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Hydrodynamic thermal transport in silicon at temperatures ranging from 100 to 300 K
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The temperature profile around nano- and microscale heat sources on silicon substrate is technologically
important for many integrated circuit applications. Here we present full-field thermal imaging of heater lines and
rings with different sizes at temperatures ranging from 100 to 300 K. We show significant deviations compared to
Fourier’s law which are both size and geometry dependent. This can be explained by a hydrodynamic model for
heat transport in silicon based on the Guyer and Krumhansl equation using ab initio calculated parameters within
the kinetic collective model framework. One of these parameters, the nonlocal length, is shown to quantitatively
determine the situations where nonFourier behavior occurs. This length scale is some orders of magnitude
smaller than the longest phonon mean free paths. Ballistic phonons are shown not to manifest directly in these
experiments, thus indicating the failure of the multiscale relaxation time approximation. Furthermore, we discuss
the differences between Hamiltonian/microscopic and entropic/mesoscopic strategies to address nanoscale heat
transport, and the relations between phonon dynamics and thermodynamics. Finally, the nonequilibrium phonon
distribution function is used to determine conditions under which hydrodynamic modeling can be used.
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I. INTRODUCTION

In the last 20 years, many experimental studies of heat
transport in silicon and other semiconductors have explored
the limit of small and fast excitations. Typically, optical pump-
probe with nanoscale transducers [1–4] or electrical excitation
with nanoscale heater lines [5,6] are used. Thanks to all
these experimental efforts, Fourier’s law has been ruled out
as a reliable transport equation to describe heat transport
in semiconductors at device scales smaller or similar than
the phonons mean free path (MFP) [4,5,7,8]. This not only
encompasses current nanoscale devices at room temperature
but also larger devices at low temperatures. Consequently, the
engineering community has been forced to use parametrized
numerical tools to predict the heat evolution in nanoscale
electronic devices. A simple and predictive transport equation
is not only essential for applications, but it is also important to
understand the fundamental physics at different length scales.
The applications range from heat management in classical
electronic devices and phase change materials to quantum
computing, spintronics, or energy materials [9–11].

The Boltzmann transport equation (BTE) combined with
ab initio calculations of phonon dispersion relations and mean
free paths has shown to be very powerful to model thermal
transport [12–14]. Two different strategies have been pursued.
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On one hand, within a microscopic framework, one first solves
the BTE for each phonon mode and then obtains the observ-
able magnitudes (temperature and heat flux maps) as integral
expressions over the different modes [15,16]. The observ-
ables are expressed in terms of contributions of the different
phonons evolving differently in the sample due to its different
mean free paths, making explicit the multiscale nature of the
phonon system in the solutions [16]. On the other hand, within
a mesoscopic approach, one first integrates the BTE to obtain
the equations for a reduced set of moments of the distribu-
tion (temperature, heat flux, …) [17–21] that can be directly
solved to model experiments. In the latter case, the number of
characteristic scales included in the model is reduced because
the individual phonon properties participate only through the
integral expressions for the mesoscopic equation parameters
[6,17,22].

Although it may seem that the two paths are equivalent, an
important characteristic of the phonon population gives a very
different flavor to each method. According to the relaxation
time approximation (RTA) the phonon mean free path spec-
trum can span several orders in magnitude in semiconductors
like silicon, ranging from few nanometers to tens of microme-
ters [23]. At the nanoscale, this extreme variability introduces
large discrepancies in the obtained solutions due to the man-
ifestation of either the multiscale mean free path spectrum
or just the few scales associated with the phonon distribution
moments within the microscopic and mesoscopic frameworks,
respectively. Usually, both approaches can be used to fit the
experimental data. In the microscopic framework, strategies
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like the use of phonon suppression functions [1,24] or phe-
nomenological relaxation times to model boundary scattering
are used [2,16]. In the mesoscopic models, the free variation
of parameters like interfacial thermal boundary resistances or
effective thermal conductivities are used [4,8]. This hinders
the correct interpretation of the experimental observations as
all these fitting strategies essentially hide important physics
not included in the models. Therefore, determining whether
all the phonons mean free paths or only the reduced set of
length scales included in the moment equations are necessary
to interpret the thermal evolution of a system, is an important
open question. This is crucial to understand thermal transport
essentials and envision new applications to engineer and ma-
nipulate heat.

Microscopic models are grounded on a Hamiltonian point
of view, where the correct determination of collision rates
is the most important task to properly describe the phonon
system evolution. On the other side, mesoscopic models
are based on an entropic point of view, usually repre-
sented through a variational principle [25]. Within the latter
approach, the determination of a pseudoequilibrium distri-
bution to which the phonon population rapidly decays, due
to collisions, is key to model the system thermal response
[26]. Provided the collision events are known with full
precision, in principle, both approaches are equivalent. How-
ever, nonhomogeneous excitations or the influence of the
system boundaries, overwhelmingly increase the computa-
tional requirements in the Hamiltonian approach, precluding
modeling of complex nanoscale samples relevant to tech-
nological applications. In such cases, phenomenological
simplifications are required, and the equivalence between the
Hamiltonian/microscopic and the entropic/mesoscopic ap-
proaches is not granted. Connecting both interpretations can
open the door to a deeper understanding of the relation be-
tween mechanics and thermodynamics.

In recent years, it has been observed that some materials,
such as graphene [27–29], seem to show a hydrodynamic-like
behavior compatible with the appearance of a single scale,
hiding the multiscale nature of the phonon system. Follow-
ing the mesoscopic path, it can be shown that this regime
can be described in stationary experiments by the Guyer and
Krumhansl equation (GKE) [30]

�q = −κ∇T + �2∇2 �q, (1)

where T is the temperature, �q is the heat flux, κ is the bulk
thermal conductivity, and � is the nonlocal length, which is
the only relevant length scale in the regime where Eq. (1) is
valid. This behavior has been named phonon hydrodynamics
due to the analogy between Eq. (1) and the Navier-Stokes
equation used in standard fluid dynamics. Equation (1) is the
form of the GKE for stationary situations (steady state), which
is the focus of the present work. Additional terms, like a time
derivative of the heat flux, may appear in transient situations.
We will omit these terms here to simplify the notation. Notice
that Eq. (1) can be seen as a generalization of Fourier’s law,
including an extra viscous term. According to this equation,
non-Fourier effects are expected when some of the sample
characteristic lengths are comparable to the nonlocal length
�. Phonon hydrodynamic heat transport was first successfully
applied in the 1960s to understand second sound in mate-

rials like NaF [31,32]. It was also used in the last decade
to understand the anomalous behavior of thermal transport
in two-dimensional (2D) materials like graphene [27,28] or
transition metal dichalcogenides [33]. Hydrodynamics has
also been applied to 3D materials like graphite [34,35] and
black phosphorus [36]. Recently, several experimental results
have suggested that semiconductors like silicon or germanium
[6,22,37–39] could also be described by the same equation
(1) when the experiment’s length scale becomes similar to the
nonlocal length, but this last interpretation has been contro-
versial.

This controversy has its origin in the works where phonon
hydrodynamics was first proposed. In the original work by
Guyer and Krumhansl [30], Eq. (1) was derived in the spe-
cific situation where the crystal momentum conservation in
phonon-phonon collisions is important, that is, when normal
phonon-phonon collisions are dominant. This led the com-
munity to assume that normal collision dominance was a
necessary condition for the GKE to be valid. This is the case
for most of the previous materials, but in silicon, normal col-
lisions, despite are present, are not dominant. Therefore, the
nanoscale response of silicon has been classified in a different
regime called quasi-ballistic, where size effects result from
the multiscale nature of phonons [24,40,41]. The usual inter-
pretation is based on suppressing the heat flux contribution
of phonons with a mean free path larger than the system
size, either by using a suppression function [24], or by using
increased thermal boundary resistance (TBR) values in the
interface between materials [2,16]. However, this approach
seems to be at odds with the wide set of observations in silicon
that can be described using Eq. (1) with a single nonlocal scale
� � 190 nm at 300 K [6,22,38,42]. Therefore, elucidating
whether the mean free paths larger than the nonlocal length
explicitly manifest or not in such experiments is an important
open question. Recently, a new derivation of the GKE from
the BTE has been obtained without requiring the dominance
of normal collisions, which demonstrates the increased appli-
cability of this equation and a microscopic foundation for its
use in materials like silicon [20]. This opens the possibility to
reinterpret the observed non-Fourier behavior considering this
generalized hydrodynamic framework.

II. RESULTS

In this work, we show that the existence of single-scale hy-
drodynamic transport in silicon is based on solid experimental
evidence. Specifically, we demonstrate that it is possible to
predict the experimental temperature profile of nanoscale heat
sources on silicon substrate with different geometries (cir-
cular and linear), various sizes (1–10 microns), and in a
wide temperature range (100–300 K), using Eq. (1) along
with the energy conservation equation and appropriate bound-
ary conditions (see Appendix C). The two parameters in
Eq. (1) are obtained from ab initio microscopic calculations
in terms of the phonon properties, with no dependence on
any length scale from the different devices. This proves that
the apparent multiscale behavior in silicon is not manifesting
in the present experiments and that phonon hydrodynam-
ics is a fully predictive framework useful for understanding
silicon.
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FIG. 1. (a) Thermoreflectance thermal imaging (TRI) setup
schematics. The setup utilizes a typical upright microscope with
timing hardware/software to synchronize illumination, electrical ex-
citation, and the camera’s acquisition. Eventually, a thermal image is
produced as shown in (b), and later detailed in Appendix B. The sam-
ple under test is placed inside a cryostat to control its temperature. (b)
shows sample optical and thermal images for different geometries at
200 K; linear geometry (top) and circular geometry (bottom).

The experimental observations reported in this work com-
prise thin Au electrical heaters deposited on a Si substrate. The
heaters have varying widths from 1–10 μm and two distinct
geometries: circular (ring) and linear (straight) heaters. Heat
is generated in the heaters via electrical excitation (Joule’s
heating). Using thermoreflectance imaging (TRI), the steady-
state temperature distribution of the heater’s top surface, and
surrounding Si, is recorded. TRI is an optical technique where
surface reflectivity variations can be translated to temperature
variations. We measure the Si surface temperature indirectly
by deposing a thin layer of Au a few microns away from
the heater. This metallization serves as a temperature sensor
for the underlying Si layer. Figure 1(b) shows the imaged
devices’ geometry and sample thermal images. We incorpo-
rated a liquid nitrogen cryostat to collect thermal images for
varying substrate temperatures (100–300 K). The TRI collects
the 2D surface temperature of almost the entire perturbed area.
This allows studying the emergence of non-Fourier behavior
at cryogenic temperatures locally, not through the system’s
global or averaged behavior. More details related to the ex-
perimental setup are discussed in Appendixes A and B.

In Figs. 2(a)–2(d), the surface temperature profiles along
a cross section intersecting the heater and the nearby sen-
sor are shown. To evaluate the viscous effects introduced
by the Laplacian term in Eq. (1), the experimental data are
compared with finite element solutions using bulk Fourier’s
law and the GKE for the silicon substrate. The theoretical
temperature profiles are convoluted to capture the blurring
effects introduced by the cryostat window as explained in the
Supplemental Material [53] (see the unconvoluted predictions
in Fig. S2). Similar comparisons at room temperature can be
found in Ref. [6]. The geometry-independent transport param-
eters appearing in these equations (κ , �) are calculated from
first principles using the microscopic expressions recently

FIG. 2. Stationary temperature profiles on the surface of the sam-
ple along the cross sections indicated in the top figures obtained by
the thermoreflectance imaging (TRI) setup (orange dots) and the the-
oretical predictions using bulk Fourier’s law (blue line) and Eq. (1)
(red line) in the substrate. The theoretical temperature profiles are
convoluted with a Gaussian function that captures the imaging setup
blurring effects, as explained in the Supplemental Material [53]. The
unconvoluted profiles are shown in Figure S2. (a) Large circular
heater (width L = 10 μm) at 200 K, (b) Small circular heater (width
L = 1 μm) at 200 K, (c) Large circular heater (width L = 10 μm) at
100 K, and (d) Small linear heater (width L = 1 μm) at 200 K. The
electrical current imposed in the heaters is indicated on top of each
profile.

obtained in the GKE derivation from the BTE [20]. In the
following, we will call the kinetic collective model (KCM)
to the combination of Eq. (1) together with the BTE-derived
microscopic expressions of its parameters and the appro-
priate boundary conditions. Remarkably, the KCM uses a
TBR value for the metal-semiconductor interface that is fixed
(i.e., it is temperature-, geometry-, and size-independent).
The required complete system of partial differential transport
equations, boundary conditions, and parameter values for dif-
ferent temperatures, is shown in the Appendix C and Table I,
respectively.

TABLE I. Temperature-dependent parameter values appearing
in Eq. (1) according to the ab initio KCM expressions [20] (see
Appendix D).

Temperature [K] 300 200 100

Thermal Conductivity κ [W/(m K)] 130 180 400
Non-local length � [nm] 194 389 2149
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Figures 2(a) and 2(c) illustrate the first important predictive
capability of KCM. At 200 K [Fig. 2(a)], the KCM prediction
for the 10-μm circular heater experiment is similar to the
Fourier’s law one. However, at 100 K in the same geome-
try [Fig. 2(c)], Fourier and KCM give substantially different
results, which highlights the ability of the nonlocal term to
capture thermal transport at different temperatures.

The second remarkable observation is that the hydrody-
namic model reproduces the experimental thermal profile for
different heater sizes. This is highlighted in the transition
between Figs. 2(a) and 2(b), where KCM predicts the devi-
ation with respect to Fourier’s law when reducing the heater
size, while maintaining the same heater circular shape and the
same temperature. This effect has been traditionally attributed
either to a change in the TBR properties between the heater
and the substrate [7,8] or the suppression of the contribution
to the conductivity of some phonon modes [1,24]. This has
been intensively studied in the last decade from the RTA-
BTE approach, and some authors proposed that the interface
transmittance should be mode dependent [2,16]. Accordingly,
the size of the interface modifies the phonon modes that are
injected from the metal to the substrate, thus modifying the
effective interfacial resistance [2]. In our experiment, it is
important to notice that there is a 20-nm-thick oxide layer
between metal and substrate. This oxide layer has an ex-
tremely high thermal resistance of ∼20 nK m2/W that hinders
the influence of a possible change in the TBR due to size
or temperature variations (see Appendix C for details on the
characterization of the oxide layer). Nevertheless, the pre-
dictions using Eq. (1) for the Si substrate and a fixed TBR
value are found to explain the full temperature distribution
for different device sizes. Indeed, size effects are accounted
for through the Laplacian term in Eq. (1) and, hence, they
are decoupled from the resistive effects arising from the TBR.
These results are consistent with recent works where the same
hydrodynamic modeling together with TBR values very close
to the diffuse mismatch model [43] of metal-semiconductor
interfaces could explain other experimental configurations in
the absence of thick oxide layers [38,42].

A third observation is the impact of complex geometry or
the heater shape, which is adequately captured by the hydro-
dynamic model. In Figs. 2(b) and 2(d), linear and circular
structures with the same heater width L = 1 μm are compared
at the same temperature. In the linear structure, the system
has a single length scale (the heater width L) comparable
to the nonlocal length. Conversely, in the circular structures,
both the heater width L and the radius R are comparable to
�. Therefore, to predict the local temperature profile in the
circular geometry, and the differences with respect to the
linear case, more than a single characteristic system length
should be accounted for. This is achieved in the KCM through
the Laplacian term in Eq. (1). An extended discussion about
the impact of the heater shape on this kind of experiments
using the hydrodynamic model at room temperature can be
found in Ref. [6].

To summarize the previous results and to highlight the non-
Fourier behavior in the present experimental configurations, in
Fig. 3, we show the effective thermal conductivity required to
fit the heater and the sensor temperature profiles, respectively,
if using Fourier’s law for the substrate. It displays the fits to

FIG. 3. Normalized effective thermal conductivity of the sub-
strate to fit the temperature profile using Fourier’s law (a) in the
heater, and (b) in the sensor, for different geometries, sizes, and am-
bient temperatures. Comparison of the fits to experiments (symbols)
and to KCM predictions (lines) is provided. The KCM prediction
for the temperature in the sensor of the smaller circular geometry at
100 K is lower than the ambient temperature. Hence, in this case
KCM cannot be fitted using an effective Fourier model.

the experimental data and to the KCM predicted profiles. Note
that the apparent conductivity depends on the region where the
temperature profile is fitted – a signature of non-Fourier trans-
port. Remarkably, the KCM captures the measured deviations
with respect to the bulk thermal conductivity, which depend
on the temperature, the size, and the heater shape. The only
exception is the smaller circular geometry at 100 K, where
KCM predicts a temperature lower than the ambient one in
the sensor. This prediction is not observed in experiments and
cannot be fitted using a Fourier’s model. More details about
the breakdown of KCM in this extreme situation are provided
in the Discussion section.

Let us finally emphasize that the accurate predictions of the
single-scale hydrodynamic model in such a variety of exper-
iments indicates that the multiscale spectrum of the phonon
mean free paths does not manifest in these experiments. This
important result and its implications are discussed in the next
section.

III. DISCUSSION

We now compare the experimental results and the predic-
tions of the (mesoscopic) hydrodynamic model with those
of the (microscopic) RTA-BTE model. To this end, we ana-
lyze the substrate’s effective thermal diffusivity. This analysis
highlights the differences in the thermal response based on the
system’s size, and the difficulties of describing the present ex-
periments within a microscopic framework. In the traditional
RTA-BTE approach, the diffusivity is calculated in terms of
the phonon mean free paths �k and the characteristic size of
the sample L. This has been described in several works. Here
we use the expression obtained in Ref. [44]:

χ =
∑

k
Ck�

2
k

τk (1+�2
kξ

2 )∑
k

Ck

1+�2
kξ

2

, (2)

where �k = vkτk is the mean free path of the phonon mode k,
Ck is the mode’s specific heat and ξ ∼ 1/L is the characteristic
reciprocal length scale of the system. Notice that, according
to Eq. (2), each phonon mode interacts differently with the
scale of the system due to its different phonon mean free path.
In the hydrodynamic framework, the effective diffusivity can
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FIG. 4. (a) Effective diffusivity χ vs dimensionless spatial per-
turbation ξ�. The blue lines represent the results from RTA-BTE
[Eq. (2)], where ξ is the inverse of the heater width. The red lines
represent the results from KCM [Eq. (3)], where ξ is the local per-
turbation obtained from the solution of the Eq. (1). (b), (c) show the
magnitude of ξ� for (b) the large linear heater, and (c) the large circu-
lar heater (L = 10 μm) at 100 K, and the white lines represent heat
flux streamlines. The dots are selected points intersecting different
energy evacuation directions, for which the diffusivity according to
Eq. (3) is indicated in plot (a). The blue point in (a) corresponds to a
smaller circular geometry displayed in Fig. 5.

be obtained by transforming Eq. (1) to the Fourier space. The
resulting effective thermal diffusivity is

χ = χ0

1 + �2ξ 2
, (3)

where χ0 is the bulk thermal diffusivity, and we can make the
natural identification ξ 2 � |∇2 �q|/| �q|.

In Fig. 4(a) we compare the predictions of Eqs. (2) and
(3) for silicon at different temperatures. The size dependence
predicted by both models differs because of the multiscale
nature of RTA (blue line) and the single-scale nature of KCM
(red line). Notably, they differ in the length scale where size
effects emerge and the effective diffusivity starts to reduce
relative to the bulk value by about an order of magnitude
within the 100–300 K range. According to the RTA-BTE
model, a significant reduction in the effective thermal dif-
fusivity is predicted at characteristic lengths of hundreds of
microns at 100 K, which are the values of the largest mean free
paths for silicon. Conversely, the hydrodynamic model starts
to deviate from the bulk Fourier behavior for significantly
smaller L (tens of microns) at the same temperature (since at
100 K, �∼2 μm). This latter result is in good agreement with
both the data presented in this work and past experiments at
room temperature [6,22,38,42], and reveals the failure of the
RTA-BTE approach in describing these experiments. Specifi-
cally, the length scales corresponding to the largest mean free
paths do not manifest. This is evident in Fig. 2(a), where the
system size is significantly smaller than the longer phonon
MFPs, but no size effects are obtained (i.e., both the KCM
prediction and the experimental data are very close to the
bulk Fourier prediction). This indicates that the assumption of
independent phonon mode evolution and interaction with the
system boundaries does not hold for silicon. This conclusion
is also supported by the effective conductivity of Si films at
room temperature. For example, a 1 μm-thick film displays a
conductivity value close to the bulk one, even though there
is a significant fraction of thermal phonons with much larger

MFPs [22,45]. Numerical solvers of the BTE using the full
scattering matrix, including off-diagonal terms, are expected
to refine the solutions and describe this kind of experiment.
To our knowledge, however, current methods using the full
BTE predict the emergence of size effects at length scales even
longer than the RTA-BTE model for materials like graphene
[46]. This point emphasizes the importance of mesoscopic
methods to help disentangle the complexities of the BTE.

Another important difference between models is that,
within the RTA-BTE framework, ξ depends on a unique sys-
tem characteristic length L, whereas, within the hydrodynamic
model, ξ can be quantified locally. The simplicity of KCM
allows solving Eq. (1) using finite element methods, thus
obtaining the thermal response of complex samples without
requiring the calculation of any geometry-dependent property.
Therefore, the local perturbation ξ� map is accessible from
the KCM solutions, as shown in Figs. 4(b) and 4(c) for the
large circular and linear heaters, respectively, at 100 K. The
nonuniform ξ profiles distinguish directions where phonon
propagation is more blocked than others (i.e., a different re-
duction of the local effective thermal diffusivity is obtained
depending on the position). Notice that in the straight heater,
the value of ξ along different flux streamline directions are
similar (red points). In contrast, in the circular geometry,
the central region displays larger values of ξ (green point).
Therefore, the resulting effective diffusivity depends on the
propagation direction in the latter case. This is why these
two heaters, with identical linewidths, display different heat
dissipation efficiencies according to the hydrodynamic frame-
work. This also explains why, at room temperature, a 1-μm
linear heater behaves almost like bulk Fourier while a 1-μm
circular one does not have the same behavior [6]. We note that
to obtain comparable geometry-dependent modeling within
the RTA-BTE framework, not only multiple system length
scales should be included in the description, but the effective
diffusivity should also depend on the position. Finally, the
present analysis could be easily generalized to the presence
of other perturbations like, for example, rapidly varying heat
sources. In such a situation, other perturbation scales like
η � |∂ �q/∂t |/| �q| should be used.

The inhomogeneous profile of ξ 2 � |∇2 �q|/| �q| below the
heaters highlights the difficulties of interpreting thermal
transport using geometry-dependent effective parameters and
offers a new perspective accounting for the vectorial nature
of hydrodynamic heat flow. The characteristic lengths over
which the phonon population evolves depend on the spa-
tial relaxation of the thermodynamic fluxes (�q in our case).
This imposes restrictions on the phonon population relaxation
times, thus precluding microscopic approaches based on the
independent evolution of the different phonon modes, like the
RTA-BTE framework. Recently, it has been shown that the
modification of the relaxation times is a more robust way to
interpret the thermal transport in terms of the phonon dynam-
ics [47,48]. The same work also demonstrated that alternative
approaches, like the ballistic suppression of phonons [1,24],
can give nonunique interpretations under the same conditions.

Moreover, in the last years, it has been shown that the use
of alternative descriptions, such as, the relaxon basis diagonal-
izing the collision operator, can offer a deeper understanding
of thermal transport physics in homogeneous nonequilibrium
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situations (i.e., under a constant thermal gradient) [14]. Re-
markably, it has also been shown that using a modified basis
in each position and assuming some phenomenological model
for the influence of the boundaries, the applicability of this
approach can be extended to simple geometries like thin films
[29]. However, under nonhomogeneous perturbations or in
the presence of complex boundaries, the drift operator causes
transitions between relaxons, thus complicating the solutions
in most cases. These difficulties emerge because the micro-
scopic frameworks aim to obtain accurate solutions for the
population of heat carriers. Instead, the agreement of KCM
with the present experiments indicates that the proper descrip-
tion of the first moments of the distribution function, which
are related with mesoscopic quantities like the energy and the
heat flux, is enough to understand the general trend of the heat
dissipation in our samples, while the exact knowledge of the
full carrier distribution is not necessary.

Let us also note that to properly solve the BTE within
the RTA approximation, the energy conservation (i.e., the
zeroth-order BTE projection) should be imposed to correct the
imbalance that the use of an approximate collision operator
artificially introduces to the solution [44,49]. Here we suggest
that, when the nonequilibrium situation is nonhomogeneous,
like for example, near heat sources or system boundaries, the
evolution of higher-order moments, like the heat flux, are bet-
ter modeled in terms of the corresponding higher-order BTE
projections than by solving the full BTE. This is achieved
through the consistent use of transport equations, transport
parameters, and boundary conditions, which are all related
through the pseudoequilibrium distribution function (solution
of the BTE) as explained in Ref. [20]:

fk = f eq
k + �βk · �q + Gk : ∇ �q, (4)

where f eq
k is the equilibrium distribution function, �q is the heat

flux and �βk and Gk are mode-dependent functions obtained
from solving the BTE (see more details in Appendix D).

Additionally, the nonequilibrium distribution function (4)
introduced in Ref. [20] can also be used to understand the
limits of validity of the hydrodynamic model. It has been
observed that when the distance between disconnected bound-
aries or different heat sources is reduced below the nonlocal
length (ξ� > 1), the effects of the viscous term in silicon are
unphysically large [22,38]. In the present experiments, we
have one case beyond the KCM applicability in silicon (deter-
mined in Ref. [22]), which is the small circular line at 100 K
(L = 1 μm < �, R = 2 μm ∼ �). As shown in Fig. 5(a), the
ab initio KCM model fails to describe the temperature distri-
bution in this case. Specifically, the model predicts negative
values of �T (i.e., cooling) at the center of the structure
that are not observed in experiments. Remarkably, similar
cooling effects have been predicted and observed in transient
experiments in other materials where normal phonon-phonon
collisions dominate [50], which might allow distinguishing
hydrodynamic effects in kinetic (like silicon) and collective
(like graphene) materials [51]. Nevertheless, it is worth noting
that the hydrodynamic model with the use of fitted effective
parameters κef = 100 W/(m K) and �ef = 500 nm [magenta
line in Fig. 5(a)] fits the full experimental profile, whereas
effective Fourier’s law cannot.

FIG. 5. (a) Stationary temperature profile on the surface of the
sample at 100 K obtained by the TRI setup (orange squares) and
the convoluted predictions using Fourier’s law (blue line), Eq. (1)
(red line), and Eq. (1) with effective fitted parameters (magenta line).
(b) Magnitude of ξ� for the small circular heater (L = 1 μm, R =
2 μm) at 100 K. The white lines represent the heat flux streamlines.
The blue dot is a selected point for which the diffusivity according to
Eq. (3) is represented in Fig. 4(a).

To understand the breakdown of KCM in this situation, we
calculate the distribution function fk corresponding to our hy-
drodynamic solution (see details in Appendix D). Expression
(4) can be locally evaluated from the thermodynamic magni-
tudes obtained within the finite element solution of the KCM.
In Fig. 6, we show fk for two different situations: one where
the hydrodynamic model is predictive [green dot in Fig. 4(c),
where ξ� = 1], and other corresponding to the breakdown of
the model [blue dot in Fig. 5(b), where ξ� = 5]. In the situ-
ation where KCM is predictive, Eq. (4) gives positive values

FIG. 6. Phonon distribution function [Eq. (4)] at 100 K in the
direction of the temperature gradient, �k cos θ , where θ is the
angle between the phonon velocity and the temperature gradient. (a)
Local distribution at the green point below the large circular heater
displayed in Fig. 4(c) (ξ� = 1), and (b) at the blue point below the
small circular heater displayed in Fig. 5(b) (ξ� = 5). An unphysical
distribution function (negative populations) is obtained for ξ� = 5,
which is beyond the applicability of KCM.
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for almost all the phonon modes [Fig. 6(a)]. Only a reduced
number of points that are associated with numerical error have
negative (unphysical) populations, but these phonons repre-
sent less than 5% of the thermal conductivity. On the contrary,
in the situation where KCM does not work, negative (unphys-
ical) phonon populations represent a significant subset of the
distribution with a non-negligible contribution to the thermal
conductivity [Fig. 6(b)]. In this situation, the description of
the thermal behavior in terms of a single length scale � is
inadequate. In such case, higher-order distribution moments
may be participating in the system’s thermal evolution and a
more complex pseudo-equilibrium distribution function, and
transport equation, are required to model its response.

IV. CONCLUSION

In summary, we have shown the application of the hy-
drodynamic Eq. (1) to describe the thermal behavior of
microscale heat sources of different sizes and geometries on
a silicon substrate in a wide ambient temperature range. The
Guyer-Krumhansl equation is shown to capture most of the
discrepancies between bulk Fourier’s law and experiments
using a single length scale �. Conversely, the present ex-
periments cannot be solely explained using the multiscale
nature of the phonons mean-free-paths, in silicon. Moreover,
the hydrodynamic equation allows for a better understanding
of the transport behavior in complex geometries. Two pa-
rameters are necessary to characterize the thermal behavior
of the devices under study, namely the thermal conductivity
and the nonlocal length, which can be easily calculated from
first-principles calculations based on the BTE [20] (shown in
Table I). On the other hand, the temperature profile around
small circular heater (width L = 1 μm and radius R = 2 μm)
at 100 K, deviates from the hydrodynamic model predictions.
This is consistent with previous experiments on silicon, which
showed that the hydrodynamic model with ab initio param-
eters fails to describe adjacent heat sources closer than the
nonlocal length [38]. Here, we have shown that this failure
has its microscopic counterpart, namely, the nonequilibrium
phonon distribution displays negative values and thus be-
comes unphysical in such situations. This indicates the need to
include the influence of higher phonon distribution moments
to extend the KCM applicability to smaller length scales.
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APPENDIX A: DEVICE FABRICATION

A 20-nm Al2O3 film was deposited at 200 °C on a p-type
Si wafer (resistivity of 10–20 ohm cm) by atomic layer de-
position. The film was annealed at 450 °C for 30 s. Finally,
a 100-nm Au layer was deposited on top of ∼5 nm Ti layer
using electron-beam lithography, metallization, and lift-off

processes. The thin Ti layer improves the Au surface adhe-
sion. The Au was patterned into heaters of varying widths
(1–10 μm) with two distinct geometries; circular and linear
(straight) heaters [as shown in Fig. 1(b)]. Heat is generated
in Au via electrical excitation (Joule heating), then a thermal
image is acquired using the thermoreflectance (TR) technique.

APPENDIX B: THERMOREFLECTANCE IMAGING (TRI)

The experimental imaging setup is shown in Fig. 1(a).
Thermoreflectance thermal imaging (TRI) is a high-
resolution, noncontact optical imaging technique where the
sample’s top surface reflectivity varies as a function of temper-
ature [52]. The device under test (DUT) is electrically excited
with a pulse-train switching between on and off states. During
the on state, the DUT self-heats due to Joule heating, and the
surface reflection coefficient changes as a function of tempera-
ture. During the off state, the DUT relaxes back to the ambient
temperature. A CCD camera quantifies the thermally induced
optical reflectivity variations between the on and off states
(�R/Roff ), which finally produces a full-field 2D thermal
image (spatial temperature distribution) of the top surface. To
a first-order approximation, (�R/R) correlates linearly with
the surface’s temperature change (�T ). The linear correlation
coefficient (CTH) is a function of the illumination wavelength,
the sample’s material, and surface characteristics. We use a
green (λ = 530 nm) LED to illuminate our tested devices.
The value of the (CTH) can be calibrated in multiple ways.
Our calibration methods are detailed in [6]. Calibrated (CTH)
values for Au and Si were measured to be −2.2 × 10−4 ± 5%
and 1 × 10−4 ± 5% respectively.

Using TRI, the top surface’s steady-state temperature dis-
tribution (thermal image) is captured after 500μs of electrical
excitation (Joule heating). The λ = 530 nm illumination in
conjunction with a 100x air objective lens (NA = 0.75) pro-
vides a typical spatial resolution of ∼430 nm. We used a Janis
ST-500 liquid nitrogen cryostat to vary the DUT’s temperature
from 300 K down to 100 K. The cryostat has a glass window.
This window situated between the standard objective and the
sample adds extra blurring to the thermal image. By compar-
ing images with and without the cryostat’s window at room
temperature while keeping all other experimental conditions
the same, we extracted the window’s blurring function. This
blurring function is assumed to be temperature-independent,
and it is used to convolute the theoretical predictions for
comparison with experimental data at low temperatures (see
details in the Supplemental Material [53]).

TRI requires some time averaging (over multiple cycles)
to improve the thermal resolution of the image. The thermal
images acquired for the Au structures were averaged for 1–5
minutes yielding a typical resolution of 0.1 K.

APPENDIX C: KINETIC COLLECTIVE MODEL (KCM)

We show here the complete system of partial differential
equations and boundary conditions required for predicting
the heat flux �q, the temperature T, and the electrical current
density �J in our samples using finite element methods [22].
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1. Transport equations

Heat conduction in the 100-nm-thick metal domains (com-
posed of gold) is described using conservation of energy,
including Joule’s heating along with Fourier’s law,

∇ · �q� = ρ( �J · �J ), (A1)

�q� + κAu∇T� = 0, (A2)

where κAu = 310 W/m K is the gold bulk thermal conductiv-
ity, and

ρ = ρ0(1 + α(T� − T0)) (A3)

is the electrical resistivity with ρ0 = 29� nm, α =
0.0028 K–1, and T0 = 295 K the reference temperature.
The temperature T and the heat flux �q in the metal domains
are denoted by subindex �. The current density is determined
by imposing the following conservation equation

∇ · �J = 0. (A4)

Finally, thermal transport in the silicon substrate is de-
scribed using conservation of energy and the stationary
hydrodynamic heat transport equation

∇ · �q = 0, (A5)

�q + κ∇T = �2∇2 �q, (A6)

where κ is the silicon bulk thermal conductivity, and � is
the nonlocal length. The temperature-dependent values for
these parameters can be found in Table I. Its microscopic
expressions in terms of the phonon lifetimes and velocities
can be found in Ref. [20]. Note that we assume high impurity
concentration in the silicon substrate of the samples under
consideration as characterized in previous work [6]. This
translates to a slight reduction of the bulk thermal conductivity
relative to natural silicon, whereas the nonlocal length values
are not significantly modified.

2. Boundary conditions

The metal domains are electrically insulated,

�J · �n = 0, (A7)

except in the heater terminals, in which a current intensity i
is imposed, ∫

�J · �ndS = i, (A8)

where �n is the boundary-normal vector. In the thermometer
sensors, no current intensity is imposed �J = 0.

In both the heater and the sensor free surfaces, thermal
insulation is imposed,

�q� · �n = 0. (A9)

Moreover, there is a 20-nm-thick oxide layer between
the metal and the semiconductor. This layer obeys Fourier’s
law with conductivity κox = 1 W/mK. Characterization of the
thermal conductivity of the oxide layer for the same samples
was performed in Ref. [6]. In the metal-oxide interface, conti-
nuity of the heat flux and the temperature is imposed. Hence,

subindex � is also used to identify the thermodynamic mag-
nitudes in the oxide layer. In the oxide-silicon interface, we
impose three conditions to connect Fourier and hydrodynamic
transport [42]. The first is continuity of the normal component
of the heat flux,

�q� · �n = �q · �n. (A10)

The second is a temperature jump boundary condition that
accounts for the nonequilibrium effects introduced by the
interface

T − T� = γ −1(β∇ · �q − ¯̄χ : ∇ �q), (A11)

where γ , β, ¯̄χ are ab initio calculated coefficients. Derivation
of this boundary condition, the temperature-dependent param-
eter values, and the microscopic expression for the appearing
coefficients can be found elsewhere [42]. In the present exper-
iment, the main contribution to the temperature jump between
the metal and the semiconductor is due to the presence of the
oxide layer, which plays the role of the usual Kapitza interface
resistance. Further reduction of the interface size L is required
to observe a significant contribution of nonequilibrium effects
predicted by Eq. (A11) even at low temperatures.

Finally, the third condition is a slip boundary condition for
the tangential component of the substrate heat flux �qt [22]:

�qt = C�∇ �qt · �n, (A12)

where �n points towards the substrate. The slip coefficient C
depends on the fraction of specular phonon reflections in the
boundary, as discussed in Ref. [22]. Here we assume diffusive
boundary reflections so that C = 1.

In the substrate free-surfaces, insulation (A9) for the nor-
mal component of �q and the slip boundary condition (A12)
for its tangential component are imposed. We note that the
presence of heat flux boundary layers [22] far away from the
heat sources in the substrate top surface has a negligible effect
in the present experimental conditions. Consistently, the value
of C does not significantly modify the temperature profile
predictions. Finally, the temperature of the substrate base is
fixed to the cryostat temperature.

APPENDIX D: NONEQUILIBRIUM PHONON
DISTRIBUTION FUNCTION

In Ref. [20], the distribution function (4) is used to derive
the hydrodynamic transport Eq. (A6) from the momentum
projection of the BTE, in terms of the unknown functions �βk

and Gk . These functions are obtained by solving the BTE, thus
providing microscopic expressions for the transport parame-
ters κ and �. The crucial idea is to assume an expansion of
the phonon distribution in terms of the heat flux and its gra-
dients, which are assumed to be independent thermodynamic
variables.

Simple expressions for the functions �βk and Gk in terms
of phonon velocities and relaxation times can be obtained
by assuming RTA as shown in Ref. [20]. For silicon, this
approximation provides values very close to the exact so-
lution, which can be obtained by iterative methods. In this

work, the RTA expressions for �βk and Gk are used to calcu-
late from first principles the transport parameters at different
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temperatures (Table I), and the nonequilibrium distribution
function (4). In Fig. 6, the latter is evaluated in different
points using the local heat flux and local heat flux gradient
as obtained from the FEM solutions of the hydrodynamic
heat transport model (Appendix C). Even though RTA is
used to simplify the microscopic calculations, the hydrody-
namic framework is not equivalent to directly solve the BTE

under the RTA, which provides a significantly different phe-
nomenology as discussed in the present work. It is also worth
to note that the connection between the mesoscopic trans-
port equation and the nonequilibrium distribution function
allows to consistently obtain the required boundary condi-
tions by imposing microscopic magnitude balances in the
boundaries [26,42].
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