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Abstract

We prove the Hardy-Littlewood theorem in two dimensions for functions whose
Fourier coefficients obey general monotonicity conditions and, importantly, are not
necessarily positive. The sharpness of the result is given by a counterexample, which
shows that if one slightly extends the considered class of coefficients, the Hardy—
Littlewood relation fails.
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theorem
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1 Introduction

Establishing interconnections between integrability of functions and summability of
their Fourier coefficients is the problem which occupies a special place in harmonic
analysis. The celebrated Parseval’s identity enables us to reduce a wide class of prob-
lems concerning functions to those concerning their Fourier series, and vice versa.
Although we do not have such equalities for the spaces L,, p # 2, we can still
obtain equivalences of norms of functions and norms of their Fourier series if we
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impose some additional requirements. Results of this kind are important, in the first
place, due to the fact that once such a relation is found, one becomes free to choose if
it is handy to deal with functions or with coefficients in this or that case, as if having
Parseval’s identity (see, e.g. [4, Chs. 4-6, 12—13] and [15, Sect. 7] for applications).
The following result by Paley [26] can be considered the starting point for the research
in this direction.

Theorem A (Paley, 1931) Let {¢,(x)} be an orthonormal system on [a,b] with
|pn(x)| < M forall x € [a, bl andn € N. Then

(a) If p € (1, 2], then for any f € Lp(a, b) with Fourier coefficients {c,} there holds

00
-2

E lenlPnP =2 Sp o 111D (D

n=1

(®) If p € [2,00), then, for any sequence {c,} with ¥ oo lcn|PnP=2 < oo, there
exists a function f € Ly(a, b) that has {c,} as its Fourier coefficients and

o
Y lenl?n?2 Zp e £ 11D )

n=1

Throughout the paper, for two functions f and g, the relation f 2 g (or g < f) means
that there exists a constant C such that f(x) > Cg(x) for all x, and the relation f =< g
is equivalent to f 2 g = f (if we write f 2, g, this means that the corresponding
constant is allowed to depend on a). From now on, we discuss Fourier series only with
respect to the trigonometric system.

The ranges of p in Theorem A are sharp, therefore to have both (1) and (2) true for all
p € (1, 00), one has to impose some additional requirements. Hardy and Littlewood
[17] showed that if we restrict ourselves to sine or cosine series with monotone tending
to zero coefficients, then both relations (1) and (2) hold for all p € (1, c0). In this
regard, a natural question to ask was: how much can we release the requirement of
monotonicity to have

o0
> lenl?n? =, 115 3)

n=1

still true? This question in turn motivated creation of various extentions of the class
of monotone sequences satisfying (3). One of these classes, the so-called general
monotone or just GM class [28, Th. 4.2], consists of all sequences {a,} fulfilling the

condition
2n

> lak — arr1| S laal )

k=n

for all n. Thus, now we dropped not only the monotonicity condition but even the
basic requirement of positivity, keeping though some regularity of our sequences. One
can see that G M class can yet be generalized (see [29, Th. 6.2(B)] and [32, Th. 1]) by
putting a mean value on the right-hand side of (4) instead of |a, | as follows:
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for some A > 1 (see also [14] for some properties of such sequences). Note that these
classes and several other ones, defined as (4) but with some other majorants on the
right-hand side, in different sources can be also called GM. For a comprehensive
survey on the concept of general monotonicity, we refer the reader to [21].

One more direction of extending the obtained results (see [1, 18, 32]) is proving
them for weighted spaces. Define weighted Lebesgue spaces L/ p,q € (0, 00],

w(p,q)’
on [—m, ], as the set of all measurable functions f with finite norm

T q_ 1
([ b 1roldn)?, 10 < p.g < oo,
||f||L4( =1 1
v esssup |t7 f(t)], if0 < p <oo, g =o00.
te|—m,m]

The discrete weighted Lebesgue space IZ) (P.) is to be defined in the same way.
Now, a weighted version of relation (3) is

o0
4
Headllly =D lealn? ™ <119, ©)

w(p'.q) el w(p.q)
where p’ stands for the conjugate to p, thatis, 1/p+1/p’ = 1. Note that if we putg =
p, we get the standard Hardy-Littlewood relation (3). From now on, writing Hardy—
Littlewood type relations we will omit the dependence on p of the corresponding
constants, so this dependence will be taken for granted. The following theorem for
weighted Lebesgue spaces was obtained by Sagher [27].

Theorem B (Sagher, 1976) If the sequences {a,,} and {b, } are monotone and vanishing
at infinity and the function f has the Fourier series

ao

o
> + Z(an cosnx + b, sinnx),

n=1

then for p € (1,00), g € [1, 0o], there holds
= b .
102, = Manle 4 Wbablls

It turns out that the same holds if we release the monotonicity condition in the theorem

above to (5), thus withdrawing the requirement of positivity. This result, along with

the similar statement proved for Lorentz spaces, was given by Dyachenko et al. [9].
So, in the one-dimensional case we have quite a complete picture.
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The whole scenario becomes more complicated if we step out from the one-
dimensional setting to the multidimensional one, and the first question we face
is to determine what we should mean by monotonicity if we deal with multiple
sequences. The usual one-dimensional monotonicity is characterized by the inequal-
ities a, > ay41, or equivalently, Aa, := a, — a,+1 > 0. These two ways of writing
the same property give rise to the following fundamentally different multidimensional
monotonicity concepts. Our focus will be on the two-dimensional case.

Monotonicity in Each Variable

Likewise a, > a,+1 in one dimension, we can require coordinatewise monotonicity,
that is, in two-dimensional case the condition will be

Amn < apyy, forall m>m', n>n'. 7

It turns out, however, that for such sequence the Hardy-Littlewood relation (3) does
not hold for some values of p > 1, namely, we have the following result proved by
Dyachenko [6, 8].

Theorem C (Dyachenko, 1986)
(a) [6, Th. 1] If{a,,m}f,ﬁn=1 satisfying (7) and
amn —> 0, asm+n — o0, ()

is the sequence of the Fourier coefficients with respect to one of the orthonor-
mal systems {e'"*e'™Y}%° {sin nx sin my}°>° and {cos nx cosny}>> |, of

m,n=1" m,n=1"
a function f, then for any p € (1, 00),
(0.¢]
-2
> ahmm)? 2 SFID.
m,n=1

(b) [8,Cor.2] Let p > 4/3 andthe sequence {an,} satisfy (7) and Z?rin:l ah,(mn)P=2
< 00 (therefore, (8) as well). Then, for any of the systems above, there exists a
function f having {a,,,} as its Fourier coefficients and satisfying

o0

D apa )P Z 1. ©)

m,n=1

(c) [6, Ths. 8, 8] For p € (1,4/3), there exists a sequence {ay,,} satisfying (7) and
(8) with Z;:,on: 1 ab,(mn)P=2 < oo such that the corresponding trigonometric
series diverges by squares almost everywhere on (0, 21)2.

Note that it was shown by Fefferman [13] that forany p > 1 andany f € L, (0, 27)2,
the Fourier series of f converges by squares almost everywhere on (0, 2:7), thus, the
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third part of the theorem means that (9) is no longer true for p € (1,4/3). We also
remark that in general d-dimensional case the critical value is 2d/(d + 1) (see [7, Th.
1, Th. 4] and [8, Cor. 2]).

Monotonicity by Hardy

The next approach to the multiple concept of monotonicity is to consider the mono-
tonicity in the so-called sense of Hardy (or Hardy—Krause, see [16] and [19], where
this concept initially arises). That is, to introduce the following differences
AlOamn = Aamn — Am+1,n» AOlamn = Aamn — Am,n+1,

11 1Al 1 1
A Gy = AO (A Oamn) =A O(AO Amn) = Qmpn — Am+1,n — Amn+1 T Am+1,0n+1,

and recalling the one-dimentional condition Aa, > 0, generalize it in the following
way

Al =0 forall m, n. (10)
Note that under the natural requirement (8), condition (10) implies
amn > 0, AlOamn >0, AOlamn > 0.

Here comes the result obtained by Méricz [23, Th. 1,2, Cor. 1].

Theorem D (Modricz, 1990) Let p > 1 and the sequence {an,} satisfy (8) and (10).
(a) If Z;’inzl ab, (mn)‘”_2 < 00, then the double sine or cosine series with coeffi-

cients {amn} is the Fourier series of its sum f and

oo

-2
D ahnmn)P 7 Z | £115.

m,n=1
(b) If {amn} is the sequence of double sine or cosine Fourier coefficients of f € L,

then

e¢]

-2
D ahnmn)P 2S£

m,n=1

The reader can find Theorem D proved for Vilenkin systems (and hence for the Walsh
system) in [30, Sec. 6.3] and [31].

Condition (10) is quite restrictive and one of the closest generalizations of it in, say,
G M spirit is the following one

o0 o0
DO 1A ] < lamnl-

m=k n=I
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Note that if the sequence satisfies (10), then the left-hand side above becomes just
equal to a;,,. The next result [10, Th. 6B] (see [11] for the proof) extends the one of
Moricz.

Theorem E (Dyachenko, Tikhonov, 2007) If a nonnegative sequence {a,,,} satisfy (8)
and the so-called GM? condition

33 1 < - Iaml| > Iakn| © X |amn|
%;IA ] S laga| + Y =" +H§T+ZZW’ an

m=k m=k n=I

then the corresponding double sine, cosine, or exponential series converges every-
where on (0, 27r)? and is the Fourier series of its sum. Besides, for any p € (1, 00),

o0

-2
D ahnmn)P 72 < | £115.

m,n=1

Itis worth mentioning that the = part was proved without assuming a,,,, > 0, moreover,
it was shown that if 300, % [Ala,,| < Bu, then Y o0, | Bron(mn)P=2 >
IIf ||1’;. However, in the proof of the counterpart the requirement of nonnegativity
plays a crucial role. It was noted in [12, Th. 4.1] that following the lines of this proof
one can adapt it for a more general class of sequences for which the right-hand side
of (11) is replaces by _° 1 /21 > 02 11/37 l@mnl/mn, & > 1.

Further, it was shown [33] that some other G M type nonnegative sequences happen
to obey the two-sided Hardy—Littlewood relation. We present the result from [33] for
weighted spaces.

Theorem F (Yu, Zhou, Zhou, 2012) Let {a,,,} be a nonnegative sequence satisfying
(8) and the following GM type conditions

2k [Ak] |a l| 21 Al |ak |

m n
Yoldaml S Yo T Y lAawl S YL =
m=k m=[r"1k| n=l n=|r"11]

[Ak] [AL]

2k 21
DDAl S Y Y %

m=k n=I m=|A"1k] n=|1"11]
for some ). > 2, and let f(x,y) = > >

m,n=1

1
[1, 00), for any function ¢ € ® with either ¢ 71 € Lifp > 1, or ¢! € Lo, if
p =1, we have

amy sinmx sinny. Then, for any p €

SIfIP €L & Y amp(l/m, 1/n)(mn)P~* < oo,

m,n=1
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In the above result ® stands for some class of power-like positive functions, which we
are not going to specify here. A similar result with a more general GM type positive
sequences and some other (not comparable) class of power-like functions was obtained
in [5].

The main purpose of this work is to show that for some kinds of double GM
sequences we can prove the Hardy-Littlewood theorem without restricting ourselves
only to positive sequences. We present two G M type classes for which the two-sided
Hardy-Littlewood inequality holds true.

We write that {a,,,} € GM7 if it satisfies (8) and

2k o0 oo 2l
D2 1A ]+ 0 1Al < Clagl, (12)
m=k n=l m=k n=l

and {a;,,} € GM5, if it satisfies (8) and

2k o0 oo 21
SN 1Al + Y > 1A @] < Clagl, (13)
m=k n=I m=k n=I

for all k,/ € N and some constant C depending only on the sequence {a;,,}. We
remark that the letter ¢ in G M€ comes from the word “corner”, since a set of the kind
[k, 2k] x [I, 00) U [k, 00) x [, 2I] generates a corner on the plane. Note that GM f
sequences obey the one-dimensional G M conditions (4) in each variable (see (14) in
the proof of Lemma 1), while GM§ in one variable satisfy (4), and in another one, the
“pbackward” G M condition.

Note that for [—7, 7]? the LZ)(p’q)—norms take the form
T a4 1
[ [ ltslP 1 f(t, 5)|9dt ds)q, if0 < p,q < oo,
I fllge =3 777
w(p.q)

1
esssup |(ts)? f(z,5)], if0<p <o0, g=o0.
(t,s)e[—m,m]?

From now on, for convenience, we adopt the following notation: using that
(sinx)® = (sinx)’ = cosx and (sinx)@ = sin x, we will write a two-dimensional
trigonometric series as

1 00
Z Z ay), sin' mx sin'¥) ny
i,j=0m,n=0

and we will say that {a%n}fnonz 1» i, j = 0,1, is the sequence of its coefficients.

The main result of the paper is the following.

Thgorem1 Let p € (1,00), g € [l,00], and let each of the sequences
{din mon=1s isJ =0, 1, belong either to GM{ or to GMj.

Birkhauser
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(a) If {ai,{n}frﬁn:l, i,j = 0,1, is the sequence of Fourier coefficients of f €
L(—m, ), then

1 00
q 1y
LA 2D D lamal?Gmn)?
w(p.q)

i,j=0m,n=1

ij 4 —1 . . .
(b) Ile1 =0 Yol lay,|9(mn)? " < oo, then the corresponding trigonometric
series converges everywhere on (0,27)? and is the Fourier series of its sum,
moreover,

1 oo
. q
119, S 3 Y lal )
D0 mn=1
Sharpness of Theorem 1 for GM3 sequences is provided by a counterexample in
Theorem 2, which shows that if we restrict the sum on the left-hand side of (13) to
the rectangle (that is, to the intersection and not the union of the two corresponding
strips), which is one of the most natural generalizations of the left-hand side of the
G M condition (4), then the = part fails for p > 2 and ¢ > p.

2 Proof of the Hardy-Littlewood Theorem for GM‘ Sequences

For a sequence {a,;,}5, ,,_;» we define
Apn '= max |ay| = max lag|.
k.1)EQm,n (k,ye[2m ,2m+1]x2n 2ntl]

Lemma 1 (a) For any sequence {ay};5_, € GMj, there exist c,v > 0 such that
/
C

for any (m,n) with Ap—1,n—1 < T A, there exist a rectangle Q, |, _,

Om—1,n—1 0f size 2"~V x 2"7V satisfying

Z aki

k,le Q

> c2"MALL

’
m—1,n—1

where ¢ and v depend only on C and T.

(b) For any sequence {akl},ff}zl € GM5, there exist ¢, v > 0 such that for any (m, n)
with Am+t1.n—1 < T A n there exist a rectangle Q;n+l,n—l C Qm+1,n—1 0f size
2=V % 2"V satisfying

m—+n
>c2 Amn,

Z ki

k,le Q

’
m+1,n—1

where ¢ and v depend only on C and T.
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Proof Note that (8) and (12) imply that

2k 21
D 18+ 1a% a5 < Clag] (14)

forany k,l € Nand (s, t) € [k, 2k] x [/, 2[]. Similarly, (8) along with (13) imply (14)
with apg ; instead of ay ; on the right-hand side. In particular, (14) yields that

las, | — lak,i| = las| — lak| + lak, | — lazk,| < Clag,l,
SO
2
las.:| < (C+ Dlar;l < (C+ 1) |ayy|

for any (s’,1") € [0.5k, k] x [0.51,]. Considering k = 2™, | = 2", we get for any
(s, 1) € Qm—l,n—l

lasi) = (C + 1) Apn =2 @A (15)
For conditions (8) and (13), the same arguments give

las,i| — lazki| = |as,i| — lazk,¢| + laok,¢| — laok,1| < Clagk |,

and
lag.(| < (C + Dlax| < (C + 1)?|agy|

for any (s', 1) € [2k, 4k] x [0.51,1]. Once more, considering k = 2™, | = 2", we
get (15) for (s, t) € Om41.n—1 instead of Qyy—1 —1.
Thus, any sequence {ay;} € GMY{ satisfies |ay| < (C + Dlapy| for (k',1') €
[0.5k, k] x [0.57, [] as well as any {ay;} € GME does for (k',1") € [k, 2k] x [0.51,[].
In Lemma 1(a), due to condition (14) and inequality (15), forany (k,l) € Qm—1.n—1,
each one of the sequences aym—1 j, @ym—141 f5 + .., aym jand @y pn—1, g gn—141, - . ., Q20
can have at most

max |ai|
(ksl)emel,nfl _ CAm—l,n—l

200 A0 20 A un

=

CT
o = b (16)
changes of sign.

The same holds for Q,;,+1,,—1 in place of Q,,—1 ,—1 in Lemma 1(b).

Focus now on Lemma 1(a). Consider the rectangle R := Q-1 5—1 = [2m—L 2m]x
[2"~!,2"] on the plane and draw all the segments [(k, [), (k + 1, 1)] such that a; ;_;
and ay ; have different signs and all the segments [(k, ), (k, [ 4 1)] such that ax—1
and ay ; have different signs (call them marked segments). Then our rectangle R is
divided by the marked segments into several connected parts corresponding to the

Birkhauser
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terms of {ay;} of the same sign. The interior part of the union of their boundaries has
at most b2"~! vertical marked segments and at most b2 ~! horizontal ones. Take a
positive integer u such that

2" > 8br, A7)

where 7 := 4,/T(C 4+ 1)2 + 1. Divide R into 2% equal rectangles of size 2"~ 1% x
2"~ 14 and consider a half of them in a checkerboard pattern. Suppose that there is
no rectangle among them containing at most 2"~ ~* / vertical marked segments and
at most 2" ~!=* /7 horizontal ones. Then we must have

K21 < p2m—lr b2l

< =24 2pr < 4pr2Y,
2m—l—u 2n—l—u

which contradicts (17). So, there is a rectangle r = [«, 2] X [B1, B2] of size
pm—l=u e pn=l=u with at most 2"~17% /¢ vertical marked segments and at most
2m=1= /7 horizontal ones inside it. Consider the parts corresponding to the terms
of {ay;} of the same sign inside r. Call the parts whose boundaries intersect the bound-
ary of r by A-parts, the other ones, by B-parts. Note that there is no marked segment
of an A-part inside the rectangle r’ := [3“12”"2, “123“2] x [3’3‘:&, /3144-‘3;‘12]. Indeed,
otherwise there would exist a broken line of marked segments with either at least
0.25(ca — or1) = 2™~3~* horizontal segments or at least 0.25(8, — B1) = on—3-u
vertical ones. But this is impossible, since t > 4. The area of all B-parts does not
exceed 211224 /2 Thus, there are at least 2" ~4=24(]1 — 47=2) terms of the

same sign in 7/, so the absolute value of the sum of the terms {ay;} in 1’ is at least

4 4
2n+m72u74(1 _ _ _ZT(C + 1)2)aAmn > 2)1+M72M75aAmn,
T

2
which concludes the proof of Lemma 1(a) with ¢ := 272 S¢ and v := u + 1.

A similar argument is valid for Q,,+1,,—1 in Lemma 1(b), which completes the
proof. O

Remark 1 In the proof of Lemma 1, for G MY class we only used its one-dimensional
G M properties (14), and for G M5, the corresponding nonsymmetric relations (namely,
(14) with agg s in place of ax ;).

Remark 2 The claim of Lemma 1(a) is no longer true if we substitute the G MY con-
dition (12) for

2k 21

o> 1A  a| < Claul. (18)

m=k n=I
Proof Indeed, consider the sequence

(=D"

m

Sm(n),

Amn ‘=

Birkhauser
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where f,,(n) we define as follows:

2-ml log, n <

m(m+1)

_ 3 2 5

f’”(n) - {zmt (m+1)>Fm—t
’ 2

2 m—t—
< logzn < (m+t+l)2+m t—1

, L€ Z+.

For such a sequence, condition (8) obviously holds. Consider a rectangle S,,,, of the
form [m, 2m) x [n, 2n). The only nonzero A'lay; in this rectangle are A''a,,_1
and A'la,,,,, where n’ € [n,2n) : [logy(n')| = |log,(n’ — 1)] +1,i.e.n’ is a power
of two, and

k(k+1
m’ ::min{meN: m:logzn’—%, keZ+}.

Note that |ay| < |aun| fork > m, [ > n, so IA“amWI < lapw| + lam 1,0 <
2|amn|, which yields condition (18) with C = 2.

Assume that the assertion of Lemma 1 holds. Then there must exist a constant ¢
such that for at least cmn squares [k, k + 2) x [/, ] + 2) in any S, there holds

laki + ak 141 + ax1,0 + aks1,1411 = clagl. (19)

Consider a rectangle S,,, with

t(t 1 t D(t 2
(;)+2m§10g2n§—(+)2(+ )—2,

where ¢ > 4m is a positive integer. For any a; in S, we have

L (=D
— 2 —1 ,
Aagl —k

whence for any 2 x 2 square [k, k +2) x [[,]1 +2) C Sun

1 1 2 2
=2t — ) = = —=
laxs + ak i1 + Akv1,0 + Ak1,04+11 <k P 1) P lak| < mlakzl
= o(lau),

as m — 0o, which leads to a contradiction. |

Lemma 2 For a function f € L(—m, i), given the representation

1
S Ay, fxy) = G ), e -y

i,j=0

(=17 f(x, y),

S, y)

) Birkhduser
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forany p € (1,00), q € [1, 0o], we have

1
- ij
q ~ q
||f||Lw(M) ‘ E I/ IIL;W »
i,j=0

Proof The < part is clear, so we have to prove the reverse.

We start with the case ¢ < co. Noting that for any pair of functions g1, g» there always
holds |g117 + |g217 < |g1 + g219 + |g1 — g2/ and recalling that the weight is an even
in each variable function, we obtain

PO, I S+ I

w(p.q) wpq upq)

HICO = DN =N+ D@,

(P.q) w(p q)

fori = 0, 1. Similarly,

an”uq S A A A A PR VAR A A A

i,j=0 (P.9) w(p.q) w(p q)

=| > =11

i,j=0 w(p,q) w(l? q)

For g = o0, the claim follows from the equalities

Af7 0 y) = fOy) + (D f =2 y) + (D fa =y) + (D™ f(=x, —y).
O

Next we prove a two-dimensional analogue of [9, L. 2.2] (see also the one-
dimensional result [27, Th. 2.4] for Lorentz spaces). Note that similar multidimen-
sional results for Lorentz spaces were obtained in [24] and [25].

Lemma3 Let {amn}m net> b J = 0,1, be the sequence of Fourier coefficients of
f e L(—m, m). Thenfor any p € (1,00), g € [1, 00], there holds

> > (s \iiﬂw)qwnw < IFIE,

kl
i j=0man=1 Kkzm. lzn B0 Lo

—_

Proof of Lemma 3 Note that if we prove the statement of the lemma for odd in each
variable functions f € L(—m, ), then it will be true for any integrable f. Indeed,
the relation for such functions implies the same for all functions that are either odd
or even in each variable due to the boundedness of the Hilbert transform in weighted
Lebesgue spaces. The general case follows then by Lemma 2. Thus, we can assume

that a3, = 0if (i, j) # (0, 0) and omit the upper indices of a2,

Birkhauser
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According to [9, (2.4), 2.7)], forany | < p < 00, 1 < g < o00,and m € N, there

holds

cos 5 (1 — cosmx) . sinmx

i X
m sin 5 mo .,

M 1, =

Therefore, for any 1 < p1,py < 00, 1 < g < o0, and m,n € N, by Holder’s
inequality

1 m n
LSS | //If(x Wb ()1 ()ldxdy

k=1 1=1
. "o 1 5
s/ |1n<y>|(/ X7 |f(x,y>|qu)"(f ity W7 dx)" dy
0 0 0
-1 Toaq i
S [Tl [ i) ay
T4y a4y Logm 4 7
//xm yr2 |f(x,y)|qudy)“(/o yn |I (y)ldy)

_ L 1
([T [T A dxay)’

<
-
=m "in 2 “fHLZ!((pl o’ (20)
Similarly, if ¢ = 1,
l m n T T
I a| = [ [ e oy
mn 0 0
k=1 I=1
- L
< sup x’1[L(x)|- sup y"2|L,(y)l
x€[0,7] yel0,r]
T[T L Ly L/ —L/
/ / xrtoyr | f(uy)ldxdy SmoPin P2 fl
0 0 w((p1,p2), 1)
Thus, for any 1 < py, p2 < 00, 1 < g <00, and m € N, we obtain
1 1 1 ko1
" 72 — <C 21
sup sup ’ZZ st ”f' Lu((p P2 )’ ( )
= s=1 r=1

where the constant C does not depend on m.
Now, in order to prove the desired inequality, we will invoke interpolation theory.
for

Recall that the norm of a sequence ¢ := {cx};2 | in the discrete Lorentz space [, 4,
Birkhauser
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p € (1,00) and g € (0, 0o], is defined as follows

1
. 1
(Z}:ozlkl’ 1|c,f|q)q, if g < o0,

1 .
supk”|c;l, ifg =00
k>1

lell,, =

where {c;} stands for the decreasing rearrangement of ¢. It follows from [3, Th.
5.3.1] that for 6 € (0, 1) and g € (0, oo], for the discrete Lorentz spaces /), ~ and
Ipro0s 0 < p1 < p2 <00, withf/py + (1 —6)/pr =1/p, we have

(lm,OOv lpz,oo)f),q = lp,q- (22)

For the Lebesgue spaces Lw((pn P and Lw((pzl gy 4 € (0, 0], (see (20)),
with€/pi1+ (1 —60)/p12 =1/p1, 0/p21+(1—60)/p22 = 1/p2,[3, Th. 5.4.1] gives

q q _ 74
Lo Lutpizpm).a)94 = Luprpo.gr- (23)
&
For any fixed mo € N, in light of the monotonicity of sup 5| > > ay|inn,
k>mo, [>n s=11=1
(21) is equivalent to
€
I e ol =c
m sup I f 1l (24)
0 k=mo. 1=n kI 21; T = - Lo’

Fix now p1, p2 € (1,00) and g € [1, o0]. Take 6 € (0, 1) and p11 < p12, p21 < p22
suchthat0/p11 + (1 —0)/p12 =1/p1 and 8/ pa1 + (1 —0)/paa = 1/ pz. Note that,
for any fixed my, the operator

Tugf = su kl‘szzzza”

|

k>my, l>n
is sublinear and that due to (24)

Tono @ LY

. q
w((prpasg) > Lphoo ad Ty o L -1

w((p1,p22)q)  Lphy000
where the involved constants do not depend on m. Then it follows from [22, Th. 6],
(22), and (23) that

Ty Lw((Pl P2).9) = (L, w((p1,p21),9)° Lw((Pl p22), (1))‘9 a7 (11’21 00 Pzz o)og = lpz q’

SO we arrive at

1
7
mP1

S fllga (25)

Iprq w((p1.p2). @’

{ sup ‘Xi:é:

k>m, [>n ki

b
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for any m. Now we note that

I

is decreasing in m for any py € (1, 0o) and that the operator

:(inng( sup kl‘ZZagY)l/q

11’2 n=1 k>m, I>n R

[ o 4 E 3

k>m, I>n ki

is sublinear. Since according to (25) we have

T:L4

w((p11,p2),9) -1

- l Piy.00 and T : Lw((mz p).a) 7 Phae

we can once again apply [22, Th. 6] and obtain

T:L9

_ q q
w(prp.a) = Lworn.pn.a) Lupi.p.g)0a = ¢

P00 lp’lz,oo)(%q = lp’l,q

The latter means that

k l 1
a4 _ 1 qa\ 71
w7 g aed)')]
H{(,,:l W A ;; 1) AT E
whence the claim follows by putting p; = p» = p. O

Proof of Theorem 1 In light of Lemma 2 it suffices to prove the theorem only for either
odd or even in each variable functions, omitting therefore the upper indices of a,.
We start with the part a). Due to Lemma 3 there holds

00
—1
g,z 30 ( sup kl\ZZasf) (mn) 7
“(Pti) mon=1 k>m, [>n s=1 t=1
') ( Y 00
m—+n) -
<Y (L \Zzal,) =Y P 6)
m,n=0 k>2m l>2n i=1 j=1 m,n=0
Denote

om+1_qon+l_q

Y Jaulfen

k=2m =21
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Consider first G MY sequences. Let us fix some T > 1. We call a pair (m, n) good
(we write (m, n) € G), if eithermn =0or A,—1 -1 < TA,;,. We have

9]
Z |ak1|q(kl)]%_1 Z Winn < Z Wino

k,l=1 m,n=0

—l—ZWo;H- Z Winn + Z Z Wi
n=0

(m,n)eGﬁNz (m,n)eG (k,1)€Bmn
=N+ D+ I3+ J4,

where B, (m,n) € G, stands for the set of all pairs (k,/) ¢ G such that k =
m+t, | =n+tforsomet e N.

According to the one-dimentional Hardy—Littlewood theorem for GM sequences
[9, Th. 1.2], we obtain

o o0
4
=Y Wuo=Y_lanl%k? Sl SIS 27)
w(p.q)
m

wpq)

where g(x) = ffﬂ f(x,y)siny dy. A similar estimate is valid for J>.
Consider a pair (m, n) € G NN?. Denote the rectangles we constructed in Lemma
la) [s),, 52,1 x [tL,, 12,1, so we have

(m+n-2)%
Pyip1 =270 ( sup ’ZZ‘IU

k>2m— 1 L 1>2n— lkl

-1 2

m n mn

1 _ —_
> 2(m+n)§—(m+n)q ‘x’izl tni ajj q Z Zaz/

i=l j=1 i=1 j=1
S%’Lﬂ erlVl s)%m ””’l
oD as| ZZ“U
i=1 j=1 i=1 j=1
2 1‘2
q mn mn
> 2(m—&-n) (m+n)q‘ Z Z aij > 2(m—&-n) ,Azl Wi,
i=s}, j=

Here we used the inequality

x4+y+z+tl+Ix+yl+ x4zl + x| = lz4+]+ |z = |t],
valid for any x, y, z,t € C.
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Hence, using (26), we obtain

B= ) WS ) Patat <UFI (28)

)
(m,n)eGNN2 (m,n)eGNN2 u(pq

Finally, combining (27), the similar estimate for J», and (28), we derive

VEEY WngTf< I+ B+ S

(m.n)eG w(p q)

which concludes the proof of the first part for the case of G M.

If we replace G M| by GM5, i.e. (12) by (13), we change the definition of a good
pair of numbers to the following one: we call a pair (m, n) good, if either mn = 0 or
Aps1.n—1 < T App. The rest of the proof is the same in light of Lemma 1b) with the
only changes: now B,,,, (m,n) € G, stands for the set of all pairs (k,[) ¢ G such
thatk =m —t, | =n + ¢t forsomet € Nand Py, ,—1 in (28) becomes Py, 41 ,—1.

Turn now to the part b). Note that if {a,,, }€ G M{UG M5 and an‘”n:l |amn |9 (mn) w1
< 00, then we have 22 | 5°7° |Allay| < oo, which implies that the corresponding
trigonometric series converges in the Pringsheim sense everywhere on (0, 277)? and
is the Fourier series of its sum (see [6, L. 4]). Indeed, under condition (12) we have
by (15) and Holder’s inequality

Z |A”ak1|<2\azk 2k|<2|a2k 2 Z Z (mm)~" < Z len | (mn) ™!

k, =1 m=2k—1 p=2k-1 m,n=1
-3 TN Y
m l] mn k)
Z famnl(mm) ¥~ ()7 % Z )7 ) (Z )77 < o0
m,n=1 m,n=1 m,n=1

and similarly under (13),

ZZ 1AM ay| < Z lagkrt gk ] S Z lage+1 ok
k=1 i=1
2k+2

> Z (mn)™" < D" Jamnl(mn) ™" < 00

m=2k+1 p=0k-1 m,n=1

We will provide the proof only for the system {sin mx, sin ny}, the other cases will
follow then from boundedness of Hilbert transform in weighted Lebesgue spaces.

For (x,y) € (m+1,£] x (7, Z], we have

m n

o0 o0
[fx, )| = ‘ZZakl sinkxsinly’ SxyZZkllakll

k= k=1 I=1

o0
+x Zk > Mk — a1 11Di(y) = Da(y)|

k=1 [=n
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o0
+y ) 1Y law — axg1 11 Di(x) — Dy ()]

m n

AMay] - [(Dr(x) = D () (Di(y) = Dy S — Z > kllay|

I
e
P_ﬂg

k=m I=n =
n m oo
11
+ — k ay —a + — ag —a + mn Aa
mz > lak — a1l Z Z|kl k111 ZZI kil
k=1 I=n =1 k=m k=m l=n

Applying condition (12), we derive

1 m n n m o0 m n o0
NS =30 Kl + =3 Tk Y lagaal+ — 1D lay

k=1 I=1 k=1 =0 =1 =0

00
+ mn Z |a2’m,2’n|

=0
n M m [ n k
k=1 I1=1 k=1 [=[n/2] =1 k=[m/2]

= N law
+ —.
k=[m/2]I=[n/2]
In turn, (13) yields

n o
| (x, Y)|<—szl|ak1|+ Zk2|akzzn|+ DY layil
=1 =0

k=1 I=1

00
+ mn Z |a2‘+1m,2‘n|

=0
1 d - Iakzl Iakzl
_ ki ey
— Z laul+— "k Y Zl
=11=1 mi I=[n/2] I=1 k=2m
||
+ mn Z Z kl
k=2m 1=[n/2]

Hence, in both cases we get

m oo n 00

la| ~ m lag |

| (x, y)|<—Z§jkz|ak,|+ Yy Aalyu oy @
k=1i=1 "=t = S k=(m/21

- |ak|

+mn E —_—

k=[m/211=[n/2]
=: In11,n + I}%l,n + Iri,n + Ir‘l‘un' (29)
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Thus, for g < 0o, denoting o := 1 — g/ p, we obtain

IIfIIiz.q = //(xy)_“lf(x, ¥ dxdy

0 0

) U+ Ly + 1oy + Iy D dxdy

3
I
—_
3
I
—_

N

M

WK
s
Fo—

m+1 n+1

X

||M8

mn)“ Uy )+ Uy D+ U D+ Ty DD,

o
Recall the Hardy-type inequalities for power weights (see, for instance, [20, (0.6),
(0.10), (1.102)]) for g > 1:

o n q o0
Zny(Zak) <q Zny+qa3, fory < —1, 30)
n=1 k=1 n=1

and its dual,
o o q o0
Zny<Zak) <S¢ Y n'Haf, fory > 1. 31)
n=1 k=n n=1

Using (30) in each variable we arrive at

n

o o0 m q
()20 )7 = Ym0 Y 2 (1Y Klaw)

1 m=1 n=1 =1 k=1

oo m oo o0
-2 —2— 4 -2
p Y w20 (3 Kagl)' S Y Y o)y |
m=1 k=1

m=1n=1

WK
WK

3
i
=
i

A
M2

n=1

and

3

ZZ(mn)a 2( = Z a2 an“ 2+‘1( Z %kak”)q
n=1 = =

m=1 m [=[n/2]

m*=2= ana 2+q(z Zk|ak1|)

n=1

q
na—2+q Z ma_z_q(zk|akn|>
m=1 k=1

o
=2
> (mn) gy, |9,

n=1

)
Me i

3
il

LA
WK

3
Il
—_

A
M2

3
X
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where we used inequality (15). The similar estimate holds for /3. And finally, due to

3D

DN ) Ay ) =

m=1n=1

me— 2+4q a—2+q C 1 - lari|\4
Z” (X7 2 %)

I=[n/2] ! k=[m/2]
o 1o lawi]\a
a—2+q a—2+q( _ _)
m Z" ZZZ p
= =n = k=m
a—2+q o 2+q( |akn|)q
m Z )3 p

k=m

o0
Z (mn)* =gy, |1,

MS I Mg

X

3
il

A
M2

3
X

N
] M8

which completes the proof for the case g € [1, 00). For ¢ = 00, using (29) we can
write

1 _1
sup (xy)p |f(-x7 V| < (mn) » (Inl1,n + II%LJl + Irfl,n + Ir‘lt,n)'
. EGET EIx(GE 2]
Next,
(mn) 71, = (mn) 7" Z Zkuam
k=1 I=1

< Gy FT Y sup (kD7 ) < sup (4D e ).

k=1 I=1
We also have

m o
_ln k €
12 — “lag| < ki)' :
(mn) P = () 7YY l|akl|NS£lP<( )7 lau|)

k=11=[n/2]

and the similar estimate for 7. Finally,

(mn)_ = (mn)~ Pmn Z Z |kkll| < sup ((kl) v’ |akl|>
k=[m/2] I=[n/2]

which completes the proof of the theorem. O

Remark 3 For the spaces LI w(p.q) (O 2m) in place of L (—m, ), the assertion of

Theorem 1 still holds for g < p but fails for g > p.

w(p,q)
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Indeed, for g > p it suffices to consider the one-dimensional sine series

o 1 | o0
f(x):= Zk P log™ 7 (k +2)sinkx =: Zak sinkx.
k=1 k=1

We have Y |ax|PkP~2 = Y k= 'log~!(k + 2) = oo, so by the Hardy-Littlewood
theorem f ¢ L, whence ||f||Lq( 10.27) 2 1 fllL, .27y = 00. On the other hand,
w(p,g)

- l,—l _ -1 _4
”f”Lﬂ,(p_q)(fmn) = Z lag|9k? ™ = Zk log” 7 (k +2) < oc.

However, for ¢ < p, there holds xa/p=1 = 1, so that

||f||L§1U(pvq)((),2ﬂ) ~ ”f”LZ/(p.q)(O’”) + ||f||LZ)(p.q)(ﬂ,2ﬂ) ~ ”f”LZ‘(p'q)(o,ﬂ) ~ ”f”L‘lI”(p»q)(fmﬂy

The reason of the failure of the Hardy-Littlewood relation here is that the function
in case is supposed to be periodic, while a power weight is not. Thus, if one deals with
weighted Lebesgue spaces on [0, 277]%, it makes more sense to consider a weight of
the type | sin x|“ in place of |x|*, which was in fact done by many authors. Note that
for a power weight, weighted integrability at 27 is equivalent to integrability at zero
without weight, so, as in the example above, one has to additionally check integrability
at zero.

3 Sharpness of the Result

Theorem 2 For p > 2, q > p, the claim of Theorem 1(a) does not hold if we replace
the G M3 condition (13) by

2k 21
Y Y 1A a4l < Clagl. (32)

m=k n=I

Proof Assume that p > 2 and consider the sequence

(=1

a =
mn my

gm(n),

where y > 0, §,,, € {0, 1} are to be chosen later, and g, (n) = g, (n, p’) we define as
follows

_1
(=D%m=3n" 7, logyn <m@m+1)p/,

gm(n) = 2
" 270?30 (4 1)2 4m — 1) < logyn < ((m+ D2 +3m+0)p, 1 €Ly
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215p’ I

2—71 3- 4
14p’
2 P o
2
912" & 9-3%-3- 3
210p" o
2% @
9
2_22_3. 5] 111-31’1_1/p
26p” @
24p’ [ EE——
2 .
2-1 -3-1
2 9
2 P h
© @ @ @ @ =

Fig. 1 Scheme of changes of absolute values of g, (1)

In other words, the functions g, are constructed in the following way. First, we divide
[1, c0) into intervals I;, j =0,1,..., sothat [; := {x : 2p'j <log,x <2p'(j +
1)}. After that consider the lower-triangular infinite down and to the right matrix that
is filled by all positive integers in increasing order going down and to the right.

1
2
4
7

oo W W
O N

10

Next, for any j we asign it the integer i = i(j) if it is ith column that contains the
element j. Fix some m and consider the values g, (1), g,(2), .... While i (j) # m, we
have g,,,(n) = (—1)5"'m’3n’1/1’ forn € I;.Oncei(j) becomes equal to m for the first
time, that is, when log, n > m(m + 1) p’ for the first time, we get g,, (n) = p—m*=3m
and this value does not change till i (j) becomes equal tom againandn € [;. then i(j)
becomes equal to m for the (s+1)th time, the value g, (n) changes for 2~ ("+$ )7 =3(m+s)
(see Fig. 1 for a scheme of changes of absolute values of g, (n)).

Fix n € I; for some j and consider g1(n), g2(n), ... Let k be such that g;, (n) has
type 1if 1 <m < k and type O if m > k + 1. Then

) Birkhiuser
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lgmM| S lgm )], fork+1<m <m' <2m. (33)

Denote mg := i(j + 1). f mp = k + 1, then g1(n) = go(n) = --- = gr(n) =

2~ U230+ otherwise, gm (1) = 2~ ®+FD*=3G+D for 1 < mo — 1 and gm(n) =

2"‘2_31‘ for mg < m < k. Let us compare gi(n) and gx+1(n). There are two cases.
Case 1.mo =i(j + 1) =k + 1. Then

1
Igks1 ()] = (k+ 13077 > (k4 )32 FFDERD) > 5= (D 3(4D o) 7y

Case 2.mo =i(j +1) <k + 1. Then

_ 1
k1) = (k+ D307 2 (k + 1) 32 kEkFD=mo > 9=k =3k _ o ()

Thus, in both cases we obtain 0 < gj(n) < g2(n) < -+ < gr(n) < |gr+1 ()],
whence in light of (33),

1gm ()] S g ()], forallm < m’ < 2m. (34)

It remains to note that for a fixed m, we have for n,,, := (2""(”’“)1’/1 — 1 that

_1
7

gm ()| =m0y, " < 327D > g 3m o 4 1)

and for other n there holds g;,(n) > g (n + 1). So, over all |ay,, | in ry := [k, 2k] x
[/, 21], the maximal is up to a constant |ay ;|.

Further we note that the constructed sequence clearly satisfies (8).

To prove that our sequence belongs to G M5, let us estimate Zik=k Zﬁl:l A .
Consider a quadruple

Am,n+1 Am+1,n+1
Amn Am+1,n

with (m, n) € ri;. Note that it can be only of the following five types

0 0 1 0 1 0 1 1 1 1
0 0 1 0 0 0 1 0 1 1
where 0 stands for the terms with log,n < m(m + 1)p’, while 1, for those with
logy n > m(m + 1)p’. We will write (m,n) € T;, i =1, ..., 5, if the corresponding
quadruple is of the ith type. Note that if (m,n) € T3, then (m — 1,n) € T and
(m+1,n) € T, while if (m,n) € Ty, then (m — 1, n) € T, and (m + 1, n) € T5. By
the construction, quadruples of the three last types with nonzero A'la,,, can appear
at most four times in 7y, since any (m,n) € T3 U Ty, as well as (m, n) € Ts with
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nonzero Alla,,,, satisfies n € I j»n+1 € Iy, for some j, which cannot happen
twice in [/, 21]. If there exists a quadruple of the first type, then

Z |A11amn| = Z AHamn

(m,n)eTNry; (m,n)eTNry;
_1 -5
< E: AT 3T Yy =k < max agnl.
(m,n)€ery
m>k, n>1

Asfor (m, n) € TrNry, they all belong to astrip [k, kK’+1]x[I, 2] for some k’. Indeed,
otherwise there are m| and my > m| + 2 belonging to [k, 2k], and ny, ny € [, 21]
such that (m, ny), (m2, n2) € T>. Butit follows from (my, ny) € T, that a,, 41 x, and
hence ay, k, has type 0, while (m2, ny) € T implies that a,,, 2x, and hence a,,, 41,2«
has type 1. Thus, there exist two pairs of the form (n, n 4 1) inside [/, 2] such that
n € lj,n+1 € I, forsome j, which cannot be true. Therefore, all (m, n) € ToNry
do belong to a strip [/, k¥ + 1] x [I, 21], whence using

11 01 01 01 01
A" amp| < A amn| + |A am+1,n| = A" amu| + A |am+1,n|v

which is true as long as (m, n) € T» N ry;, we deduce that the sum of |A] lczm,,| over
(m, n) € T Nry is bounded above by four times the maximal |a;,;, | in 7¢;. Combining
the observations above, we arrive at

2k 21
Z Z |A11amn| < max |amn| 5 laok.il,
JN)ETY,
m=k n=I
which proves (32).
Further, for any ¢ > 0,
° q
Z |amn|q(mn)’7_
m,n=1
o0 o0
e m%_l_yq Z 2—((m+z)2+3m+3z)q2((M+t)2+3m+t)p’(%—1)2((m+r)2+3m+z)p’
m=1 t=0
h—l-yq _

mpr

v
WK

m=1

ifwesety =1/p’.

Note that our sequence generates the Fourier sine (or cosine) series of an odd (or
even) function f that converges in the Pringsheim sense everywhere on (0, 277)? to f
according to [6, L. 4]. To prove this, since the sequence fulfils (8), it suffices to show
that the following sum is finite
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o0
oA gl < Y Aawt+ Y- (A" + 1A i al)
m,n=1 (m,n)eTy (m,n)eTrUTs

+ Z (lamn! + |am,n+1| + |am+1,n| + |am+1,n+1|)
(m,n)eT3UTy

oo
S+ Y A%+ A%apgr) + ) m T2

(m,n)eTLUTs m=1
o0 0 )

SR 3P I x i AU R S
m=1 =0 (m,n)eT,

o0
+ Z m =37y mn=0 o

Let us stick to the case of an odd f, as for cosine series the argument is exactly the
same. Denote for m,n > 1,

3

amn, if logon >m(m+ 1)p’,
Cmn ‘= .
0, otherwise,

and by, := amn — Cmn- Then

oo
1, <] D b

P>

m,n=1 w(p.q) m,n W(p 9)
Note that
M N M N-—1
Z men sinmx sinny = Z sin mx( Z AMD,nDu(y) + meDN(y))
m=1n=1 m=1 n=1
M—1N-1 N-1
=Y AMbuDu()Da(y) + D A% by Das (¥) D (y)
m=1 n=1 n=1
M-1
+ Y AYbyy D (¥) DN (y) + by Dar (¥) Dy ()
m=1
M—1N-1
> A by Dy (x)Dy(y) + A1 + Az + As.
m=1 n=1
4 _1 q
Since ||Dk||q = Zle [?" =< k?" by Theorem B, we have for Ny := max(N —

w(p o)
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Al

w(p.q

0
Sy M Sy (Mn)Y + MYN, (MNO)/’/ <MY 0

as M — oo. For My := min{m : m(m + 1) p’ > N},

M-1
|1 A2l S N )T+ My TN (M) > 0

w(p.q) S

m=M

as N — oo. And finally,

L hs
1Al S MTTYNTT (MNP =0

w(p,

as M — oo. Thus,

H = Z Ay D (35)
m,n m,n u(p q)
Besides,
M N M N—1
Z Zcmn sinmx sinny = Z sin mx( Z AOlcmnDn () + cmNDN(y)),
m=1 n=1 m=1 n=1

where in light of the inequalities 0 < gj(n) < --- < gum,(n) for My defined as above

My 1 1 5
< Z lemn NP < MOgMo(N)Np, S, MO_ -0

u(ﬂ q) m=1

as N — oo. Hence,

| > -] ¥ a0 @)
m,n=1 w(l’ 9) m,n=1 W(P q)
Combining (35) and (36) we arrive at
”f”L‘ly mn
v w(p q)
+ H Z A =: 851+ 5.
m,n=1 M(P q)
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First, forn,, = (2’"(’”“)1’/1 —1, we see thatlog n,,, < m? and logny+1—logn,, < m,

o)
[e9) | nm—1
S152m7 (Z A3 )nl'
= n=1
Ny —1 1
/
£ A T =
n=n;
oo ] npg1—1 ©
3wt (St 8 ) < S

n=1 n=ny

Second, denoting 7,,; := [2(On+0>+3m+0p'y _ q using cup = (—1)%|cpp| and the
fact that AOlcmn # 0 only if n = ny,, fort > —1, we get forg > p,

st =] Z( 1)’ sin mx Z A ey | Do

¢ _
W(pq>
g g
=/|y|Z 1/|x|p \Z( 1) sinmx Z A1y, 1D () dxcly
“x “x m=1
b b

IA

o0 oo
q_ q
[t [ vsinme 3 8% 100, ) dndy. 37
Zx Zx m=1 t=—1

By the Khintchine inequality (see e.g. [2, Rem. 1.4]) we have for any real sequence
{sx} € I and the system of Rademacher functions {r,(¢)} that

1

/‘iskrk(f))q =y (i&%) ,

[N

0 k=1 k=1
whence
1 0o
f/‘ Zrm(t) sin mx Z A%y nm,wnmt(y)) dxdt
0 —m =

1 o N q
S f ‘ Zrm(t) Z AOllcm,nmJDnmr()’)‘ dt
0

m=1 t=—1

q
2

S (2 (X 8% 1D 0])) . (38)

m=1 t=—1
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whenever the series on the right-hand side converges. Note that by the Minkowski

. . 2 3 /L]
inequality and the fact that | Dy, | = p(m ™3Im0 e have
w(p.q

0 q
2

vl 5 (3 [A% ey 1D 1])) ay
-1

“ m=1 t=

> 2
= 32 (X [A™ emn | Do 0)])|
1

m=1 t=—

(2] 2 [a%emnn 1P ]|, )
m=1 t=—1

w(p.q)

q
2

q/2
w(p/2.q/2)

o0

o0
< ( 2y (27m273m2m(m+1) £y 27((m+t)2+3(m+t))2((m+t)2+3m+t))2>
= =0

SIS

(w7 <o (39)

Thus, by (38) and (39), for almost all 7, the sum 3"°°_, 7, (£) sinmx 72| A%,
|Dy,, (v) converges for almost all y uniformly in x, and moreover, (38) and (39) imply

that
T
1_1
/ [yl?
—TT

for almost all ¢ (denote this setby £ C (0, 1)). Taking any ¢y € E\{k2’l}k’,eNﬁk<21, SO
thatry, (o) = %1 for all m, and setting {4,, } according to the equality (— Do = r,(to),
we obtain in light of (37) that S, < oo. O

T 0 g
/ ‘ Z rm(t) sinmx Z A\ eon | D, ()| dxdy < 00
m=1 t=—1

-7
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