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We apply a recently developed method for solving the linearized phonon Boltzmann equation to
study the hydrodynamic thermal transport in dielectrics in the collective limit, i.e. when normal
collisions dominate resistive ones. The method recovers Guyer and Krumhansl results for a single
Debye branch and extends them to general dispersion relations and branches. Specifically, we obtain
explicit microscopic expressions for the phonon distribution and for the transport coefficients in this
limit. We find that the phonon distribution differs from the commonly used displaced distribution
in two terms: one accounting for viscous flow, and another one which allows to solve a long-standing
issue on drifting and driftless second sound velocities. Thus, the new method allows to generalize
previous results and fill some gaps on fundamental aspects of the collective limit through a simple
mathematical formalism. We compare the hydrodynamic framework with previous models and

discuss its limitations.

I. INTRODUCTION

Hydrodynamic heat transport consists of thermal
transport displaying features similar to mass transport
in fluids, such as viscosity and inertia. In dielectric crys-
tals, it was first experimentally found in the 60’s for
solid Helium, where Poiseuille-like flow [1] and second
sound [2] were detected, and in the 70’s the observa-
tion of second sound extended to a handful of materi-
als at cryogenics temperatures [3-5]. In the last years it
has received renewed interest because theoretical models
based in first-principles calculations predicted hydrody-
namic phenomena for low dimensional materials at higher
temperatures, such as graphene and other 2D materi-
als [6-8], carbon nanotubes [9] and in graphite [10, 11].
Quite remarkably, hydrodynamic effects like Poiseuille
flow have been observed recently in black phosphorous
and graphite [12, 13] and second sound have been re-
cently measured in graphite at temperatures below 200K
11, 14].

Hydrodynamic transport cannot be described by
Fourier’s law, which predicts heat to propagate diffu-
sively. Then, theoretical studies of hydrodynamic heat
transport in insulating crystals are generally addressed
by directly solving the linearized Boltzmann transport
equation (BTE) for phonons [15, 16]. However, the com-
plexity of the BTE and the difficulty of implementing
boundary conditions only allows solutions for simple ge-
ometries and/or simplifying assumptions at a high com-
putational cost [10, 17, 18].

Hydrodynamic behavior is expected to occur in the
limit when momentum-conserving normal collisions are
much more frequent than resistive ones (the so-called col-
lective or Ziman limit). Until recently this was considered

* lluc.sendra@uab.cat
 juan.camacho@uab.cat

a necessary condition for hydrodynamic heat transport
to exist, to the point that when phonon normal colli-
sions are also much more frequent than collisions with
boundaries the system is said to be in the hydrodynamic
regime. In the collective limit, Guyer and Krumhansl
[19] deduced from the BTE an equation for the heat
flux (GKE) that resembles the Navier-Stokes equation
for fluids and recovers Fourier’s law when time and space
variations are small. The GKE thus nicely generalizes
Fourier’s law while predicting hydrodynamic behavior
such as Poiseuille flow and second sound. Interestingly,
it provides a unified picture of the heat propagation phe-
nomenology and, with proper boundary conditions, can
be applied to complex geometries, in contrast to direct
BTE solutions.

The improvement of experimental techniques in the
last decade has allowed observing thermal responses at
small sizes and time scales which differ from Fourier’s law
in situations when resistive collisions dominate (kinetic
limit) [20-23]. Remarkably enough, the GKE, originally
derived in the collective limit, has been shown to cap-
ture such non-Fourier effects at the nanoscale for several
kinetic materials, including InGaAs [23], silicon [24-31],
and germanium [32]. These experimental observations
asked for a theoretical foundation and, recently, a hy-
drodynamic equation of the GKE type has been derived
for general dielectrics by solving the BTE using a new
method for small but finite Knudsen numbers (the quo-
tient between phonon mean free paths and a macroscopic
scale) [31]. The derivation considered general linearized
collision operators, and general dispersion relations and
number of branches, thus generalizing previous results
[24, 33, 34]. The method, which from now on we will
call Flux derivatives formalism (FDF), allows to obtain
the phonon distribution and the transport coefficients of
the hydrodynamic equation from first principles. In ref.
[31] the kinetic limit was analyzed using the relaxation
time approximation (RTA) finding good agreement with
experiments in silicon in a wide range of temperatures,



and with second sound experiments in germanium from
100 to 300K [32].

The aim of the present work is to apply the FDF to the
collective limit, i.e. the opposite limit from the one stud-
ied in ref. [31]. This study will allow to check the validity
of the formalism by comparison with previous literature
and study hydrodynamic behavior from the perspective
given by the new method. We will see that it general-
izes previous results and improves our understanding on
fundamental issues through a simpler mathematical for-
malism. For the sake of simplicity, throughout the paper
we will consider isotropic systems.

The paper is organized as follows. We first summa-
rize the FDF method in section II for the paper to be
self-contained. Next we apply the FDF to the collective
limit and recover Guyer and Krumhansl results [19] for
a single branch in the Debye aproximation and general-
ize them to general dispersion relations. We also obtain
the nonequilibrium phonon distribution function, which
generalizes the classical expression and will allow us to
clarify in section (IV) a longstanding conundrum related
to drifting and driftless second sound velocities. Finally,
Section (V) is devoted to concluding remarks.

II. FLUX DERIVATIVES FORMALISM

In classical kinetic theory, two well-known methods
are used to obtain macroscopic equations from the
Boltzmann Transport Equation: the Chapman-Enskog’s
method [35] and the Grad’s moment method [36]. They
provide microscopic expressions for the transport coeffi-
cients appearing therein and the nonequilibrium distri-
bution function. Chapman-Enskog (CE) method uses as
independent variables the first moments of the distribu-
tion, which for heat transport reduces to the temperature
T. As a result, the phonon distribution and the macro-
scopic equations depend on the temperature and its gra-
dients. It is based on an expansion in the Knudsen num-
ber and produces Fourier’s law to first order, and Burnett
and super-Burnett equations at higher orders [37]. On
the other hand, Grad’s method assumes as independent
variables the moments of the distribution, which include
the temperature, as in Chapman-Enskog, but also the
heat flux and eventually higher-order fluxes. The distri-
bution function depends on these variables, but not on
their derivatives. Beyond Fourier, the macroscopic equa-
tions produced by both methods display some shortcom-
ings, such as the instability of transient solutions in Bur-
nett and super-Burnett equations, or the discontinuity of
some properties in Grad’s equations due to their hyper-
bolic character, added to the difficulty of posing proper
boundary conditions for higher derivatives or higher mo-
ments, respectively [37].

The FDF introduced in ref. [31], uses a mixed ap-
proach of Chapman-Enskog and Grad methods. The key
point is to extend the set of independent variables to in-
clude the heat flux and its first derivatives, both in space

and time. For moderate Knudsen numbers, it generally
yields an equation for the heat flux of the GKE type
which overcomes the shortcomings found in Chapman-
Enskog and Grad methods. We summarize below the
main results of the Flux derivatives method [31] and
present them in the form more appropriate for the de-
velopments in the rest of the paper.
The linearized BTE for phonons writes:

Afx
ot

where fy is the phonon distribution function of the \-
phonon mode (wave-vector k and polarization s), ¥ the
phonon group velocity, and C(f)) is the linearized col-
lision operator acting on the distribution function. In
terms of the scattering matrix, Q, it writes C(fy) =
—E)\/Q)\)\/TL)\/, with ny = f)\ — f;q and f;q the Bose-
Einstein distribution. By projecting the BTE to the
energy and to the crystal momentum, one obtains the
transport equations:

+ 0y -V =C(fr), (1)

P 9T / FEAC(f)d, (3)

where e = [hwyfrd\ is the energy density, ¢ =
[ hwy fadX the heat flux, p = fhl_c’,\f,\d/\ the momen-

tum density, and II = [ hky@fad\ the flux of crystal-
momentum. In order to close the system, one needs to

relate p'and II to the energy density and the heat flux, so
that a solution of the BTE is required. In most previous
methods, the solution of the BTE is set as an expansion
on the basis of eigenvectors of the collision operator and
the unknowns are the macroscopic prefactors [19, 38—-41].
Instead, we proposed that for moderate Knudsen num-
bers the perturbed distribution function is an expansion
on the heat flux ¢ and its first derivatives in time and
space, considered as independent variables (i.e. at a given
point in space they can take independent values), and the
unknowns are the microscopic prefactors:
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where 5_')\, ¥ and é)\ are weight functions dependent
on the phonon mode to be determined. In an isotropic
materlal the _case we focus on for sunphclty, one has

N —Gl,\+G2,\, with Gl)\ = giakk and Ga\ = g2,
where k denotes the unitary vector in the direction of
E, I is the identity tensor, and gy x and gs » are scalar
quantities; symbol ”:” indicates the double contraction
of tensor indexes. The combination of Egs. (1)-(4) pro-
vides the equations for the weight functions. hey are
obtained by neglecting second order derivatives as com-
pared to first-order ones, i.e. for small enough spatial



and time variations, and equating the prefactors of the
macroscopic variables, considered as independent [31]:

cw%>=—§ﬁ£fm (52)
ct) =B - -9, (5b)
C(G1) = Pria (5¢)
Closn) = (50)

where Cy is the heat capacity per unit volume, and x and
T are, respectively, the thermal conductivity and flux re-
laxation time (see Eq. (7b) below). The left-hand side
terms in the latter equations use a compact notation; for
instance, in Eq. (5a), C(B_;\) is a vector with 4 cartesian
components C(3%) = =Xy QG5 . The values of k and
7 can be obtained with the help of two consistency rela-
tions arising from imposing the definition of heat flux in

Eq. (4):
/ hwy Batad =1, (6a)
/ hwartadA = 0. (6b)

Interestingly, the nonequilibrium distribution (4) with
the weight functions obeying eqs (5a)-(5d) satisfies the
conservation of energy for general collision operators, i.e.
J hwaC(fr)d\ = 0. This allows to apply the formal-
ism to approximate collision operators, like in RTA and
Callaway models, while guaranteeing energy conserva-
tion. This contrasts to the direct application of these ap-
proaches, where energy conservation requires additional
constraints [18, 42].

Finally, by introducing Eq. (4) in the expressions for

the energy, the momentum density p'and ﬁ, the transport
equations (2) and (3) read
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with T” the local-equilibrium temperature, ¢ the non-
local length and « a non-local coefficient; as x and 7,
all these parameters are intrinsic size-independent coeffi-
cients determined by the weights (indeed there is an extra
term that can be typically neglected, see appendix (B)).
Eq. (7b) is the GKE [19], which generalizes Fourier’s law
by including memory and non-local effects. The second
derivatives of the heat flux characterized by parameter ¢
resemble the viscous terms in the Navier-Stokes equation,
and for this reason heat transport obeying this equation
was addressed as phonon hydrodynamics. If spatial vari-
ations are much larger than the non-local length ¢ the
viscous terms can be neglected, and if time variations are

much slower than the relaxation time 7, the time deriva-
tive term is negligible, thus recovering Fourier’s law. Let
us note in passing that this equation is consistent with
our assumption of ¢, 9¢/0t and V{ as independent vari-
ables since, at a given point in space, they can take arbi-
trary values by choosing the appropriate value of VT.

The local-equilibrium temperature 7" is defined as
e = eeq(T"), with e, the equilibrium expression for the
energy [19, 40, 41, 43], and it is related to the tempera-
ture T in f¢9 through T — T = 7.0T"'/dt, with 7. a time
constant [31]. In order to use the linearized BTE, tem-
perature differences must be small, i.e. (T7-T)/T << 1,
which sets a limit to time variations that the model can
describe. If w is the frequency of the thermal perturba-
tion and AT its amplitude, the latter inequality leads to
wr AT/T << 1.

The microscopic expressions for the transport coeffi-
cients give:

I L S (8a)
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These coefficients can be expressed in other ways, but
the expressions listed above are in the form more appro-
priate for the discussions in the present work. In partic-
ular, they can be applied to systems of any dimension.

In summary, given a collision operator, the solution
of Egs. (5a)-(5d) provides the weights that specify the
nonequilibrium phonon distribution and the transport
parameters from first principles through the above equa-
tions. These could be solved in principle for the full col-
lision operator through iterative or variational methods,
for instance, though this must be studied with care be-
cause the solution for 5 are the inputs for the solutions

of 4 and G;. This is beyond the scope of the present
paper. In the next section, we apply this framework to
the collective limit, where some simplifications allow for
an analytical treatment.

III. COLLECTIVE LIMIT

When normal scattering dominates over resistive colli-
sions, the former strongly correlate the evolution of the
populations of different phonon modes, so that they are
not independent and RTA does not apply. A precise
study of this limit requires to include the off-diagonal
terms in the linear collision operator C' [19, 39]. The



latter can be separated into the momentum-preserving
Normal collisions operator N and the Resistive collisions
operator R, C = N + R. The GKE equation was origi-
nally derived by Guyer and Krumhansl in the collective
limit, i.e. when N > R, assuming a single branch and
Debye approximation [19, 44]. In this section, we ana-
lyze this limit through the Flux derivatives formalism.
This will allow us to compare to Guyer and Krumhansl
results under their assumptions and, interestingly, gen-
eralize them to several branches and general dispersion
relations. The recovery of GK results through this com-
pletely different method not only supports the FDF but
also clarifies some doubts raised on the validity of the
GK derivation [45]. In addition, we will obtain an ex-
plicit expression for the phonon nonequilibrium distribu-
tion which goes beyond the displaced Bose-Einstein dis-
tribution often considered in this limit. This generalized
distribution function helps shed light on a long-standing
issue about the velocity of second sound in this limit in
section (IV). We first evaluate this distribution and later
use it to calculate the transport coefficients.

A. Nonequilibrium distribution function

According to the FDF, the distribution function de-
pends on the heat flux and its derivatives as given by
Eq. (4) with the weight functions the solutions of Egs.
(5a)-(bd).

In the limit where resistive collisions are absent, in sta-
tionary and homogeneous situations, the solution of the
BTE is the displaced (or drifting) Bose-Einstein distri-
bution [16, 46]:

Fier = e SNC)

exp (h(wx — k- @) /kpgT) — 1

where kp is Boltzmann constant and @ is the drift ve-
locity, which is uniform across the system as it is 7.
It can be shown that fd”p maximizes the entropy and
that, in these conditions, phonon distributions relax to
it [47]. This distribution describes a collective motion of
phonons which seem to move at the same drift velocity,
as molecules in a moving fluid. Not far from equilibrium
it writes

dzsp

of' =

k - .
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On the other hand, under statlonary and homogeneous
conditions, ansatz (4) simplifies to fy = fi? + By - ¢
Notice that this has the same form of (10), since this

yields for the heat flux ¢ o< @, which allows to identify ﬁ b\
in the collective limit as

A (10)

Fx g feq
ot 0Th (1)
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The other weight functions can be evaluated by tak-

ing into account that in the limit N > R one can ap-
proximate the collision operator acting on function x) as

C(zx) = N(zy) = —72, with 7y,) the relaxation time

for normal scattering of the A-mode and z is any of the

components of 5, G1,x or g2x. Let us note, however,

that this does not apply to Hf\"l, since N conserves mo-

mentum and then N(F5) = N(f3*P) = 0. By using
Egs. (5b)-(5d) one has

- Tof! 7
YA = TN,x 8T

col) + DBCOZ (12)

éLA = —7N, Aﬁwl (13)
_ v 0N (14)
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The last term in (12) is introduced because the integra-
tion of 4y in this limit is determined aside from a function
proportional to 35 because N (f5°)) = 0. Transport co-
efficients 7 and & are determined below, and coefficient D
is subsequently obtained by constraint (6b). All weights
in the distribution function (4) are thus specified.

We now compare these results to Guyer and
Krumhansl’s [19]. In their derivation, the authors ex-
pressed the distribution function in terms of the eigen-
vectors of the symmetrized Normal scattering operator.
Since only two of these eigenvectors are known, they
could only find explicit expressions for the first two terms
of the expansion. This gives the displaced distribution
(10) or, equivalently, fi? + Sy - @, but not the higher or-
der terms. Our formalism, instead, provides higher order
corrections in terms of the flux derivatives, Eq. (4), with
explicit expressions for the weights. One might think
that these corrections, which are of order 7, are small
and could be neglected. Instead, let us stress that they
are necessary for a consistent and complete description of
the collective limit, like the inclusion of thermal viscosity
through the term in 6@' or, as it will be shown in section
(IV), the proper expression for second sound velocity.

B. Transport coefficients

We now evaluate the transport coefficients by intro-
ducing the weights calculated above in the general ex-
pressions of the formalism, Eqgs. (8a)-(B1), and compare
to previous work. Since crystal momentum is conserved
in normal collisions, i.e. [hk,N(fr)dX = 0, below we
use that [ hk,C(z)\)d\ = [ hkyR(zy)dX for any weight

function component xy.

1. Relazation time, T

The general expression for 7, Eq. (8b), gives in the

collective limit

_ [ ke ROy — [ hkmﬁc‘)ld)\
fhk R 5col)




Since in this limit R — 0, one has [ hk,R(y,)d\ <
| hkyBzd), and the heat flux relaxation time is

[
N T T

which is the inverse of an average resistive scattering rate.
The notation R}, follows the original one by Guyer and
Krumbhansl [19], since it can be seen that the quotient
in Eq. (15) can be written as R}; =< ¢L|R*|¢l >, ie.
the component of the symmetrized Resistive collision op-
erator R* projected to the normalized eigenvector |@L>
of the symmetrized Normal scattering operator N* (see
Appendix (A) for the definitions of symmetrized oper-
ators and eigenvectors of N*). This is also the result
found by Guyer and Krumhansl. When one approxi-

mates R ~ —TRlA, with 7z the A-mode resistive re-

laxation time, then 7 =< qzﬁglb,|TR1A |¢L >~1 which is the

most common expression used for the relaxation time in
the collective limit [7, 19, 44].

2. Thermal conductivity, k

The general expression for the thermal conductivity
(8a) yields
[ hkpv OrftdA
[ RkR(BHdN’
and using expressions (15) for 7, and (11) for 3°°!, it can

be rewritten as

([ Bhv,0nfdN)?
N T hi2 Jw Orf TN

= Cy <¢lug|pt >% 1. (16)

By defining the average (x)) = [ hw\0r f\ zrd)\/C, and
the phase velocity v, x» = wy/kx the latter expression can
be rewritten in d dimensions as

K= écv <;;>2 (v;2) "7, (17)

And if one considers the Debye approximation and a sin-
gle phonon branch with velocity v in 3D, as assumed
in the original work by Guyer and Krumhansl, one has
r = $Cyv?7, which is the result obtained in ref. [19].

3. Non-local length, £

Introducing Eq. (13) into (8c) yields

_fhkxviﬁ;OlTN’)\d)\
J Rk R(BSH)dA

©2=

By using Eq. (15), it can be written in terms of eigen-
vector |¢l> as

=< ¢i\v§7N|¢i> T. (18)

This result agrees with ref. [48] obtained using Callaway
model. According to the GKE, Eq. (7b), the thermal vis-
cous diffusivity is given by v = £?/7, so that it is simply
given by an average on 1)57’]\[7 which reflects the physical
origin of the diffusion of heat flux and crystal momen-
tum in this limit, namely Normal scattering. In contrast
to fluids, where momentum is conserved, resistive colli-
sions destroy momentum, so that it diffuses only a finite
time of order 7. As a result, the transport equation for
phonons is characterized by the length diffused by mo-
mentum before being destroyed, which approximately is
vt = 2,

In term of averages, Eq. (18) writes in d dimensions
as

1 v? oy —1
2 = F) <1}27N> <Up2> T. (19)
P

For a single Debye branch in 3D it yields (2 = 1v? (ty) T,
as obtained by Guyer and Krumhansl [19, 44].

4. Time parameter Te

Substituting eqs (13)-(14) in (8e) gives

Te= <;;TN> <;;>—<TN>. (20)

One finds that in the Debye approximation 7. = 0 and,
in general, it is of order (7n). In consequence, condi-
tion (' — T")/T = wr.AT/T < 1 is safely satisfied for
w(Tn) < 1, which is already a condition for the collec-
tive regime, namely the time scale of experiments must
be larger than normal scattering times [39, 40, 44]. For
larger frequencies one enters the ballistic regime.

5. Non-local coefficient, o

One finds from (8e)

" ‘Mw<v>‘c@2' 1)

Up

In three dimensions and Debye approximation, one thus
gets @ = 1/3. This value contrasts to « = 2 obtained
by Guyer and Krumhansl [19], but it is in agreement
with refs. [34, 40]. Hardy and Albers explained that this
discrepancy is due to an approximation in the normal
collision operator made in [19].

We end this section by comparing our results with the
work by Hardy and Albers [40]. They derived a macro-
scopic equation in the collective limit similar to the GKE
for general dispersion relations in terms of eigenvenvec-
tors of the normal scattering operator N*, thus generaliz-
ing GK results. In the ideal collective limit (7 /75 — 0),



their expressions for the thermal conductivity and the re-
laxation time coincide with those found in this section.
The other coefficients, however, are expressed in terms
of the spectrum of N* eigenvenvectors, ¢’, which be-
ing unknown for ¢ > 1, prevents their calculation. For
instance, ¢2 in isotropic systems can be expressed as
Y < ghloyle? >< ¢7|vy|pL > 73T, where 1/7% is the
eigenvalue of ¢ and the prime indicates that the sum
extends only to o > 1. Let us note that this expres-
sion is formally very similar to our Eq. (18). Assuming
a constant 75 and different Debye branches, Hardy and
Albers yield ¢2 = 57'1\; <vp 2>_1 7 and o = 1/3, in agree-
ment with the results of eqs. (19) and (21), respectively,
for these conditions.

IV. VELOCITY OF SECOND SOUND IN THE
COLLECTIVE LIMIT

Second sound (SS) is the propagation of heat in the
form of waves, as first sound is the wave propagation of
momentum or density disturbances. These waves have
been experimentally observed in some solids at cryogenic
temperatures [3-5] and more recently in graphite below
200 K [11, 14]. In these cases, Normal collisions domi-
nate, which is the expected regime for second sound to
be detected [39, 44]. Recently, however, second sound
has also been observed in Germanium at room temper-
ature [32], where resistive collisions are very important.
Here we focus on second sound in the collective limit.
Quite surprisingly, in this limit two expressions for the
velocity of second sound have been used in the literature
[6, 7,9, 39] coming each from different approximations of
the BTE, the so-called drifting and driftless approxima-
tions. Remarkably, they lead to different results, and the
differences are especially important in low dimensional
materials. For example, for (20,20) single-wall carbon
nanotubes at 300K the predicted speeds are some 4000
m/s for the drifting expression and 8000 m/s for the drift-
less one [9]. In the study of second sound in unstrained
graphene and other 2D materials, ref. [6] uses the drift-
less expression because the drifting one was expected to
diverge, whereas ref. [7] calculates graphene SS velocity
using the drifting expression considering renormalization
of the dispersion relation due to coupling of bending and
stretching modes. We are thus faced to two different
predictions for the same experimental situation, i.e. the
speed of second sound in the collective limit. It is thus
both theoretically and experimentally relevant to solve
this conflict.

In this section we show that a proper analysis of the
BTE predicts just a single velocity for second sound in
the collective limit, thus solving the conundrum. In the
following, we first present the derivations leading to the
drifting and driftless expressions for the SS speed, and
then show how the FDF solves the paradox.

Drifting and driftless approximations use the energy
conservation equation and assume that, in the limit of

negligible resistive scattering, the phonon distribution
function tends to the displaced distribution. The con-
flict comes from two possibilities of projecting the BTE
to obtain macroscopic equations: either on the crystal
momentum (drifting approximation) or on the heat flux
(driftless approximation) [9, 39].

A. Drifting approximation

In this limit, crystal momentum is conserved so that
the BTE leads to the following balance for energy and
momentum

de =
E+V-q_0 (22)
op = =
E‘FV'H—O. (23)

Introducing the displaced distribution (10) in the expres-
sions for e, ¢, p' and II yields

T -
Cvaf + (/ k’ivi’)\TafA d)\) V-i=0 (24)
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where subindex ¢ refers to a cartesian component. The
combination of these equations supply a wave equation
for temperature (and for the drift velocity) with propa-
gation speed

U2 . _ (f hki’l}ianiqd)\)2
drift = Oy [ k2 Jw OpfidA

=<¢luil¢; >* . (26)

In the Debye approximation in 3 dimensions it yields

1/1\" 1 Cy
2
n=35(=) Zsgare 2
Udrzft 3 <U% > 3 jC]/UQ i ( 7)

with C; and v; the heat capacity and velocity of the
j branch, respectively. For identical branches it gives
V35 = v2/3, with v the first sound velocity [19, 39).

B. Driftless approximation

If instead projecting the BTE on the quasimomentum
one projects it on the heat flux, one gets a balance for
the heat flux

oq

at +V Q /hw’l))\N f)\) (28)

with E) = [ hw¥) frd) the flux of the heat flux. For the
displaced distribution, the right-hand-side of Eq. (28)
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FIG. 1. Second sound drifting and driftless velocities for

graphene at different temperatures from expressions (26) and
(29), respectively, calculated in this work (solid lines), and
from Lee et al. [7] (drifting) and Cepellotti et al. [6] (drift-
less) (dashed lines).

vanishes, since N( ;\iisl' ) is identically null. And combin-
ing this equation with the conservation of energy yields a
wave equation for temperature, but now with a different

velocity

1
Vs = o /MUfﬁTff\iqd)\ = (v}). (29)
In the Debye approximation, it yields in 3 dimensions

1 13,002
’Uzless = § <U;2)> = g jC\i ! s (30)

which is different from (27) except for identical branches
[39].

In ref. [39], expression (29) for the SS velocity was ob-
tained without assuming that the distribution function is
the drifting one, thus the name of driftless velocity. This
is also the expression derived in ref. [6] using Callaway
approximation and projecting on the energy flux. This
contrasts to ref. [7], where the authors project on mo-
mentum and obtain eq. (26). Therefore, one is lead to
the puzzling result that the drifting distribution leads to
two different SS velocities depending on which projection
one chooses. Fig. (1) highlights the differences between
drifting and driftless SS velocities for graphene obtained
from expressions (26) and (29) both for our calculations
(solid lines) and from references [7] and [6] (dashed lines).
It shows that drifting and driftless velocities differ in a
factor around 2 as found for carbon nanotubes [9]. We
have not found any divergence in expression (26), though
some deviations are observed with respect to the values
obtained in ref. [7], which employs phonon stiffening.

Let us finally note that in ref. [9] the vanishing of the
right-hand-side of (28) is assumed as an hypothesis of
conservation of heat flux under normal scattering. Here

we show that it directly vanishes from the drifting distri-
bution assumption. In the next section we will see that
the puzzle clarifies if one uses the distribution function
(4) instead of the drifting distribution.

C. Flux derivatives formalism

In our framework, the heat flux obeys the GK equation
(7b). In the ideal collective limit, where R scattering can
be neglected (7 — 00) and 7 — 0, it reduces to

6(7 =/
— +wVI = 1
T K 0, (31)

which combined with energy conservation yields a ther-
mal wave equation with a SS velocity given by

2 K
v = .
S8 CvT

(32)

Using the expression for x in the previous section, Eq.
(16), one finds

USS = Udrift- (33)

Then, the FDF supplies the drifting SS velocity in the
collective limit.

This result can also be obtained in a faster way by pro-
jecting Eq. (5b) on the crystal momentum hk,. Since
normal collisions conserve momentum, [ 1k, N(yx)d\ =
0, and (5b) directly yields the quotient x/7 without re-
quiring the expressions for k and T

K fﬁkwiﬁTf;qd/\. (34)
N TR

Finally, introducing Eq. (11) for el yields again vgg =
Vgrife- Let us note that a direct numerical solution of
the BTE for graphene ribbons obtains a velocity for sec-
ond sound in the collective limit which coincides with the
drifting velocity [49].

We next show how our formalism allows to understand:
i) why the driftless approximation supplies a wrong pre-
diction, and ii) that a proper analysis of the heat flux
projection also predicts for the SS speed the drifting (not
driftless) velocity.

In the driftless derivation, the right-hand-side of Eq.
(28) identically vanishes so that the heat flux is con-
served. This result is a bit surprising, because a Nor-
mal collision conserves quasimomentum Ak but not the
heat flux Aiwv. For instance, in a three-phonon normal
collision, one generally has wy¥] +ws¥s # w3v3. Two con-
ditions are necessary for the equality to generally hold,
namely linear dispersion relations (Debye approximation)
and identical branches. Aside from this particular case,
the energy flux generally changes direction after a normal
collision. This feature has not gone unnoticed previously,
and led the authors of ref. [9] to prefer the drifting ve-
locity to the driftless solution in their analysis.



Let us note, however, that the no conservation of Awv
in collisions is not necessarily in contradiction with that
the integral [hw@\N(fy)d\ vanishes, i.e. the sum of
heat flux variations for all collisions in a given position
could still be zero, so that the total heat flux ¢ would
still be a conserved macroscopic quantity. This appar-
ently improbable situation is actually what happens for
homogeneous and stationary cases as shown by Peierls
[50], since then the solution of the BTE is the displaced
distribution and N(f9*P) = 0; in this case, a uniform
heat flux is maintained without a temperature gradient
[16].

The key issue in the present study is whether the heat
flux ¢ is conserved in unsteady and inhomogenous situa-
tions, such as in wave propagation. Our formalism sheds
light on this point. According to the FDF, the distribu-
tion function is given by Eq. (4), so that the heat source
term in Eq. (28) yields

. o7
/nme(m)dxcﬂ/hwmv(%)dx ait’. (35)

The term in G vanishes by symmetry in isotropic sys-
tems. In the colective limit, the first term vanishes be-
cause N(3°) ox N(f4sP) =0, as in the driftless deriva-
tion. However, the last term survives and, as a result,
the heat flux is not generally conserved in unsteady sit-
uations, at variance with the driftless derivation. This
explains why this approach provides wrong predictions
for the velocity of SS.

There is yet to be seen whether the inclusion of the
source term in the heat flux equation solves the conflict,
i.e. whether the heat flux projection predicts for SS the
drifting velocity obtained through the momentum projec-
tion. The source term can be easily evaluated with the
help of the general equation for C'(¥y), Eq. (5b), which
yields

eq

7]
/MUAC ’}/)\)d)\—ﬂ— 7/?7,(4} )\U)\ aT (36)

where constraint (6a) has been used. Introducing the
non-equilibrium phonon distribution (4) in the expression

for the flux of the heat flux, @ can be approximated in
this limit (collective and infinite medium) to the local
equilibrium one up to terms of order wry. The Flux
derivatives formalism thus gives for the balance equation
of the heat flux

5 Ofy T ofy
/hwlaTVT (1 n/hwzaT)ﬁt
(37)
Remarkably, terms cancel out and one is left with Eq.
(31). We thus recover a wave equation with the drifting

speed for second sound, in agreement with the drifting
derivation as consistency required.

D. Discussion

The derivation above shows that the origin of the er-
ror in the driftless derivation was to assume that the
displaced distribution was a good approximation for the
distribution function in the collective limit. It is the in-
clusion of the term in 9¢/0t in the distribution function
what allows to solve the inconsistency. This underlines
the pertinence of using this macroscopic quantity as an
independent variable in the nonequilibrium phonon dis-
tribution as assumed in the FDF. Indeed, notice that
both the driftless and drifting derivations above assume
the displaced phonon distribution. Despite this is not
correct in unsteady or inhomogeneous situations in none
of these cases, nevertheless, the drifting derivation pro-
vides good results because momentum conservation in
normal collision gets rid of the term in heat flux time
derivative, in contrast to what happens when projecting
on the energy flux.

Interestingly, we have been able to obtain a closed
expression for the source term in the heat flux balance
equation, Eq. (37). It shows that, in general, the heat
flux is not conserved under normal collisions. However,
when resistive scattering can be neglected, the heat flux
is a conserved quantity in stationary situations, not only
for the homogeneous case —as studied by Peierls— but
also for inhomogeneous ones, as in stationary Poiseuille
flow, where ¢ is only destroyed at boundaries. In un-
steady situations, it is helpful to write the source term as
(1- vﬁless/vgmft)&f/at. Since both velocities are gener-
ally different, the source term does not vanish and ¢'is not
conserved. Nevertheless, for linear dispersion and identi-
cal branches it becomes null, in agreement with the con-
servation of Awv in each collision discussed above. Typi-
cally, Vaiess > Varife (see for instance Eqgs. (27) and (30),
or Ref. [9]) so that the prefactor of 0¢/0t is negative.
Notice however that the source term has not a definite
sign. In a thermal wave, for instance, 9g/0t changes sign
and the source term with it. Accordingly, at any point in
space the heat flux is created and destroyed periodically
by normal collisions. Thus the effect of normal collisions
is not to destroy heat flux, but to introduce a delay in
the heat flux.

Let us finally comment that Hardy introduced the
driftless SS velocity by assuming a general odd perturba-
tion describing situations not restricted to the collective
limit [39]. Then the phonon distribution is not neces-
sarily the displaced one thus the name driftless second
sound. In his heuristic derivation, Hardy considered a
RTA model (therefore out from the collective limit) with
a constant relaxation time. Our model also yields the
driftless SS speed under these approximations, since in
RTA k =Cy <v12> 7. However, our model is not restricted

to these approximations and it generally sets v% g = CLVT



E. Low dimensional materials

The study of SS in the collective limit performed above
is based on the results of section (III). However, the
applicability of those results requires that the integrals
appearing therein do not diverge. This issue is delicate
in low dimensional systems due to the dispersion rela-
tions of flexural modes. In stress-free 2D materials, har-
monic models of flexural modes display dispersion rela-
tions wyjer k2; as a result, the normalization constant
of vectors |¢} > yields [k*/w?dk o« [1/kdk which di-
verges for infinite samples. This divergence led [6] to use
the driftless expression for SS in graphene. As mentioned
above, the coupling of out-of-plane and in-plane modes
renormalizes the dispersion relation of flexural modes so
that at low frequencies wye, o k3/2 [61, 52] and the
divergence disappears. The renormalized dispersion re-
lation was used in the numerical solution of the BTE per-
formed in ref. [49] obtaining in the collective limit ther-
mal waves with propagation velocity equal to the drifting
expression, in agreement with our formalism.

Nevertheless, the w oc 3/ dependence and, in general,
dispersion relations w o< k® with § > 1 exhibit a problem
when applied to the displaced distribution in the ther-
modynamic limit. The latter yields negative values for
small frequencies [41, 53] so that displaced distribution
cannot be a correct solution at these frequencies. This
contrasts, however, with iterative solutions of the BTE
for graphene and other 2D substances, which seem to pro-
vide displaced distributions [6, 7]. This might be due to
the finite wavevector lower bound used in the discretiza-
tion of the reciprocal space, which may not reach the
region of negative values. The question arises of which
is the appropriate phonon distribution in the collective
limit in this situation. Whichever it is, the substitution
of the corresponding g§°l in the root expressions of sec-
tion (III) would yield the transport coefficients. In a
recent paper [54], the authors address this issue and find
that for large 2D samples the drift velocity is negligi-
ble and SS propagates with a (driftless) velocity given
by vig = CiTq, where 7, is the relaxation time of the

heat flux, in agreement with our expression (32). Let us
note in passing that the latter driftless velocity does not
necessarily coincide with the classical expression of the
driftless velocity, Eq. (29).

Finally, under strain, dispersion relations of flexural
modes in 2D materials seem to become linear at low
wavevectors [55, 56] so that convergence of normaliza-
tion constant is guaranteed. However, the convergence
of the thermal conductivity in this case is still unclear
both computationally and experimentally [53, 54, 56]. In
1D, also theoretical models often provide divergent ther-
mal conductivities, though the inclusion of three-phonon
scattering to second order seem to yield finite values [53].
The latter property is required for the application of the
present approach in its current form.

V. CONCLUDING REMARKS

From the fundamental point of view, a macroscopic
heat transport model generalizing Fourier’s law down to
smaller scales would provide a unifying description of
non-local effects in heat transport and shed light on the
phenomenology that these give rise. From the practi-
cal viewpoint it would allow to study smaller space and
time scales and address physical situations of experimen-
tal interest at low computational cost, and thus make a
useful tool for engineering optimization and design with-
out resorting to the complexities of the BTE equation,
whose application is generally limited to simple geome-
tries. Recently, the GKE has been derived from the BTE
for general collision operators and dispersion relations at
moderate Knudsen numbers through a new method, the
Flux derivatives formalism (FDF), and applied to the
kinetic limit. In this paper we have extended its applica-
tion to the collective limit, what has allowed to validate
the formalism by comparison with previous literature and
supply additional understanding of the collective limit
through a simpler mathematical method. The FDF re-
covers Guyer and Krumhansl transport coefficients for
a single Debye branch and extends the results to gen-
eral dispersion relations and branches. Interestingly, it
provides a phonon distribution in this limit which differs
from the commonly used displaced distribution by includ-
ing two new terms. One contains the spatial derivatives
of the heat flux, analogous to the viscous term appear-
ing in fluids, and accounts for thermal viscous flow. The
other one contains the time derivative of the heat flux
and allows to solve an old riddle between drifting and
driftless velocities for second sound in this limit. This
term conciliates drifting and driftless derivations, which
now yield both the same expression for the second sound
speed, the drifting one, which is also the result supplied
by the FDF. It is shown that although heat flux is not
generally conserved under normal collisions, the source
term in the equation for the heat flux is proportional to
the time derivative of the heat flux, so that heat flux does
conserve in steady sate. This includes the well-known
homogeneous case analyzed by Peierls but also nonho-
mogeneous cases such as Poiseuille flow.

In most derivations of the macroscopic equations from
the BTE, the starting point is to propose an expansion of
the nonequilibrium distribution around the displaced dis-
tribution [19, 24, 33, 38—41, 44, 57]. Often, this expansion
is on the basis of eigenvectors of the symmetrized Normal
collision operator, as in the classical works of Guyer and
Krumhansl and Hardy. Subsequently, under some ap-
proximations the equations for their prefactors are found,
which are eventually related to macroscopic quantities,
such as energy and momentum density, thus yielding the
hydrodynamic equations. In the FDF framework used in
this paper, the macroscopic equations are derived from
a completely different perspective. Instead of expanding
the phonon distribution in terms of eigenvectors, we pro-
pose its expansion on appropriate macroscopic variables.



In this way, the unknowns are the mode-dependent pref-
actors of the macroscopic quantities, just the opposite
strategy of previous methods. The phonon distribution
function assumed in the FDF, Eq. (4), states clearly that
these are independent variables, and the derived macro-
scopic equations are consistent with this property.

Ansatz (4) implicitly assumes that after a fast
timescale the system relaxes to a pseudo-equilibrium dis-
tribution of the form of ansatz (4). Accordingly, the heat
flux and their derivatives are slow variables which as time
goes will eventually die out if the experimental conditions
allow it. Ultimately, the validity of this ansatz depends
on the agreement with experiments. In the collective
limit, the classical experiments and theoretical analyses
are consistent with it as we have seen. In the kinetic limit
abundant experiments on silicon described and predicted
by the GKE are also consistent with the ansatz.

The FDF is limited to moderate Knudsen numbers,
when higher-order derivatives may be neglected. This
prevents its application in its present form to the bal-
listic regime and study the effect of close boundaries or
small length scales, including the study of the Knudsen
minimum or the temperature dependence of the effec-
tive thermal conductivity before the maximum. In the
collective limit, the smallness of normal scattering times
allows the model to capture a fully developed Poiseuille
flow. However, in kinetic substances the condition of
small Knudsen numbers only permits to see Poiseuille
flow close enough to boundaries. For silicon, it has been
found that the GKE with ab initio calculated values for £
correctly describe experiments for system scales L > 2/,
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while for smaller L, the GKE overestimates viscous ef-
fects. In Germanium, second sound has been observed in
Frequency-domain Termoreflectance experiments where
a fast-varying heat power is directly supplied to the sam-
ple in a thin 15 nm surface layer; this corresponds to large
Knudsen numbers and then far beyond the applicability
of the model [32]. In these experiments, viscous effects
seem to be highly suppressed thus unlocking the memory
effects grasped in the relaxation time 7. The agreement
of the predicted values for 7 in the 100-300K range indi-
cates the usefulness of the present approach beyond its
region of applicability and also the need of further ef-
forts to understand the interplay of spatial and temporal
effects at high Knudsen numbers.

Finally, in most real substances such as graphite or
graphene where normal collisions are dominant, resistive
collisions are also expected to play an important role, so
that they are placed somewhere between the collective
and the kinetic limits. The study of the FDF in this
intermediate regime is the aim of future work.
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Appendix A: Symmetrized scattering matrix

The linearized BTE can be symmetrized by introduc-
ing a reference temperature Tp, defining f) = fy(Tp),
and rescaling the phonon deviation from equilibrium
nx = fr— fY as follows

* LN
ny = ————o=—. (A1)
VIR +1)
Then the BTE writes
ony =, o
atA +U)\-Vn>\ :_ZQ/\)\/n)\/7 (AQ)

2\

where * is the symmetric, self-adjoint, scattering oper-
ator [19]

* — fg’(f,(\)’ + 1) Q)\)\/
M R+

(A3)
Analogously, one can define the symmetrized normal N*
and resistive R* scattering operators, with Q* = N*+ R*.

The distribution function can be expressed in terms of
the eigenvectors of the symmetrized Normal scattering
operator N*, which is an orthogonal basis of the phase
density space, and take advantage that four of these
eigenvectors are known, namely ¢9 and ¢l, (a is the
index of the spatial component) [19]. They are related
to the equilibrium and displaced Bose-Einstein distribu-
tions, respectively, and read

$x = co hwy/ AR+ 1)

(A4)
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Pax = €1 hkar/SI(fR +1),

with ¢; normalization constants so that < ¢(3\|¢)(/)\ >=<

(11)\|¢;>\ >= 1, and the scalar product is defined as
< flg >= V [ f(AN)g(X\)d\. The eigenvalues of these
eigenvectors are zero, which indicates that they describe
equilibrium states under N scattering.

(A5)

Appendix B: Second time derivative

The heat flux equation (7b) indeed includes a term in

the second time derivative of the heat flux, 733%;7 , which

for finite Knudsen can be typically neglected as we see in
this appendix. Coefficient 72 writes [31]:

) [ hyakigdA
T =

—_— B1
b= Tk, C (5 (81
According to Eq. (B1), 7, directly vanishes for identical
Debye branches because of constraint (6b), in agreement
with Guyer and Krumhansl. For general dispersion rela-
tions, it can be written as 7'5 = 7nT by defining

[k dN

= 7[ Rl BTN (B2)

TN

The latter is a difference of averages of 7, so that 7y is of
order (7n) (or smaller). Then, the quotient of the second
and first time derivative terms is w7y /7 ~ w (7n). This
is much smaller than 1 in the collective limit, so that the

second time derivative can be neglected and one recovers
the GKE.



