(4,52). Hence, the LLRS} = &SN (y; —9)
vE[L,N] obeys the Gaussian distribution
=5 v
= max [[P(S.<h). (54) St~ N No) (62)
velLN] o wherep = 62 /o2 is the SNR and

Part 2: Let us calculate the number of factors in this
v =—(v—1)p/2 N — 1)o/2=(N/2 - 1)o.
product (54). Let us consider two real numberg € IR. a (v="1)e/2+( v+ 1o/ (N/2=v+1)e
The following inequality takes placgr| + |y] < [z +y] < Therefore, we prove (20)
lz] + |y] + 1. Hence

y1(v,N,h) = JPV(Sf<h):q>(h_“”)

Rl N e E e T /21
Sincew € [1, N], we get| %t | = 0. Therefore = @ ( ToN ) . (63)

I YD1 I Formula (21) corresponds to the block filled in only with
{—J < V J < L—J +1. (56) the post-change observatiops ~ N (0,0%) for 1 <n < N.

N N N Hence,G1 (N, h) in (21) follows immediately from (63) when
It follows that the number of factors“=L| can be equal ¥ =1, i-8., Gi(N,h) =7 (1, N, h). .
to |[£]| orto |L|+1. For given N and L, it depends on Finally, let us prove the last assertion of Corollary 2 given

N

v. The functiony — |21 is increasing, for this reasonPY (22). It follows from (13) — (14) that
there exists a boundary value of change-peihtswitching Prma(Trss; N, h) = max_A(v, N, h)
the number of factors from< | to | & |+1. Let us define the T <N T

following equation for the number of factors :

e E i A (57)
N &l +1 if v +1<v <N - max {vl(y,N,h)}-fyz(N,h)~G1(N,h>}~ (64)

v +1<v<N
Let us suppose that* = (| %] + 1) N — L. The validity of , o ,
this definition ofv* is established by simple direct calculation' '€ function — &(x) is increasing and hence
for end points of the intervals. For example, let= v*. It is 71(v, N, h) (20) is also an increasing function ef and its
easy to see that ’ minimum in the interval[l, N] is reached av = 1. Taking

into account that max {71 (v, N,h)} < 1, we get
vi+L-1| |(L/N]J+1)N—-L+L-1| |L (58) vrtlsveN
N N N N max {v1(v, N,h)} > max N{%(V7N7h)}'G1(N, h). (65)

1<v< v*4+1<v<
Another end point i’ = v* + 1

~ max {glx W N )} (N ),

The worst-case PMPng(Trss; NV, h) (13) — (14) of the FSS

Lu*+1+L1J B {(LL/NJ + 1)NL+1+L1J test is given by
N N N
I . e Prmd(Trss N, h) = 122XN A(v, N, h)
- \‘NJ M ( ) = max {71(V7N7h)}72(N7h):’yl(y*7N7h)’72(N7h) (66)

1<v<v*

Putting together (11), (54) and (57), we get the product thus completing the proof of Corollary 2.

Y(SY<h)GLN, mI LRt 1<y <o
V(G %] i a1 <u<N’ APPENDIXD

(SY <h)IGL(N h)] ity +1_V_(]g0) PROOF OFTHEOREM 3
The worst-case PMIPng(Trs N, h) (13) — (14) of the FSS  The proof of Theorem 3 is divided in four parRarts 1 —
test follows from (54) and (60) thus completing the proof o8 are devoted to the case &f = 2n and Part 4 adapts the
Theorem 2. previously obtained results to the caselo& 2n + 1.

A(V,N,h):{



IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. X, NO. Y, MONTHB021 14

Part 1: Let the required time-to-alerf. be an even Therefore, taking into account that the functions— ®(x)
number, i.e.L = 2n, n € Z andTyss € C,. As it follows andz +— ®~1(x) are increasing3 = 1—a < 1 and®(z) < 1,
from Corollary 1, the worst-case PMD is given by we get the following upper bound for(N)

Pm Ttss; N) = *’ N N , 67 L max{%le}
d ) =71(V*, N)72(N) (67) WQ(N)SWQ(N){QD {®1<ﬂﬁ‘+l>\/g_N” .
where )

(W N) = B {@1 (ﬂ [%]) (N -v+ 1)\/5} (68) L6t = Lz. The upper bound, (N) can be re-written as a
VN function of z :
o \_%J_l . _ 1 ,,L;ﬁ _ max{%72,1}
) (@ [@_1 (Bf%W)—\/Q_ND Sl @ O {o(e ! (57t - VVoLa)} . (79)
for z € [1/L;1/2]. Our goal is to show that the function

for any fixeda : 0 < a < 1 (we omit « to simplify the 2 — 7,(z) is decreasing over the intervél/L;1/2] begin-
notation). ning from a sufficiently smalkyy > 0 (or beginning from

Let us divide the intervall,2n] of possible values ofV 3y = 1 — close to1l). Let us change the variable to
into two disjoint subintervals {1,n] and [n + 1,2n]. First, y = —== for y € [m 1 L+2m ]. This leads to the
we consider the intervdll, n]. We cannot establlsh a S|mplefollowmg d|fferent|able piecewise-defined function ofskC!
relation betweenv*, N and L. From the other hand, the a(y)
function = — ®(x) is increasing and hence; (v, N) (68) 72(9):{¢ {@1 (BY) — omay ]} , (79)
is also an increasing function of and its maximum in the l-y
interval [1, N] is reached atr = N. Therefore,

whereg(y) = max {ym% - -2, 1}. Let us re-write (79)
Prd(Trss V) < 41 (N, N)v2(N) < 42(N) (70) as follows

~ — 9(y) 80
over the interval[l,n]. Moreover, for any given constants W) =17 (80)
N,m, and p, the following limit can be established for thewhere f(y) = ® (<I>*1 (BY) — /ﬁ"l”i—“yy ) The derivative of

first term ¥, (y) is
: ~ ST ES AR d7(y 9().f ()
A L NP) = i e [‘I’ (5( 1 ) m] 20 _ syt [ (v)log £ (y) + =5 5= } (81)
=1 (71) First, we compute the derivative over the interval

Hence, an asymptotically sharp upper bound can be expec[ed?, LHm } The function g over this interval is
for Pmd(Trss) in the interval[l, n] as3 — 1. given by g(y) = -£- — L — 2. The derivatives of the

Let us consider the intervah + 1, 2n]. As it follows from  f,nctions f andg a%%wen as follows
the definition (69), the second term-s(N) =1 whenN € 9]
[n + 1,2n]. Therefore, flly) = o (q)—l (BY) — |2l > : { p¥log 8

. v L—y ) le[®1(8Y)]
IP)md(TFss; N) = 71(” aN) (72) om

over the intervaln + 1, 2n]. Therefore, the first assertion (24) 9 y(1— 9)3] ’ (82)

of Theorem 3 follows immediately from (70) and (72) :
wherep(z) = (1/v/27) exp{—22/2} denotes the PDF of the

N,N N) f1<NK PR,
J(N) = m( *v )2(N) ' SN=n . @3) standard normal distribution,
v (v*,N) fn+1<N<2n ') I )
g,(y) = — .
BecauseL = 2n is an even number, the block size is given ! May?

by N =n + k, wherek € {1,2,...,n}. Next, we get/* = By the definition of the CDF®(x), the first factorf(y )g(y>
(|%£]+1)N — L =2k and hence (68) can be re-written as (81) is positive. Hence, the sign of the derlvatiﬁi%— is

a function ofk € {1,...,n} defined by two terms inside brackets in (81). We are mtedeste
1 (n—k+1) in the asymptotic analysis when— 0T orf=1—a — 1™.
v1 (k)= [@‘1 (6 B3 ) —7\@] (74) Let us define the two terms inside brackets in (81) as funstion
vtk of 3 andy :
Part 2: Let us show thatV — ~o(XN) is a decreasing W) f(B;y)
function in the intervall, n], whenL = 2n. It is easy to see h1(B;y) =g, (y) log f(53;y) anth(ﬁ;y)ZW- (84)
that )
I I Becausdog ®(z) < 0 Vz € IR, the first term inside brackets
{NJ — 1> max {N -2, 1} forl <N <n (75) is positive hi(B;y) = ¢'(y)log f(B;y) > 0. After simple
algebra, we get
and m m I ,
B (76) m(Biy) ~ ——5logB as 17 (85)
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- . 1 L
for all y in the closed mterva[m, TT5mo

term ho becomes negative as— 1~ :

}. The second

OMq 1 omay
ho(B; __ver (e vy
(55 ~ A o (2 m - /22 )
(L k) o
Yme Ma
for all y in the closed interval{ﬁ, ﬁ} Finally, let

us establish that, (3;y) = o(h2(8;y)) ass — 1~. By using
the L'Hopital’s rule, we get

hi(B;y) _

‘m _ h%J(6§y)
B—1- ha(By)

m ————
B—1— h%72(67 y)

for all y in the closed interva[

=0.

(87)

1 L

ma—+1’ L+3meq |°

Second, we compute the derivative over the interv

T ﬁ} The functiony — g¢(y) over this interval

is equal tol. Hence,

d7(y) oMo omay

-1
- e (2 (BY) — (88)
dy 2\/y(1—y)? ( (5% 1—y
asf3 — 1~ for all y in the closed intervaLﬁ, ﬁm@ .
Hence,Jdag > 0 such that for alle < ag the functionz —

7,(x) is decreasing over the intervil/L;1/2].
Part 3: Let us show thatV — ~;(N) is an increasing
function in the intervaln + 1, 2n], or (it is equivalent to) that

15

as f =— 1. To prove inequality (91), let us recall that
x — ®(x) is an increasing function. Due to the fact that

n n+41
Bmatn ~ Bmatntl as § =— 17, the first terms inside
brackets in (91) are equivalent. The second terms inside
brackets in (91) are not functions @f, hence these terms
define the relation betweep,(n) and7,(1). The validity of
inequality (91) follows from the inequalit{/y‘fl_—i+1 < 1. Finally,
it can be deduced from (91) that the upper bogid/) (73),
composed of two parts, asymptotically attains its minimum a
the right end pointV = n of the interval[l, n]. This proves
the asymptotically optimal solution given by equations)(27
(28) in the case of. = 2n.

Part 4: Let the required time-to-aleri. be an odd

number, i.e.L = 2n+ 1, n € Z andTiss € C,. The proof
is organized in the same way as fér = 2n (seeParts 1
— 3), the only difference is how to “glue” the upper bounds

— ,(N) and N — 7,(N) defined in the subintervals :
[1,n] and[n+1, 2n+1], respectively. The boundy — 7,(N)
is defined as previously. Let us consider the bound 7, (x)
in the interval[l, n+ 1]. Now, 7, (z) is slightly different from
(89), (n — x4+ 1) in the second term between the brackets is
replaced with(n — x + 2) :

(n—x+2)\/0

n—+x

)= | () - | o

wherez € [1,n+1], € IR. The proof ofPart 3is completely
applicable to the case df = 2n+1. Hence, the function —

the functionk — ~, (k) given by (74) is an increasing function71 (%) i @lso increasing in the intervel, n+1]. Nevertheless,
in the interval[1,n]. By using the inequality (76), we get anin contrast to inequality (91), we get from (88) that

upper bound fory; () :

(o) <Ti(o) = [0t (g ) -

wherex € [1,n], z € IR. The derivative ofy, (x) is

In@ _, (@_1 (5%) B (n—fc+1)\/§)

n-+x

] . (89)

dx
ntx
ma/B'rrLa+rL+x logﬁ
® {@*1 (ﬂmﬁ;ﬂ )] (ma+n+z)?

By the definition of the PDko(z), the first factor in (90) is
positive. Hence, the sign of the derivati\ﬁgc}i—“‘) is defined

(3n+24+1)/
2(n+x)3/2

.(90)

by two terms inside brackets in (90). We are interested in thig!

asymptotic analysis whegd = 1 — a — 1. The first term
inside brackets in (90) is a function gfandx. Exactly in the

same way as previously iRart 2 (see (85)), it can be shown !

that this term tends t6~ as3 — 1~ for anyz € [n+ 1, 2n).
The second term is not a function Gfand it is positive for
any z € [1,n]. Hence,3ap > 0 such that for alla < «p the
function z — 7, (x) is increasing in the intervdl, n].

Finally, to conclude with the case @f= 2n, it is necessary
to “glue” both functionsN — 7,(N) and N — 7,(N) and
to show that

Toln) = @2 (37 ) — yon]
< =l (574

Toln) = @[0! (7T ) - yn]

71(1):@[(1)*1 (ﬁ%)— o(n+ 1)} (93)

asf — 1~. It can be deduced from (93) that the upper bound
F(N) (73), composed of two parts, asymptotically attains its
minimum at the left end poinftV = n 4+ 1 of the interval
[n+1,2n+1]. This proves the asymptotically optimal solution
given by equations (27) — (28) in the caselof= 2n + 1.

Vv
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