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THE EXTENDED 16TH HILBERT PROBLEM FOR A CLASS OF
DISCONTINUOUS PIECEWISE DIFFERENTIAL SYSTEMS

MERIEM BARKAT !, REBIHA BENTERKI! AND JAUME LLIBRE?

ABSTRACT. This paper solves the extended 16th Hilbert problem for a family
of discontinuous planar differential systems with two regions separated by the
straight line z = 0. By using the first integrals, we prove that the maximum
number of crossing limit cycles in the family of systems formed by a linear
center and a class of Hamiltonian isochronous global centers with a polynomial
first integral of degree 2n is 5.

1. INTRODUCTION

In this paper we are interesting is studying discontinuous piecewise differential
systems defined by

. [ F(x)=(F (x),F; x)T xex~
W w=F = { 10 (R0 ey enn

with x = (z,y). Where £~ and X" are two regions in the plane defined by
ST ={(z,y):x <0}, IF={(x,y): x>0},
and ¥ = {(z,y) : x = 0} is the separation line of the plane.

For this kind of systems the problem of analysing the existence and the maximum
number of limit cycles remains in general open, and to find an upper bound for the
maximum number of limit cycles in this class of systems it is known as the extended
16th Hilbert problem. The original 16th Hilbert problem consists in finding an
upper bound for the maximum number of limit cycles that the class of polynomial
differential systems of a given degree can exhibit, see [10, 11, 12].

The dynamics over the line of discontinuity z = 0 is defined following the Fil-
ippov’s convention, see [8]. If F; (0,y)F;"(0,y) > 0, then both vector fields have
the same direction, the point (0,y) is called a crossing point, and the cross region
is defined as follows

2={(0,y) € X| Fl_(ovy)Ff—(O7y) > 0}

Around 1920 Andronov, Vitt and Khaikin [1] started the study of the piecewise
differential systems separated by a straight line and until nowadays such systems
have deserved the attention of the researchers. Thus these differential systems are
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widely used to model processes appearing in mechanics, electronics, economy, etc
..., see for instance [3, 16, 19].

In the last years many authors worked on the extended 16th Hilbert’s problem
for distinct classes of discontinuous piecewise linear differential systems separated
by a straight line, where they determine or bound how many limit cycles can appear
in these classes of difFerential systems, see for instance [2, 4, 7, 9].

In what follows we deal with the following two classes of isochronous centers.

First the class of linear differential systems. The the following lemma provides
a normal form for an arbitrary linear differential center.

Lemma 1. Through a linear change of variables and a rescaling of the independent
variable every linear differential center in R? can be written

a® + w?

y+b,
y=dxr+ay+c, with w>0 d>0.

(2) T =—ax —

The first integral of this linear differential system is

(3) Hi(w,y) = (ay + da)? + 2d(ca — by) + w2y,
We consider the class of Hamiltonian isochronous global centers of the form
(4) i =—nzy" '+ Pny* " y), g =0yt +a,

with n € N and § # 0. The first intgral of system (4) is given by
1
H(z,y) = 5((0y" +2)* + 7).

For more details on the Hamiltonian system (4) see Theorem B of [17] and Theorem
2.3 of [18].

The main result of this work is to study the upper bounds of crossing limit cycles
for discontinuous piecewise differential systems separated by the straight line x = 0,
and formed by a linear center (2) and the class of Hamiltonian isochronous global
center (4) after an arbitrary affine change of variables.

Theorem 2. Consider discontinuous piecewise differential systems separated by the
straight line x = 0 and formed by two differential systems, when these differential
systems are linear centers (2) or the class of Hamiltonian isochronous global centers
(4) after an arbitrary affine change of variables. The maximum number of limit
cycles of these discontinuous piecewise differential systems is

(a) no limit cycles if n =1;

(b) at most one if n = 2, and this maximum is reached, see Fig. 1;

(¢) at most two if n = 3, and this mazimum is reached, see Fig. 2;

(d) at most three if n =4, and this mazimum is reached, see Fig. 3;
(e) at most four if n =5, and this mazimum is reached, see Fig. 4;
(f) at most five if n > 6, and this mazimum is reached, see Fig. 5.

Theorem 2 is proved in section 3.

The phase portraits of the piecewise differential systems (2)-(4) could be studied
using the techniques of [5, 6].



2. THE CLASS OF HAMILTONIAN ISOCHRONOUS GLOBAL CENTER (4) AFTER AN
ARBITRARY AFFINE CHANGE OF VARIABLES

We present the expression of the class of Hamiltonian isochronous global centers
(4) and their first integrals after an arbitrary affine change of variables (z,y) —
(1 X +01Y + 1,0 X + 81Y + 1), with byag — a18; # 0. Thus, after this affine
change of variables the differential system (4) becomes

. -1
X Tt iy b "o

(bro —a151)( 1(er + a1z + by + (2o + ypi +m)"9)

2
B b
(zar +yp +m) (B1((war +yp1 +m1)? +nler + a1z + biy) (v
(5) +yBr+ )"0+ n(zan +ybr +m)*"0%))),

Y = 7(a1(01 +a1x + by + («Tal +yb + Vl)na)

(b10¢1 - alﬁl)

2
b
+ (@1 + B+ 1) (on ((zar + yB1 +7)* +n(c1 + a1z + bry) (zay
+yB1 4+ 71)"8 + n(waq + yB +71)?"6%))),
with its first integral

1
Hsy(z,y) = =((zar + yBi + m)* + (a1 + a1z + by + (zaq + yBr +71)"6)?).

2
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3. PROOF OF THEOREM 2

The statement (a) of Theorem 2 has already been proved in Theorem 4 of [15]
and in Theorem 3 of [13].
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FIGURE 5. The five crossing limit cycles of the discontinuous piece-
wise differential systems (20)—(19)

Proof of statement (b) of Theorem 2. For n = 2 and in the half plane Ry = {(z,y) :
z < 0} we consider the Hamiltonian isochronous global center (5) with its first
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integral Ha(x,y), and in the half plane R; = {(x,y) : * > 0} we consider the
planar linear differential center (2) with its first integral Hy(x,y).

Our goal is to prove that the discontinuous piecewise differential systems formed
by system (5) and system (2) have at most one crossing limit cycle intersecting the
line of discontinuity = 0 in two different points (0,y) and (0,Y"). We know that
these two points must satisfy the system of equations

Hl(O:y) 7H1(07Y) = (y—Y)Pl(y7Y) =0,

H(0,9) ~ H(0.Y) = 5(y = V)3 ¥) =0,

where Q1(y,Y) and P (y,Y") are polynomials of degrees one and three, respectively,
and their expressions are

Pi(y,Y)= —2bd+ o’y + w2y + a?Y + w?Y,

Q1(y,Y)= 3y+Y)+2bi(c1 +6(23 + B2 (y° +yY +Y?) + 2817y
+Y))) + B1(2v1 + Ba(y + Y)) (216 + 62 (293 + B2 (y* + Y?)
+281m(y +Y)) +1).

(6)

From P;(y,Y) = 0 we know that y = f(Y). Substituting the expression of y in
Q1(y,Y) = 0, we obtain a quadratic equation in the variable Y, where this equation
has at most two real solutions Y; and Y2. Therefore system (6) has at most two
real solutions. We can easily show that the two solutions verify the symmetry
(Y1, f(Y1)) = (f(Y2),Y3), which means that both solutions provide the same limit
cycle for the discontinuous piecewise differential system (2)—(5). So statement (b)
is proved if we provide an exemple of a discontinuous piecewise differential system
(2)-(5) having one limit cycle for n = 2.

In the half plane Ry, we consider the linear differential center

(7)
@ =4+ 2 — 2.1473579210218228..y, ¢ = 2.5 + 7.916705377141101..2 — y,

with its first integral
Hi(z,y) = (7.91671..x — y)? + 15.8334..(2.52 — 4y) + 16y°.
In the half plane Rs, we consider the Hamiltonian isochronous global center
X = 0.0344828..(9((3z + 0.4y — 5.5)2 + 5z — 9y — 6) — (0.4(2(3x
« | +0.4y — 5.5)% + (3z + 0.4y — 5.5)?)) G r 04y —55)
Y = 0.0344828..(9((3z + 0.4y — 5.5)% + 5z — 9y — 6) + (3(2(3z

0.4y — 5.5)2 + (3z + 0.4y — 5.5)%)) o
H0.4y = 5.5+ (o + 04y = 5.5))) 500y —55)

with its first integral
1
Hy(z,y) = 5((391; + 0.4y — 5.5)% + ((32z 4+ 0.4y — 5.5)* + 5z — 9y — 6)?).

The unique real solution of system (6) is (1.6508469135171708..,2.074661499255111..).
So, the discontinuous piecewise differential system (7)—(8) has one limit cycle as in
Fig. 1. (I

Proof of statement (c) of Theorem 2. For n = 3 in the half plane R; we consider
the Hamiltonian isochronous global center (5) with its first integral Ha(z,y), and in
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the half plane Ro we consider the linear differential center (2) with its first integral
Hi(x,y). In order that the discontinuous piecewise differential system (2)—(5) has
crossing limit cycle, it must intersect the line of discontinuit £ = 0 in two different
points (0,y) and (0,Y), and these two points must satisfy the system of equations

Hl(ovy) - Hl(O,Y) = (y_Y)Pl(yaY) =0,

O H2(0,4) ~ Ha(0,Y) = 5(y = ¥)@a(y, ¥) = 0.

where Q2(y,Y) is a polynomial of degree five given by

Q2(y,Y)= biy+Y)+2bi(c1+6(7 + By +Y)(¥2 +Y?) + 387 (1
+yY +Y2) + 38177 (y +Y))) + B1(2c10 (37 + BE(y2 + yY +Y?)
+36171(y +Y)) + 271 + 0221 + By + V) (v + BE(y? — yY
+Y2) + Bimy+Y)) (33 + B (1> +yY +Y?) +38im(y+Y))
+B1(y +Y)).

From Pi(y,Y) = 0 we obtain y = f(Y). By Substituting the value of Y in
Q2(y,Y) = 0, we obtain a quartic equation in the variable y. This equation has at
most four real solutions, symmetric in the sense stated in the proof of statment (b).
Therefore system (9) has at most two real solutions (y,Y"). Hence the discontinuous
piecewise differential system (2) 4 (5) with n = 3 has at most two limit cycles.

Now we prove that our result is reached for n = 3, by giving an example with ex-
actly two limit cycles. In the half plane R; we consider the Hamiltonian isochronous
global center

X = 14.6449..(2( — (0.52 — 0.232929..y + 1.68341..) + 4z — 2y + 2)
1
0.232929..(3(0.5z — 0.232929..
052 - 0.232020. + 1.68341..)( (3052 =y
+1.68341..)% — 3(4z — 2y + 2)(0.52 — 0.232929..y + 1.68341..)*
+(0.52 — 0.232929..y + 1.68341..)?)),
Y = 14.6449..(4( — (0.5 — 0.232929..y + 1.68341..)% + 4z — 2y + 2)

0.5(3(0.5z — 0.232929..
052 —0.232029.. + 1.68341..) (05(3(0.52 Y
+1.68341..)5 — 3(4x — 2y + 2)(0.52 — 0.232929..y + 1.68341..)%
+(0.52 — 0.232929..y 4 1.68341..)%) ),

(10)

with the first integral

Hs(z,y) = 3((0.52 —0.232929..y 4+ 1.68341..)% + ( — (0.5z — 0.232929..y
+1.68341..)3 4 4z — 2y + 2)°).
In the half plane Rs, we consider the linear differential center

37
(11) i=2-c-=0  g=—l+dr+y,

with the first integral
Hy(z,y) = 8(—x — 2y) + 36y> + (4o + y)*.
2 2 16
The two real solutions of system (9) are (§(4—3\/ 10), 37 (4—3\/@)) and (O ) .

"37
Then the two crossing limit cycles of these systems are shown in Fig.2. (I
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Proof of statement (d) of Theorem 2. For n = 4 and in the half plane R; we con-
sider the Hamiltonian isochronous global center (5) with its first integral Ha(z,y),
and in the half plane Ry we consider the linear differential center (2) with its first
integral H; (z,y).

We have to prove that the piecewise differential systems formed by system (5)
and system (2) have at most three crossing limit cycles, each one of them intersects
the line of discontinuity = 0 in two different points (0,y) and (0,Y). We know
that these two points must satisfy the system of equations

Hy(0,y) — Hi(0,Y) = (y = Y)Pi(y,Y) =0,
H2(07y) - H2(07Y) = %(y - Y)QS(yaY) =0.

where Q3(y,Y) is a polynomial of degree seven given by

Qs(y,Y)= L(03(y+Y)+2bi(c1 +6(7f + 4857 (y + Y) (v> + Y?2) + 6677 (2
FY +Y2) 4 B PY YR gy YY) 44813 (y + Y)))
+B812v + By +Y)(0(29 + BE(y2 + Y?) +281m(y + Y)) (21
HO(29f + BE(y* + Y1) + 4887 (v + V) + 66147 (v* +17?)
+4B17i(y +Y))) +1)).

(12)

From Pi(y,Y) = 0 we obtain y = f(Y). By Substituting the value of Y in
Qs(y,Y) = 0, we obtain an equation of degree seven in the variable y, which has
at most seven real solutions (y,Y’), which are again symmetric. So these solutions

provide at most three limit cycles of the discontinous piecewise differential systems
(2)-(5) with n = 4.

Now we give an example of a discontinuous piecewise differential system (2)—
(5) with n = 4 having three limit cycles. In the half plane R;, we consider the
Hamiltonian isochronous global center

X = 0.0526154..(0.2( — 0.00991602..(0.52 — 4.72646..y — 1)* — 4=
—0.2y — 1.3326)

4.72646...(0.00039331..(0.52 — 4.72646..
052 — 472646,y — 1) ( ( (0.52 y

—1)% — 0.0396641..(—4x — 0.2y — 1.3326..)(0.52 — 4.72646..y — 1)*
(13) +(0.5z — 4.72646..y — 1)?))),
Y = 0.0526154..(4( — 0.00991602..(0.5z — 4.72646..y — 1)* — 4z — 0.2y

~1.3326..) — 05s —472636. =T (0.5(0.00039331..(0.52—

4.72646..y — 1) — 0.0396641..(—4z — 0.2y — 1.3326..) (0.5
—4.7264..6y — 1)* + (0.52 — 4.72646..y — 1)?))),

with the first integral

Hy(z,y) = 3((—0.00991602..(0.50 — 4.72646..y — 1)* — 4z — 0.2y — 1.3326..)

+(0.52 — 4.72646..y — 1)?).

2

In the half plane Ry, we consider the linear differential center
(14) & =-2—3x— 9y, y = —1+ 5z + 3y,
with the first integral

Hi(z,y) = 36y* 4+ 10(—2 + 2y) + (52 + 3y)*.



8 M. BARKAT, R. BENTERKI AND J. LLIBRE

The three real solutions of system (12) are (%5(— — /1045 ) i(— 0 — /1045)),
(5( 5— 4\F) ( 54+44/10)) and (7( 10— \/f) ( 104++/235)). Then

the three crossmg hmlt cycles of the dlscontlnuous p1ecew1se differential system
(13)-(14) are shown in Fig. 3. O

Proof of statement (e) of Theorem 2. For n =5 and in the half plane Ry, we con-
sider the Hamiltonian isochronous global center (5) with its first integral Ha(z,y).
In the half plane R; we consider the linear differential center (2) with its first
integral Hy(x,y). If the discontinuous piecewise differential system (2)—(5) has a
crossing limit cycle intersecting the line of discontinuity x = 0 in the points (0,y)
and (0,Y), these points must satisfy the system of equations

Hi(0,y) — Hi(0,Y) = (y = Y)Pi(y,Y),

(15) Ho(0,9) ~ Ha(0,Y) = 3y~ V)Qa(y, ¥) = 0.

Where Q4(y,Y) is a polynomial of degree nine given by

Qu(y,Y) = L(b3y+b3Y + 25(1)171 + 108592 (bi(y + V) (v + Y?) + 1 (y?
+yY + Y2)) +1083 (b1 (2 + yY +Y?) + ey +Y)) + B2 (biy
+Y) (2 +yY +Y?) (y2 —yY +Y?) + e (vt + 43Y + 52V 2 4 yY3
+Y 1) + 581y (b1 (v + 47Y + 42V + Y3 +Y4) + cl(y +Y)(y?
+Y2)) + 56171 (bi1(y +Y) + c1)) + 2brcy + 26171 + B16% (21
+61(y + Y))(% + ﬁm(y +Y)(3y? — 4yY +3Y?) + 28747 (2¢°
—yY +2Y?) + B (y* — Y + 422 — yY3 +Y4) + 28173 (y+Y))
(57 + 585 (y + V) (y> + Y2) + 10833 (v2 + yY + Y2) + B (y*
Y +PY2 4y YY) 1108173 (y + V) + By + BY).

By Bezout Theorem (see for instance [20]), system (15) has at most nine real
solutions (y,Y) with y different from Y, by symmetry the maximum number of
crossing limit cycles of these systems is at most four.

We provide an example with exactly four limit cycles of the discontinuous piece-
wise differential system (2)—(5) for n = 5. So in the half plane R; we consider the
linear differential center

(16) x—3+2x—%, y=1+3zx—2y,
with the first integral
Hy(z,y) = 6(x — 3y) + (3z — 2y)* + 251°.
In the half plane Rs we consider the Hamiltonian isochronous global center

X = 1.93362..(1.03433..( — 0.977806..(0.5z — 1.)° + 3z — 1.03433..y
—0.656806..)),
Y = 1.93362..(3( — 0.977806(0.5z — 1.)° + 3z — 1.03433..y

0. )4 (0.5( — 4.88903..(0.52 — 1.)°
0.656806..) + 052 1) (0.5( — 4.88903..(0.5z — 1.)(3

—1.03433..y — 0.656806..) + 4.78052..(0.5z — 1.)10
+(0.52 — 1)2))),

(17)



with its first integral
1
Hy(z,y) = 5((70.977806..(0.&571.)5+3x71.03433..y70.656806..)2+(O.Sxf1)2).

The discontinuous piecewise differential system (16)—(17) has exactly four crossing

1
limit cycles intersecting the straight line = 0 in the following points: (—(9 —

29
V3T3), 5500 + V313)), (5509 — VI0), 359+ VIH)), (5509 — VD), 559 +

1 1
\/134)), and (5(9 —2V/13), ®(9 + 2\/@)) These limit cycles are shown in Fig.
4. (]

We shall need to use the following technical Proposition in the proof of statement
(f) of Theorem 2.

Proposition 3. Let fy,..., fn be analytic functions defined on an open interval
I Cc R. If fo,..., fn are linearly independent, then there exists si,...,$, € I and
A0, -+ s Ay € R such that for every j € {1,...,n} we have Y, X; fi(s;) = 0.

For a proof of this result see for instance Proposition 1 of [14].

Proof of statement (f) of Theorem 2. For n = 6 we consider the linear differential
center (2) with its first integral Hy(z,y) in the half plane Ry, and the Hamiltonian
isochronous global center (5) with its first integral Hs(x,y) in the half plane R;.
In order that the discontinuous piecewise differential system (2)—-(5) has a crossing
limit cycle, it must intersect the discontinuous line z = 0 in two different points
(0,y) and (0,Y"). These points satisfy the equations

Hy(0,y) — Hi(0,Y) = (13/ —Y)Pi(y,Y),
HQ(Ovy) - H2(07Y) = i(y - Y)Q5(ya Y) =0.

Where Q5(y,Y) is a polynomial of degree eleven.

(18)

From Pi(xz,y) = 0 we have y = f(Y). Substituting the expression of y in
Qs5(y,Y)/(y —Y) =0, we obtain the polynomial

KY)= Ao+ AY + AY2+ AzY3 + A Y4 + A5YD + AgY® + A7 Y7 + AgY®
+AgY? + A Y10,

of degree 10, where the A;’s for i =0,...,10, are given in the appendix.

Since the rank of the Jacobian matrix of the function A = (Ao, ..., A1g) with re-
spect to its twelve parameters: a,b,c,d, a1, 81,71, ¢1, a1, b1, 6, w, is six of the eleven
functions A;, with ¢ =0, ..., 10, which are linearly independent. according Propo-
sition 3 it follows that the polynomial K(Y) can have at most five real solutions.

We provide an example with exactly five limit cycles of the discontinuous piece-
wise differential system (2)-(5) for n = 6. So in the half plane Ry we consider the
linear differential center

. 17y .
(19) x:—x—T—l, y=4r+y—2,
with the first integral

Hi(z,y) = (4o +y)* + 8(y — 2z) + 16y°.
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In the half plane R;, we consider the Hamiltonian isochronous global center
0.15486..

X = — (1.61436..((0.379849.. + 0.02
(0.379849.. + 0.02z + 1.61436..)) (= (( o0
+1.61436..5) + 2.96641..(—0.399469.. 4 42)(0.379849.. + 0.02x
+1.61436..)° + 1.46659..(0.379849.. + 0.02z + 1.61436..3)'2))),

. 0.15486..
(20) y ((4(—0.399469.. + 4z + 0.494401..

(0.379849.. + 0.02x + 1.61436..y)

(0.379849.. 4+ 0.02x + 1.61436..)%) + (0.02((0.379849.. + 0.02z
+1.61436..y)2 + 2.96641..(—0.399469.. + 42)(0.379849.. + 0.02x
+1.61436..)® + 1.46659..(0.379849.. + 0.02z + 1.61436..3)'2))),

with its first integral

Hy(z,y) =  ((0.379849.. 4 0.022 + 1.61436..)2 + (—0.399469.. + 4z + 0.494401..
(0.379849... + 0.02z + 1.61436..3)))2).

The discontinuous piecewise differential system (19)—(20) has exactly five cross-

1
ing limit cycles intersecting the straight line x = 0 in the following points: (1—7 (—4—

VD), 1o (~4+V/IT))), (3 (4= VIBO), 12 (~44VISE)), (35 (~4-3VT5), - (~4+

2 2 1 1
3\/15)), (1—7(72 — V2D, (-2 + \/21)) and (17(4 — V33), (4 + \/33)).
These limit cycles are shown in Fig. 5. This completes the proof of statement (f)

of theorem 2 for n = 6.

In the general case for n > 6 we consider the linear differential center (2) with
its first integral H;(z,y) in the half plane Rs, and the Hamiltonian isochronous
global center (5) with n > 6 with its first integral Hy(z,y), in the half plane R;.
If there exists a limit cycle of the discontinuous piecewise differential systems (2)
—(5) it must intersect the discontinuity line z = 0 in two different points (0,y) and
(0,Y). These two points must satisfy the system

Hi(0,y) — Hi(0,Y) = (y = Y)Pi(y,Y) =0,
Hy(0,y) — H2(0,Y) = (y—Y)Qun(y,Y)=0.

where Q,,(y,Y) is a polynomial of degree less than or equal 2n—1. From P (y,Y) =
0 we get the expression of y. By replacing y = f(Y) in the equation Q,(y,Y) =0,
we obtain again a polynomial D(Y) of degree at most 2n — 1 in the variable Y.
Assume that the degree of D(Y') is 2n — 1, it the degree is smaller we can use the
same arguments for proving that the discontinupus piecewise differential system
has at most five limit cycles. So we write

D(Y) = CO + Cly + C2y2 4+ 4 C2n71Y2n71.

Let M(2,)x12 be the Jacobian matrix of the function C = (Co,...,Cy,—1) with
respect to its twelve parameters.

(21)

We know that the rank of the matrix of order (2n) x 12 for n > 6 is at most 12.
Hence the maximum number of real roots of the polynomial D(Y') is at most eleven,
and due to the symmetry of its real roots we know that the maximum number of
real solutions of system (21) is at most 5. Then the maximum number of crossing
limit cycles of the discontinuous piecewise differential system (2)—(5) for n > 6 is
at most 5. g
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4. THE APPENDIX

Here we provide the values A;, with i =0, ..., 10.

Ao

Ay

;ll(blcla22 + B1y11a?? + 11byc1w?a® + bdB7a?° + bb2da?’ + 11w?
(a? + w?)
B1a%° + 55bciwtal® + 10bb%d¢g)2a18 + 10bdw2ﬂ%a18 + 55wt B1y1a'® + 165b;
c1wlal® + 45bb2 dwal® + 45bdw? 2at® + 165w° B1y1a® + 330b; c;wdal?
+120bb2dwba* + 120bdw® B2att + 330w8Bry1att + 462b1c1wi%al? + 2106
bidwdal? + 210bdwdB2al? + 462w1°B1y1a'? + 46201 crw'?al® + 252bb3dw!®
al® 4 252bdw'0 82010 + 462612171010 + 330bc1w 4ad + 210bb2dw %
+210bdw!232a® + 330w B1y1a® + 1651 cyw'®a® + 120662 dw'ab + 120bd

Wit + 165w B v1a® + 55b1 cywiBat + 45bb2dwiba* + 45bdw'®B2at + 55w18
Biyia* + 11bc1w?0a® + 1Obb%d(,u18a2 + 10bdw185%a2 + 11w B1y1a2 + biey
w22 + bb3dw?® + bdw?° B2 + 281 (51261 d M B + 3072010d10 (a2 + w?)vy, 310
+8448b%d% (a2 + w?) 24237 + 1408068d% (a? + w?)343 85 + 1584067d7 (a?

+w?) 4yt BT +1267205d0 (a? + w?)P~) BY + 73920°d° (a? + w?)%~$ 37 + 3168b*
d*(a® + w?) "1 Bt 4+ 990b3d3 (a? + w?)3~48 B3 + 2200%d? (a? + w?)%) B2
+33bd(a? + w?)199198; + 3(a? + w?) My 62 + w2 By + (a® + w?)>(326°
d®(2bb1d + c1(a? + w?))B% + 96b*d* (a® + w?)(2bb1d + c1(a® + w?))y1 B}
+12063d3(a? + w?)2(2bb1d + c1(a® + w?))YiBT + 80b2d?(a? + w?)3(2bb1d
+ec1(a? + w?))Yi B3 + 30bd(a? + w?)*(20b1d + ¢1(a® + w?))yiBE + 6(a® + w?)®
(20b1d + c1(a? + w?))y? B1 + b (a® + w?)®49)d),

—W%dﬁ%é(&’wi’(mmaﬁ - 8biy1 + o1 B1)a® + 592(071(228,64
+3b1y1 + 4e1 B1)w? + 2bdB1 (9981675 4 8biy1 + 6¢151))at® + 441 (4577 (225,
5’)/? + 3b1’)/1 + 401B1)w4 + ZObdﬁl’yl (9951(57? + 861’71 + 66151)&)2 + 9b2d2[‘3%
(50171 + 2B1(66577 + c1)))a'* + 4(1057§ (2281077 + 3b171 + 4ea fr)w’
+70bd 173 (9981578 + 8b171 + 6¢181)w? + 63b2d? B3 1 (5b171 + 21 (66578
+cl))w2 + 8b3d36?(462616’}/16 + 6[)1"}/1 + Clﬁl))CLlQ + 2(315’}/%(22516’}/16 + 3b1
Y1 + 41 B1)w® + 280bdB177 (9981678 + 8biy1 + 6¢1 81w + 37862 871 (5by
Y1+ 2B1(66678 + c1))w* + 96b3d> 33 (46281678 + 6b1y1 + ¢1 81 )w? + 40b*d*
B1(39681577 + b1))at? + 10(63+3 (2281075 + 3b1vy1 + 4e1 B1)w + T0bd B2
(9961(5’7? + Sbl'Yl + 60161)&}8 + 126b2d26%’}/1(5b1’71 + 261 (665’7? + C1))UJ6
+48b3d35f(462515’}/16 + 6b1v1 + 151 )w4 + 4Ob4d4ﬁf(396615’yf + bl)w2
+47520°d° B8~16)ad + 20(2173 (2281075 + 3b1y1 + 4y B1)w'? + 28bdB1vE
(9981678 + 8b1y1 + 6¢1581)w® + 63b2d2 B21 (5b1v1 + 281 (66575 + ¢1))w®
+32[)3d36%(462515’}/? + 6b1’}/1 + Clﬂl )WG + 4Ob4d46%(396,8167§ + bl)w4
+9504b°d° B8~ ow? + 2464b5d° BT~ 8)ab + 4(4573 (2281078 + 3b1y1 + 4c181)
W + 70bd 3172 (9981675 + 8b1y1 + 6181 )w'? + 189b2d? B3 (5biyr + 251
(66075 + c1))w!® + 12003d3 33 (46281678 + 6b1y1 + c181)w® + 200b*d* 31 (396
B1077 4 b1)w® + 712806°d° B8~ sw?* + 3696065dC6 BT 3 dw? + 8448b7d" 3~30)
(14 + (45’}/%(22ﬂ15’y? -+ 3()1’}/1 -+ 401ﬁ1)w16 + 80bdﬁ1’}/% (995157? -+ 8()1’}/1 -+ 601
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Br)wlt + 25202d? B2, (5b1y1 + 261 (66678 + ¢1))w'? + 19263d3 53 (462310~
+6b1y1 + ¢181)w0 + 4006 d* 31(39631077 + b1 )w® + 1900806°d° 39~ 6w®
+14784065d5 B7 v dw* + 67584b7d7ﬁ§3ﬁ6w + 13824688 30710)a? + 25606%d°
108 + 4752005 d°w® B9~16 + 4928065d6wO BT vEd + 3379207 d7w BEA2S
+13824b8d8 2897416 + 80b*d w10 B (39681075 + b1) + bw'®y3 (2281679
+3b171 + 40161) + 10bdw1661’y%(99615’)/16 + 8b1v1 + 6C1ﬁ1) + 3203 dPw 125%
(46261675 + 6b1y1 + ¢181) + 3662 d?w!* BEy1 (Bb1y1 + 261(6607F + ¢1))),

1
Ay = mﬁ%(% (2281678 + 3biv1 + 41 B1)at® + 5y2(971 (2281078 + 3bim

+4c1 B1)w? + 2bdB1 (9981675 + 8b1v1 + 6¢151))at® + 4y (4571 (22681078 + 3bim

+4c1 B1)w* + 20bdB171 (99581678 + 8b1v1 + 6¢181)w? + 12672 B3 (5b171 + 251

(66077 + c1)))a™* + 28(1577 (2261077 + 3b1y1 + 41 f1)w® + 106dB177 (9961079

+8b1v1 + 661,31)(«14 + 12b2d25%’}/1(5b1’71 + 251 (665’)/? + cl))w2 + 2b3d3,3?(462ﬁ1

69F + 6b1y1 4 c181))at? + 2(31577 (2281079 + 3biy1 + 4e1 B1)w® + 280bd 5171

(9981078 4 8bim1 + 6¢181)w’ 4 504b*d* 8771 (5b1m1 + 28166677 + 1) )w*
+168b3d3 55 (46231099 + 6b1v1 + ¢181)w? + 88b*d* B (39651677 + b1))al®
+10(6377(2261675 + 3b171 + 4¢181)w'® + T0bdB177 (9961677 + 8b1y1 + 6¢1 51 )w®
+168b%d? 871 (5bim + 261 (66077 + c1))w® + 84b°d° B} (46281077 + 6b1y1 + 1

Br)w* + 88b1dA 51 (396510797 + b1 )w? + 126726°d° BS~18)a® + 20(21~3 (2231 0~¢

+3b171 + 41 B1)w'? + 28bd51’¥1 (9981679 + 8b1v1 + 6¢181)w'® + 84b%d? 331 (5by

Y1+ 2B81(66675 + ¢1))w® + 56b3d361 (462ﬁ15'yl +6b1y1 + ¢181)wb + 88b*d* Bt
(39631075 + by )w* + 25344b7d5 By 6w? + TTA4K0d BI~30)ab + 4(45+3 (225,678
+3b1’}/1 + 401/31)(.«)14 + 70bd51’yl (99515’)/1 + 8b1’Yl + 60151)(4}12 + 252b2d2ﬁ%’yl

(5[)1’}/1 + 261 (66(5’71 + cl))ww + 210b3d3ﬂ1 (462B1(5’}/1 + 6[71’}/1 + clﬁl)w + 44Ob4
d'3{(3965,077 + by)w® + 1900800 350" + 1161606°d° 3770 4 3062407 d”
B8v28)a* + (4573 (2261575 + 3byy1 + 4cy B1)w'S + 80bdB172 (9951678 + 8b1v1
+6clﬁl)w14 + 336b%d?By1 (5biy1 + 231(6667% + ¢1))w'? + 336b3d3 35 (46231 0+¢
+6b171 + c181)w'® + 88061 BE(3968,672 + by )w® + HOGSS0B5d3 B0~ E5wS + 464640656
Byt + 244902677 B30 1 568320°d" B{nd)a + 11776 5106 + 1267200 °d"w’
35746 + 15488005 d0w BT736 + 12249607 d7w 8528 + 5683265802 39716 + 176b*d4w10
B1(3968107; + by) + 5w~ (2281098 + 3b1y1 + 401 B1) + 10bdw*® 31729981075 + 8b171
+6¢181) + 56b3d3w1? B3 (4621078 + 6b1y1 + c181) + 4802 d>w ™ By (Bbrv1 + 281 (665+¢
+cl)))7
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1
—728(%&1(15(15&141)1% + 6a'* Breiys + 36a'2bby fry1d + 6a' 0BT erd

a? +w
+1(05a12b13%w2 + 420281 c1mw? + 26a10b2b15%d2 + 216a'°bb; 8171 dw? + 36a'0b
B%clduﬂ + 315alob1712w4 +126a'°B;c;y1w* + 130a3b%by fdeQ + 540a8bb; By 1 dw?
“’90&81)6%016&,&14 + 525a8b1fy%w6 + 210a8ﬁ10171w6 + 260a6b2b1ﬁ%d2w4 + 720a6bb1/51
~v1dw® + 120a%bB% ¢y dwb + 525a8b1 73w + 210a°B1c171wE + 260a*b2b, B2 d> W0
+540a*bb B171dw® + 90a*bB2cidwd + 315a1byviw!® + 126a*B1c1v1w? + 130a2b%b,
B3d2w + 4816(4368b° B%v1d8 (a? + w?) + 8184b° B242d® (a? + w?)? + 8800b* B3 d*
(a® 4+ w?)? + 5940b° 3371 d3 (a® + w?)* + 2574b% B34 d? (a® + w?)® + 693bB17d(a?
+w?)% + 9997 (a2 + w?)7 + 2574 + 102467 B7d") + 216a2bby B1v1dw'® + 36a2bB3c1d
w0+ 105&21)17%0.)12 +42a2Bicimw'? + 26b2blﬁ%d2w10 + 36bby f1y1dw'? + 6b61201
dw!? + 150 v3w' + 681c1mw?)),

—m( %(5(15@14191")/% + 6a14610171 + 36@12bb161’}/1d + 6@12b5501d + 105@12b1
V2w? + 42a'2 B1c1y1w? + 36at00%b1 B2d? + 216a10bby B1y1dw? + 36at0bB% ¢y dw?
+315a10b1’yfw4 + 126&105101’}/1&)4 + 180a8b2blﬁfd2w2 + 54Oa8bb161fyldw4 + 90(18
bB2cidw* + 525a8b173wb + 210a8 Brc1y1w® + 360a°0%by f2d%w? + T20a°bby B1v1d

wb + 120a6b6%01dw6 + 525a6b1'y%w8 +210a881c111w® + 360a4b2blﬁfd2w6 + 540a*
bb1 B1v1dw® + 90a*bB3cidw® + 315ab1v2wl® + 1260 B1c1y1w!® + 180a2b%b; 2 d%w’
+4315(14208b° 3%, d® (a2 + w?) + 22704b° B7v3dP (a? + w?)? + 202406 B3 d* (a®+
w?)3 + 1089063 B3v1d3 (a® + w?)* + 3564b% 327 d%(a® + w?)® + 693bB178d(a? + w?)©
+9977 (a? + w?)" + 382467 B1d") + 216a2bby B1y1dw'® + 36a%bB%c1dw® + 10502y 3
w'? + 4202 B1c1yiwt? + 36b2b1B%d2w10 + 36bby f1y1dw'? + Gbﬁ?%cldwlz + 1561712(.014
+661c1mw')),

1
7m<2b616d(5(7<a2 + w2)((a2 + w2)(44ﬁ1’}/%5(340b2ﬂ%’71d2(a2 + WQ) + 1351)51
Y2d(a? + w?)? + 273 (a? + w?)3 + 480383 d3) + 3b1 (a? + w?)?) + 15936b* 37 y1d*5)
—5024b°88d56)),

1
—m( 20((a® + w?)((a® + w?) (44P1776(1600° iy d? (a® + w? + 45bB177d(a”
+w?)? + 993 (a® + w?)3 + 30063 53d®) + by (a® + w?)?3) + 1248001 871 d*9)
+4736b°85d55)),

1
—m(—80b6?d52(42b26%'}/1d2((12 + WQ) + 33bﬁ1"}/%d(a2 + w2)2 —+ 11’7%(@2
+w?)3 + 2003 53d3)),

1
—m(6§62(6062ﬂf71d2(a2 + w?) 4 33bB177d(a® + w?)? 4+ 1177 (a® + w?)?
+380°57d%), ),
1

A=~ o (OB (0 (0 £ 2) + b,



14 M. BARKAT, R. BENTERKI AND J. LLIBRE

Ay = L (60B1ds (31 (a2 + ) + b)),

(@ +w?)
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