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The ZyZ,2-additive codes are subgroups of Zg5' x ZZE, and
can be seen as linear codes over Z;, when ap = 0, Zp2-additive
codes when a3 = 0, or ZsZg4-additive codes when p = 2. A
Zy,Zy»-linear generalized Hadamard (GH) code is a GH code
over Z;, which is the Gray map image of a Z,Z,,.-additive
code. Recursive constructions of Z,Z,2-additive GH codes of
type (a1, az; t1, t2) with t1,t2 > 1 are known. In this paper, we
generalize some known results for Z,Z2-linear GH codes with
p =2 to any p > 3 prime when a; # 0, and then we compare
them with the ones obtained when a1 = 0. First, we show
for which types the corresponding Z,Z,.-linear GH codes
are nonlinear over Z,. Then, for these codes, we compute
the kernel and its dimension, which allow us to classify them
completely. Moreover, by computing the rank of some of these
codes, we show that, unlike Z4-linear Hadamard codes, the
Z,2-linear GH codes are not included in the family of Z,Z -
linear GH codes with a3 # 0 when p > 3 prime. Indeed,
there are some families with infinite nonlinear Z,Z,.-linear

* This work has been partially supported by the Spanish Ministerio de Ciencia e Innovacién under Grant
PID2019-104664GB-100 (AEI / 10.13039/501100011033) and by the Catalan AGAUR scholarship 2020 FI

SDUR 00475.

** The material in this paper was presented in part at the 12th International Workshop on Coding and
Cryptography (WCC 2022), 7-11 March 2022 - Virtual [1]; and at the 2022 IEEE Information Theory
Workshop (ITW 2022), 6-9 November 2022 [2].

* Corresponding author.

E-mail address: dipak.bhunia@uab.cat (D.K. Bhunia).

https://doi.org/10.1016/j.ffa.2022.102140

1071-5797/© 2022 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


https://doi.org/10.1016/j.ffa.2022.102140
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/ffa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ffa.2022.102140&domain=pdf
mailto:dipak.bhunia@uab.cat
https://doi.org/10.1016/j.ffa.2022.102140
http://creativecommons.org/licenses/by-nc-nd/4.0/

2 D.K. Bhunia et al. / Finite Fields and Their Applications 86 (2023) 102140

GH codes, where the codes are not equivalent to any Zs-
linear GH code with s > 2.
© 2022 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Let Zys be the ring of integers modulo p®, where p is a prime. Let Zj. denote the set

of all n-tuples over Zj:. In this paper, the elements of Zj. will also be called vectors of
P
is a subspace of Zj. Similarly, a nonempty subset of Zj. is a Zps-additive code if it is a

length n. A code over Z, of length n is a nonempty subset of Z7, and it is linear if it
subgroup of Zj.. A Z,Z2-additive code is a subgroup of Zg1 x Zg&. Note that a Z,Z -
additive code is a linear code over Z, when oy = 0, a Z,2-additive code when a; = 0, or
a ZzZ4-additive code when p = 2. The order of a vector u € Zj., denoted by o(u), is the
smallest positive integer m such that mu = (0,...,0). Also, the order of u € Zg* x Zgg,
denoted by o(u), is the smallest positive integer m such that mu = (0,...,0]0,...,0).

Two codes C; and Cy over Z,, of length n are said to be monomially equivalent (or
just equivalent) provided there is a monomial matrix M such that Cy = {cM : c € C1}.
Recall that a monomial matrix is a square matrix with exactly one nonzero entry in
each row and column. Both codes are said to be permutation equivalent if there is a
permutation matrix P such that Cy = {cP : ¢ € C1}. Recall that a permutation matrix
is a square matrix with exactly one 1 in each row and column and zeros elsewhere.

The Hamming weight of a vector u € Z}, denoted by wt # (), is the number of nonzero
coordinates of u. The Hamming distance of two vectors u,v € Zy, denoted by du (u,v),
is the number of coordinates in which they differ. Note that dg(u,v) = wtg(u—v). The
minimum distance of a code C over Z, is d(C) = min{dg (u,v) : u,v € C,u # v}.

In [3], a Gray map from Z4 to Z3 is defined as ¢(0) = (0,0), ¢(1) = (0,1), ¢(2) = (1,1)
and ¢(3) = (1,0). There exist different generalizations of this Gray map, which go from
Zos to Z%S_l [4-8]. The one given in [7] can be defined in terms of the elements of a
Hadamard code [8], and Carlet’s Gray map [4] is a particular case of the one given in
[8] satisfying >- \;0(2) = ¢(D- \i2%) [9]. In this paper, we focus on a generalization of
Carlet’s Gray map from Z,- to ng_l, also denoted by ¢, which is a particular case of
the one given in [10]. Let ® : Lpys — Z;}pkl be the extension of the Gray map ¢ given
by ®(y') = (6(y1), -, ¢(yn)), for any y' = (y1,...,¥;,) € Zy.. We also denote by ® the
extension ® : Zj1 X Z;? — L5 TP2 | given by

D((y 1Y) = (W, 0W1), - 0(Yh,))

for any y € Zg and y' = (y1,- .-, ¥Ya,) € ZZ‘ZQ.
Let C C Zj. be a Zys-additive code. We say that its Gray map image C' = ®(C) is
a Zys-linear code of length np*~!. Since C is a subgroup of Zys, it is isomorphic to an


http://creativecommons.org/licenses/by-nc-nd/4.0/

D.K. Bhunia et al. / Finite Fields and Their Applications 86 (2023) 102140 3

abelian structure Z;ls X Z;Z,,l X oo X Zéﬂ and we say that C, or equivalently C' = ®(C),
is of type (n;ty,...,ts). Note that |C| = pp(s=Df2 ... pts Similarly, if C C Zg* x Z53
is a Z,Z,2-additive code, we say that its Gray map image C' = ®(C) is a Z,Z,2-linear
code of length a1 4+ pas. Since C can be seen as a subgroup of Zg‘; +e2 it is isomorphic to
Z;lz x 212, and we say that C, or equivalently C' = ®(C), is of type (a1, az;t1,t2). Note
that |C| = p*"1 12, Note that a Z,-linear code of type (n;t1,t2) can also be seen as a
Z,Z 2-linear code of type (0,n;t1,t2). Unlike linear codes over finite fields, linear codes
over rings do not have a basis, but there exist generator matrices for these codes having
minimum number of rows.

Two structural properties of codes over Z,, are the rank and dimension of the kernel.
The rank of a code C over Z,, is simply the dimension of the linear span, (C), of C. The
kernel of a code C over Z, is defined as K(C) = {z € Z} : z + C = C} [11,12]. If the
all-zero vector belongs to C, then K(C') is a linear subcode of C. Note also that if C' is
linear, then K(C) = C = (C). We denote the rank of C' as rank(C') and the dimension of
the kernel as ker(C'). These parameters can be used to distinguish between nonequivalent
codes, since equivalent ones have the same rank and dimension of the kernel.

A generalized Hadamard (GH) matrix H(p, ) = (h;;) of order N = pX over Z, is a
PA X pA matrix with entries from Z, with the property that for every 4,7, 1 <1i < j < pA,
each of the multisets {h;s — hjs : 1 < s < pA} contains every element of Z, exactly A
times [13]. For 4 > 1, an ordinary Hadamard matrix of order 44 corresponds to a GH
matrix H(2,\) over Zs, where A = 2 [14]. Two GH matrices Hy and Hy of order N
are said to be equivalent if one can be obtained from the other by a permutation of the
rows and columns and adding the same element of Z,, to all the coordinates in a row
or in a column. Then, we can always change the first row and column of a GH matrix
into zeros and we obtain an equivalent GH matrix which is called normalized. From a
normalized GH matrix H, we denote by Fy the code consisting of the rows of H. We
define Cy = Uqez, (Fu + al), where Fg +al = {h+al:h € Fg} and 1 denotes the
all-one vector. The code Cy over Z, is called generalized Hadamard (GH) code [15].
Note that C is generally a nonlinear code over Z,. Moreover, if it is of length IV, it has
pN codewords and d(Cy) = N(p—1)/p.

The Z,s-additive (resp. Z,Zy2-additive) codes such that after the Gray map ® give
GH codes are called Zj,s-additive (resp. Z,Z y2-additive) GH codes and the corresponding
images are called Zs-linear (resp. Z,Z,z-linear) GH codes. The classification of Z,Z4-
linear Hadamard codes of length 2 with oy = 0 and «; # 0 is given in [16,17], showing
that there are | (¢t — 1)/2| and [t/2] such nonequivalent codes, respectively. Moreover,
in [18], it is shown that each Z4Z4-linear Hadamard code with oy = 0 is equivalent to a
Z2Z4-linear Hadamard code with a7 # 0, so indeed there are only |¢/2]| nonequivalent
Z27Z 4-linear Hadamard codes of length 2. Later, in [19,9,20,21], an iterative construction
for Zp,s-linear GH codes is described, the linearity is established, and a partial classifi-
cation is obtained, giving the exact amount of nonequivalent nonlinear such codes for
some parameters. The Z,--additive codes have also been studied in [22,23] as two-weight
codes over Z,s by considering the homogeneous weight.
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This paper is focused mainly on Z,Z,-linear GH codes with a; # 0 and p > 3 prime,
generalizing some results given for p = 2 in [17] related to the linearity, kernel, rank and
classification of such codes. These codes are also compared with the Zs-linear GH codes
studied in [19]. This paper is organized as follows. In Section 2, we recall the definition
of the Gray map considered in this paper and some of its properties. Then, we recall the
constructions of Z,Z,2-additive GH codes of type (a1, aa; t1,t2) with ay # 0 and p prime
and some results related to that. In Sections 3 and 4, we establish for which types these
codes are linear, and we give the kernel and its dimension whenever they are nonlinear.
We also show that the dimension of the kernel is enough to classify completely the Z,Z -
linear GH codes with a7 # 0 of a given length, providing the number of nonequivalent
such codes, like it was proved for ZsZ4-linear Hadamard codes in [17]. In Section 5, we
compute the rank of some families of Z,Z,>-linear GH codes with a; # 0. Finally, in
Section 6, we show that, unlike Z4-linear Hadamard codes, the Z2-linear GH codes are
not included in the family of Z,Z,.-linear GH codes with a7 # 0 when p > 3 prime.
Indeed, we prove that there are some families of Z,Z,,>-linear GH codes, where the codes
are not equivalent to any Z,s-linear GH code with s > 2.

2. Preliminary results

In this section, we first give the definition of the Gray map considered in this paper
for elements of Z,s and some of its properties used in the paper. Then, we recall the
constructions of Z,Z,2-additive GH codes of type (ai,az;t1,t2) with p prime when
a1 # 0 and some results related to that.

We consider the following Gray map ¢, given in [4,24]:

cle — IR
0l L 1)

U +—r (us_l, . 7us—1) —+ (Uo, A ,US_Q)Y;_l,

where u € Zps, [ug,u1,...,us—1]p is the p-ary expansion of u, that is, u = Zf;é pluy
(u; € Zy), and Y,_; is a matrix of size (s — 1) x p*~! whose columns are the elements
of Z‘;_l. Without loss of generality, we assume that the columns of Y;_; are ordered
in ascending order, by considering the elements of Z;_l as the p-ary expansions of the
elements of Zps-1.

Let ', v" € Z,2 and [ug, u}]p, [v), v1]p be the p-ary expansions of «" and v/, respectively,
ie. v =ul+ uip and v' = v, + vip. We define the operation “®,” between elements v’
and v" in Z,2 as v’ ©p v' = & + &1p, where

¢ = 1 it w4+ >p,
! 0 otherwise.

Note that the p-ary expansion of v’ ®, v’ is [§o, &1]p, where &, &1 € {0,1}. For u,v € Z,,
we define u ©, v = 1 if u +v > p and 0 otherwise. We denote in the same way, “©,”,
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the component-wise operation. For u = (u | v'),v = (v | v') € Zj* x Z7}, we denote
u®,v=(ud,v|u ©pv). Note that p(u®, v) = (0| p(v’ ©p ))
From [19], we have the following results:

Lemma 2.1. [19] Let u € Z,2 and X\ € Z,. Then, ¢(u+ Ap) = ¢(u) + (A, ..., A).
Corollary 2.1. [19] Let A\, € Z,. Then, ¢(Aup) = Ad(up) = Aud(p).

Corollary 2.2. [19] Let u,v € Zp2. Then, ¢p(u) + ¢(v) = p(u+v — p(u ©p v)).
Corollary 2.3. [19] Let u,v € Zy2. Then, ¢(pu +v) = ¢p(pu) + ¢(v).

Corollary 2.4. [19] Let u,v € Zy2 and [ug, u1]p, [vo,v1]p be the p-ary expansions of u and
v, respectively. Then, ¢(u + v) = ¢(u) + o(v) + (&o,-..,&0), where & =1 if ug + vy > p
and 0 otherwise.

Proposition 2.1. [/,2/,19] Let u,v € Zy2. Then, dg(¢p(u), p(v)) = wtg(p(u —v)).

By Proposition 2.1, the Z,Z,2-linear codes obtained from the Gray map ® are distance
invariant, that is, the Hamming weight distribution is invariant under translation by a
codeword. Therefore, their minimum distance coincides with the minimum weight.

Let 0,1,2,...,p% — 1 be the vectors having the same element 0,1,2,...,p*> — 1 re-
peated in all its coordinates, respectively. Let

1 1 ... 1 p p DR p
Al = : (2)
01 -+ p—1{1 2 -+ p-1

Any matrix A’V" with ¢; > 1,45 > 2 or t; > 2,15 > 1 can be obtained by applying the
following iterative constructions. First, if A is a generator matrix of a Z,Z,:-additive
code, that is, a subgroup of Zj* X Z;‘E, then we denote by A; the submatrix of A
consisting of the first a; columns over Z,, and Ay the submatrix consisting of the last
ag columns over Z,2. We start with All;l. Then, if we have a matrix A = A;ht? with
t1,t2 > 1, we may construct the matrices

t1,ta+1 _ A Ay - Ay Ao As A,
A= (3)
0 1 - p-— p-0 p-1 -~ p-(p—1)
and
At1+1,t2 _ Al Al . Al pAl N pA1 A2 A2 e A2 (4)
b B 0 1 - -1 1 -1 0 1 ... 2_1 |-
P o) p
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Example 2.1. Let
i (11 1]3 3
8 01 21 2

be the matrix described in (2) for p = 3. By using the constructions described in (3) and
(4), we obtain A:l,)’2 and Ag’l, respectively, as follows:

1111111113 33323S3

A*=0 12 0 120 1 2{1 2121 2],

0001112 22/00336 6
11111111 1[|33332323233 33
A7'=10 1201 20 1 2(0 36036 1 2 12
0001 112 22[111227200 8 8

We can consider that the matrices A;ht? are constructed recursively starting from
Azl;l in the following way. First, we add ¢t; — 1 rows of order p? up to obtain AZI’I, and
then we add t5 — 1 rows of order p up to achieve A;l’tz. Note that in the first row there
is always the row (1 | p).

Let ’H,f,l’” be the Z,Z,2-additive code of type (a1, az; t1,t2) generated by the matrix
Al with ty,ty > 1, p prime, and o # 0. Let H!* = ®(H1*2) be the corresponding
Z,Zp2-linear code. By Theorem 2.1, we have that H/'"*2 is a Z,Z,»-linear GH code.

Theorem 2.1. [25] Let t1,ty > 1 and p prime. Then, the Z,Z>-linear code H}* of type
(pt=t, pt=t —pt=t =1ty 1) is a GH code over Z,, of length pt, with t = 2t +t5 — 1.

Let H be a Z,Z,2-additive code of type (a1, aa;t1,t2) with p prime. Let H; (respec-
tively, Hz) be the punctured code of H by deleting the last ay coordinates over Z»
(respectively, the first a; coordinates over Z,).

Remark 2.1. [25] Let H = H!"* be a Z,Z,2-additive GH code of type (a1, a;t1,t2)
with t1,73 > 1 and p prime. Let H = @(’H;l’t?) be the corresponding Z,7Z 2-linear GH
code of length a3 + pay. Then, since H is a GH code, its minimum weight is

(p —1)(ea + pas)
p

Note that, by construction, #; is a GH code over Z,, of length a;; and minimum weight
(p—1)ou/p.

Remark 2.2. [25] Since the length of the Z,,Z 2-linear GH code ®(H,!) is p?, its minimum
weight is (p — 1)p?/p = p(p — 1) by Remark 2.1.
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Remark 2.3. [25] The above constructions (3) and (4) give always Z,Z,>-linear GH codes
with as # 0 since the starting matrix Azl;l has ap # 0. If ap = 0, the Z,Z2-linear GH
codes coincide with the codes obtained from a Sylvester GH matrix, so they are always
linear and of type (p'2~1,0;0,t2) [15]. Therefore, in this paper, we only focus on the ones
with ag # 0.

Finally, we give some notations and recall two results proved in [25], which are used
in the next sections.

When we include all the elements of Z, (resp. Z,2) as coordinates of a vector, we
place them in increasing order. We denote by N, the set {0,1,...,p — 1} C Z,2> and
N, = N, \ {0}. As before, when including all the elements in those sets as coordinates
of a vector, we place them in increasing order. For a set S C Z,> and A\ € Zy,2, we
define AS = {Aj : j € S}. For example, N3 = {0,1,2} C Zg, Ny = {1,2} C Zy,
IN; = {2,4}, 3Zo = {0,3,6}, (Zs,Z3) = (0,1,2,0,1,2) € Z$ and (Zs | Zy,2N;) =
(0,1,210,1,2,3,4,5,6,7,8,2,4) € Z3 x Z$'.

Lemma 2.2. [25] Let 7—[;1’1 be the ZpZy2-additive code generated by the matrix A;l’l
with t1 > 2 and p prime. Let vi,va,..., vy, be the row vectors of A]t;’l of order p2.
Let v.= (v | v') € Hi' such that v = S \ivi, where N; € N, and at least one
Xi # 0. Then, v' contains every element of pZ,2 the same number of times and one of
the following conditions is satisfied:

1. There exists A € N, such that v’ contains every element of AN, the same number
of times and every element of Zy2 \ (pZy2 UAN,") zero times.

2. There exists A € N, such that v’ contains every element of AN, the same number
of times and every element of Zyz \ (pZy2 U AN, ) the same number of times.

3. Ewvery element of Zy2 \ pZ,2 appears in v’ the same number of times.

Corollary 2.5. [25] Let H}}+*> be the Z,Z,2-additive code generated by the matriz ALl*2
with t; > 2, ty > 1, and p prime. Let u = (u | v') € HLV"™ such that o(u) = p®. Then, v/
contains every element of pZ,> the same number of times and the remaining coordinates
are from Zy2 \ pLyy>.

3. Linearity of Z,Z ,2-linear GH codes with a; # 0

As it is mentioned in Remark 2.3, since the Z,Z,.-linear GH codes with ap = 0 are
linear, we only need to focus on the codes with ap # 0. The linearity of Z,Z»-linear
GH codes with a; = 0 was studied in [16,17] for p = 2 and [19] for p > 3 prime. When
a1 # 0, they are the ones constructed from matrices A;ht? given in Section 2. In [17],
it is shown that the ZoZ4-linear Hadamard codes of type (aq, as;1,tg) with to > 1 are
the only ones which are linear, when «y # 0. The next result shows that there are no
7,7 2-linear GH codes of type (a1, a9;t1,t2), with ag # 0, t1,t2 > 1 and p > 3 prime,
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which are linear. Note that this result for p > 3 does not coincide with the known result
forp=2ift; =1.

Theorem 3.1. Let H}* be the 7,7, -additive GH code of type (an, aa;ty, ta) with oy #
0, t1,t2 > 1 and p > 3 prime. Then, H}* = ®(H}*2) is nonlinear.

Proof. First, we prove that H;’l is nonlinear. Sinceu = (0,1,...,p—1]1,2,...,p—1) €
Hy', then (p—Du = (0,(p—1)-1,...,(p—1)-(p—1) | (p—1)-1,(p—1)-2,...,(p—1)-(p—
1)) € Hy'. Next, we see that ®(u)+P((p—1)u) ¢ H,»'. Since ¢(1)+¢p(p—1) = 0 by the
definition of ¢, then the first 2p coordinates of the vector ®(u)+ ®((p— 1)u) of length p?
are zero. Therefore, wt g (®(u) +@((p—1)u)) < p? —2p = p(p—2) < p(p—1). Moreover,
it is easy to see that ®(u) + ®((p — 1)u) # 0. Hence, ®(u) + ®((p — 1)u) ¢ H)', since
the minimum weight of H;’l is p(p — 1) by Remark 2.2. Therefore, Hg’l is nonlinear.

Second, we prove that if H!'~"" is nonlinear for t; > 2,t, > 1, then H}"" is also
nonlinear. Assume that H "' is linear. Then, by the iterative construction defined in
(4), for any u = (u | u), v= (v | v') € HL 1", we have that @, v € L2, where

a=(u,.?.u| pu,27L pu,u/, .p.2.,u'),

_ _ 2
v=(v,.2.,v]|pv,2L pv,v’, P 0.

Moreover, since H/V" is linear, ®(u) + ®(v) € H}". Again, by construction (4),
we have that ®(u) + ¢(v) = ®((a,.?.,a | pa,’?f.l7pa,a’,.p.2.,a’) + A(0,1,...,p—1 |
1,2,...,p—1,0,1,...,p?> - 1)) € H»", for some a = (a | a’) € Hp~"* and
A € Zy>. Considering the coordinates in positions 1 and 2p of u and v, we have that
®(u) + ®(v) = ®(a) € H ="', and then H/'~*> is linear, which is a contradiction.

Finally, if H!"*2~" is nonlinear, then as above we can show that H}/*> is also nonlinear,
and hence the result follows. O

Example 3.1. Let ’Hé’l be the Z3Zg-additive GH code of type (3,2;1,1) generated by
Aé’l given in Example 2.1. We have that

¢(07 ]‘32 ‘ ]‘72) + ¢(0’ 27 1 | 274) = (07 ]‘?27 0’ ]"27 0’ 27 ]‘) + (0’ 2? 170’ 2’ ]‘7 1) 270)
=(0,0,0,0,0,0,1,1,1) ¢ Hy"' = ®(H3"),

since H; ! has minimum weight 6 by Remark 2.2. Therefore, H; '!'is nonlinear.

Example 3.2. Considering all the integer solutions with ¢1,t2 > 1 of the equation 6 =
2t1 +t2 — 1, we have that the Z,Z »-linear GH codes with a; # 0 of length pS, p>3
prime, are the following;: H;’f’, Hg73 and Hg”l. By Theorem 3.1, all of them are nonlinear.
The types of these codes for p = 3 and p = 5 can be found in the row corresponding to
t = 6 in Tables 1 and 2, respectively.
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Table 1
Type and parameters (r, k) of Zg-linear and Z3Zg-linear
GH codes.
t Zg-linear Z3Zgy-linear
(n;t17t2) (’r‘,k) (041,0427t1,t2) (’I”7 k?)
2 (31,1) (3,3)  (9,0;0,3) (3,3)
(3, 2 1,1) (4,2)
3 (91,2) (4,4)  (27,0;0,4) (4,4)
(9:2,0) (5,2) (9,65 1, 2) (5,3)
4 (27:1,3) (55)  (81,0:0,5) (5,5)
(27;2,1) 6,3)  (27,18;1,3) (6,4)
(9,24;2,1) (10,3)
5 (81;1,4) (6,6) (243,00, 6) (6,6)
(81;2,2) (7,4)  (81,54;1,4) (7,5)
(81:3,0) (11,3)  (27,72;2,2) (11,4)
6 (243;1,5) (7,7)  (729,0;0,7) (7,7)
(243;2,3)  (8,5)  (243,162;1,5) (8,6)
(243;3,1)  (12,4)  (81,216;2,3) (12,5)
(27,234;3,1) (20,4)
7 (729:1,6)  (8,8)  (2187,0;0,8) (8,8)
(729;2,4)  (9,6)  (729,486;1,6) 9,7)
(729:3,2)  (13,5) (243,648;2,4) (13,6)
(729:4,0)  (21.4) (81,7023, 2) (21,5)
8  (2187:1,7)  (9,9)  (6561,0;0,9) (9,9)
(2187;2,5)  (10,7) (2187,1458,1,7)  (10,8)
(2187:3,3)  (14.6)  (729,1944:2,5)  (14.7)
(2187:4,1)  (22,5)  (243,2106;3,3)  (22,6)
(81,2160; 4, 1) (35,5)
Table 2
Type and parameters (r, k) of Zss-linear and ZsZos-linear
GH codes.
t Z25-1inear Z5Z25-linear
(n;t1,t2) (r, k) (o1, a5 t1,t2) (r, k)
2 (51,1) (3,3) (25,0;0,3) (3,3)
(5,4;1,1) (5,2)
3 (25;1,2) (4,4) (125,0;0,4) (4,4)
(25;2,0) (7,2) (25,2051, 2) (6,3)
4 (125;1,3) (5,5)  (625,0;0,5) (5,5)
(125;2,1) (8,3)  (125,100;1,3) (7,4)
(25,120;2,1) (18,3)
5 (625:1,4) (6,6)  (3125,0;0,6) (6,6)
(625;2,2) (9,4)  (625,500;1,4) (8,5)
(6253, 0) (22,3) (125, 600;2, 2) (19, 4)
6 (3125;1,5) (7,7)  (15625,0:0,7) (7,7)
(3125:;2,3)  (10,5)  (3125,2500;1,5) (9,6)
(3125:3,1)  (23,4)  (625,3000;2, 3) (20, 5)
(125,3100; 3, 1) (50,4)
7 (15625;1,6) (8,8)  (78125,0;0,8) (8,8)

(15625;2,4)  (11,6)  (15625,12500;1,6)  (10,7)
(15625;3,2)  (24,5) (3125,15000;2,4)  (21,6)
(15625;4,0)  (57,4)  (625,15500; 3, 2) (51,5)

8 (78125;1,7) (9,9) (390625, 0; 0, 9) (9,9)
(78125;2,5)  (12,7)  (78125,62500;1,7)  (11,8)
(78125;3,3)  (25,6)  (15625,75000;2,5)  (22,7)
(78125;4,1)  (58,5)  (3125,77500;3,3)  (52,6)

(625, 78000; 4, 1) (2,5)
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4. Kernel of Z,Z ,2-linear GH codes with ay 7% 0

Again, we focus on Z,Zp2-linear GH codes with ap 7# 0, because otherwise the codes
are linear. The kernel of Z,Z2-linear GH codes with a; = 0 and its dimension was
studied in [16,17] for p = 2 and [19] for p > 3 prime. The kernel of Z5Z4-linear Hadamard
codes with a; # 0 and its dimension are given in [17]. In this section, we generalize these
results for Z,Z2-linear GH codes with oy # 0 and p > 3 prime. First, we determine the
kernel, and then we establish a basis of the kernel, which gives us its dimension.

Specifically, we prove that the dimension of the kernel of a Z,Z>-linear GH code of
type (a1, ag;ty,ta), with aq # 0, 1,2 > 1 and p > 3 prime, is ¢; + 2. Again, note that
this result for p > 3 does not coincide with the known result for p = 2 when ¢; = 1, since
in this last case the codes are linear, so the dimension of kernel is 2t; + t».

Theorem 4.1. Let H.V" be the 7,7, -additive GH code of type (a1, ag;ty,ta) with ay #
0, t1,t2 > 1 and p > 3 prime. Let H, be the subcode of H;l’tz which contains all the
codewords of order at most p. Then, K(®(HL*)) = ®(H,).

Proof. Let H = H[* and H = ®(H). By Corollary 2.3, for all b = (b | b') € H,, and
u = (u|u') € H,wehave that ®(b)+®(u) = (b+u, (0')+P(v')) = (b+u, ®(b'+u')) € H
and, therefore, ®(H,) C K(H).

Now, let ®(u) € K(H), where u = (u | v') € H \ {0}. We prove that o(u) = p and
thus K(H) C ®(H,). Assume that o(u) = p?, and consider two cases: when #; = 1
and t; > 2. In both cases, to obtain a contradiction, we just need to find an element
u € H such that ®(u)+ ®(u) ¢ H. First, let t; = 1. In this case, H = H,">. Recall that
N, ={1,...,p—1} C Z,>. By construction, the row vector of A**> of order p? is

v = (Zy, %P Ly | N, @2/ P7D N ).

Since o(u) = p*, u can be expressed as u = Av+w, where A € N, and w is a codeword
of order at most p. Note that for A € N7, {A\jmod p: j € N, } = N, . Therefore, we
also have that A\v = vi+w, where vi = (0 | v’), v contains every element of V,~ exactly
as/(p—1) times, and wy is a vector of order at most p. By Corollary 2.3, ®(u) = ®(vy)+
®(wi+w). Now, by Corollaries 2.2 and 2.3, ®(u)+P(Av) = Q(AVHAV+W—p(V1OpV1)).
If we prove that p(vy ®, v1) ¢ H, then ®(u) + ®(Av) ¢ H since \v, w € H. Note that,
from the definition of ®,, for a € Z,2, p(a ©®p a) = 0 if and only if @ mod p < p/2. Since
v’ contains an element a such that a mod p > p/2, p(v' ©, v') # 0, so p(vi ®p v1) # 0.
We have that the number of ones in v" is as/(p — 1). Since ¢(p(1 ©®, 1)) = (0,.7.,0),
Wt (®(p(vi @y v1)) = Wi (@(p(s' ©p ') < azp — azp/(p — 1) < (p — 1)az. By
Remark 2.1, the minimum weight of ®(H) is d = (p — 1)/p(a1 + paz). Since ay/p > 1,
(p — 1)ag < d, and thus p(vi @, v1) ¢ H. Therefore, we have that ®(u) ¢ K(H), which
is a contradiction, so o(u) = p.

Second, let t; > 2. Since o(u) = p?, u can be expressed as u = v + w, where
v=(v,...,0|v,...;v) eH, (v]|v)e HP, and w € H is of order at most p.
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By Corollary 2.3, ®(u) = &(v) + &(w). Now, d(u) + &(v) = ®(w) + &(v) + D(v)
QW)+ P(v+v—p(vE,Vv)) =0(v+v+w—p(ve,v)) by Corollaries 2.2 and 2.3. If
we prove that p(v ©, v) ¢ H, then ®(u) + ®(v) ¢ H since v, w € . By Lemma 2.2,
there exist A € N, such that v’ contains every element of AN, the same number
of times. Note that {\jmodp : j € N, } = N, 7, and hence AN, always contains
an element @ such that a mod p > p/2. Therefore, we have that p(v' ©, v') # 0, so
p(v ®p v) # 0. Now, by Corollary 2.5, v' = (v/,...,v) contains every element of pZ -
exactly m times, m > 0, and the remaining oy — pm coordinates are from Z 2 \ pZ,:.
Thus, Wt (®(p(v ©p v))) = wtg(®(p(v' ©p 0'))) < (a2 —pm)(p — 1) < aa(p — 1), and
hence p(v ®, v) ¢ H by Remark 2.1. Therefore, we have that ®(u) ¢ K(H), which is a
contradiction, so o(u) =p. O

Corollary 4.1. Let H}"* be the Z,Z,2-additive GH code of type (ai,aa;ty,t2) with
o # 0, t1,ty > 1 and p > 3 prime. Let wy, be the kth row of A" and Q =
{(o(wi)/p)Wi} 2. Then, ®(Q) is a basis of K(®(HL"2)) and

ker(®(HL™2)) = t1 + ta.

Example 4.1. Let Hé’Q be the Z3Zg-additive GH code of type (9,6;1,2) generated by
A§’2 given in Example 2.1. By Corollary 4.1, we have that ker(H%’Q) =142=3. Also
by Corollary 4.1, we can construct K (H3™) from a basis. We have that Q = {(1 | 3), (0 |
3,6,3,6,3,6),(0,0,0,1,1,1,2,2,2 ] 0,0,3,3,6,6)}. Thus,

K(Hy®) = (®(1]3),2(03,6,3,6,3,6),9(0,0,0,1,1,1,2,2,2 ] 0,0,3,3,6,6)).

More generally, if 7—[;72 is the Z,Z2-additive GH code generated by A11;2 with p > 3
prime, then we have that
K(H,?) = (®(1|p), ®(0 | u'),®(v|v)),
—Dp),v=1(0,1,...,p—1) with i =
p—1)) with j = (j,271,4) for j € N,.

(i,.7.,4) for i € Zy, and v = (0,p-1,...,p-
%) = 4, since HQl’2 is linear [17].

where u' is the p-fold replication of (p,2p,..., (p
P
Therefore, ker(H}!2) = 3. Note that ker(H,”) =

Example 4.2. Let 7—[3’1 be the Z3Zg-additive GH code of type (9,24;2,1) generated by
Ag’l given in Example 2.1. By Corollary 4.1, we have that ker(Hg’l) =142=3. Also
by Corollary 4.1, we can construct K (H3'") from a basis. We have that Q = {(1 | 3), (0 |
0,0,0,0,0,0,u), (0| 3,3,3,6,6,6,v)}, where u is a 9-fold replication of (3,6) and v is a
3-fold replication of (0,0,3,3,6,6). Thus,

K(Hy") = (®(1]3),8((0]0,0,0,0,0,0,u)),®((0 | 3,3,3,6,6,6,v))).

More generally, if ’Hg’l is the Z,Z2-additive GH code generated by Af;l with p > 3
prime, then we have that
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K(Hp") = (@(1] p), (0 | 0,7777,0,u), ®(0 | w,v)),

where u is the p-fold replication of (p,2p,...,(p—1)p),w=(p-1,p-2,...,p-(p— 1))
with i = (¢,.2.,4) fori € N, ,and v = (p-0,p-1,...,p- (p? — 1)) with j = (5,27, j) for
J € Z2. Therefore, ker(Hg’l) = 3. Note that, in this case, it is also true for p = 2, since
ker(H2'') = 3 as shown in [17].

The dimension of the kernel is an invariant for the equivalence relation of codes over
Z,, which allows us to give a complete classification of the Z,Z,>-linear GH codes with
a1 # 0 of length pf, as shown in the next result.

Corollary 4.2. For any t > 2 and p > 3 prime, there are exactly |t/2] nonequivalent
nonlinear Z,Z,2-linear GH codes with aq # 0 of length p* by using the recursive con-
structions given in (3) and (4).

Proof. Considering all the integer solutions (t1,t2) with ¢1,t2 > 1 of the equation t+1 =
2t1+t5, we have that all the nonlinear Z,,Z >-linear GH codes of length p’ are H}t-!=201+1,
where 1 < ¢; < [t/2], by Theorem 3.1. Then, by Corollary 4.1, ker(H}-'=201F1) =
t —ty + 1, which gives different values for distinct values of ¢;. Therefore, they are all
pairwise nonequivalent codes. Therefore, the result follows. O

Note that Corollary 4.2 is also true for the Z,Z.-linear GH codes obtained from
more general recursive constructions given in [25], since all of them are equivalent to the
constructions given in (3) and (4).

Example 4.3. Let t = 6 and p = 3. All the nonlinear Z3Zg-linear GH codes with «; # 0 of
length 3% are H§’5, Hg’?’ and Hg”l having a kernel of dimension 6, 5 and 4, respectively, as
it is also shown in Table 1. Since these values are all different, all these codes are pairwise
nonequivalent. We have only one linear Z3Zg-linear GH code of length 3%, which is of
type (35,0;0,7). Therefore, there are exactly |6/2] + 1 = 4 nonequivalent Z3Zgo-linear
GH codes of length 3°.

5. Rank of some families of Z,Z p-linear GH codes

In this section, we establish some results about the rank of some families of Z,Z,-
linear GH codes with a3 # 0. These results are used in Section 6 to show that these
codes are not equivalent to the Z,Z,2-linear GH codes with a; = 0 (also called just
Z2-linear GH codes) constructed in [19]. First, we prove some technical lemmas.

Lemma 5.1. Let v = (Z;, | N, ) € Z} x Zi;l. Then, ®(Av) + &((p — N)v) = ®(pv) +
(p—1)(0,1,1,...,1) forany A € {1,2,...,(p—1)/2}.
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Proof. For the first p coordinates over Z,, it is clearly true, since the Gray map @
is the identity. For A € {1,2,...,(p — 1)/2} and i € N, , we can write that i\ =
ug + puy € Zp2, where ug,u; € Np. Then, i(p — ) = (p — uo) + p(i —u; — 1). By
Corollary 2.4, ¢(i\) + ¢(i(p—N)) = é(ip) — (1,1,...,1) since ug +p — up > p. Therefore,
O(AV) +P((p— N)v) =®(pv) + (p—1)(0,1,1,...,1). O

Lemma 5.2. Let v = (Z, | N,) € Z& x ZI;'. Then, ®(\v) + ®((p — N)v) =

(0,0,1,2,...,p—2) forany A € {1,2,...,(p—1)/2}.
Proof. Straightforward from Lemmas 2.1 and 5.1. O

Lemma 5.3. Let p > 3 prime and a € {1,...,p— 1}. Then,

H{iamodp<a:ie{l,....(p—1)/2}}| = [(a—1)/2] + 1.

Proof. Let A = {iamodp :i € {1,...,(p —1)/2}} and B = {iamodp < a : i €
{1,...,(p—1)/2}}. Note that, for p = 3, A = {a} = B, and hence the lemma holds.
Now, we assume that p > 3 prime, and consider two cases: when a < 2 and when a > 2.
First, if a < 2, then A = {a, 2a,...,(p—1)a/2} and B = {a}, so the lemma holds. Second,

assume a > 2. Let 8 be the biggest integer such that @ > PBp,so f = L%J. Note

that w < (B84 1)p. In this case, we consider a partition of A into disjoints subsets,

A= U’E:OA;,, where
Ay ={iamodp:ie{l,...,(p—1)/2},bp <ia < (b+1)p}

for b € {0,...,8}. Note that 8 > 1 since a > 2. Then, we have that

a= (2] 1ot (2] 5 2ot [PER ] gy

a

for b€ {0,1,...,8—1}, and

Ag = {Q@J —i—l)a—ﬂp, Q@J +2>a—ﬁp,...,m — Bp}.
a a 2

Note that B = AN B = Ul?:o(Ab N B). For b € {0,...,5}, we have that every
element in A is smaller than p by definition, and we see that |A, N B| = 1. First, it
is easy to see that Ag N B = {a}. Next, for all b € {1,2,...,58 — 1}, we see that, for
je{l,..., L@J — L%”J}, (L%”J +j)a—bp < aif and only if j = 1. We can write bp =
ka+r, where k = L%’J and 0 <7 < a. Then, (L%’J +j7)a—bp=ka+ja—ka—r=ja—r.
Since j > 1 and 0 < a — r < a, we have that ja —r < a if and only if j = 1 and hence
|Ap, N B| = 1. Similarly, for j € {1,..., (;;_;1) — 221}, we have that (|22] + j)a—fp < a
if and only if j = 1, and hence |[Ag N B| =1
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Finally, since B = Uf o(Ay N B), we have that |B| = Zb oA NB| =p+1=

L(p La 2| + 1. Now, note that a — 1 < (p pl) < a,s0 %51 < (p;;)a < 3, and hence
L(p 1o ¢| = |%5L]. Therefore, |B| = |%5t| +1. O

2p

Lemma 5.4. Let p > 3 prime and a € {1,...,p — 1}. Then,
{a+ (iamodp) >p:ie{l,...,(p—1)/2}}| = |a/2].
Proof. Note that [{iamodp:i€ {1,...,p—1}}|=p—1, and so
\{iamodpzp—a:ie{1,...,p—1}}|:a. (5)

Let i,a € {1,2...,(p—1)/2}. We can write that ia = ug + pu; € Z,2, where ug,u; €
Np. Then, (p —i)a = (p — uo) + p(a — w1 — 1) since ¢ < p. We have that ug < a if
and only if p — ug > p — a and, hence, ia mod p < a if and only if (p — i)a mod p >
p — a. Therefore, [{iamodp >p—a:ie€{(p+1)/2,....p—1}}| = [{iamodp < a:
ie{(l,....(p—1)/2)}}| = |%*] + 1 by Lemma 5.3. Finally, from (5), we have that
Hiamodp>p—a:ie{l,...,(p—1)/2}} =a— (|%5] +1) = [%], which completes
the proof. O

Proposition 5.1. Let 7—[11,’1 be the Z,Z,2-additive GH code of type (p,p — 1;1,1) with
p > 3 prime, and H;vl = @(’H;’l) be the corresponding Z,Z,:-linear GH code of length
p®. Then, rank(H}') =3+ (p — 1)/2.

Proof. Let u = (1,.2.,1 | p,27!,p) and v = (Z,, | N, ) € Z} x Zg;l. If x € 7-[11,’1,
then x can be expressed as x = Av + pu, where A\ € Z,» and u € N, C Zp2. By
Corollary 2.3, we have that ®(x) = ®(Av)+ ®(uu) and also P(Av) = ®(Agv) + P(A1pv),
where A = Ao + Aip, and Mg, A1 € N,. By Corollary 2.1, ®(Apv) = A\ ®(pv) and
®(pu) = p®(u). Therefore, P(x) = P(Agv) + M1 P(pv) + puP(u).

By Corollary 2.4, for all i € {1,...,(p — 1)/2}, we have that

(i + 1)v) = B(v) + Biv) + vy, (6)

where v; = (0,v;1,V5.2,. -, Vip-1), Vi, € {0,1} for a € {1,...,p — 1}, and 0,1 are of
length p. Consider the vector v(,_1)/5. It is easy to see that

if a is even.

p—1 {% if ais odd,

a
2

Then, if ais odd, a4+ (p—a)/2 = (p+a)/2 < p; and if a is even, a+p—a/2 = p+a/2 > p.
Therefore, v(,-1y/2 = (0,0,1,0,1,...,0,1).
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Next, we show that ®(\gv), for \g € N, is a linear combination of ®(v) and
{vit1<ic(p-1)/2- First, for Ao € {2,3,...,(p +1)/2}, ®(Av) = Ao®(v) + Y127 v; by
applying recursively (6). Second, from Lemma 5.4,

(»-1)/2 3
> 0i=(0,01,1,2,2,..., 7~ 1,
=1

so (0,0,1,2,...,p—2) = 2(252}1)/2 Vi) — Vp—1)/2 since we have that v_1)0 =
(0,0,1,...,0,1). Then, for \g € {(p+1)/2+1,...,p — 1}, ®(\gV) is a linear com-
bination of ®(v) and {v;}i1<i<(p—1)/2 by Lemma 5.2. Therefore, ®(x) is generated by
®(u), ®(v), ®(pv) and {vi}1<i<(p—1)/2- In other words, we can take a matrix G' whose
row vectors are ®(u), ®(v), ®(pv) and {v;}1<i<(p—1)/2, s a generator matrix of (H,").

The vectors ®(u), ®(v) and ®(pv) are clearly linearly independent over Z,. We
consider the vectors v;, i € {1,...,(p — 1)/2}, as the rows of a matrix V. Let S,
a € {1,...,p — 1}, be the set of p coordinate positions of vy, in vy. There exists
a set of (p — 1)/2 linearly independent columns of V' by taking one column of each
S with a € {2,4,...,p — 1}, since the number of ones in each one of these columns
is different by (7). Therefore, the vectors {v;}1<i<(p—1)/2 are linearly independent.
In fact, it is easy to see that all the rows of G are linearly independent. Therefore,
rank(H}') =34 (p—1)/2. O

Example 5.1. Let H3" be the Z;Zyo-additive GH code of type (7,6;1,1) and Hy'' =
@(H%’l) be the corresponding ZrZ49-linear GH code of length 49. Let u = (1,1,1,1,1,1,
117,7,7,7,7,7) and v=(0,1,...,7| 1,2,...,7). By the proof of Proposition 5.1, <H711>
can be generated by ®(u), ®(v), ®(7v), and {v; }1<i<3, where

U1 = (0707();071)171);
vy = (0,0,0,1,0,1,1),
vs = (0,0,1,0,1,0,1),

and the vectors 0 and 1 are of length 7. Since these vectors are linearly independent, we
have that rank(H.") = 6.

Example 5.2. Let 7—[}’11 be the Z11Z121-additive GH code of type (11,10;1,1) and
Hllil = @(Hi’ll) be the corresponding Z11Z121-linear GH code of length 121. Let
w=(1,1,1,1,1,1,1,1,1,1,1 | 11,11,11,11,11,11,11,11,11,11) and v = (0,1,...,10 |
1,2,...,10). By the proof of Proposition 5.1, (H;;') can be generated by ®(u),®(v),
®(11v), and {v; }1<i<5, where
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v; =(0,0,0,0,0,0,1,1,1,1,1),
vy = (0,0,0,0,1,1,0,0,1,1,1),
v3 = (0,0,0,1,0,0,1,1,0,1,1),
+=1(0,0,0,0,0,1,0,1,1,1,1)
=(0,0,1,0,1,0,1,0,1,0,1),

v )

Us

and the vectors 0 and 1 are of length 11. Since these vectors are linearly independent,
we have that rank(H{;') = 8.

Let H be a Z,Z,2-additive code of type (a1, ao;t1,t2) with p prime. Recall that
(respectively, Hz) is the punctured code of H by deleting the last ay coordinates over Z,,
(respectively, the first oy coordinates over Z,). Then, we can write that H = (H;1 | Ha).
Let (H;,...,H;) be the code having the following set of codewords {(h;,...,h;) : h; €
;) for i € {1,2}.

Theorem 5.1. Let H'~" be the Z,Z,-additive GH code of type (p'~*, (p—1)p'~2;1,t—1)
with t > 2 and p > 3 prime, and H;’t’l = @(Hé’t’l) be the corresponding Z,Z,,:-linear
GH code of length pt. Then,

rank(HY'™ ) =1+t+ (p—1)/2.

Proof. We prove this theorem by induction on ¢. First, note that the result is true for
t = 2, by Proposition 5.1. We assume that the result is true for a given ¢ > 2. Let
Hpt™! = (H1 | Ha) and H)' = ®(H}"). Then, by the recursive construction (3), we can
write

H;’t = U ((Hly'l')'77-ll | H27P7H2)+>\(077p_1 |p077pp_1))
AEN,

By Corollary 2.3, we have that

Hy'= | (@(H1, .2, Ha | Hay 2 Ha) + ®(A(0,...,p—1]p-0,...,p-p—1))),
AEN,

so rank(H!?") = 1 + rank(H1*~1). Therefore, by induction hypothesis,
P P
rank(Hy') =1+ (1+t)+ (p—1)/2. O

Example 5.3. Let 7—[%’2 be the Z7Z49-additive GH code of type (49,42;1,2) and H;’2 =
®(H2?) be the corresponding Z7Z o-linear GH code of length 143. Let u = (u | u’) and
v = (v]|v) and v; = (0,v}), 1 < i < 3 be the vectors given in Example 5.1. By applying
construction (3) to A%’l, we have that t = (u,.7.,u |uv/,.7 u), v=(v,.7 v |v,.7,0)
and w=(0,1,...,6]0,7,...,42) are the rows of the generator matrix A;’Z. Therefore,
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by Example 5.1 and the proof of Theorem 5.1, we have that <H = ) can be generated by
®(u), ®(v), ®(7v), ®(w) and {v;}1<i<3, where v; = (0,.7.,0,v},.7.,v}), 1 <14 < 3. Since

5 ’L’
these vectors are linearly independent, we have that rank( 7 ) =T.

Proposition 5.2. Let 7—[12;1 be a Z,Z,y2-additive GH code of type (p*, (p — 1)(p + p*);2,1)
with p > 3 prime, and Hg’l = <I>(’H12,’1) be the corresponding 2,7, -linear code of length
p*. Then, rank(Hg’l) >p+3.

Proof. Let u = (1, .1’.2., 1|p, p?i”,p)7 and v, w be the rows of Af;l of order p?, that is,
v\ (z, z, - 1z, |pZp - pLp N; --- N7
w/) 0o 1 .. p-1 1 -« p—1 0 --- p%2-1)°

By Corollary 2.4 and the proof of Proposition 5.1, for all i € {1,...,(p—1)/2}, we have
that

(i +1)w) = d(w) + P(iw) + w;,

where w; = (0,W; 1, Wi 2. ., Wip_1,%,...,%), wiq € {0,1} for a € {1,...,p — 1},
ST, = (0,0,1,1,2,2,..., B51 — 1, B2 1 P2 and j = (5, 7, ) for
j€{0,1,...,(p—1)/2}. The symbol * in a coordinate means that it can be any element
of Zy.

If we consider the vectors w;, i € {1,...,(p — 1)/2}, as the rows of a matrix, then

we have a set of (p — 1)/2 linearly independent columns by taking one column of each
w;,q With a € {2,4,...,p — 1}, since the number of ones in each one of these columns is
different. Therefore, the vectors {w;}1<i<(p—1)/2 are linearly independent.

Again, by Corollary 2.4 and the proof of Proposition 5.1, for all i € {1,...,(p—1)/2},
we have that

O((i +1)v) = &(v) + P(iv) + vy,

where v; = (0, 0,0, P v;), 0 = (Vi1,Vi2,...,Vip_1), Viq € {0,1} forae {1,...,p—
1} S D2, = (0 P3 0, gz v’ *) k = (k P k) for k € {0,1,...,(p — 1)/2}, and
=(0,1,1,2,2,...,B51 — 1 B-1_q p-1y

We consider the VeCtOI‘b v, 1 6 {1,..., ( —1)/2}, as the rows of a matrix V. Let S,,
a€{l,...,p— 1}, be the set of coordinate positions of v , in the first copy of o1 in v;.
There exists a set of (p—1)/2 linearly independent columns of V' by taking one column of
each S, with a € {2,4,...,p— 1}, since the number of ones in each one of these columns
is different. Therefore, the vectors {Uz‘}1§i§(p—1) /2 are linearly independent.

Note that ®(u), ®(v),®@(pv), ®(w), @(pw), {vi b1<i<(p—1)/2; {Wit1<i<(p—1)/2 are all
linearly independent. Therefore, rank(H>»') > p+3. O
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Example 5.4. Let ’Hg’l be the Z3Zgy-additive GH code of type (9,24;2,1) and Hg’l
@(Hg’l) be the corresponding ZsZog-linear GH code of length 81. Let u = (1
3), v = (0,1,2,0,1,2,0,1,2 | 0,3,6,0,3,6,v,.9.,v), where v = (1,2), and w
(0,0,0,1,1,1,2,2,2] 1,1,1,2,2,2,0,0,...,8,8) be the rows of the generator matrix A>"
given in Example 2.1.

We have that ®(2v) = 2®(v) + vy and ®(2w) = 2&(w) + wy, where

U1 = (07 '2'7'70761a '9'51_}1)7

w1 = (O, .1.8.,0, ]., 9, 1,’[2)1,’[2)1,71)1),

vy = (0,0,0,1,1,1) and w; = (0,.12,0,1,.%.,1). We also have that ®(3v) = (0, 2".
,0,2,.9.,x), where z = (1,1,1,2,2,2), and ®(3w) = (0,.9.,0,1,.9.,1,2,.2..2,y,y,9),
where y = (0,.9.,0,1,.6.,1,2,.9.,2). Note that the set S generated by ®(u), ®(v),
®(w), ®(3v), ®(3w), v; and wy, is a subspace of (H3'"). Since these vectors are linearly
independent, we have that rank(Hy') > dim(S) = 7 > 6.

Theorem 5.2. Let H2'™3 be the Z,Z,2-additive GH code of type (p'~2,(p — 1)(p' > +
p'7?);2,t—3) witht > 4 and p > 3 prime, and H2'~% = ®(H2'~?) be the corresponding
ZypZLy2-linear GH code of length p*. Then,

rank(Hﬁ’t_‘g) >p+t—1

Proof. We prove this theorem by induction on t¢. First, note that the result is true for
t = 4, by Proposition 5.2. We assume that the result is true for a given ¢t > 4. By following
the same argument as in the proof of Theorem 5.1, we obtain that rank(H>'"?) =
1+rank(H2>'~3). Therefore, by induction hypothesis, rank(H2*~2) > 14+p+t—1 = p+t,
and the result follows. 0O

6. Classification results

The classification of ZyZ4-linear Hadamard codes with oy # 0 of length 2¢, for any
t > 3, using the rank or the dimension of the kernel is shown in [16,17]. For ZsZ4-linear
Hadamard codes with ay = 0 (that is, Z4-linear Hadamard codes), the classification is
also shown in [16,17]. Some partial results on the classification of Zss-linear Hadamard
codes of length 2¢, for any ¢ > 3 and s > 2, are proved in [9,21]; and in general for
Zps-linear GH codes of length p’, for any ¢ > 2, s > 2, and p > 3 prime, in [19,26]. For
any ¢t > 2, the full classification of Z,,Z,2-linear GH codes of length p*, with oy # 0 and
p > 3 prime, is given by Corollary 4.2 in Section 4, by using just the dimension of the
kernel. In this section, we compare the Z,Z.-linear GH codes having a; # 0 with the
Zps-linear GH codes.

First, we recall the construction given in [19] of Z,:-linear GH codes with s > 2 and
p prime. We also recall for which types these codes are linear and what is the kernel
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and its dimension for these codes whenever they are nonlinear. Then, we compute some
results about the rank of some families of Z.-linear GH codes, in order to determine
whether these codes are equivalent or not to the Z,Zy-linear GH codes with a; # 0
considered in this paper. Finally, we see that, unlike for the case p = 2, the Zp2-linear
GH codes with p > 3 prime are not equivalent to the codes Z,Zy2-linear GH codes with
ay # 0. There are at least two infinite families of Z,Z,:-linear GH codes with a; # 0
and p > 3 prime, such that their codes are not equivalent to any Zp2-linear GH code of
the same length p'. Indeed, we prove that they are not equivalent to any Z,s-linear GH
code with s > 2 and not only for s = 2.

First, we describe the construction given in [19] of Z,--linear GH codes with s > 2
and p prime. Let T; = {j-p"~! : j € {0,1,...,p* 1 —1}} for all i € {1,...,s}.
Note that T3 = {0,...,p* — 1}. Let t1, ta,..., ts be non-negative integers with ¢; > 1.
Consider the matrix A%=' whose columns are exactly all the vectors of the form z”,
2 {1} x TP P x Tl x - x T,

Example 6.1. For p = 3 and s = 2, we have the following matrices:

Ll 111 111 111
Ayt = (0 5 6) , Ay*=1[ 036 036 036 |,
000 333 666

111111111 111111111 111111111
APt = | 012345678 012345678 (012345678
000000000 333333333 666666666

ts can also be obtained by applying the following recursive con-

Any matrix fl;l"”’
struction. We start with [111;0"“’0 = (1). Then, if we have a matrix A = Af;"“’tS, for any

1€ {1,...,s}, we may construct the matrix

_ A A . A
A = . : . . . 8
(0 . plfl 1. plfl .. (p571+1 _ 1) . plfl ) ( )
Finally, permuting the rows of A;, we obtain a matrix Af,ll""’tls, where t;- =t; for j #i

and ¢, = t; + 1. Note that any permutation of columns of A; gives also a matrix fl;“'"’t"".

We consider that the matrices Alﬂl*“"ts are constructed recursively starting from
A 00 in the following way. First, we add ¢; — 1 rows of order p*, up to obtain A0
then to rows of order p°~! up to generate /_121“"“70; and so on, until we add ¢5 rows of
order p to achieve Alts. See [19] for examples.

Let Hf}""’ts be the Z,--additive code of type (n;t1,...,ts) generated by the ma-
trix A;l"“’tS, where t1,...,ts are non-negative integers with t; > 1 and p prime. Let

Hlvts = (L) be the corresponding Z:-linear code.
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Let w(s) be the ¢th row of fltl’“"ts 1 <¢ <t + -+ ts. By construction, wgs) =1

and o(w (S)) < o(w; (e )) if 4 > j. We define o € {1,. s} as the integer such that

o(wy) = psti=o. For ’Hzl)o 0 we define ¢ = s. Note that c=1ift; > 1, and o0 =
min{i: t; > 0,i € {2,...,s}}if t; = 1.

Theorem 6.1. [19] Let tq,...,ts be non-negative integers with s > 2 and t; > 1. The
Zys-linear code E;l"“’ts of type (n;ty,...,ts) is a GH code over Z, of length N = p*,
witht = (3 ;_(s—i+1)-t;)—1 and n = p'~*F1.

Theorem 6.2. [19] The Zys-linear GH codes H1 OseOits “apith p > 3 prime, s > 2 and
ts > 0, are the only Zys-linear GH codes which are linear.

Theorem 6.3. [19] Let Ezl’“"té‘ be the Z,s-linear GH code of type (n;t1, ...,ts) with
p >3 prime, s>2,t > 1, and t; > Oforz €{2,...,s}. Then,

ker( Htl’ -t Zt +o0 —1.

Now, we establish some results about the rank of a family of Z,.-linear GH codes, in
order to determine whether these codes are equivalent or not to the Z,Z,2-linear GH
codes with a1 # 0 considered in this paper.

Proposition 6.1. Let 7:112,’0 be the Z,2-additive GH code of type (p?;2,0) with p > 3
prime, and gg,o = @(ﬂg’o) be the corresponding Z:-linear GH code of length p3. Then,
rank(Hg’O) =p+2.

2 _
Proof. Let u= (1,2.,1) and v = (0,1,...,p* — 1) be the rows of A2". Let \,u € Z

We can write A = Ao+ A1p and pp = po+p1p, where Ao, A1, 1o, pp1 € Np. By Corollaries 2.1
and 2.3, we have that

S(Au+ pv) = S(Aou + pov) + A P(pu) + p ®(pv). (9)

Now, we consider ®(Agu + pov) for all A, uo € N,,. First, if 19 = 1, then, by Corol-
lary 2.4, we have that ®(Aou + v) = ®(Agu) + ®(v) + vy,, where

Ung = (Ung, -2y Ung)s  Ung = (0,P720,0,1, A0, 1), (10)

and the vectors 0 and 1 are of length p. Second, if pg € {2,...,p — 1}, we have that
D(Aou + pov) = ©(Aou) + P(poVv) + wag, e, Where

— (77 D - _
Who,pmo = (wz\o,um - ~7w/\0,u0)7 Who,po = (va/\muoah s ’wko,uo,p—l)’
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Wxg,po,a € {0,1} for a € {1,...,p — 1}, and the vectors 0 and 1 are of length p. By
the definition of ®, since Ao € N, it is easy to see that ®(Agu) = Ag®(u). For pop €
{2,...,p— 1}, we have that ®(uov) = ®(v) + &((po — 1)v) + z,,,, where

Tpo = (j#o"Pﬂj#o)v Ty, = (Oaxuo,l" .- >$#07:D—1),

Ty € {0,1} for a € {1,...,p— 1}, and the vectors 0 and 1 are of length p.

Note that {(0,77471,0,1,.%.,1)}1<icp1 is a basis of the vector space Z?~'. Thus,
we have that wy,,,, and z,, can be written as a linear combination of the vectors
{vit1<i<p—1 given in (10). Moreover, ®(pv) = ®((pNp,.%.,pN,)) = f;ll v;. Therefore,
from (9), Hz’o can be generated by ®(u), ®(pu), ®(v) and {v;}1<i<p—1. Since these
vectors are all linearly independent, we obtain that rank(H2%) =p+2. O

Example 6.2. Let ?23;0 be the Zg-additive GH code of type (9;2,0) and ﬁg’o =
<I>(7-_[§’0) be the corresponding Zg-linear GH code of length 27. Let u = (1) and
v=1(0,1,2,3,4,5,6,7,8) be the rows of the generator matrix /_13’0. Let A = Ao +3)\; and
1= po + 3u1, where Ao, A1, po, 1 € {0,1,2} C Zg. Note that

S(Au+ pv) = @(Aou+ pov) + i ®(3u) + 11 &(3v). (11)
Now, for Ag € {1,2}, we have that ®(Agu + v) = ®(Agu) + ®(v) + vy,, where

U1 = (0707170307130703 1)7
v =(0,1,1,0,1,1,0,1,1),

and the vectors 0 and 1 are of length 3. Moreover, we have that

Q(3v) = v1 + v,
®(2u) = 20(u),
D(2v) = 2®(v) + vy, (12)
D(u+2v) = P(u) + 20(v) + ve,
O(2u+2v) =28(u) + 2®(v) + v1 + va.

Therefore, from (11) and (12), <ﬂ'§’0> can be generated by ®(u), ®(v), ®(3u), v; and
vg. Since these vectors are linearly independent, rank(H§ ’O) = 5.

Theorem 6.4. Let 7_2}2),#3 be the Z,2-additive GH code of type (p'~';2,t — 3) witht >3
and p > 3 prime, and Ijlg’t’3 = @(ﬁ%*t%) be the corresponding Z,2-linear GH code of
length pt. Then,

rank(f[i’t_?’) =p+t—1.
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Proof. We prove this theorem by induction on ¢. First, note that the result is true for
t = 3, by Proposition 6.1. We assume that the result is true for a given ¢t > 3. By following
the same argument as in the proof of Theorem 5.1, we obtain that rank(flgvt”) =
1+rank(H}'~?). Therefore, by induction hypothesis, rank(H2'~?) = 14+p+t—1 = p+t,
and the result follows. O

Then, we present two corollaries that show that there are some families of the new
ZpZLye-linear GH codes presented in this paper, containing an infinite number of codes,
which are not equivalent to the Zy:-linear GH codes presented in [19]. The first one uses
just the dimension of the kernel to determine that the codes are not equivalent, and the
second one uses both invariants, the rank and the dimension of the kernel.

Corollary 6.1. For any t > 2 and p > 3 prime, the Z,Zy2-linear GH code H;’t_l of
type (p'~ 1, (p—1)p*~2;1,¢ — 1) is nonequivalent to a Z,Z,2-linear GH code of any other
type, having oy # 0 and the same length pt. Moreover, it is also nonequivalent to any
Zyps-linear GH code with s > 2 of length p*.

Proof. From the proof of Corollary 4.2, the Z,Z,2-linear GH code H;’t_l is nonequiva-
lent to any other Z,,Z,2-linear GH code with oy # 0 of length p’, because the dimensions
of the kernels are different.

By Corollary 4.1, we have that ker(Hy'™1) =1+t —1=t. Let H'' be the Zp:-
linear GH code of length p*. By Theorem 6.3, we have that ker(Hbt) = (327_, ;) +
o —1. Now, to complete the proof, we just need to show that ker(H}*~") # ker(HJ»").
Assume ker(H}*~1) = ker(H%-'), that is, t = (327, t;) + o — 1. By Theorem 6.1, we
have that st1 +(s—1)ta+--+2ts_1+ts = t+1. Then, st1 + (s—1)to+- -+ 2ts_1+ts =
(>°i_ ;) + o, that is,

(571)t1+(872)t2+"‘+ts_1:O'. (13)

From the definition of o, we have that either ¢ = 1 when ¢t; > 2, or 2 < ¢ < s when
ty =1,t3 = --- =t,_1 = 0 and t, > 1. For the first case, we obtain a contradiction
from (13). For the second case, (13) becomes (s — 1) + (s — 0)t, + A = o, where \ =
(s —0—Dtyy1 + -+ ts—1. Thus, if 0 < s, we have that t, + 1 = %, which is a

contradiction, since t, +1>2, A >0,and s —o > 0. If s = 0, s — 1 = s, which is also a
contradiction. This completes the proof. O

Example 6.3. Let ¢t = 6 and p = 3. By the proof of Corollary 4.2 or from Example 4.3,
the Z3Zg-linear GH code H; P s nonequivalent to any other ZsZg-linear GH code with
a1 # 0 of the same length 3°.

Now, all the nonlinear Zss-linear GH codes, with s > 2, of length 3% are ﬁg’l, .F_Ig’?’,
ﬁ§’2’0, ﬁ§70’1, ﬁé’l’Q, ﬁ§’1’0’07 ﬁ§’0’1’17 and H§’0’0’1’0 having a kernel of dimension 4,
5, 4, 3, 5, 3, 5, and 5, respectively, as it is shown in Table 4 given in [19]. All the
linear Z3s-linear GH codes, with s > 2, of length 3% are H;,&’)’ ﬁ§’0’4, ﬁ§’0’0’3, ﬁ;’O’O’O’Q,
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Hy 0000  and gy 000000 Therefore, since Hy™® is nonlinear and ker(H3 ™) = 145 = 6
by Corollary 4.1, H§’5 is nonequivalent to any Zss-linear GH codes, with s > 2, of the

same length 36.

Theorem 6.5. [26] Let Hli's be a Zys-linear GH code with ty > 1. Then, Hl= s is

_ o— _ _
equivalent to the Z,.+c-linear GH code " Fh0t Lty a1t ¢ forallt e {1,...,ts}.

Corollary 6.2. For anyt > 4 and p > 3 prime, the Z,Zy>-linear GH code H57t73 of type
(P2, (p— 1)(P* 3 4+ p'2);2,t — 3) is nonequivalent to a Z,Z,2-linear GH code of any
other type, having a; # 0 and the same length pt. Moreover, it is also nonequivalent to
any Zps-linear GH code with s > 2 of length p*.

Proof. From the proof of Corollary 4.2, the Z,Z,-linear GH code Hg’t*?’ is nonequiva-
lent to any other Z,,Z,2-linear GH code with a; # 0 of length p’, because the dimensions
of the kernels are different.

Let H'' be the Zp--lincar GH code of length p’. By Theorem 6.1, we have that

st1+(s— Do+ +2ts_1 +ts =t+ 1. (14)

By Theorem 65, Hg,t—3, H;,l,t—4’ H;O,Lt—5’ H;,(J,O,l,t—ﬁ,

wise equivalent codes over Z,, of length p’. Let

3 t—4 .
H;’()’ ~50.10 are all pair-

9

_ rE2t=3 flilt—4 71,0,1,t—5 771,0,0,1,t—6 771,0,674,0,1,0
F—{Hp , H, , H, , H, yoos Hpy }

and T = {(2,t — 3), (1,1,¢ — 4), (1,0,1,£ — 5),(1,0,0,1,¢ — 6), ..., (1,0,t7%,0,1,0)}. By
Theorem 6.4, rank(ffg’t_?’) =p+t—1, and hence ﬁg’t_?’ is nonequivalent to the Z,Z p2-
linear GH code Hg’t*‘g, since rank(Hg’t’?’) > p+1t—1 by Theorem 5.2. Therefore, all
the codes in F are nonequivalent to H2*~3.

By Corollary 4.1, we have that ker(H§7t_3) =2+4t—3=1t—1. By Theorem 6.3, we
have that ker(H}" ') = (327_; t;) + 0 — 1. Now, to complete the proof, we just need
to show that ker(H2'~%) # ker(H} ') for all Hjt»' ¢ F. Assume ker(H}'™3) =
ker(H} ), that is, t =1 = (37_; t;) + 0 — 1, where (t1,...,ts) ¢ T. Then, from (14),
we have that st; + (s — 1)ta 4+ 2ts_1 +t, = (> i_, t;) + 0 + 1, that is, we have that

(s—Dt1+(s—2)ta+-++tse1 =0 +1, (15)

where (t1,...,ts) ¢ T. From the definition of o, we have that either ¢ = 1 when ¢; > 2,
or2<oc<swhent;=1,t0=---=t,_1 =0and t, > 1.

For the first case, note that if ¢; = 2 and s = 2, then H>'~3 is the only Z,2-linear
GH code of type (p'~1;2,t2) by Theorem 6.1. If t; > 2 and s > 2, or t; > 2 and s = 2,
we obtain a contradiction from (15).
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For the second case, if o = s, then (15) becomes 0 —1 = o+ 1, which is a contradiction.
Then, we consider that 2 < o < s. We can write (15) as (s — 1)+ (s — o)t + A =0+ 1,
where A= (s — 0 — 1)ty41 + -+ ts—1. Thus,

(s—o)(te +1) =2 -, (16)

where (t1,...,ts) ¢ T. Since 2 < 0 < s and t, + 1 > 2, we have that A = 0. Then, (16)
becomes

(s—0)(te +1) =2. (17)

Again, since t, +1 > 2, from (17), we have that s — o = 1. Then, ¢, = ts_1 = 1, and
from (14), we have that s + 2+ t, =t + 1, that is,

t—ts=s+1 (18)

Now, since (t1,...,ts) = (1,0,...,0,1,t5) ¢ T, we have that t; ¢ {t —4,t —5,...,0},
that is, t; > ¢t — 3. Therefore, from (18), t —s — 1 >t — 3, that is, s = 2, since s > 2.
Thus, 0 = s —1 = 1, and we obtain a contradiction, since 2 < o < s. This completes the
proof. O

Example 6.4. Let t = 6 and p = 3. By the proof of Corollary 4.2 or from Example 4.3,
the Z3Zg-linear GH code H§ 3 s nonequivalent to any other ZsZg-linear GH code with
a1 # 0 of same length 3°.

Now, all the linear Zss-linear GH codes, with s > 2, of length 3% are H§’5, }_I;’OA,
H;’O’O’s, H;,o,o,o,z’ ﬁ§’0’0’0’0’1 and H;,o,o,o,o,o,o. These codes are nonequivalent to Hg’?’,
since H§’3 is a nonlinear code of length 3%. All the nonlinear Zs:-linear GH codes, with

s > 2, of length 35 are
73,1 72,3 71,20 752,01 751,1,2 751,1,00 71,0,1,1 71,0,0,1,0
Hy  Hy® Hy™" Hy " Hy " H, ,H; ;and Hj

having the following parameters (r, k), where r is the rank and %k the dimension of the
kernel: (12,4), (8,5), (12,4), (14,3), (8,5), (14, 3), (8,5) and (8, 5), respectively, as it is
shown in Table 4 given in [19]. By Corollary 4.1, ker(H§’3) = 5. Therefore, ﬁg’l, ﬁé’z’o,
ﬁ32 01 and ﬁ; 100 are nonequivalent to Hg ’3, since they all have a kernel of dimension
less than 5. Let F' = {I:I§’3, Hé’l’z,ﬁg’o’l’l, Hé’o’o’l’o}. Since all the codes in F' have the
same rank 8, they all are nonequivalent to H§’3, since rank(Hg’S) >34+6—-—1=28by
Theorem 5.2.

7. Conclusions and further research

In this paper, we study the linearity of the Z,Z,>-linear GH codes with a; # 0
constructed in Section 2, and found out that they are always nonlinear. We also determine
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the dimension of the kernel for these nonlinear codes, and prove that this invariant can
be used to see that they are pairwise not equivalent for any given length. This generalizes
some results given for Z,Z4-linear Hadamard codes and Z,:-linear GH codes given in
[17] and [19], respectively. Finally, the rank of some infinite families of codes has been
computed, and this invariant has been used to prove that, unlike for p = 2, for p > 3
prime, there are Z,2-linear GH codes which are not equivalent to any Z,Z,-linear GH
codes with a; # 0. Actually, there are infinite families of Z,Z,.-linear GH codes with
a1 # 0 such that their codes are not equivalent to any Zs-linear GH codes with s > 2.
Therefore, we show that some nonlinear GH codes, without any known structure, now
can be seen as the Gray map image of Z,Z,»-additive codes.

As a further research, it would be interesting to prove that the Z,Z,2-linear GH codes
with a; # 0 and p > 3 prime are always not equivalent to any Z,-linear GH code of
the same length p’, as it can be seen for p € {3,5} and 2 < ¢ < 8, from Tables 1 and 2.
More generally, it may be proved that indeed they are not equivalent to any Z,s-linear
GH codes with s > 2 of same length p?, as it can be checked for p = 3 and 2 <t < 8 by
looking at Tables 4 and 5 from [19)].

Data availability
No data was used for the research described in the article.
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