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Abstract

In the one-sided assignment game, any two agents can form a trade; they can decide to
form a partnership and agree on how to share the surplus created. Contrary to the two-
sided assignment game, stable outcomes often fail to exist in the one-sided assignment
game. Hence the core, which coincides with the set of stable payoffs, may be empty.
We introduce the idea of tradewise-stable (t-stable) outcomes: they are individually
rational outcomes where all trades are stable; that is, no matched agent can form a
blocking pair with any other agent, neither matched nor unmatched. We propose the set
of constrained-optimal (optimal) t-stable outcomes, the set of the maximal elements
of the set of t-stable outcomes, as a natural solution concept for this game. We prove
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that this set is non-empty, it coincides with the set of stable outcomes when the core is
non-empty, and it satisfies similar properties to the set of stable outcomes even when
the core is empty. We propose a partnership formation process that starts with the
outcome where every player stands alone, goes through steps where the set of active
players expands, always forming t-stable outcomes, and ends in an (in any) optimal
t-stable outcome. Finally, we also use the new concept to establish conditions under
which the core is non-empty.

Keywords Matching - Assignment game - Stability - Core - Trade - Tradewise-stable

JEL Classification C78 - D78

1 Introduction

In the one-sided assignment game of our title, there is a finite set of players, which we
may think of being a set of innovative firms, a group of tenants, or an industry. The
main activity of these players is to form two-player partnerships. For each partnership
{i, j}, there is a non-negative number a;, available to the partners, which can be split
between them the way both agree. The interpretation is that if a partnership {i, j} is
formed, then the partners accomplish a joint activity that generates an income a;;. A
partnership plus a division of the surplus created into two non-negative payoffs will
be named a trade. If an agent does not form any partnership, he gets a zero payoff,
and we say he is inactive. The set of all trades and the inactive players with their zero
payoffs is a feasible outcome (an outcome, for short). Thus, an outcome (x, u) for this
model involves both a one-to-one matching x (that is, a partition of the population in
pairs of agents and singletons) and a vector of non-negative payoffs u (which reflects
the sharing of the joint surplus for any two-agent partnership).

The theory developed here presupposes an environment where a one-sided assign-
ment game takes place. The traditional assumptions are that all players are rational,
present simultaneously in the market, freely communicate with each other, and make
offers, counteroffers, and binding agreements. Moreover, preferences over outcomes,
and the rules that govern any pairwise interactions, are common knowledge. To these
assumptions, we add that all players have an “optimal cooperative behavior.” That is,
players only engage in cooperation that is optimal for them, in the sense that if they
reach agreements, they should be sure that they cannot obtain more favorable options
elsewhere. This assumption is plausible, given that the players make rational decisions
and can freely communicate with each other. The questions that naturally emerge are:
(a) What partnerships should form? And (b) how should the gains be divided between
the partners in a trade? In other words, what trades will be accomplished?

The key concept to address the previous questions is that of a stable trade. A trade
is stable if none of the agents involved is part of a blocking pair. As customary, we
say that the pair of agents {i, j} blocks the outcome (x, u) if the sum of their payoffs
under u is less than their joint surplus a;;.
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Constrained-optimal tradewise-stable outcomes...

The classic solution concept for our environment is stability. An outcome is stable
if it does not have any blocking pair. Thus, at a stable outcome, all trades are stable,
and two inactive players cannot block the outcome either.

Concerning this solution concept, we prove that the set of stable payoffs coincide
with the core (Proposition 1) and may be empty (Example 1).! Furthermore, any
optimal matching® is compatible with any stable payoff, and every matching in a stable
outcome is optimal (Sotomayor 2005a, 2009a; Talman and Yang 2011). Consequently,
an inactive agent at a stable outcome has a zero payoff at every stable outcome.

The outcomes where all trades are stable play a crucial role in defining our solution
concept for the one-sided assignment game. We call them tradewise-stable outcomes
(t-stable outcomes for short). Then, at a t-stable outcome, no matched agent can form
a blocking pair with any other agent, neither matched nor unmatched. In particular,
in a t-stable outcome, the set of active players, those who are matched, is a stable set.
Therefore, the t-stability provides a kind of “internal stability.” However, it does not
always yield “external stability,” given that a pair of inactive agents could have an
incentive to deviate. Since the outcome where all players are inactive is t-stable, the
set of t-stable outcomes is non-empty.

We show (Proposition 9) that any t-stable outcome has a coalitional structure (there
may be more than one) that allows us to conjecture an acceptable process for the
formation of such an outcome. According to this process, the given t-stable outcome
is reached after a finite number of steps, starting from the t-stable outcome where
everyone stands alone. In each step, one or more trades occur simultaneously, and the
agents involved in each trade split the gains obtained in their partnership. Moreover,
only stable trades will be made, consistent with the assumption of optimal cooperative
behavior; hence, the outcomes yielded are t-stable. For the same reason, once a trade
is made at a given stage, the agents involved will keep their agreements at the subse-
quent stages. Therefore, the t-stable outcome reached at a given stage “extends” the
t-stable outcomes formed in the previous stages. Consequently, only inactive agents
at a given stage trade among them at a subsequent one to increase their payoffs. Any
such sequence will be called a t-stable sequence.

Since only t-stable outcomes are feasible in our environment, we can expect that
starting from the outcome where everyone is inactive, the agents’ trades always gen-
erate a t-stable sequence. A key characteristic of a t-stable sequence is that it always
converges to a term that cannot be extended to another t-stable outcome. This final
term is reached in a finite number of steps, given that the number of agents is finite.
The end of the t-stable sequence leads to one of the following two cases.

Ist. Case. No pair of agents can block, so the outcome is stable.

2nd. Case. There is at least one pair of inactive agents with a positive surplus, so
the final outcome is unstable. However, the final outcome is ““as stable as possible,” in
the sense that any new partnership would violate the optimal cooperative behavior of
at least one of the agents involved.

! Gale and Shapley (1962) show that stable matchings may also not exist in the one-sided discrete model,
that is, when utility is not transferable. The existence problem for that model was called by these authors
“the roommate problem.”

2A matching is optimal if it maximizes the total payoff in the set of feasible matchings.
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The set of the maximal t-stable sequences and the set of t-stable outcomes that
cannot be extended to any t-stable outcome coincide. This coalitional structure of the
final outcomes of the t-stable sequences creates a new and non-empty solution concept
for the one-sided assignment game, which is weaker than the set of stable outcomes. We
show that such a solution concept is the set of t-stable outcomes that cannot be Pareto
improved by any t-stable outcome. We call it the set of constrained-optimal tradewise-
stable outcomes (optimal t-stable outcomes, for short). Therefore, the question posed
above can be answered as follows: the stable trades that will be accomplished in the
environment considered here are those belonging to optimal t-stable outcomes.

Since a stable outcome cannot be extended to a t-stable outcome, every stable
outcome is a limit point of some t-stable sequence, so it is optimal t-stable. Moreover,
we prove that when the set of stable outcomes is non-empty, it coincides with the set of
optimal t-stable outcomes (Theorem 2). On the other hand, the set of optimal t-stable
outcomes is always non-empty. (This is the sense in which the optimal t-stability
concept is weaker than the stability concept.) Then, we can check if the set of stable
outcomes is empty or not by examining a single outcome: if the limit point of any
t-stable is unstable, then the set of stable outcomes is empty; otherwise, this set is
non-empty.

Thus, our solution concept configures as the most natural solution concept for
the one-sided assignment game. It is always non-empty. It proposes the set of stable
outcomes when this set is non-empty and, when the set of stable outcomes is empty,
it recommends a non-empty set of payoffs, as stable as possible.

We prove additional appealing properties of the optimal t-stable outcomes. In par-
ticular, we show that the set of optimal t-stable outcomes always has a structure similar
to that of the set of stable outcomes. Indeed, every optimal t-stable outcome provides
the maximum total surplus among all t-stable outcomes, and no other t-stable outcome
can achieve this level of total surplus. Thus, the matchings that are compatible with
optimal t-stable outcomes are “quasi-optimal.” Furthermore, they are always part of
an optimal matching (they are optimal matchings only if the core is non-empty, in
which case the sets of quasi-optimal and optimal matchings coincide).

Moreover, as the stable outcomes, each quasi-optimal matching is compatible with
any optimal t-stable payoff. Therefore, the set of optimal t-stable outcomes is the
Cartesian product of the set of quasi-optimal matchings and the set of optimal t-stable
payoffs. Consequently, if an agent is unmatched at some optimal t-stable outcome,
then he gets a zero payoff at every optimal t-stable outcome.

We also use the relationship between the core and the set of optimal t-stable out-
comes to establish conditions under which the core is non-empty. We show that the
core is non-empty if and only if every optimal t-stable payoff is Pareto-optimal feasible
(Theorem 3). Finally, we show that (when the core is empty) the set of blocking pairs
of any optimal t-stable outcomes is the same, and we use this result to provide further
conditions for the non-emptiness of the core (Theorem 4).

Our paper is related to two-sided matching models pioneered by Gale and Shapley
(1962) (the marriage and the college admission models) and Shapley and Shubik
(1971) (the two-sided assignment game). They provide an excellent framework to
study pairwise interactions in environments where the players belong to two disjoint
sets and interact by pairs.
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There is a vast literature on two-sided matching models. However, very few papers
have studied the one-sided assignment game.? Necessary and sufficient conditions
for the existence of the core using linear programming are obtained by Talman and
Yang (2011). Eriksson and Karlander (2000) use graph theory to characterize the
core, and Klaus and Nichifor (2010) provide some properties of this set when it is not
empty. Chiappori et al. (2014) show that stable matchings exist when the economy is
replicated an even number of times by “cloning” each individual. Finally, Andersson
et al. (2014) propose a dynamic competitive adjustment process that either leads to a
stable outcome or disproves the existence of stable outcomes.

The idea of the partnership formation process that leads to an optimal t-stable
outcome has some similarities with the “paths to stability” proposed by Roth and
Vande Vate (1990). They analyze the marriage market and show that starting from
an arbitrary matching, there always exists a process of myopic blocking pairs that
leads to a stable matching. Klaus and Payot (2015) show that the existence of such
paths to stability is not guaranteed in the assignment game and provide a necessary and
sufficient condition for the existence. In contrast to the paths to stability that have been
considered in various contexts, each step in our partnership formation processes may
involve more than one pair. But every single step in the process produces an outcome
with nice properties, as it is a t-stable outcome.

Our paper is also related to the literature that looks for non-empty solution concepts
similar to the core. For transferable utility games, Koéczy and Lauwers (2007) and
Herings and Ké6czy (2021) introduce the “minimal dominant set,” based on a bargaining
process where players can propose and counter-propose outcomes (payoff vectors
augmented with coalition structures) satisfying certain conditions. Demuynck et al.
(2019) introduce the “myopic stable set” for a general class of social environments,
extending the idea of level-1 farsighted stability (Herings et al. 2009). * Both solution
concepts coincide for transferable utility games (Herings and K6czy 2021). They also
coincide with the coalition structure core when this set is not empty and, as is the case
for the set of optimal t-stable outcomes, may lead to inefficient coalition structures
when the core is empty.

The concept of tradewise-stable outcome is an extension of the concept of “sim-
ple outcome,” introduced in Sotomayor (1996) for the marriage model, and it is a
translation of the concept of a “simple outcome,” defined in Sotomayor (2005b), for
the housing market of Shapley and Scarf (1974), with strict or non-strict preferences.
Both papers provide a non-constructive and concise proof, which only uses elementary
combinatorial arguments, of the existence of the core. Still in environments without
transfers, the notion of a simple outcome was used in Sotomayor (1999) for a discrete
many-to-many matching model with substitutable and not-necessarily strict prefer-
ences, in Sotomayor (2004), where an implementation mechanism for the discrete
many-to-many matching model is provided, in Sotomayor (2011) to characterize the
set of Pareto-stable matchings in the marriage market and (if the set of stable match-

3 Itis called “the partnership formation problem” in Talman and Yang (2011) and Andersson et al. (2014),
“the TU roommate game” in Eriksson and Karlander (2000), and simply “the roommate problem” in
Chiappori et al. (2014).

4 See also Herings et al. (2019) and Luo et al. (2021), who study the stability of networks with myopic and
farsighted individuals.
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ings is not empty) in the discrete roommate model, and in Wu and Roth (2018) for
the college admission model. An adaptation of the concept of simple matching was
used in Sotomayor (2000) for a unified two-sided matching model, due to Eriksson
and Karlander (2000), which includes the marriage and the assignment model, and in
Sotomayor (2018) for the two-sided assignment game of Shapley and Shubik (1971).
Finally, Sotomayor (2019) introduces the idea of t-stability for one of the sides of the
market and provides a framework to treat conjointly stable and unstable allocation
structures.

The rest of the paper is organized as follows. Section 2 introduces the framework and
states some preliminary results for the core. Section 3 introduces the set of optimal t-
stable outcomes after defining and discussing the t-stable outcomes. Section 4 provides
the main properties of the set of optimal t-stable outcomes. In Sect. 5, we introduce
and discuss a dynamic partnership formation process that ends with an optimal t-stable
outcome. In Sect. 6, we use the link between the set of optimal t-stable outcomes and
the set of stable outcomes to provide conditions for the non-emptiness of the core. The
final remarks are given in Sect. 7. An Appendix includes several proofs and lemmas
that will be used in the proofs of the results in the main text.

2 Framework and preliminaries
2.1 The framework

The description of the one-sided assignment game follows the one given in Roth and
Sotomayor (1990) for the case with two sides, with the appropriate adaptations.

There is a finite set of players, N = {1, 2, ..., n}. Associated with each partnership
{i, j} there is a non-negative real number ay; ;; which will denote a;;. The number a;
represents the surplus that players i and j generate if they form a partnership.

We can represent the environment as a game in coalitional function form (N, v) with
side payments determined by (N, @). In this game, the worth v(i, j)° of a two-player
coalition {7, j} is given by a;;. We define v(i) = a;; = 0 for alli € N. The worth
of larger coalitions is entirely determined by the worth of the pairwise combinations
that the coalition members can form. That is, v(S) = max{v(i1, j1) + v(i2, j2) +
... + v(ig, jx)} for arbitrary coalitions S, where the maximum is taken over all sets
{i1, j1}, - .., {ix, jx} of two-player disjoint coalitions in S.0

Thus, the rules of the game are that any pair of agents {i, j} can together obtain a;;,
and any larger coalition is valuable only insofar as it can organize itself into such pairs.
The members of any coalition may divide their collective worth among themselves in
any way they like.

We might think of the two-sided “Assignment Game” of Shapley and Shubik (1971)
as aparticular case of our model. There are two disjoint sets in the two-sided assignment
game, P and Q and a pair of players can generate a surplus only if each belongs to a

5 For notational convenience, we write v(i, j) rather than v({i, j}).

6 kisan integer number that does not exceed the integer part of |S]|/2.
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different set. Thus, our model corresponds to an assignment game when N = P U Q,
PN Q =,and v(S) = 0if S contains only agents of P or only agents of Q.
We represent the set of partnerships that are formed through a matching:

Definition 1 A feasible matching x is a partition of N, where the partition sets are
either pairs {i, j} or singletons {i} . If {i, j} € x, we can write x(i) = j, and we refer
to x (i) as the partner of i at x. If {i} € x we can write x(i) = i and we say that i is
unmatched at x.

We use the notation ) _ , to denote the sum over all elements of A. Let x be a feasible
matching. If R € N, we denote x(R) = {j : x(i) = jorsomei € R}. If x(R) = R,
we denote by x|g the partition of R where the partition sets belong to x. Therefore,
v(R) > leR a;; for all feasible matchings x such that x(R) = R.

Definition 2 The feasible matching x is optimal if, for all feasible matching x’,
Dok Gij Z )y dij.

The set of optimal matchings is always non-empty since there is a finite number of
matchings. Under Definition 2 and since v(N) > ) . a;j for all feasible matchings x,
it follows that the matching x is optimal if and only if )" . a;j = v(N).

A vector of payoffs represents the players’ benefit in the game:

Definition 3 The vector u, with u € R", is called the payoff. The payoff u is pairwise-
feasible for (N, a) if there is a feasible matching x such that

i +uj=a;jifx()=jandu; =0if x(i) =i .

In this case, we say that (x, u) is a pairwise-feasible outcome and x is compatible with
u.

That is, a pairwise-feasible outcome describes the set of all matched pairs, the
sharing of the surplus generated by these pairs, and the unmatched agents with their
zero payoffs.

When we describe the game in its coalitional function form, the corresponding
concept is the feasibility of a payoff.

Definition 4 The payoff u is feasible for (N, a) if ZN u; < v(N).

The concept of feasibility is weaker than that of pairwise feasibility. In fact, the sum
of payoffs of the members of any coalition in a pairwise-feasible outcome is always
lower than or equal to the worth of the coalition. We state this property, which will be
helpful later, in Remark 1.

Remark 1 Consider acoalition R. The definition of v implies that there is some feasible
matching x such thatx(R) = R and ZX‘R a;j = v(R).Furthermore, v(R) > Zx,‘R aij
for all feasible matchings x’ such that x'(R) = R. Then, it follows from Definition 3
that ) g 4i < v(R) forall R € N and for all pairwise-feasible outcomes (x, u) with
x(R) = R. In particular, )y u; < v(N), which implies that every pairwise-feasible
payoff is feasible.
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The natural solution concept is stability (the general definition of stability is given
in Sotomayor 2009b). For the one-sided assignment game, stability is equivalent to
pairwise stability.

Definition 5 The pairwise-feasible payoff u is stable if

(a) u; > 0foralli € N and
(b) u; +u; >a;;forall {i, j} S N.
If x is compatible with u we say that (x, u) is a stable outcome.

Condition (a) (individual rationality) means that in a stable situation, a player always
has the option of remaining unmatched.” Condition (b) ensures the stability of the
payoff distribution: If it is not satisfied for some agents i and j, then it would pay
for them to break up their present partnership(s) and form a new one together, as this
would give them each a higher payoff. In this case, we say that {i, j} blocks u.

Finally, going back to the coalitional function form representation of the game, we
define the core of (N, a), which we denote by C:

Definition 6 We say thatu € Cif )y u; = v(N) and ) gu; > v(S) forall S C N.
The following example shows that the core of this model may be empty.

Example 1 Consider N = {1,2,3} and a;; = 1 forall {i, j} C N. For every feasible
payoff u , there exist two players i and j such that u; +u; < 1. Hence, the core of
this game is empty.

2.2 Preliminary results for the core

The concepts of stability of the payoffs and the core are equivalent in our environment,
as established in the following proposition.

Proposition 1 The set of stable payoffs coincides with the core of (N, a).

Proof Suppose u is a stable payoff. Then, u is feasible, and so

> ui < v(N) e
N

according to Remark 1. Moreover, consider any coalition S and let y be a feasible
matching such that y(S) = S and v(S) = }_, a;;. The stability of u implies that
uj + Uyiy = Aiy(i) foralli € S, so

Z u; > v(S) for all coalition S. )
S

7 We require individual rationality because our definition of a payoff is a vector u € R". Alternatively, we
could have defined a payoff as a vector u € ]Rﬁ. All our analysis would be the same if we would require
from the start that a payoff is a non-negative vector, except that the individual rationality condition would
not be necessary.
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Under (1) and (2) it follows that )" u; = v(N) and )_gu; > v(S) forall S € N, so
u is in the core.

Now, suppose u is in the core. Definition 6 implies that u; +u; > v(i, j) = a;; for
every coalition {i, j} and u; > v(i) = Oforalli € N, so u does not have any blocking
pair and is individually rational. To see that u is pairwise-feasible, let x be a feasible
matching such that v(N) = ZX aij. Use that ZN u; = v(N) and u; + Ux(i) = Aix(i)
foralli € N togetthat ) yu; =3, aij = D iy Gixi) < Dojex(y Wi + tx(i)) <
>y Ui, so the inequalities cannot be strict, which implies u; + uy) = aix(;) for all
i € N with x(i) # i. Since u; > 0, it follows that u; = 0 if x(i) = i. Hence, u is
stable and the proof is complete. O

The following proposition, proven by Sotomayor (2005a, 2009a) and Talman and
Yang (2011), makes clear why, similarly to the two-sided assignment game and in
contrast to the discrete version (the roommate-problem), we can concentrate on the
payoffs to the players rather than on the underlying matching. Indeed, it shows that
the set of stable outcomes is the Cartesian product of the set of stable payoffs and the
set of optimal matchings. We state this proposition without its proof (the proof of part
(a) of Proposition 2 is basically the same as the second part of the proof of Proposition

D).
Proposition 2

(a) If x is an optimal matching then it is compatible with any stable payoff u.
(b) If (x, u) is a stable outcome, then x is an optimal matching.

A consequence of Proposition 2(a) is that, similarly to the two-sided assignment
game, every inactive agent in a stable outcome has a zero payoff at any stable outcome
in the one-sided assignment game. Corollary 1 states this result.

Corollary 1 Let x be an optimal matching. If i is unmatched at x, then u; = 0 for all
stable payoffs u.®

Proof Let u € C. Under Proposition 2(a), u is compatible with x, so u; = 0 by the
pairwise-feasibility of u. O

We note that we can relate Corollary 1 to the so-called “rural hospitals theorem”
that holds for the set of stable matchings in NTU two-sided matching (Roth 1986).
The rural hospitals theorem states that if a hospital does not fill all its positions in
one stable matching, then the set of doctors that are associated to this hospital under
any stable matching is the same. Therefore, changing the stable matching rule used to
allocate doctors to hospitals can not improve the final allocation of “rural hospitals,”
which are typically less preferred than those in urban areas by medical graduates.

To see the link between Corollary 1 and the rural hospitals theorem, we can rein-
terpret Corollary 1 as follows: If player i is unmatched at a stable outcome, then his
payoff is zero at any stable outcome. Hence, a player who does not “fill his position”
in a stable outcome does not improve his payoff if a different “stable rule” is followed.

8 This result was proved in Demange and Gale (1985) for a two-sided matching market where the utilities
are continuous, so it applies to the two-sided assignment game of Shapley and Shubik (1971).
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3 Constrained-optimal tradewise-stable outcomes

In this section, we introduce the set of constrained-optimal tradewise-stable (optimal
t-stable, for short) outcomes. We propose this set as a solution concept for the one-
sided assignment game. We see it as the natural solution concept if one cares about
payoffs that are “as stable as possible.” Indeed, as we will see in Sect. 6, the optimal
t-stable outcomes are the limit points of t-stable sequences, where each term extends
the previous ones through the formation of stables trades. Moreover, we show that the
set of optimal t-stable outcomes satisfies several desirable properties (proven in this
and the following section). First, the set of optimal t-stable outcomes is always non-
empty, and it coincides with the set of stable outcomes when the core is non-empty.
Second, every optimal t-stable outcome is “internally stable,” so no “active player”
has an incentive to look for other partners inside or outside the set of active players.
Third, each optimal t-stable outcome provides the maximum surplus out of the set
of internally stable outcomes; and all the internally stable outcomes outside the set
provide less surplus. Fourth, any internally stable outcome that is not optimal t-stable
can be naturally extended to an optimal t-stable outcome. Fifth, all optimal t-stable
outcomes are compatible with the same matchings. Finally, the previous properties of
optimal t-stable outcomes replicate properties that are satisfied by the stable outcomes.

Before we define optimal t-stable outcomes, we introduce and discuss the concepts
of a trade, a stable trade, and a tradewise-stable outcome.

A partnership {i, j} in a matching x plus a division of the surplus a;; created into
two non-negative payoffs u; and u; (with u; +u; = a;;) is named a trade, which we
represent through ({i, j}; (u;, u;)). Then, we define a stable trade as follows:

Definition 7 The trade ({i, j}; (u;, u)) in the outcome (x, u) is stable if neither i nor
Jj is part of a blocking pair of u.

That is, trade ({i, j}; (u;, u;)) is stable in the outcome (x, u) if u; + uy > a;; and
up +uj > ay; forevery k € N\{i, j}.

We note that can use the idea of stable trades to provide an equivalent definition of
stable outcomes in our framework. We say that an agent is inactive if he does not form
any partnership in x (hence, he gets a zero payoff). Then, it is immediate to check that
Definition 8 below is equivalent to the definition of a stable outcome in Definition 5.

Definition 8 The pairwise-feasible outcome (x, u) is stable if itis individually rational
and

(a) All trades ({i, j}; (u;, u;)) in (x, u) are stable, and
(b) Two inactive agents cannot block (x, u).

The definition of a stable coalition will also be useful in what follows.

Definition 9 Let (x, u) be a pairwise-feasible outcome. Let R € N. We say that R is
a stable coalition for (x, u) if (a) x(R) = R and (b) u; +u; > a;; forall {i, j} € R.

Remark 2 Notice that if R is stable for (x, u) it must be the case that ), u; > v(R),
according to Definition 9. On the other hand, ), u; < v(R), as stated in Remark 1.
Therefore, )", u; = v(R). O
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We now introduce and discuss the concept of a tradewise-stable outcome.
Tradewise-stable outcomes satisfy properties similar to, but weaker than, stable out-
comes.

Definition 10 The pairwise-feasible outcome (x, u) is tradewise-stable (t-stable) if it
is individually rational and all trades ({i, j}; (u;, u;)) in (x, u) are stable.

We say that the matching x is t-stable if there is some payoff u such that the outcome
(x, u) is t-stable. Similarly, the payoff u is a t-stable payoff if there is some matching
x such that (x, u) is a t-stable outcome.

Every stable outcome is t-stable. However, t-stable outcomes are not necessarily
stable since they do not necessarily satisfy condition (b) of Definition 8. In a t-stable
outcome, there may be inactive agents who could block the outcome. For instance, the
outcome where every player is unmatched and obtains a payoff of 0 is t-stable, but it
is not a stable outcome in any game where at least one partnership creates a positive
surplus. We denote by (x9, u%) this outcome, that is, x°(i) = i and u? = 0 for all
i € N. Moreover, this example allows us to state that the set of t-stable outcomes is
always non-empty.

To discuss the difference between stable and t-stable outcomes, consider a pairwise-
feasible and individually rational outcome (x, u). We denote by 7 (x) the set “active
players,” that is, the set of all players who are matched at x, and by U (x) the set of
inactive players at x. That is,

T(x)=1{jeN:x(j)# j}and U(x) = N\T (x).

The outcome (x, u) is t-stable if and only if no player in 7 (x) can form a blocking pair
neither with another player in 7 (x) (which implies that the coalition 7 (x) is a stable
coalition for (x, u)) nor with any player in U (x). In this sense, we could say that a
t-stable outcome is “internally stable.” We refer to 7' (x) as the stable active coalition
for (x, u). However, to be stable, the outcome also needs to be “externally stable,”
in the sense that no pair of players in U(x) can block the outcome either. A t-stable
outcome might not be externally stable.”

In any t-stable outcome (x, u), the set of active players 7' (x) organize themselves
in the best possible way in the sense that the sum of their payoffs is the maximum that
they can achieve. On the other hand, if (x, ) is t-stable but not stable, then the payoff
of every inactive player is O, but the worth of the coalition of inactive players U (x) is
positive. We state and prove these two results in Remarks 3 and 4.

Remark 3 If (u, x) is t-stable then the set 7'(x) and all the subsets R C T (x) such
that x(R) = R are stable coalitions for (u, x). Therefore, by Remark 2, ZT(X) U =
v(T (x)), and for such coalitions R, we also have D u; = v(R).

9 This property of external stability is not related to the definition of stability as in von Neumann and
Morgenstern (1944). It is more in line with (although different from) the idea of external stability in
d’Aspremont et al. (1983).

@ Springer



D. Pérez-Castrillo, M. Sotomayor

Remark 4 1f the t-stable outcome (u, x) is not stable then v(U (x)) > 0. Indeed, let
{j, k} be a blocking pair. Then {j, k} € U(x), so

O=Zui=(uj+uk)+ Z u; < aji+ Z a;; <v(U()).

U(x) U\ .k} UN{j .k}
Therefore, v(U(x)) > 0.

We denote by S the set of t-stable payoffs:
S = {u € R": u is t-stable}.

Our solution concept, that is, the set of constrained-optimal tradewise-stable out-
comes, is the set of the t-stable outcomes that are not dominated, via coalition N, by
any other t-stable outcome. To introduce the set, let us first formally define the notion
of Pareto optimality.

Definition 11 Let A be a set of payoffs. The payoff u is Pareto-optimal (PO) in A (or

among all payoffs in A) if it belongs to A and there is no payoff w in A such that
10

w > u.

Similarly, we say that (x, u) is aPO outcome in A if # is PO in A and x is compatible
with u.

If A is the set of individually rational and feasible payoffs and u is PO in A, then
we refer to u as a PO feasible payoff. It follows from Definition 11 that an individually
rational and feasible payoff u is PO feasible if and only if ) u; = v(N). Thus, every
stable payoff is PO feasible. However, the Pareto optimality of a payoff is not enough
to guarantee its stability. For instance, in Example 1, the payoff u = (1, 0, 0) is not in
the core, but it is PO feasible since )y u; = v(N).

The case in which the set A in Definition 11 corresponds to the set of t-stable
payoffs, that is, A = S, is the main focus of interest of our theory.

Definition 12 The payoff u is a constrained-optimal tradewise-stable (optimal t-
stable, for short) payoff if it is a t-stable payoff and it is PO in the set of t-stable
payoffs.

The outcome (x, u) is an optimal t-stable outcome if (x, u) is a t-stable outcome and
u is an optimal t-stable payoff.

We denote the set of optimal t-stable payoffs by S*:
S* = {u € S : u is Pareto optimal in S}.

Theorem 1 uses Lemmas 1 and 2 in the Appendix to state that the set S* is always
non-empty. Moreover, S* is a compact set.!!

10 Given two vectors w, v € R", we will denote w > u if w; > uj forall players j € N and w; > u; for
at least one player j € N.

1 Lemma 1 in the Appendix shows that the set S is also a non-empty and compact set of R”.
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Theorem 1 The set of optimal t-stable payoffs S* is a non-empty and compact set of
R".

Proof According to Lemma 1, S is compact and non-empty. Moreover, S is an ordered
set by the partial order relation > induced by R". Then, Lemma 2 applies, and so S*,
the set of maximal elements of S, is a non-empty and compact set of R”. O

Theorem 1 implies that the set of optimal t-stable outcomes is non-empty for any
one-sided assignment game. In Example 1, where the core is empty, the agents cannot
form any partnership in a t-stable manner. The unique optimal t-stable outcome is that
the three players remain unmatched and obtain a zero payoff. Example 2 provides a
more illustrative game with an empty core.

Example 2 The set of players is N = {1, 2,3, 4,5, 6,7}, and the surplus of the part-
nerships is aj2 = 3,a34 = 2, a;3 = 1, ase = as7 = ag7 = 1, and a;; = 0 for the
other partnerships. The core of this game is empty because for every pairwise-feasible
payoff u, there exist two players i, j € {5, 6,7} withu; +u; < 1. The set of optimal
t-stable outcomes is the set of outcomes (x, u) that satisfy x(1) = 2, x(3) = 4, and
x(i) =ifori =5,6,7, and the payoffs are non-negative numbers with u; +us =3
,uz+ug =2, u1 +uz >1,and us = ug = u7 = 0.

Finally, we introduce the idea of an extension of a t-stable outcome, which will be
helpful in the next section. In words, a t-stable outcome (z, w) extends the t-stable
outcome (x, u) if all the players in the stable active coalition of (x, u) keep their payoff,
but some players who were unmatched in (x, u) obtain a positive payoff (hence, they
are matched) in (z, w).

Definition 13 Let (x, u) be a t-stable outcome. We say that the t-stable outcome (z, w)
extends (x,u) if T(x) € T(z), w; = u; forall j € T(x), and wg > uy for some
k € T(\T (x).

We notice that, given Definition 13, every optimal t-stable outcome is non-
extendable.

4 Properties of the set of constrained-optimal tradewise-stable
outcomes

We have shown in the previous section that the set of optimal t-stable payoffs is always
non-empty. In this section, we provide relevant properties of this set. The first main
property (Theorem 2) is that the set of optimal t-stable payoffs coincides with the core
(that is, with the set of stable payoffs) when the core is non-empty. Additional results
(Propositions 5, 6, and 7) highlight that the set of optimal t-stable outcomes satisfies
similar properties as the set of core outcomes, even when the core is empty. The last
results in this section lay the foundation for the dynamic process introduced in Sect.
5.

Theorem 2 requires two previous results. First, Proposition 3 provides a relevant
relationship between t-stable matchings and optimal matchings. It states that a t-stable

@ Springer



D. Pérez-Castrillo, M. Sotomayor

matching may not be optimal, but it is always part of an optimal matching. It uses
Lemma 3 (see the Appendix), which shows that v(T (x)) 4+ v(U(x)) = v(N) for any
t-stable outcome (x, u) .

Proposition 3 Let (x, u) be a t-stable outcome. Then, the set of active partnerships of
X is part of an optimal matching.

Proof The proof is immediate after the fact that v(7 (x)) + v(U (x)) = v(N) because
of Lemma3, N =Tx)UU(x),and T(x) NU(x) = &. O

Itis worth noticing that given that the set 7' (x) is part of an optimal matching for any
t-stable outcome (x, u) (Proposition 3) and that any optimal matching is compatible
with any stable payoff (Proposition 2(b)), then it follows that ZT(X) u;p = ZT(X) w;
for all w € C when the core is not empty. Hence, the sum of the payoffs of the set of
agents matched in a t-stable outcome is maintained in any stable outcome.

Second, Proposition 4 proves an important properties of the t-stable outcomes when
the core is non-empty. It states that for any t-stable outcome which is not stable, it is
always possible to construct a stable outcome that keeps the payoff of each matched
player. We could say that a t-stable outcome is “a part” of a stable outcome.

Proposition 4 Let (x, u) be a t-stable outcome which is not a stable outcome. Suppose
the set of stable outcomes is non-empty. Then there exists a stable outcome (z, u™) that
extends (x, u).

Proof See the Appendix. O

The set of optimal t-stable payoffs provides a solution for every game. Theorem 2
uses Proposition 4 to state that this set coincides with the core, which is equivalent to
the set of stable payoffs, if and only if the core is not empty. We will extend Theorem
2 from payoffs to outcomes in Corollary 2 once we analyze the relationship between
the set of optimal t-stable payoffs and the set of optimal t-stable matchings.

Theorem 2 The core is non-empty if and only if S* = C.

Proof Suppose the core is non-empty. Let (x, u) be an optimal t-stable outcome. We
now show that (x, u) is a stable outcome. Suppose, by way of contradiction, that (x, u)
is unstable. Under Proposition 4, there is some stable outcome (z, #*) which extends
(x,u). Then, u}; > uj forall j € N and u’; > uj for at least one player j. But this
contradicts the fact that (x, u) is Pareto optimal in S. Hence, (x, u) is a stable outcome.
Similarly, let (x, ) be a stable outcome. Then, (x, u) is PO feasible. Since every t-
stable outcome is feasible, it follows that there is no t-stable Pareto improvement of
(x, u). Given that (x, u) is t-stable, it must be an optimal t-stable outcome. Hence,
S*=C.

The proof that $* = C implies that the core is not empty is immediate from the
fact that S* # @. O

We have shown that our solution concept suggests the same payoffs as the most
popular solution concept, the core, whenever the core is not empty. We now provide
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several appealing properties that it satisfies not only when it coincides with the core
but for every game.

Proposition 5 states that if a player is not matched in an optimal t-stable outcome,
then his payoff is zero (and the payoff of his partner is the same) at any optimal t-stable
outcome. Hence, this player would not improve his situation even if he were matched at
some other optimal t-stable matching. The proposition uses a Decomposition Lemma
(Lemma 4), stated and proved in the Appendix.

Proposition5 Let (x,u) and (y,w) be optimal t-stable outcomes. Let j* €
TOONT (y). Thenuj» = wjx = 0 and uy(jx) = Wy(j*).

Proof See the Appendix. O

We note that, after Theorem 2, Proposition 5 applies in particular to the core. Hence,
it extends Corollary 1 (which reflects an idea close to the rural hospitals theorem and
was proved for the core) to the set of optimal t-stable outcomes.

Next, we analyze the players’ payoffs in optimal t-stable outcomes. Optimal t-
stable payoffs are, by definition, undominated in the set S. Proposition 6 shows that
all optimal t-stable outcomes are equally efficient, in the sense that the players’ total
payoff is the same in every optimal t-stable payoff. Moreover, the players’ total payoff
in every element of S* is higher than in every t-stable payoff vector not in S*. The
proposition uses Lemma 5 (see the Appendix), which states that every t-stable payoff
that is not an optimal t-stable payoff is necessarily dominated by some optimal t-stable
payoff.

Proposition6 >y u; =) yw; > > yzjforallu,w e S* and z € S\S*.
Proof See the Appendix. O

We note that Proposition 6 provides properties of S* that are similar to defining
properties of the von Neumann-Morgenstern stable set (von Neumann and Morgen-
stern 2944): two payoff vectors in §* do not dominate one another, and any payoff
vector in S\ S* is dominated by some element of S*. However, payoffs in S* are not
necessarily efficient. Hence the set of optimal t-stable payoffs is not a von Neumann-
Morgenstern stable set.

After providing properties of the optimal t-stable payoffs, we analyze the match-
ings compatible with optimal t-stable outcomes. Proposition 6 ensures that any such
matching induces the maximum surplus out of the total surplus that can be achieved in
any t-stable outcome. We will refer to a matching compatible with an optimal t-stable
payoff as quasi-optimal. Hence, similar to Proposition 2(b) (which refers to the set of
stable outcomes), if (x, ) is an optimal t-stable outcome, then x is a quasi-optimal
matching. Proposition 7 states for the set of optimal t-stable outcomes, the property
similar to part (a) of Proposition 2(a). It asserts that every quasi-optimal matching
is compatible with any optimal t-stable payoff. Therefore, the set of optimal t-stable
outcomes is the Cartesian product of the set of optimal t-stable payoffs and the set of
quasi-optimal matchings.

Proposition 7 If x is a quasi-optimal matching then it is compatible with any optimal
t-stable payoff u.
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Proof See the Appendix. O

To emphasize that the set of optimal t-stable outcomes is the natural extension of
the set of stable outcomes when the last set is empty, let us mention that we can use
properties of the set of optimal t-stable outcomes, together with Theorem 2, to obtain
the corresponding properties of the core as immediate corollaries. In particular, the
result that an optimal matching is compatible with any stable payoff (Proposition 2) is
a corollary of Proposition 7 and Theorem 2 for the environments where the core is not
empty once we realize that the quasi-optimal matchings are optimal if the core exists.
And Corollary 1 is just a corollary of that result.

Moreover, given that the relationship between the sets of quasi-optimal matchings
and optimal t-stable payoffs is the same as between the set of optimal matchings and
the core, we can extend Theorem 2 from payoffs to outcomes. Corollary 2 states this
result, whose proof is immediate.

Corollary 2 The set of core outcomes is non-empty if and only if it coincides with the
set of optimal t-stable outcomes.

Our final result will be instrumental for the dynamic partnership formation process
that we will propose in Sect. 5. We show in Corollary 3 that not only there is an optimal
t-stable payoff vector whose sum of payoffs is larger than the sum of payoffs of every
non-optimal t-stable payoff vector (Proposition 6), but every t-stable outcome that is
not optimal can be extended by an optimal t-stable outcome. This result is immediate
after Proposition 8:

Proposition 8 Ler (x, u) and (y, w) be t-stable outcomes. Suppose w > u. Then (y, w)
is an extension of (x, u).

Proof See the Appendix. O

Therefore, an outcome is optimal t-stable if and only if it cannot be extended by
another t-stable outcome, as Corollary 3 states.

Corollary 3 The set of optimal t-stable outcomes equals the set of t-stable outcomes
without an extension.

Proof Let (x, u) be an optimal t-stable outcome. Then (x, u) cannot have any exten-
sion, as stated in Definition 13. The other direction is immediate from Propositions 6
and 8. O

An implication of Corollary 3 is that, in environments where a;; > O for all i, j €
N,i # j,amatching x is quasi-optimal if and only if 7' (x) is maximal in {7 (y) : (y, u)
is a t-stable outcome}.

5 A dynamic partnership formation process

The intuitive idea of an optimal t-stable outcome is that it corresponds to an outcome
that we can expect to occur in an idealized environment where players only engage
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in cooperation if, once they reach an agreement, they are certain that more favorable
options will not be available elsewhere. Indeed, the properties of the t-stable outcomes
allow us to envision a dynamic and finite partnership formation process of t-stable
outcomes that ends with an optimal t-stable outcome. At every step of this process,
some current unmatched agents work among themselves to form partnerships and
to split the gains obtained in these partnerships. The process makes sure that, given
the current partnerships and payoffs, the matched agents are not interested in trading
with any other agent. Because of the properties concerning the extensions of t-stable
outcomes (Proposition 6 and Corollary 3) and the fact that the optimal t-stable payoffs
extend the t-stable payoffs (Propositions 6 and 8), this process always ends in an
optimal t-stable outcome, providing further support for the optimal t-stable outcomes
as a natural solution concept for the one-sided assignment game.

To describe the sequential process, consider any t-stable outcome (x, #) such that
T (x) # @. Define

A(x,u) = {(x?,u?)is t-stable : T(x?) C T (x),

and x”(j) = x(j) and uf.’ =u; forall j € T(xP)}.

A(x, u) is the set of t-stable outcomes in which the pairs that match do it according
to x and have the same payoffs as u.

Denote By(x,u) = {S? C T(x) : S? # @ and S = T (x?) for some (x?, u?) €
A(x,u)}. Thatis, By(x, u) is the set of the non-empty stable active coalitions of the
t-stable outcomes in A(x, u). The set By (x, u) is non-empty since T (x) € Bi(x, u).
Furthermore, Bi(x, u) is finite and is endowed with the partial order defined by the
set inclusion relation. Then B (x, u) has a minimal element; that is, there exists some
coalition that does not have any sub-coalition in Bj(x, u#). Set D (x, u) any such
coalition'? and let (x', u') be the corresponding t-stable outcome in A(x, u), that
is, (x!, u!) is t-stable. The outcome (x!, u') is a “weak” extension of the t-stable
outcome (x°, u?). We add the term “weak” because (as in Definition 13) we require
T(x% C T(x" and u} = u(]). forall j € T (x°) but, for convenience, we allow here for
the possibility that u,i > ug forall k € T (z)\T (x).!> Moreover, Dy (x,u) = T(x!) C
T (x). We define C(x, u) = D (x, u).

If Di(x,u) # T(x), that is, if (x!, u') # (x, u), we denote By(x,u) = {SP C
T(x) : S = T(xP) for some (x”,u”) € A(x,u) such that (x?,u”) is a weak
extension of (x!, ul)}. The set By (x, u) is also non-empty because 7 (x) € Ba(x, u).
By using similar arguments as above, we obtain the existence of a minimal element
of By(x, u). Set Dy(x, u) any such coalition and let (x2, u?) be the corresponding
t-stable outcome in A(x, u). By construction, (x2, u?) is a t-stable outcome in A (x, u)

12 There can be several minimal coalitions.

13 Consider the following trivial example. The set of players is N = {1, 2}, and the surplus of the only
possible partnership is aj2 = 0. The outcome (xl, ul), with xl(l) = 2 and u{ = ué = 0, is t-stable,
and it is a weak extension, but not an extension, of (xO, uo). In this market, both (xo, uo) and (xl, ul) are
optimal t-stable outcomes.
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and it weakly extends (xl, ul). Also, by defining Cy(x, u) = Dy (x, u)\D1(x, u), we
obtain a partition {C1 (x, u), C2(x, u)} of the set T(uz) of active players in the t-stable
outcome (x2, u?).

By continuing this procedure, we construct in the first place, a finite set of disjoint
subsets of N, Ci(x, u), C2(x, u)..., Cx(x, u), that safisfy that 7'(x) = Cy(x,u) U
... U Cx(x, u). In the second place, we build a finite sequence of t-stable outcomes:
9, u%), (1 uhy, .., (xR ub), where (xF, uf) = (x,u) and (xP*!, uPT!) weakly
extends (x”,u”) forall p = 1, ..., k — 1. Moreover, the sequence is “maximal,” in
the sense that there is no t-stable outcome that weakly extends (x”, u”) and that is
weakly extended by (x?*!, uP*!) forall p = 0,...,k — 1. We refer to any such
sequence as a t-stable sequence.

We can describe the sequential process by the t-stable sequence generated by the
partition {C1(x, u), ..., Cx(x,u)} of T(x) as follows. It starts with the t-stable out-
come (x°, u%), where all the agents are inactive. In the first step of the process, the
players in C1(x, u) form stable trades that yield (x!, u!). Then, in the second step,
the players in C»(x, u) form additional stable trades, which yield (xz, u2), and so on.
At every step p, no inactive agent is willing to pay any agenti in Uy—; .. ,Cq(x, u)
more than uf . Thus, at any step p, the current outcome (x”, u?) is t-stable and is a
weak extension of the current outcome (x?~1, u?~1).

We state the results from the previous discussion in Proposition 9.

Proposition 9 For any t-stable outcome (x, u) with T (x) # & there exists a partition
{Ci(x,u), ..., Cr(x,u)} of T (x) such that a t-stable sequence (x?, u?),—1, . x, with
(xk, uky = (x, u), is formed where at each step p only the players in C p(x, u) interact
among themselves to stablish new stable trades.

If the t-stable outcome (x, u) is not an optimal t-stable outcome, then there is another
t-stable outcome that extends (x, u); hence, there is a t-stable sequence whose first
steps are (x”, u?)p—1, ... but that continues to reach another t-stable outcome. Hence,
the limits of the t-stable sequences are necessarily optimal t-stable outcomes. The
process cannot continue once any such optimal t-stable outcome is reached because
either no interaction can benefit the agents involved, in which case the core is reached,
or any new interaction leads to a set of matched agents which is not internally stable
since some of these active agents would have an incentive to switch partners and reach
other agreements.

We illustrate one sequential process for the market introduced in Example 2.

Example 2 continued One possible path of the partnership formation process for
Example 2 (where N = {1,2,3,4,5,6,7}, a;p =3, a34 =2,a13 =1, asg = as7 =
ae7 = 1, and g;; = O for the other partnerships ) is the following.

Step 0/ At the initial step, everyone is unmatched; that is, the oucome is (xo, uo).

Step 1/ Players 1 and 2 realize that they may reach an agreement and share the
payoff of 3. However, not every sharing of the payment is “reasonable” : if player 1
receives a payoff lower than 1, then they both know that at some point, player 1 can
partner with player 3, since aj3 = 1. Therefore, they agree on a sharing that they are
certain to keep whatever happens in the future; for instance, playerl can get 2, and
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player 2 gets 1. In this case, they form the t-stable outcome (x!, u!) with x' (1) = 2
andxl(i) =ifori=3,...,7; u} =2, ui =1, and ul1 = 0 otherwise.'*

Step 2/ Players 3 and 4 can follow a similar logic to agree on a sharing of a34 = 2.
They can, for instance, keep 1 each player, knowing that more favorable options will
be available elsewhere for neither of them. This way, we reach the t-stable outcome
(x2, u?) with x2(1) = 2,x>(3) = 4, and x>(i) = i fori = 5,6,7 ;u? = 2,u5 =
u% = ui =1,and ulz = 0 otherwise. The process stops at this step (i.e., at this optimal
t-stable outcome) because the active players (players 1, 2, 3, and 4) cannot do better,
and the outcome cannot be extended to other players in a “stable” way.

The process in the previous example can be generalized for an arbitrary one-sided
assignment game. In markets where every partnership creates worth (i.e., a;; > 0 for
alli, j € N withi # j), then every weak extension is an extension, and the set of the
limits of the t-stable sequences coincides with the set of the optimal t-stable outcomes.
Indeed, on the one hand, we can construct a t-stable sequence for any t-stable outcome,
particularly for an optimal one. On the other hand, a t-stable sequence reaches its limit
only if it does not have a weak extension (that is, an extension), which, by Corollary
3, means that the limit is an optimal t-stable outcome.

In arbitrary markets, where some partnerships may not create worth, some optimal
t-stable outcomes may have a weak extension (see the example in footnote 13). Then
the set of outcomes generated by the process coincides with the set of the optimal
t-stable outcomes with the largest number of partnerships. They correspond to the
optimal t-stable outcomes (x, #) where u is any optimal t-stable payoff and xis a
quasi-optimal matching with the largest set of active players.!> We formally state this
result in Proposition 10.

Proposition 10 The set of the limits of the t-stable sequences coincides with the set
of the optimal t-stable outcomes whose quasi-optimal matching has the largest set of
active players. Moreover, in markets (N, a) where a;; > Oforalli, j € N withi # j,
then the set of the limits of the t-stable sequences coincides with the set of the optimal
t-stable outcomes.

We should emphasize that the dynamic partnership formation process described is
not an algorithm to find the set of optimal t-stable outcomes. Also, we do not provide
a history behind the coalitional interactions among individuals that would lead to the

14 We note that players 3 and 4 could also have reached an agreement at this step instead of players 1 and
2 (as we stated is footnote 12, there can be several minimal coalitions Dy (x, u) at step g; hence, there can
be several distinct sets Cy; (x, u)). That is, another possible path of the partnership formation process is that
players 3 and 4 reach a partnership at step 1 (and players 1 and 2 reach an agreement at step 2). However, no
pair in the subset {5, 6, 7} could have done it because for every possible agreement between, say, players 5
and 6, at least one of them will eventually look for a different partnership with player 7. Any such outcome
would not be t-stable.

15 we say that a quasi-optimal matching x has the largest set of active players if there is no other quasi-
optimal matching whose set of active players includes the set of active players of x. We could have used
extensions instead of weak extensions in the construction of the sets By (x, ) and Cy (x, u). In this case, the
outcomes generated by the process would be the optimal t-stable outcomes whose quasi-optimal matchings
have the smallest set of active players (a quasi-optimal matching x has the smallest set of active players if
there is no other quasi-optimal matching whose set of active players is included in the set of active players
of x).
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formation of an optimal t-stable outcome. The process only postulates a plausible
theory according to which every optimal t-stable outcome may arise. It is based on
the property that, for any optimal t-stable outcome, there is a coalitional structure
that points to a possible ordering in the formation of these coalitions that ends in that
outcome. Moreover, this coalitional structure naturally defines a dynamic procedure
where players only trade under the assumption of optimal cooperative behavior since
they are sure that any agreement reached will be maintained even if new partnerships
are formed later. Only optimal t-stable outcomes occur at the end of such a partnership
formation process (this does not imply that every such outcome necessarily occurs).
Thus, the process justifies the concept of optimal t-stability as the natural cooperative
solution concept for this market.

6 Conditions for a non-empty core

In this section, we further support our approach. We show that the relationship between
the core and the set of optimal t-stable payoffs stated in Theorem 2 constitutes a
valuable tool to establish conditions under which the core is non-empty. We also
provide some interesting properties concerning the blocking pairs of optimal t-stable
outcomes.

First, Theorem 3 uses the properties of the set of optimal t-stable payoffs to present
a necessary and sufficient condition for the core to be non-empty based on the exam-
ination of optimal t-stable payoffs.

Theorem 3 The set of stable outcomes is non-empty if and only if every optimal t-stable
payoff is PO feasible.

Proof Suppose first that the set of stable outcomes is non-empty and let u € S*.
Theorem 2 implies that u € C, so u is PO feasible.

In the other direction, take an optimal t-stable payoff u, which is also PO feasible,
and let x be a t-stable matching compatible with u. Then, >y u; = Y (u; +u i) =
> . aij. Since u is PO feasible, then v(N) = )y u;. Therefore, ) a;; = v(N),so x
is an optimal matching. Lemma 7 (see Appendix) then implies thatu € C, so C # @.
Hence, the proof is complete. O

Theorem 3 can be linked to the dynamic partnership formation process described
in Sect. 5 to state that the core is not empty if and only if, for any outcome (x, u) of
the process, Dy u; = v(N).

Our final theorem (Theorem 4) provides a necessary and sufficient condition for
the emptiness of the core based on the idea of “non-solvable blocking pairs.” Before
stating and proving this theorem, we provide two interesting intermediary results.

Proposition 11 provides another feature that is shared by all optimal t-stable out-
comes. It also helps us better understand the structure of the optimal t-stable and that
of the t-stable outcomes. It states that if an optimal t-stable outcome is not stable, then
the set of pairs of blocking agents is the same for every optimal t-stable outcome.
Moreover, each of those pairs also blocks any t-stable outcome. This result implies,
in particular, that if an agent is unmatched at some optimal t-stable outcome, but he
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is matched with zero payoff at another optimal t-stable outcome, then that agent will
never be part of a blocking pair in an optimal t-stable outcome. And since every t-stable
outcome is extended by an optimal t-stable outcome, any blocking agent of an optimal
t-stable outcome is unmatched at any t-stable outcome.

Proposition 11 Let (x, u) be an optimal t-stable outcome that is not stable and let
{Jj, k} be a blocking pair for (x, u). Then, {j, k} blocks (y, w), for any t-stable outcome
(v, w). In particular, {j, k} € U(y), for any t-stable outcome (y, w).

Proof Notice first that, given that {j, k} blocks (x, u), it is the case that j and k are
unassigned at x, so 0 = u; + ux < aj;. Moreover, j and k have a zero payoff at
any optimal t-stable outcome, under Proposition 5 (even if j or k were matched in an
optimal t-stable outcome, they would obtain a zero payoff). Therefore, the sum of the
payoffs of j and k in any optimal t-stable outcome is less than ajy, so {j, k} blocks
any optimal t-stable outcome. Now, use Propositions 6 and 8 to get that any t-stable
(v, w) which is not optimal t-stable is extended by some optimal t-stable outcome, so
{Jj, k} blocks any t-stable (y, w). In particular, j and k are unassigned at y. Hence, the
proof is complete. O

Some of the blocking pairs of a t-stable outcome “vanish” along the partnership
formation process that we have described at the end of Sect. 5, in the sense that
they do not block some t-stable outcomes that extend the original t-stable outcome.
Other blocking pairs “persist” along the process as they block all the extensions of
the original outcome, including the optimal t-stable outcomes that can be obtained
in the last term of the sequences. As we will show in Theorem 4, the last type of
blocking pairs play a fundamental role in the emptiness of the core. We will call them
“non-solvable blocking pairs.”

Definition 14 Let (x, u) be a t-stable outcome and let {i, j} € U(x), with g;; > 0
(i.e., {i, j} is a blocking pair). We say that {i, j} is a non-solvable blocking pair for
(x,u) if either u € S* or {i, j} € U(x’) for every extension (x', u’) of (x, u). Also,
we say that {i, j} is a non-solvable blocking pair if it is a non-solvable blocking pair
for some t-stable outcome (x, u).

Therefore, since a;; > 0, if {i, j} is a non-solvable blocking pair for (x, u), then
{i, j} blocks every extension of (x, u), if any. In this case, {i, j} also blocks the optimal
t-stable outcome which extends (x, u), and that optimal t-stable outcome is corewise-
unstable which, under Theorem 2, implies C = @. In fact, every blocking pair {i, j}
of an optimal t-stable outcome is a non-solvable blocking pair of all t-stable outcomes.
This is because, under Proposition 11, the pair {i, j} blocks every t-stable outcome
(including all optimal t-stable outcomes). Thus, {i, j} is anon-solvable blocking pair of
every t-stable outcome. Hence, the set of non-solvable blocking pairs of a given t-stable
outcome is the same as that of every t-stable outcome and, in particular, it coincides
with the set of blocking pairs of any optimal t-stable outcome. These conclusions are
formalized in the following results.

Proposition 12 Let (x, u) be a t-stable outcome and let {i, j} be a non-solvable block-
ing pair for (x,u). Then, {i, j} is a non-solvable blocking pair of every t-stable
outcome.
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Proof As stated in Definition 14, {i, j} is a blocking pair of the optimal t-stable out-
come that extends (x, u), in case u ¢ S*. Then, in any case, {i, j} is a blocking
pair of an optimal t-stable outcome. According to Proposition 11, {i, j} is a blocking
pair of every t-stable outcome, and is so for every extension of any t-stable outcome.
Definition 14 then implies that {i, j} is a non-solvable blocking pair of every t-stable
outcome. Hence, the proof is complete. O

We can now state the theorem that provides the conditions for the non-emptiness
of the core.

Theorem 4 The following conditions are equivalent:

(i) C=g;
(ii) every t-stable outcome has a non-solvable blocking pair;
(iii) there is a t-stable outcome that has a non-solvable blocking pair.

Proof Suppose C = @. Let (y, w) be an optimal t-stable outcome. Since C = @
we have that (y, w) is corewise-unstable according to Theorem 2. Let {i, j} C U(y)
with a;; > 0. It follows from Proposition 11 that {i, j} blocks every t-stable outcome,
in particular it blocks every extension of any t-stable outcome, if any. Hence, under
Definition 14, {i, j} is a non-solvable blocking pair of every t-stable outcome. Then
(1) implies (ii). Clearly, (ii) implies (iii).

Now, let (x, ) be a t-stable outcome and suppose {i, j} is a non-solvable blocking
pair for (x, u). As shown in the proof of Proposition 12, {i, j} is a blocking pair of an
optimal t-stable outcome. Theorem 2 implies that C = &, so (iii) implies (i). Hence,
we have completed the proof. O

As we did with Theorem 3, we can link Theorem 4 to the dynamic partnership
formation process: Let (x, u) be any outcome of the process. Then the core is not
empty if and only if there is no blocking pair of (x, u).

Finally, we notice that from the previous results, we can conclude that {i, j} is a
non-solvable blocking pair for some t-stable outcome if and only if the pair {i, j}
blocks every t-stable outcome. Therefore, if two t-stable outcomes have disjoint sets
of blocking pairs, the core is non-empty.

7 Concluding remarks

Our paper studies the one-sided assignment game, which is the generalization of the
two-sided assignment game of Shapley and Shubik (1971) to the case where any two
agents can form a partnership. It provides a new point of view about stability through
the concepts of tradewise-stable outcome and constrained-optimal tradewise-stable
outcome.

Tradewise-stable outcomes capture some notion of internal stability: In a tradewise-
stable outcome, a matched agent cannot block the situation by deviating with another
matched or unmatched agent. In that sense, the set of matched agents (the members
of the “club of active agents” ) is in a stable situation as none of its members can
deviate. The properties of the set of tradewise-stable outcomes allow us to propose a
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dynamic “partnership formation” process. The set of partners enlarges at each step of
the process, but the payoff of the old partners does not change with the arrival of new
members. At the end of the process, we always obtain an outcome that is constrained-
optimal in the set of t-stable outcomes. The process suggests that when there is no
stable outcome, a constrained-optimal t-stable outcome is the most stable outcome
that we can expect.

We view the set of constrained-optimal tradewise-stable outcomes as a natural
solution concept for the one-sided assignment game. Each of them generates (and
they are the only ones that do so) the highest possible total surplus in the set of t-stable
outcomes. And, as the previous dynamic process suggests, these outcomes are “as
stable as possible,” in the sense that any matching involving a larger set of matched
agents will necessarily be unstable; the club of active agents would be too large. In
fact, the set of constrained-optimal tradewise-stable payoffs coincides with the core
when the core is not empty. Thus, the solution concept keeps all the good properties
of the core when it exists, but it also provides a prediction for those markets where the
core does not exist. Moreover, several of the appealing properties of the core, when it
is non-empty, are extended to the set of Pareto-optimal outcomes.

An open question left for future research is an axiomatic characterization of the set
of optimal t-stable payoffs in the one-sided assignment game. Sasaki (1995) and Toda
(2005) provide characterizations of the core of the two-sided assignment game using
the axioms of Pareto optimality, consistency, and pairwise monotonicity together with
some other property, such as individual monotonicity. However, no characterization
of the core exists for the one-sided assignment game.'® Given that the set of t-stable
payoffs coincide with the core when the core is non-empty, the characterization of
both sets might be obtained through similar axioms.

Bondareva (1963) and Shapley (1967) proved that the core of a transferable utility
game is non-empty if and only if the game is balanced. Thus, for the game consid-
ered here, the condition that every optimal tradewise-stable payoff is Pareto-optimal
feasible is equivalent to balancedness. This suggests the question of whether this equiv-
alence persists in all transferable-utility (TU) games. The answer to this question is
not easy. Our results strongly rely on the existence of a feasible matching underlying
every feasible outcome. However, players do not necessarily form partnerships in the
general TU game. On the other hand, the intuition behind a tradewise-stable outcome
is not related to a matching and seems to be quite general: if all “interactions” are
made under the premise of optimal behavior, a tradewise-stable outcome results. In
subsequent work, Pérez-Castrillo and Sotomayor (2019) consider the extension of the
present investigation to the coalitional games with transfers. This extension is not
straightforward because our concepts make use of the fact that every feasible outcome
is compatible with a feasible matching. The solution of this problem is possible by
the identification, for every feasible outcome, of some convenient coalitional structure
that, restricted to the one-sided matching model, coincides with a feasible matching.

16 Klaus and Nichifor (2010) provide some results on the one-sided assignment game. For instance, they
show that, for the subset of games where the core is non-empty if a subsolution of the core satisfies
consistency and Pareto indifference, it coincides with the core.
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8 Appendix

Lemma 1 The set of t-stable payoffs S is a compact set of R".

Proof The set S is bounded because 0 < u; < v(N) for all j € N and for all
t-stable payoffs u. To prove that it is also closed, take any sequence (u');—j 2, . of
t-stable payoffs, with u’ — u when ¢ tends to infinity. Since the set of matchings is
finite, there is some matching x which is compatible with infinitely many terms of
the sequence (u');=12..... Denote (v');—; 7. this subsequence. Then, if x(j) = k,
uj +up = lim,_>oo(v’/. +v}) = limiooajr = aji. Similarly, if x(j) = j then
uj = limteoov; = 0. Thus, x is compatible with u, so (x, u) is feasible. We claim
that if j is matched at x then j is not part of a blocking pair of (x, u). In fact,
uj +up = lim,_mo(v; +v}) = limiooajk = aji for any k € N\{;}, where the
inequality holds because (v’, x) is a t-stable outcome for all ¢. Therefore, (x, u) is a
t-stable outcome, so u is a t-stable payoff. Hence, the set of t-stable payoffs is bounded
and closed, so it is compact. O

Lemma 2 Let A be a non-empty and compact set of R", ordered with the partial order
relation > induced by R". Then, the set of maximal elements of A with respect to > is
a non-empty and compact set of R".

Proof Denote A* = {u € A : u is a maximal element of A}. It is known that every
non-empty, compact, and partially ordered set has a maximal element, so A™ # &.
The set A* is bounded since A is bounded. To see that A* is closed, take any sequence
of vectors (u');=1 2., with u' € A* for all 7, which converges to some vector u.
Suppose, by way of contradiction, that u ¢ A*. Then, there exists some vector w € A
such that w > u. If this is the case, there is some neighborhood V of the vector « and
some integer k such that u’ € V forallt > k and w > u’ for all u’ € V. In particular,
w > u*, which contradicts the assumption that uk € A*. Hence, A* is a compact set
of R”. O

Lemma 3 Let (x, u) be a t-stable outcome. Then, v(T (x)) + v(U (x)) = v(N).
Proof Let y be an optimal matching, that is, v(N) = Zy ajj. Set
a={{i,jley:{i,j}NTkx)#Tdand {i, j} NU(x) # 2},

p={i.j}ey:{i,j} S T(x)} and
y={i,jtey:{i,j}NnTk) =2}

Also, denote
ay={i e T(x):{i, j} € o for some j}
and
R is a set of pairs {i, j} € U(x) such that v(U (x)) = Zaij,
R
R ' =U(x)\ U, {i, j}, and
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R" is a set of pairs {i, j} € T (x) such that v(T (x)) = Zai-/'
R//

Then, Y 7y iti = D g Ui + D pgaij = D, aij + ) gaij, where the inequality
holds because (x, u) is t-stable, i € T(x), and uy;y = 0 for all i € ay, and so
Ui = Ui + Ux(i) = dix(@i) foralli € ay.

Also, R" U y is a partition of U(x), so v(U (x)) = Y paij = Zy aij + Y g aii =
Zy a;j. Then,

U(N):Za,'j = Zaij+2a,~j +Zaij52ui+v(U(x))
y o B v

T(x)
=v(T(x)) +vU(x)),

where the last equality uses that 7' (x) is a stable coalition. Therefore,
v(N) < v(T(x)) + v(U(x)). 3)

On the other hand, y is an optimal matching, so v(N) = Zy aij = Y purr Gij =
v(T (x)) + v(U(x)). Then,

v(N) = v(T (x)) + v(U (x)). “

Hence, v(T'(x)) + v(U(x)) = v(NN) and the proof is complete. O

Proof of Proposition 4 According to Proposition 3, the set of active partnerships of x
is part of some optimal matching. Therefore, there is some optimal matching z such
that z(i) = x(i) for alli € T(x). Let (z, w) be any stable outcome. Construct the
outcome (z, u*) such that u} = u; foralli € T'(x) and u} = w; foralli € N\T (x).
The outcome (z, u™*) is feasible. We claim that u* € C. In fact, suppose {i, j} blocks
u*. Then, u} —l—uj < a;;. Notice that, by construction, u™ > u,sou; +u; < a;;. Since
x is t-stable, we must have that {i, j} € N\T (x). On the other hand, the stability of
w implies that u} +u” = w; +w; > a;;, which contradicts the assumption that {i, j}
blocks u*. Then, u* does not have any blocking pair.

The individual rationality of (z, u*) is immediate after the individual rationality of
(x, u) and (z, w). According to Definition 6, it remains to show that v(N) = >y u?.
Write:

U(N)Szu;kzzul-{- Z w; = v(T(x)) + Z U)iSZWi+ Z Wi
N

T (x) NAT (x) NAT (x) T (x) NAT (x)

= wi = o), &)
N

where in the first inequality, we use that u* does not have any blocking pair, in the
second equality, we use Remark 3, and the second inequality follows from the stability
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of w. Then, the inequalities in (5) must be equalities, so v(N) = )y u}. Therefore,
we have proved that (z, u™) is a stable outcome.

To see that (z, u*) extends (x, u), use that u? > u; foralli € N.Given that (z, u™)
is a stable outcome and that (x, u) is unstable, we have that {j € N : uj >uj) #J.
On the other hand, since u* = u; for all j € T(x), it follows that {j € N : ujf >
uj} € N\T (x). Then, according to Definition 13, (z, u*) extends (x, u), and we have
proved the proposition. O

The next result is a Decomposition Lemma for the set of t-stable outcomes that has
similarities with other decomposition lemmas in matching models (see, for instance,
Gale and Sotomayor 1985). It states that for any two t-stable outcomes, a player who
is matched at both outcomes and obtains a higher payoff in the first is necessarily
matched, at both outcomes, to a player who obtains a higher payoff in the second.

Lemma4 Let (x,u)and(y, w) bet-stable outcomes. Let M, = {j € T(y) : u; > w;}
and My, = {j € T(x) : wj > uj}. Then x(My) = y(M,) = My, and x(M,) =
y(My) = Mu~17

Proof We first prove that x(M,) € M,,. Take j € M,; then j is matched under x
since u; > w; > 0. We show by contradiction that k = x(j) is in My,. Suppose
k ¢ M, then

Ajp =uj +ug > w; + wg

which implies that (j, k) blocks (v, w). However, j € M), so itis matched at y, which
contradicts that (y, w) is t-stable.

A similar argument leads to y(My,) € Mu.

Moreover, x(M,) < M, implies M,, € x(M,,) and y(M,,) € M, implies M,, <
y(M,,). Since all the players in M, and in M,, are matched at x and y, it follows that
[My| = [x(M)|, [My| = |y(My)|, |y(My)| = |My| and |y(M,)| = |M,|. Therefore,

M| = |x(M,)| < |My| = ly(My)| < M,|
and
[My| < ly(My)| = IMy| < |x(My)| = [Myl,
which imply x(M,,) = My,, y(My,) = M, y(M,) = My,, and x(My,) = M,,. O
We notice that, in the proof of Lemma 4, it is shown that u; > 0 forall j € M, and

wj > Oforall j € My, Therefore, wecanwrite M, ={j e T(xX)NT(y) : u; > w;j}
and My, ={jeTx)NT(y):w; > uj;}.

Proof of Proposition 5 Denote k* = x(j*). If aji+ = 0, then uj» = w;» = 0 and
upx = 0.Ifk* € T (x)\T (y) then wy= = 0. Otherwise, we cannot have that ugx # wyx,

17 The decomposition lemma applies, in particular, to stable outcomes. Then, an immediate consequence
of the lemma is a polarization of interests between the partners along the core: If (x, «) and (y, w) are stable
outcomes, j is matched to k under x or under y, and u; > w, then wy > uy. This is because both payoffs
are compatible with the same optimal matching; therefore, if j is matched to k under (x, u) then j is also
matched to k under (x, w), so Lemma 4 applies.
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because Lemma 4 would imply that j* € T (x)NT (y), which would be a contradiction.
Therefore, it is always the case that uy(jx) = wy(j¥).

Suppose now that @<+ > 0. Under Lemma 6, k* € T (x) N T (y). Then, since
Jj* ¢ T(y) we have that wj» = 0. In addition, we cannot have that u;+ # wyx,
according to Lemma 4 and the assumption that j* € T (x)\T(y), SO upx = wy=.
Now, suppose by way of contradiction that u j» > 0. Then, ug+ < aj++. Therefore,
W jx + Wex = Ups < ajx, 50 {j*, k*} blocks (y, w), which is a contradiction because
k* € T(y) and (y, w) is a t-stable outcome. Hence, uj+ = wjx = 0 and uy(j+) =
Wy (j*), and the proof is complete. O

Lemma5 Let (x, u) be a t-stable outcome which is not optimal t-stable, that is, u €
S\S*. Then there is some optimal t-stable payoff w, such that w, > u.

Proof of Lemma 5 Suppose, by way of contradiction, that there is no payoff w in S*
such that w > u. Since u ¢ S*, there is some w! € S such that w! > u. Then, by
contradiction, w! ¢ S$*, so there is some w? € S such that w? > w! > u. Again, w?
cannot be in $*. By repeating this procedure, we obtain an infinite sequence (w’),;— 2, ..
of t-stable payoffs with different terms. On the other hand, there is a finite number
of t-stable matchings, so there is some t-stable matching x compatible with infinitely
many terms of the sequence. Denote (v'),—1 ... that subsequence. All the members

of the subsequence are in S so ZT(X) v;. =v(T(x)) forallr = 1,2,.... However,
vl < 02 so (T (x)) = 2T v(} = >N v(} < >N v? =2 7w v? = v(T (x)),
which is an absurd. Hence, there is some w, € S* such that w, > u. O

Proof of Proposition 6 First, since S* is a non-empty and compact set of R” (see The-
orem 1) and every continuous function defined in a compact set has a maximum in
this set, there is some w* € $* such that ) w;‘ > Y yw; forallw € $*. Now use
Lerpma 5 to get that ) N w;k > Z NUj forall u € S.\S*. Hence, there is some some
optimal t-stable payoff that dominates every non-optimal t-stable payoff.

Second, we show that ), u; = Y y w; forall u, w € §*. Let (x, u) and (y, w)
be optimal t-stable outcomes. Set

Bi(x) ={j e T)NT ) :x(j) e T(x)NT(y}
Bi(y) ={j e T)NT(y):y(j) e Tx) NT(y)};
By(x) ={j e Tx)NT(y) :x(j) € TG\T (N}
Bo(y) ={j € T)NT(y):y(j) € T(W\T (x).

Clearly,
T(x)NT(y) = Bi(x) U Bx(x) = Bi(y) U B2(y). (6)
Under Remark 3,
D uj=v(Bi(x)and Y w;=v(Bi(y)). (7
By (x) Bi(y)
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On the other hand, according to Proposition 5,u ; = w; forall j € Bo(x) andw; = u;
for all j € B>(y), so

Zuj:ijand ijz Zu/’. (8)

B> (x) B> (x) Ba(y) Ba(y)

Moreover, Proposition 5 implies that

> wuj=0and Y w;=0. )

TO\T (y) T()\T (x)

Therefore, we can write,

Su=Tut Y u=Yu= ¥ our T ou= T ou

T(x) N\T (x) T(x) Tx)NT(y) T(oONT (y) T(x)NT(y)
=D uj+ Y up=vBIED+ ) wi= ) wit ) w

B1(x) B> (x) B> (x) Bi(x) B> (x)
= D wi= ) wit Y owi=) w

T (x)NT (y) T(x)NT (y) T(W)\T (x) T(y)
=D wit D wi=) w;

T(y) N\T (y) N

where the fourth equality uses (9); the fifth equality follows from (6); the sixth equality
follows from (7) and (8); the inequality follows from the fact that By (x) € T (y) and
y is a t-stable matching, and so Bj(x) cannot block y; the seventh equality follows
from (6); and the eighth equality follows from (9).

Then,
dup <y w; (10)
N N

By reversing the roles between (x, u) and (y, w) in the expression (10) we obtain
Z wj < Z ;. (a1

N N
Equations (10) and (11) imply that ) "y u; = )"y w; and we have completed the

proof. O

Proof of Proposition 7 Let (y, w) be any optimal t-stable outcome. We want to show
that w; +w; = a;; if x({) = j and w; = 0if i € U(x). Notice that

ZuizZui'f‘zui:%:ui:;wizzwi"‘zwi

T (x) T (x) U(x) T (x) U(x)
Yt T owt ¥ ow=Ym
T(x) T(yY\T (x) UN\T (x) T(x)
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where the third equality is due to Proposition 6; and Proposition 5 was used in the last
equality to conclude that } 7\ 7(y) wi = 0. Then,

Zui = Zwi. (12)

T (x) T (x)

We can write 7 (x) = (T'(x) N T(y)) U (T (x)\T (y)). From Proposition 5 it follows

that D renr 4 = Lreonrey Wi = 0. Then, 3 gy ti = 3 rnr(y ui and
T Wi = iT(x)ﬁT(y) w; . Therefore, using (12) we obtain

Z up = Z wi. (13)

T(x)NT(y) T(x)NT (y)

Toprovethat w; +w; = q;;ifx(@) = j,setG = {{i, j} S TX)NT (y) : x(@) = j}
and H = {{i,j} C T(x) :i e Tx)NT(),j € TO\T(y) and x(i) = j}.

Proposition 5 implies that
> ui=Y w;. (14)
H H

Moreover, since w is t-stable, we must have that w; + w; > a;; for all {i, j} €
T (x) N T (y). Then, in particular,

D aij < (wi +w)). (15)
G

G

Therefore,

Z u; ZZ(“i+”1)+Zui =Zaij+zwi SZ(wi‘ij)"'Zwi
G H G H G H

T(oNT (y)
= ) w
TONT ()

where we used (14) in the second equality and (15) in the inequality. According to
(13), the inequality must be an equality. Hence, we have proved that w; + w; = a;;
for all {i, j} such that {i, j} € (T(x) N T(y)) and x(i) = j. Next, consider {i, j}
with x(i) = j such that either i € (T (x)\T (y)) or j € (T (x)\T (y)). Without loss
of generality suppose that i ¢ T (y). Then, w; = 0 and, under Proposition 5, we have
that u; = 0 and w; = u;, from which follows that w; + w; = u; +u; = a;j, so
w; +w; = ajj.

It remains to show that w; = 0 for all i € U(x). This is immediate from the fact
that if i € T (y)\T (x), then Proposition 5 implies that w; = 0. Hence, the matching
x is compatible with w, and we have completed the proof. O

Proof of Proposition 8 To show that (y, w) is an extension of (x, u), we need to prove
that j ¢ T (x) forall j such thatw; > u; (see Definition 13). Consider a player j such
that w; > u; and suppose, by contradiction, that j € T (x). Given that w; > 0, we
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havethat j € T(y). Then, j e T(x)NT(y)andso j € My ={j € T(x): w; > u;}.
Denote k = y(j). Lemma4 implies thatk € M, = {j € T(y) : u; > w,}. Therefore,
ur > wg, which contradicts the assumption that w > u. Hence, (y, w) extends (x, u).

O

Lemma6 Let (x,u) and (y, w) be optimal t-stable outcomes. Let j* € T (x)\T (y)
with ajey(j+y > 0. Then x(j*) € T (y).

Proof Suppose, by way of contradiction, that x(j*) € T (x)\T (y). Denote A = {r €
TO\T (y) : x(t) € T(x)\T (y)}. We have that j* € A,s0 A # &.
We first show that

Wy + U = U < ags+ for some t* € A and g* € N\(T'(y) U A).  (16)

By way of contradiction, suppose that there are no such players t* and ¢*. Then,
either N\(T'(y) U A) = & or (given that wy, = O for all ¢ ¢ T (y)) u; > ay, for all
g € N\(T(y) UA) and ¢ € A. In any case, we can construct the outcome (w’, y’)
as follows: the matching y’ agrees with x on A, and it agrees with y on N\ A; hence,
T(w') = T(y) U A; the payoff vector satisfies w;. =w; forall j € T(y), w;. =u;
for all j € A and w} = 0forall j € N\(T(y) U A). Since (x, u) is t-stable, there
is no pair blocking (w’, y") among the agents of A. Because (y, w) is t-stable, there
is no blocking pair formed by two agents in 7 (y) or an agent in A and an agent
in T (y). Finally, if N\(T (y) U A) # & then first, no blocking pair exists between
an agent in T (y) and an agent in N\(7(y) U A) because w’ coincides with w for
these agents and (y, w) is t-stable and second, by using the contradiction assumption,
0+ w; =u; > ag forallt € Aandallg € N\(T(y) U A). Therefore, the outcome
(w', y') is t-stable. Since @« (j+) > 0, it follows that either u j» > 0 or u,(j+) > 0.
Hence, the outcome (w’, y’) is an extension of (y, w), which is a contradiction because
(v, w) is an optimal t-stable outcome.

Once we have shown that there exist some t* € A and ¢* € N\(T(y) U A) such
that wys + U+ = up < ag++, we claim that such ¢g* necessarily satisfies g* € T (x)
and uy+ > 0. Otherwise, uy+ = 0, in which case ug+ + u« < ag++ by (16), and then
{g™*, t*} would block (x, u), which is not possible because t* € T (x) and (x, u) is a
t-stable outcome. Therefore, ¢* € T (x)\(T (y) U A). Since g* ¢ A, we must have
that p = x(g*) e T(x)NT(y) , s0

Up =wp (17)

because otherwise we should have that g* € T (x)NT (y) according to Lemma 4, which
would be a contradiction. Furthermore, the fact that u,+ > 0 implies that u, < apg*,
andsow, < apg+ by (17), whichimplies that {¢*, p}blocks (y, w) (because wy+ = 0),
which is a contradiction since p € T (y). Hence, x(j*) € T (x) N T(y), and the proof
is complete. O

Lemma7 Let (x, u) be a t-stable outcome. Suppose x is optimal. Then u is a stable
outcome.
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Proof Denote R a set of pairs {i, j} C T (x) such that v(7'(x)) = ) a;j. Since x is
optimal, then

v(NY =Y aj= Y aj+ Yy aj= Y aj=v(T(x)),

X|7(x) XU X|7(x)

where the last equality follows from Proposition 3. Then, under Lemma 3, we have
that v(U(x)) =0 = ZU(X) u; so, as stated in Remark 4, there is no blocking pair in
U (x), which implies that (x, u) is a stable outcome. Hence, we have completed the
proof. O
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