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THE LIMIT CYCLES OF A CLASS OF PIECEWISE DIFFERENTIAL SYSTEMS

IMANE BENABDALLAH!, REBIHA BENTERKI! AND JAUME LLIBRE?

ABSTRACT. In this century many papers have been published on the piecewise differential systems in
the plane. The increasing interest for this class of differential systems is motivated by their many
applications for modelling several natural phenomena. One of the main difficulties for controlling the
dynamics of the planar differential systems consists in determining their periodic orbits and mainly their
limit cycles. Hence there are many papers studying the existence or non-existence of limit cycles for
the discontinuous and continuous piecewise differential systems. The study of the maximum number of
limit cycles is one of the biggest problems in the qualitative theory of planar differential systems. In
this paper we provide the maximum number of limit cycles of a class of planar discontinuous piecewise
differential systems formed by an arbitrary linear center and an arbitrary quadratic center, separated
by the straight line x = 0. In general it is a hard problem to find the exact upper bound for the number
of limit cycles that a class of differential systems can exhibit. We show that this class of differential
systems can have at most 4 limit cycles. Here we also show that there are examples of all types of these
differential systems with one, two, three, or four limit cycles.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

A planar polynomial differential system is a system of the form
(1) JJ:P(i,y), Z/:Q(I7y)7

where P(z,y) and Q(x,y) are polynomial, and the maximum degree of these polynomials is the degree
of this system.

In the study of differential systems the existence of periodic solutions is very important because they
play an important role in many natural phenomena. An isolated periodic orbit in the set of all periodic
orbits of a differential system is called a limit cycle.

This paper deals with discontinuous piecewise differential systems of the form

F(y)= (Fr @) B @) ye,
Fry) = (Fr @) B ey) yest,
such that the separation line of the plane is ¥ = {(z,y) : « = 0} and

2T ={(@y):z <0}, I ={(z,y): 2 >0}

In this paper we shall work with discontinuous piecewise differential systems in R?, and the definition
of these differential systems on the separation line of their two pieces in R? follows the rules of Filippov
[12].

(2) (#,9) = F(z,y) =

Research on discontinuous piecewise linear differential systems started with the studies of Andronov,
Vitt and Khaikin about 1930 in [1]. Recently the dynamics of piecewise differential systems appears
frequently in many fields of applied mathematics, mechanics, electronics, economics, neuroscience, etc.,
see for instance [7, 22, 23].
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The second part of the famous sixteenth Hilbert problem consists in finding an upper bound for the
maximum number of limit cycles that the polynomial differential systems in the plane of a given degree
can have, see [14, 15, 18]. In the last years many authors have been involved in solving the extension of
this problem to some classes of discontinuous piecewise differential systems.

In the literature we find many papers interested in studying piecewise differential linear systems sep-
arated by either a straight line or an algebraic curve, such as a conic or a reducible or irreducible cubic
curve, see for instance [2, 4, 5, 6, 8, 9, 11, 13, 21].

In [19] it is studied the maximum number of limit cycles of the planar continuous piecewise differential
systems formed by an arbitrary linear center and an arbitrary quadratic center, separated by a parabola.

The main goal of this paper is to solve the extension of the second part of the sixteenth Hilbert problem
to the class of discontinuous piecewise differential systems formed by an arbitrary linear center and an
arbitrary quadratic center separated by the straight line z = 0.

Using the first integrals of the linear and quadratic centers we will obtain a set of equations whose solu-
tions provide the upper bound for the maximum number of limit cycles for the class of the discontinuous
piecewise differential systems that we study.

Lemma 1. FEvery linear center after doing a linear change of variables and a rescaling of the independent
variable can be written as

4 2 + 2
(3) ab:fﬂxfwarah Y =azr+ py+ 01, withw >0, a>0,
@
and its first integral is
(4) H(z,y) = 8a(dix — ory) + 4(azx + By)* + y°w?.

For a proof of Lemma 1 see [20].

In the following result we give a normal form of the quadratic centers, for a proof see for instance
Theorem 8.15 of [10].

Theorem 2 (Kapteyn-Bautin Theorem). Any quadratic system candidate to have a center can be written
after an affine transformation and a rescaling of the independent variable in the form
(5) &= —y—ba?— Caoy—dy?, 9=+ az?®+ Azy — ay?.
This system has a center at the origin if and only if one of the following conditions holds
(1) C=a=0,

() b+d=0,

(#i) C+2a=A—-2b=0,

(iv) C+2a= A+ 3b+5d=a®+bd +2d> = 0.

The results stated in the next theorem do not depend on which half-plane x > 0 or x < 0 are located
the linear and the quadratic centers.

Our main results is stated in the next theorem.

Theorem 3. The maximum number of limit cycles of the discontinuous piecewise differential systems
separated by the straight line ¥ and formed by an arbitrary linear center and an arbitrary quadratic center
satisfying the condition of Kapteyn-Bautin Theorem of

(I) type C = a =0 is three if A= —b#0, and one if ether A=0#b, orb=0# A, or A=b=0.
There are discontinuous piecewise differential systems of these types with three limit cycles see
Figure 1(a) and with one limit cycle see Figure 1(b).
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(IT) type b+ d = 0 is three if either A+ b =0 and b # 0, or AbC(A + b)(4b(A + b) + C?) # 0, or
b=C=0,0rA=0andb#0, orb=0 and A # 0; two if (4b(A +b) + C?) = 0; and one if
A =b=0. There are discontinuous piecewise differential systems of this type with three limit
cycles see Figure 2(a) and with one limit cycle see Figure 2(b).

(I1T) type C +2a = A —2b =0 is one. There are discontinuous piecewise differential systems of this
type with one limit cycle, see Figure 3(a).

(IV) type C +2a = A+ 3b+5d = a® + bd + 2d*> = 0 is four. There are discontinuous piecewise
differential systems of this type with four limit cycles, see Figure 3(b).

Theorem 3 is proved in section 3.

(a) (b)

FIGURE 1. (a) The three limit cycles of the discontinuous piecewise differential system
(22)-(23), and (b) the unique limit cycle of the discontinuous piecewise differential system
(24)—(25).

b

(a) (0)

FIGURE 2. (a) The three limit cycles of the discontinuous piecewise differential system
(26)—(27), and (b) the unique limit cycle of the discontinuous piecewise differential system

(28)-(29).

2. Quadratic centers after an affine change of variables

In this section we give the expression of an arbitrary quadratic differential center with its corresponding
first integral obtained after the general affine change of variables {z — a1z +~y1y+0d1,y = @ex+vy2y+0d2}
with Qa17Y2 — Q21 # 0.
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FIGURE 3. (a) The unique limit cycle of the discontinuous piecewise differential system
(30)—(31), and (b) the four limit cycles of the discontinuous piecewise differential system

(32)~(33).

Thus system (5) becomes
= m (x2 (afyl(ozl —a9)(aq + az) + Aayasyr + 72 (a%b + ara0C + a%d)) +y2(a
M+ 77924+ 0113 (C — @) +73d) + d1(ardr + byady + M) + 62(Ands
+72 +720681) + 03 (v2d — ay1)y(y172(—2ady + Ay + 2661 + Cda) + v3(2ad;
+Abs + 1) + 42(C6y + 2dds + 1)) + x(01 (2a7v?y + v1 + 2a71101 + 7172y + (A

+2b) + Av162 + 2b7201 + 72C (02 + 12y)) + a2(Av1(6171Yy) + Y2 — 2a71(02

(©) +72y) + 72 + C(01 + 71y) + 272d(d2 + sz))))7

. 1

j= — (xQ (a0 + a103(C — a) + Adaz(A+b) + add) + y*(aci (11 — 72) (11 + 72)

Q172 — G271

+72(Aarm + aonC + ayed) + abyi) + 01 (aci 61 + a1 + aobdy) + 03
(aed — aay) + d2(Aa1 01 + ag + aaCdy) + y(a1(2a7161 — 2ay202 + Avy109
+AY201 4+ 71) + @2(207101 + 72 + 71002 + 72061 + 292dd2)) + z(araz
(20— O)(5s + 12y) + A(Gr + 1) + 266 + 1)) + ad(2a(6: + 11y)
FA + 1) + 1) + 03(C(Br + 11y) + 2452 + 72y) + 1))

For its corresponding first integral we distinguish the following cases.

I. The quadratic system (6) satisfying condition (i) of Theorem 2. The corresponding first
integral of this differential system if A = —b # 0 becomes

(7) HM(2,y) = (A(8s + asz + ay) + 1) @)
where
_ 1 2 2
filey) = (A(62 + oz + y2y) + 1)2 (A (A (01 + ez +my) 24(02 + a2z +72y)

4d(8y + anz + Y2y) — 1) +3d).
If A =0 # b it becomes



HV (2,y) = e2(atozztyay) (2b3(61 + a1z + 71y)? + 2b2d(02 + oz + 2y)? + 2b(b — d)
(8)
(62 + aow + y2y) — b—l—d).
If b=0+# A it becomes

H?El)(xy y) = eA(A2(51+alI+’Yl21)2+Ad(52+02$+’72y)2+2(’4_d)(52"'0‘”_’_722’)) (A(d2 + oz

(9) )
+72y) + 1)24724,

If A=0b=0 it becomes
(10) Hil)(x, y) = 2d(0; + axx + 72y)® + 3 ((61 + cuw + 11y)? + (62 + 2w + 12y)?) .

II. The quadratic system (6) satisfying condition (ii) of Theorem 2. The first integral of the
differential system (6) if A = —b# 0 and a = 0 # C becomes

HP (z,y) = 2@ (1 = b(S + anx + 721)) " = (=b(82 + oz + v2y) + C(61

(11) —0—a1x+'yly)+1)b2,
where
Z(z,y) = e (b(51 + a1z +my) + C(02 + vz + V2y))~
b(d2 + agw + y2y) — 1

If AbC(A+b)A #0and a =0 with A =4b(A+b) +C? <0 and L = v/—A it becomes

_ 8b
02 + L2 5 + 4 w24 c2412 B
(12) H2(2)(x7 y) = <— ( ) (02 + @y + 729) —b(62 + asxr + y2y) + 1 e%»

4b

2b(02 + aax + y2y) — C (01 + cwx + ny) — 2)
L(61 + anx +1y) '

If AbC(A+b)A #0 and a =0 with A = 4b(A+b) + C? > 0 and r = VA it becomes

where M = arctan <

1
H§2)(:C, y) = (A(d2 + asx + yoy) + 1)1/‘4(5 (C—7) (01 4+ a1z +71y) — b(62 + sz
(13)

r+C
2rb

51
+y2y) + 1) ’ (5 (C+7r) (01 + a1z +ny) — b(d2 + cox 4+ 72y) + 1)

If b= C = 0 it becomes

1
HiQ) (x’ y) = eZ(m,y) (a(51 —+ 1T + ’Yly) + 1)—2\/m(

(a(d1 + onx +my) +1)2
(14) +72y) (a*(— (62 + 2w + 12y)) + aA(01 + crz + 1Y) + A) + (a(d1 + a1z + 71y)

_ViTTAZ
+1)%)) :

((52 + Qo

where

= 2 2 _ -1 ( =2a*(batazzty29)+aA(Sitarz+riy)+A
Z(z,y) = 2av/4a? + A2(61 + a17 + 71y) — 2A tanh ( \;4a21A2(2(61+a1x+71y)+1) ) .

IfA=a=0,C #0 and b # 0 it becomes
r+C 1

1 2
Hé2)(x, y) = 6(52+D¢21+’Y2y(§ (C—=7r)(01 + a1+ v1y) — b(02 + a2z + Y2y) + 1) ’ (5(0

(15) r—C
26

+7)(01 + 1w + 11y) — b(02 + a2 + Y2y) + 1) o
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where 7 = /452 + C2.
Ifb=a=0,C#0and A # 0 it becomes
(16) HP (2,y) = e 2ACAGHaetm)+C0:tazet920) (C(8) + agw + my) + 1)247 (A6
Faox + 7y) + 1)27.

If A=4b(A+b)+C?=0and a=0+# C it becomes

2

4b
2 ~W2icT
C?(02 + o + Y2y) — b(8s + oz + 7ay) + 1) T (—20(5,

4b
+oox + 72y) + C(01 + iz + M1y) + 2),

(2) _ 1 oz@y
(17) H7 (x7y)* 26

C(6 + a1z + 7y)
here Z = )
where Z(z,y) 2b(02 + sz + y2y) — C(01 + cnx + 11y) — 2

If A=b=0and a =0 # C it becomes

(18) B (2,y) = (C(61 + arz + miy) + 1)2e~C(C0+a2at120)’ +201taretmy)),
II1. The quadratic system (6) satisfying condition (iii) of Theorem 2. Has the first integral

1
H1(3) (z,y) = 6(2a(51 + a1z + 71Yy)? + 6b(61 + a1z + 11y)? (62 + a2z + Y2y) + 3(61

(19) +a1z 4+ 71y)? = 6a(d1 + a1z + 11y) (02 + aax 4 Y2y)* + 2d(d2 + g

+729)% + 3(02 + 2 + Y2y)?).
IV. The quadratic system (6) satisfying condition (iv) of Theorem 2. Has the first integral
HY (2,y) = ((a2 + d?)(d(62 + ax 4+ Y2y) — a(61 + a1z + 11y))® — 3ad(a® + d?) (5,

+o1x + 71Y) (02 + a2 + Y2y) + 3d?(a® + d?) (82 + azz + v2y)? + 3d(a?

(20) 2
+d?)(82 + asx + yoy) + d2) /((a2 +d®)(a(61 + ar1x + 1y) — d(d2 + aox
3

+724))? + 2d(a® + d?)(02 + asz + Y2y) + d2) :

3. PROOF OF THEOREM 3

Now we should give the proof of Theorem 3, where we provide the maximum number of limit cycles
which can have the discontinuous piecewise differential systems separated by the straight line ¥, and
formed by an arbitrary linear center and an arbitrary quadratic centers.

In one half-plane we consider the linear differential center (3) with its first integral H(z,y) given in
(4). In the other half-plane we consider system (6) satisfying one of the four condition of Theorem 2,

with its corresponding first integral H,gj)(ag7 y) withk=1,..,8and j=1,...,4.
In order that the discontinuous piecewise differential system (3)-(6) has a limit cycle that intersects

the straight line ¥ at the points (0,y1) and (0,y2) with y1 < yo, these points must satisfy the following
system

er =H(0,y1) — H(0,52) = (y1 — y2) ((487 + w?) (y1 + y2) — 8aoy)) =0,

21 ; / :
1) e2 = H(0,51) — H(0,y2) = b9 (g, o) = 0.



From e; = 0, we obtain y; =

80[0’1

Bt 2 and by substituting it in e; = 0 we obtain the equation
w

F(y2) = 0 in the variable y5, which differs according with the first integrals of system (6).

Proof of statement (I) of Theorem 3. Now we prove the statement (I) for the discontinuous piecewise
differential system formed by the linear differential center (3) and the quadratic differential center (6) of
type C' = a = 0, and we distinguish the following cases:

Case 1. If A= —b # 0 then k =1 and j = 1 in system (21), the first integral of (6) is Hfl)(x,y)
given in (7), so the solutions of F'(y2) = 0 are equivalent to the solutions of the non-algebraic equation
J1(y2) = g1(y2) where

where

ky

L)

k3

L =

ko + k1 y2 + ko y3 + k3 y3

L L "
fi(y2) = St t2iz) e ang gi(yz) = e(L1+ L2 92)*(Ls — L2 12)*
Lz — L3 yo

1
(432 1 u2)2
+8a0102(7F +73)) — 12d(4B8% 4+ w?) — 3Av2d (62 (482 + w?) + dayeor) — A* (726,

—7102) (5152 (48 + w?) + 4ao1 (1162 + V251)) + AQ( (457 + w?) (7101 + 7202(1

16 A0y (A3 (5 (8710102 — 47207 + 47203) + w? (2716102 — 7207 + 7203)

—2d63)) + 4aoy (77 + 73 — 4y3ddy) )

9 3202 A%v,0?

4A<(A52 + 1)(d(2A47202 + y2) — A%(52(A7101 + 72) + 01 (11 — Av201))) + m
2 2, 2 2 AdaAor 30 a0 9so 2 2
(A%y1(1102 — 7261) + A(vi +73) — 272d) — W(A (7103 — 7367) + 24%62 (71

+73) + A(vE +73(1 — 4déd;)) — 3dr3)),

480 A3vq01
— iz Ao —720) + A (9 +98) —203d),
AA3, (A2 (1105 — 7201) + A (72 +12) — 293d)
8aAvyq01
A6y +1, Ly = Avs, Ly = -5 + A+ 1, r =2d.
62+ ) 2 Y2, L3 462+w2+ (52+ , T d

We note that ( fl)/(yg) and (gl)/(yg) are the derivatives of the functions fi(y2) and gi1(ya2), respectively.

Where

and

n(Ly+ Ly y2)"

(fl)/(yQ) = (Lg IR L2 y2)r+1 ;

ko + k1 yo + ko y3 + k3 o3

4 _ L1 L2 2 2(L _L2 2 2 P(yz)
(91) (y2) = e(lr+ Lz 12)*(La 2 (L1 + Lo y2)3(L1 — Lo y2)3’

with n =rLo(Ls + L), and

P(y2) =

kgL% y% + L2 (2k72L2 + kg(Lg — Ll)) yg +3 (k’lL% + kngLg) y% + (4]60.[1% + leQ(Ll — Lg)
+2]€2L1L3) Y2 +2koLy Ly — 2koLo L3 + ky Ly L.

We denoted by (Cy,) and (Cy,) the graphics of the functions fi(y2) and g1(y2), respectively.

According with the sign of (fl)/(yg) which depends on r and with the sign of the parameter n € R,
we obtain that all the possible graphics (Cy,) of the function fi(y2) are as follows.
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If r is an even integer or the rational r = p/(2q + 1) with p is an even integer and ¢ is an arbitrary
integer, then the sign of (fl)/(yg) depends on the sign of  (Ly + Lo y2) (L3 — Lo y2). Therefore the
graphic (CYy,) is given in Figure 4(a) if n > 0, or 4(b) if n < 0.

If r is an odd integer or the rational » = p/(2¢ + 1) with p is an odd integer and ¢ is an arbitrary
integer, then the sign of (fl)/(yg) depends only on the sign of . Therefore the graphic (Cy,) is given in
Figure 4(c) if n < 0, or Figure 4(d) if n > 0.

If r is irrational or the rational r = p/(2¢) where p is an odd integer and ¢ is an arbitrary integer,

then the sign of ( fl)l(yg) depends on the sign of 1. Consequently the graphics (Cy,) are the same than
in the case that r is an odd integer but in the domain of definition of f1(y2).

fv) 0o [fe § f(v) § (v

Y:

¥ i Y2

(a) (b) (c) (d)

FIGURE 4. The graphics of the function f1(y2). The dashed straight line is the vertical
asymptote straight line.

According with the sign of (gl)/(yg) and with the different kind of the roots r; with < € {1,...,4} of
the polynomial P(ys), and by considering the case when Lz # — L1, we shall obtain the different possible
topologically distinct graphics (Cy, ).

If P(y2) has four simple real roots, then the positions of these roots with respect to the two vertical
. . 1 L . . . .
asymptotes straight lines yo; = 1. and g9 = 1. play a main role in the variation of the graphics

(Cyqy). So all the possible topologicalle distinct graphiQCs (Cy,) are given in Figure 5(a) if yo1 < 11 < ya2 <
ro < r3 < T4, or Figure 5(b) if r1 < 19 < r3 < ya1 < rq4 < Yaz, or Figure 5(c) if r1 < yo1 < 19 < Y22 <
r3 < 1y, or Figure 5(d) if r1 < ro < y21 < 73 < Yoo < 14, or Figure 5(e) if yo1 < 11 < 1y < Yoz < r3 < 1y,
or Figure 5(f) if r1 < 12 < y21 < 13 < 14 < Y22, or Figure 5(g) if r1 < ya1 < r2 < 13 < Yoz < ry, OT
Figure 5(h) if r1 < yo1 < 19 <13 < 14 < Yoo, or Figure 5(i) if yo1 <11 < 1o <713 < Y2z < 74.

If P(y2) has one triple and one simple real root, or two complex and two simple real roots, the graphics
(Cy,) are given in Figure 5(j) if yo1 < 71 < ro < Y22, or Figure 5(k) if r1 < y21 < 72 < y22, or Figure 5(1)
if yo1 <711 < Yoo < 12.

If P(y2) = 0 has one double real and two complex roots, the graphics (Cy, ) are given in Figure 6(a).

If P(y2) = 0 has two double real roots, the graphics (Cy, ) are given in Figure 6(b) if 11 < y21 < r2 < ya2,
or Figure 6(c) if yo1 < 11 < Y22 < 7a.

If P(y2) = 0 has four complex roots, see Figure 6(d).

If P(y2) = 0 has one double real 7y and two simple real roots 71 and ro, thenif ro < 11 < y21 < ro < Y22
see Figure 6(e), or if yo1 < 11 < yaz < 1o < ro see Figure 6(f), or if r; < y21 < rg < ro < y22 see Figure
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6(g), or if yo1 < 11 < 1o < Y22 < T2 see Figure 6(h), or if r1 < yo1 < 1o < y22 < 72 see Figure 6(i),
or if yo1 < 11 < 1o < Yoo < rg see Figure 6(j), or if 7o < yo1 < 71 < 72 < Y22 see Figure 6(k), or
if yor < 1o < Yoo < 11 < 1o see Figure 6(1), or if r; < ry < y21 < 19 < y22 see Figure 7(a), or if
ro < Y21 < 11 < Yoz < 12 see Figure 7(b).

If P(y2) = 0 has one real root of order four this root must equal one of the two asymtotes ya1 or yaa,
then the graphics (Cy,) are given in Figure 7(c), or Figure 7(d).

Now if Ly = —L; we obtain that P(y2) = 0 is a cubic equation, therefore the graphics (Cy,) are as
follows.

If P(y2) = 0 has one triple real root or one simple and two complex roots, the graphics (Cy,) are given
in Figure 7(c) or 7(d).

If P(y2) = 0 has one double real and one simple real root, the graphics (Cy,) are given in Figure 7(e)
or 7(f) if ri =ro <ya1 <73, 0r 11 < Y21 < ro = 13, respectively.

If P(y2) = 0 has three real roots, the graphics (Cy,) are given in Figure 7(g) if yo1 <71 <re <rg, or
Figure 7(h) if r1 < ry < yo1 < 13, or Figure 7(i) if r1 < yo1 < 13 < 13, or Figure 7(j) if 1 < ro <13 < y21.

We will only give the graphics (Cy,) when the derivative (gl)/(yg) starts with a negative sign because
when the derivative start with a positive sign their graphics are topologically equivalent to the previous
ones.

For the function fi(y2) we remark that the sign of the derivative changes at most three times when r
an even integer or r = p/(2¢g + 1) with p an even integer and ¢ is an arbitrary integer which guarantees
that (Cf,) can have at most one local extrem in (a) or (b) of Figure 4, and on the other hand it is obvious
that the graphics (Cy,) can have at most four local extremes in (a), or (b), or (¢), or (d), or (e), or (f),
or (g), or (h), or (i) or (j) of Figure 5, and since the function g;(y2) is positive and it has the horizontal
asymptote straight line g;(y2) = 1, then we guarantee that the maximum number of intersection points
between the graphics (Cy,) and (Cy,) can be precisely between (a) or (b) of Figure 4 and (a), or (b), or
(¢), or (d), or (e), or (f), or (g), or (h), or (i) or (j) of Figure 5. It is clear that the graphics (Cy,) and
(Cy,) intersect at most in seven points, see for example Figure 8. Hence, F'(y2) = 0 has at most seven real
solutions. We can show easily that if (y1,ys2) is a solution of (21), then (y2,y1) is also a solution of this
system. Consequently, the maximum number of limit cycles of the discontinuous piecewise differential
system (3)—(6) in this case is at most three.

In what follows we construct an example with exactly seven intersection points between the graph-
ics (Cy,) and (Cy,) by considering {L1, Lo, L3, ko, k1, ko, ks, 7} — {—2,1,-3.5,2,2.5, -1, —6.9, 2}, these
points are shown in Figure 8.

To complete the proof of this case we provide an example with three limit cycles.

Three limit cycles for a discontinuous piecewise differential system (3)—(6) of type C' = a = 0 with

A=—b#0.

In the half-plane ¥~ we consider the quadratic center

(22) &= —0.41137..2% + 2(—4.7083..y — 0.8342..) + y(—12.0159..yy — 0.866409..) + 1.05188..,
0.053171..22% + 2(0.67274..y + 0.0188591..) + y(1.9488..y + 0.11029..) — 0.720841..,
its corresponding first integral is

HY(z,y) = —0.001233..(—z — 10.5578..y + 9.06)> <x2 +(9.8313..y + 6.51292..)z + (21.4047..yy

+14.3032..)y + 2.38945..).



10 I.BENABDALLAH, R. BENTERKI AND J. LLIBRE

9 yk e [ ol
Y Y Y Y
(a) (b) (c) (d)
9i(y. 1 ai(y, ‘ a(y. 1 [H\A
(e) (f) (8) (h)
oy, | I oy || | v |
’\ Y. v: v: v:
©) )] (k) )

FIGURE 5. The graphics of the function g1 (y2).

In the half-plane ¥+ we consider the linear differential center

(23) = lx

5
with the first integral

229 1 1
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e | el | el | A
A 1 A ‘ A A
(a) (b) (c) (d)
Jet | el \J oty || | gdy
— R S ;
(e) ) (8) (h)
[ ot el | el | A
Y, : A Y A
) 6) (k) O]

FIGURE 6. The graphics of the function g1 (y2).

In this case system (21) has the three solutions (y1, y2) = (0.0217348..,0.502283..), (y3,y4) = (0.0725424..,
0.451475..) and (ys, ys) = (0.143419..,0.380598..) which provide the three limit cycles for the discontinu-
ous piecewise differential system (22)—(23) shown in Figure 1(a).

Case 2. If A =0 # b then £k = 2 and j = 1 in system (21), then the first integral of system
(6) is Hél)(x,y) given in (8), and the solutions y, of F(y2) = 0 are equivalent to the solutions of the
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ooy
T | | \J a.(y.) EAA
i 2 3 : V. ‘ v,
(a) (b) (c) (d)
ey | |edya) L ey aly) |

~— N
— w

Y. 2 3 v, i Y2

(e) () () (h)

i VA 9i(Y:

=N

Y. | A

@ )

FIGURE 7. The graphics of the function g1 (y2).

non-algebraic equation f2(y2) = g2(y2), where

ko + k1 y2 + k2 y3
z0+ 21 Y2 + ko Y3’

fo(yz) = eloTh¥2) and  go(ys) =
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0.08 - |

0.06 -

o 004

0.02

- L L
25 3.0 35

FIGURE 8. The seven intersection poitns between the two functions fi(y2) drawn in
continuous line and ¢; (y2) drawn in dashed line.

with
o= 2890201 ) ko = b (20267 + 2065(dSy + 1) — 246, — 1) +d
0 482 y w2t Y2, ko 1 21002 2 ’

ki= 2b (2b2’7151 + b(’}/g + 2726152) — ’}/Qd) , ko = 252 (b’}/% + ’ygd) ,

— 8aoy 2 252 6402bo? 2, .2 2
z20 = 2b(4ﬂ2 T o2 (2b 7151 + b(’YQ + 2726152) — ’)/Qd) +b 51 + W (bvl + ’YQd) + bd52 + b(sg
16(1501

—d8) = b+ d, 2 = 2b( — W81 — bys — 2yadds — gty ) + 72d).

We denoted by (Cy,) and (Cy,) the graphics of fa(y2) and g2(y2), respectively.

The possible graphics of fa(y2) are shown either in Figure 10(a) if I; > 0, or in Figure 10(b) if I; < 0.

For the function g2(y2) its derivative is

Pi(y2)

2) (y2) = 5
o) (Pz(yz))

with
Pi(y2) = (kaz1 — kika)y3 + (2kazo — 2koka)y2 — koz1 + k120 and Pa(y2) = kay3 + 2192 + 20.

We see that the discriminant of the numerator of go(y2) = 0 is equal to the discriminant of Pz(y2) =0
which is A() = k‘% — 4k0]€2 = Z% — 420]€2, and A = (2]622’0 — 2k‘0]€2)2 — 4(k221 — kle)(—k()Zl + k’lzo) is
the discriminant of P;(y2) = 0, then according to the sign of the determinants Ay and A the graphics of
91(y2) are given in Figure 9(a) or Figure 9(b) if Ag > 0 and A < 0, Figure 9(c) or Figure 9(d) if Ag >0
and A > 0, Figure 9(e) or Figure 9(f) if Ag > 0 and A =0 or Ag = 0 and A > 0, and Figure 9(g) or
Figure 9(h) if Ag < 0 and A < 0.

It is clear that the graphics (Cy,) can have the maximum number of local extremes in (c), or (d), or (g)
or (h) of Figure 9, then we know that the maximum number of intersection points between the graphics
(Ct,) and (Cy,) can be precisely between (a) or (b) of Figure 10 and (c), or (d), or (g) or (h) of Figure 9.
It is obvious that the graphics (C,) and (C,,) intersect at most in three points see for example Figure
11. Due to the symmetry of the solutions of system (21) we know that the maximum number of limit
cycles in this case is at most one.

In the following we build an example with exactly three intersection points between the graphics (Cy,)
and (Cy,) by taking {lo, 1, ko, k1, k2, 20, 21} — {0.35,0.2,3.9, -2, —1,4, —2}, these points are shown in
Figure 11.
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Doady) | AT YA A

/ /

Y, i 3 A

(a) (b) (c) (d)

9.(y2) oty a.ly:) (v,

= A

Y.

(e) () (2) (h)
FIGURE 9. The graphic of the function go(y2).

fi(yz) fy)

(a) (b)
FIGURE 10. The graphic of the function f3(y2).

Case 3. If b=0+# A then k =3 and j = 1 in system (21), the first integral of system (6) is Hél)(ac, y)
given in (9), and the solutions of F'(y2) = 0 are equivalent to the ones of the equation f3(y2) = g3(y2).

We have f3(y2) = f1(y2), with r = 2d — 2A, therefore the graphics of f3(y2) are given in Figure 4.
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FIGURE 11. The three intersection poitns between the two functions f2(y2) drawn in
continous line and gs(y2) drawn in dashed line.

We have also g3(y2) = f2(y2), then we know that the graphics of g3(y2) are given in Figure 10.

The parameters of the function gs(y2) are:

1
lg = m (1604140'1(142’71 ((51(452 + w2) + 40[’}/10'1) + A’yg(4/32(d52 + 1) + dayeo1d + d52w2
+0?) = 12d(48% + w?))),
1
L= IRt (4A(A271(51(452 + w?) + dayio1) + Ay2(468%(do2 + 1) + dayeord + ddaw? + w?)

—yad (452 + w2))).

Due to the fact that f3(y2) = f1(y2) there is at most one local extrem at zero in (a) or (b) of Figure 4, we
know also that g3(y2) = f2(y2), then it is clear that the maximum number of intersections points between
the graphics (Cy,) and (Cy,) can be precisely between (a) or (b) of Figure 4 and Figure 10. Consequently
the graphics of functions f5(y2) and g3(y2) intersect at most in three points see for example Figure 12.
Due to the symmetry of the solutions of system (21) we know that the maximum number of limit cycles
of the discontinuous piecewise differential system (3)—(6) is at most one.

By considering {lo,l1, L1, Lo, L3, r} — {—0.2,1.75,4, -7, —0.4, —2} we constuct an example with ex-
actly three intersection points between the graphics of the two functions f3(y2) and gs(y=2), these points
are illustrated in Figure 12.

Case 4. If A=b=0then k =4 and j = 1 in system (21), the first integral in this case is Hil)(as,y)
given in (10), and

8&’7201 3 3 80[’)/10'1 2
F(y2) = Qd(m + 02 — szz) = 2d(02 + y212)° + 3((W + 01— 71y2)
8ayso 2
+(452 j:z? 0z - %yz) ) =3(01+my2)* + (02 + 7212)°) -

Since F'(y2) = 0 is a cubic equation in the variable y, the maximum number of real solutions of system
(21) is at most three. Eventually, the upper bound of the maximum number of limit cycles for this case
is at most one.

To complete the proof of this case we build an example with one limit cycle of the discontinuous
piecewise differential system (3)—(6) of type C =a =0 with A =0=0.
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2|

0}

FIGURE 12. The three intersection poitns between the two functions f3(yz) drawn in
continuous line and g3(y2) drawn in dashed line.

We consider the quadratic center

o1 1 8 28 43
P = —1.06383.. (7_7 1-4(-02y—05 ) Sy D2y 0y )
v <x 5 10 (-02y-05)) 07 Ta0Y Y 10

1 1 1 1y 121y 1 , 19 52
j= 106383 (—oe?+a(7(1-4(—zy—5))+ oo ) - eP + v — =
Y 06383 ( PRV 57 2) Tas) oY TV s

in the half-plane X7, with its first integral

=Gt )+ (e ) 4o o'

In the half-plane ¥ * we consider the linear differential center

(24)

1 1 1
2 r = —x — 0.27632.. 1 = — —Yy — —
(25) &= 5% 0.27632.y +1, y==x 0V " 3

with the first integral

1 2 1
H(x7y)=4(x—ﬁy) +8(—§x—y) +1.06528..1%.

In this case system (21) has the unique solution (y1,y2) = (0.978592..,6.25938..) which provides the

unique limit cycle for the discontinuous piecewise differential system (24)—(25), see Figure 1(c).
example completes the proof of statement (I).

Proof of statement (I1) of Theorem 8. Now we must prove the statement for the discontinuous piecewise
differential system formed by the linear center (3) and the quadratic center (6) of type b+ d = 0, and we

distinguish the following cases:

Case 1. f A+b=0and a =0 # C, then k = 1 and j = 2 in system (21), the first integral of the
quadratic center is Hfz)(az, y) given in (11), the solutions of F(y2) = 0 are the same as the solutions of

the equation fl(yg) = ¢1(y=2) where

ko + k1 2

1 T2
fily) = (m1+m2 y2> <n1+n2 y2) and gl(yz):e(m1+m2 y2)(ms — mg yg),
m3 —ma Y2 n3 —n2 Y2
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where
mi — _M_bg 41, mo=byy =, mg=1—0bby, 7 = b2+ C?
1 4/62 +("12 2 ) 2 Y2 ) 3 2, 'l )
8aoy 2
ny= —bly+ Cé +1, ng =7C — by, ng= m(%c —by2) —bdy + Co1 + 1, 12 = b7,
8abCoy
Fo= — 13 G002 + 11201 +71) +92C), ki = BCB(=bn1d2 + 61201 +71) +720).

The derivative of the function fl(yg) and g1 (y2) are

(m1 +ma y2)" " (ng 4 ng yo)m2 !

TN/
=(My+M My y3
(f1) (y2) = (Mo + My y2 + My y3) (ms — ma y2)" T (ng — na ya) 11

and
5 ko + k1 ys
(§1)/(y2) _ (N0+N1y2+N2y2) o (m1+ma y2)(ms —ma y2)
(m1 4+ may2)?(ms3 — maya)?
with
Moy = maoningri(my + mg) + mimgnara(ny + ng),
My = mana(ri(my +ms)(ns —n1) — r2(my — ms)(ny +ng)),
My = —mgng(n2T1(m1 + mg) + m2r2(n1 + n3))7
No = —mgmaky +myimako +myimsky, Ny =2kom3, No=kym3.

According to the number of the vertical asymptotes of the function fl(yg) we can divide the study of
this function into two parts.

If mi; = n1, ma = ng, mg =ng, or ry =0 and 79 # 0, or 71 # 0 and ro = 0, then the function fl(yg)
has one vertical asymptote and the graphics (C fl) of the function f;(y2) are the same as the ones of the
function fi(y2) shown in Figure 4.

If my # nq, or mg # ngy, or mg = ng, or 1 # 0 and ry # 0, then the function fl(yg) has two vertical
asymptotes. Therefore according with the derivative ( fl)/(yg) which depends on the parameters ry, ro
and with the sign of the discriminant A; = M? — 4MyM> also according with the positions of the roots
of the numerator of ( fl)/(yg) with respect to the two vertical asymptotes, we obtain that all the possible
topologically distinct graphics (C fl) of the function f (i) are given as follows.

If 71 and ry are even integers, or r1 is an even integer and 7o is rational such that ro = 2p/(2q + 1)
with p, ¢ € Z, all the graphics (C,) are given in Figure 13 if Ay > 0. If A; = 0 the graphics (Cj, ) are
given in (a), or (b), or (c), or (d), or (e) of Figure 14. If A; < 0 the graphics (C's,) are given in (f), or
(g9) of Figure 14.

If 71 and ro are odd integers, or r1 is an odd integer and 7 is rational such that ro = (2p+1)/(2¢+ 1)
with p, ¢ € N, therefore if Ay > 0 the graphics (Cy, ) are given in (h), or (i), or (j), or (k), or (I) of Figure
14 and in (a), or (b), or (c), or (d), or (e), or (f), or (g) of Figure 15. If Ay = 0 the graphics (Cy, ) are
given in (h), or (i), or (j), or (k), or (1) of Figure 15. If A; < 0 the graphics (C,) are given in (a), or
(b) of Figure 16.

If r1 is an odd integer and 75 is an even integer, or 7o is an even integer and r; = (2p+1)/(2¢ + 1)
with p,q € Z, or r1 is an odd integer and ro = (2p)/(2¢ + 1) with p, g € Z, then the sign of the derivative
(fl)/(yg) depends on the sign of (Mo + My yo + My yg) (n1+mn2 y2)(n3 — ng ys2), therefore if Ay > 0 the
graphics (C',) are given in (c), or (d), or (e), or (f), or (g), or (h), or (i), or (j), or (k), or (I) of Figure
16 and in (a), or (b) of Figure 17. If A; = 0 the graphics (Cj, ) are given in (c), or (d), or (e), or (f), or
(9) of Figure 17. If A; < 0 the graphics (Cy, ) are given in (h), or (i) of Figure 17.
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If 1 is an odd integer and ry is irrational or o = p/2q with p,q € Z, then the sign of the derivative
1 ' y2) depends on the sign of the quadratic polynomial (Mg + M, ys + Ms y2), therefore the graphic
2
C'; ) are the same as the case in which r; and ry are odd integers but in their domain of definition.
f1

If ro is an even integer and r; is irrational or 11 = p/2q with p,q € Z, then the sign of the derivative
(fl)/(yg) depends on the sign of the products (MO + My yo + My y%) (n1 + n2 y2)(ns3 — na y2), therefore
the graphics (C f]) are the same as in the case that r; is an odd integer and r; is an even integer but in
their domain of definition.

If r1 is irrational or r1 = pg/2qo and ry is irrational or rational with ro = p/2q and pg, p are odd integers,
then the sign of the derivative ( fl)/(yg) depends on the quadratic polynomial (Mo + My yo + M, y%),
therefore the graphics of fl(yg) are the same as in the case that r1 and ro are odd integers, but in their
domain of definition.

If both ry, 75 are rational with 7 = (2po)/(2¢o+1) and ro = (2p)/(2¢+1) such that p, ¢, po, go € Z, then
the sign of the derivative (fl)l(yg) depends on (MO + My yo + Moy y%) (m1 4+ ma ya2)(mg — ma y2)(n1 +
na y2)(ns — na y2), therefore the graphics of fl(yg) are the same as in the case that r; and r are even
integers.

If both ry, ro are rational with r; = (2pg + 1)/(2¢0 + 1) and ro = (2p + 1)/(2¢ + 1) such that
P, q,Po,qo € Z, then the sign of the derivative (fl)/(yg) depends on (Mo + My ys + My y%), therefore the
graphics of fl(yg) are the same as in the case that r; and ry are odd integers.

If both 71, o are rational with r1 = (2po+1)/(2g0+1) and r2 = (2p)/(2¢+1) such that p, q, po, g0 € Z,
then the sign of the derivative (fl)/(yg) depends on (Mo + M; ys + Ms y3), therefore the graphics of
f1(y2) are the same as in the case of r; is an odd integer and 7 is an even integer.

If r; is irrational or rational and 7o rational with ry irrational or 1 = po/(2q0) and 72 = (2p)/(2¢ + 1)
and po is an odd integer and o, p and ¢ are integers, therefore the graphics of f1(y2) are the same in the
case that r; is an odd integer and r5 is an even integer but in their domain of definition.

If rq is irrational or rational and r rational with r; irrational or 1 = po/(2¢o) and 7o = (2p+1)/(2¢+1)
and pg is an odd integer and qg, p and ¢ are integers, therefore the graphics of fi(y2) are the same in the
case that 1 and ro are odd integers but in their domain of definition.

According to the sign of the derivative of the function §; (y2) which depends on the sign of the quadratic
polynomial P(y2) = No+ N1y2 + Nay3, then the topologically distinct graphics of §;(y2) are shown in (a)
and (b) of Figure 18 if mg # —my and P(y2) has two distinct real roots, or (¢) of Figure 18 if mg # —my
and P(y2) has two complex roots, or (d) of Figure 18 if m3 # —my and P(y2) has one double real root,
or (e) and (f) of Figure 18(e) if mg = —my.

The possible graphics of fl(yg) are given in Figures 4, 13, 14, 15, 16 and 17, and the graphics of g1 (y2)
are given in Figure 18.

Since the graphics of fi(y2) can have the maximum number of local extremes in (a)—() of Figure 13
and due to the fact that the function g (y2) is positive and its graphics can have at most two extremes in
(a) or (b) of Figure 18, we know that the maximum number of intersection points between the graphics
of fi(y2) and §;(y2) can be precisely between (a)(1) of Figure 13 and (a) or (b) of Figure 18. In this case

the two functions fi(y2) and g1 (y2) have fi(y2) = §1(y2) = 1 as an horizontal asymptote which ensures
that at infinity there are no intersection points between their graphics. Therefore the graphics (C f~1) and

(C4,) of the two functions f)(y2) and g1 (y2) intersect at most in six points see for example Figure 19.
Then the upper bound of the maximum number of limit cycles in this case is at most three.
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fv) 1% f i |
/’\ v:
2
(a) (b) () (d)
f) | fv) | T /\J Ty,
Y2 2
(e) (f) () (h)
fv fo) | o | \J v |
v: ¥
O] ©) (k) )

FIGURE 13. The graphics of the function f; (y2)-

By taking {ko, k1, m1, ma, ms3,r1,72,n1, 02, n3} — {—0.21,—-1.7,-1.7, —5.8, —2.5,4,2,—1.28,2.75, —3.9}.
we build an example with exaclty six intersection poitns between graphics of the functions fi(y2) and
g1(y2). These points are shown in Figure 19.

Case 2. If ADCA #0 and a = 0 with A = 4b(A + b) + C? < 0, then k = 2 and j = 2 in system (21),
the first integral of (6) is HQ(Q)(ac, y) given in (12). The equation F'(y3) = 0 is equivalent to the equation
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T | fv) L/ J f) )|
v, — |
(a) (b) () (d)
fv) | ) | fv) | fv)
Y. Y.
(e) (f) () (h)
%) T T o |
\/ y. Y.
() ©) (k) )

Ja(y2) = G2(y2) where

and

92(y2) = <

FIGURE 14. The graphics of the function f;(ys).

< (53112 + 84) (
my | arctan| —————— | +arctan
f2(y2) —e S1Y2 + S2

53Y2 + Se
S5 — S1Y2

—t1y2 + t3

L1y + 12 )Tz <K1y§ + Koys + K3
Kiy3 + Kuyo + K5



Fv) T fiv) )
7 7w Y.
(a) (b) (c) (d)
fv) ) | Fv) | fv) |
Y. A A
(e) ) () (h)
o) | g [ Fv) | v |
A
Y.
A
) ) (k) )

where

K

ML, s2 =061, s3=7C — 2by,
—2[)52 + 051 + 2, S5 =

16abys01

4&2 + w2

+ 2bdy — —Cdy

+6,L,

(4643 — 4by172C +73C? + 43L?),

FIGURE 15. The graphics of the function f; (y2).

—2 my =

21
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(e) ®) (2) (h)
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\ :
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FIGURE 16. The graphics of the function f;(ys).
1 2.2 2712 2 2 2 2
Ky = fm@aal (4b v5 +viL ) + (46 +w ) (4b Y202 — 4byg + 161 L ) —2C(4aby1v201
+(45% + w?) (by102 + byady — 71)) + 11 C*(8ayior + 61 (467 + WQ)))y
1
Ky= (=40 (8 (48> + &?) + Bamon) (4B2(b52 — 1) + Babraoy + boses? — w?) + 4(482(b6 — 1)
4 (452 + w?)

+8abyyoy + biow? — w2)2 +C? (61 (482 + w?) + 8a'}/101)2 + L2 (6 (482 + w?) + 8047101)2 ),



Ky =

K5 =

t =

23

T (21 v
.
—
() (b) (c)
v, L T || v |
(d) (e) )
fo) T | t) |
\A A
() (h) )

FIGURE 17. The graphics of the function f;(ys).

1

5 (4627205 — 4byz — 20 (71 (b0 — 1) 4 byad1) + 710?61 + 161 L?)

1 (74051(()(52 - 1) +4(b(52 - 1)2 + 0252 +62L2) r = 1 To = 7871)

4 Lo b’ 402 + C2 4 L2’

Y2 (40 +C?+ L?) 1 /8aypoy (407 +C? + L?) ) ) )
= o= o 4826, — b+ €26, + 5, L7),

+ 1.

26, 5o L2
TR R
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) i e | 0.
Y2 3 1 V. V:
(a) (b) (c)
I |/ o
A i Y: i Y,
(d) (e) (f)

FIGURE 18. The graphic of the function gi(y2).

- .
e - N R
T T T T

FIGURE 19. The six intersection poitns between the two functions fl (y2) drawn in con-
tinuous line and ¢;(y2) drawn in dashed line.

We note that ( fz)/(yg) and (gg)/(yg) are the derivatives of the functions fg(yg) and go(y2), respectively,

where
Py (y2)
((s1y2 + 52)% + (s3y2 + 54)2) (85 — 5192)% + (S3y2 + 56)2)

(f2) (y2) = ma fa(ys)
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and
(32) (2) = - Ps(y2) ( tiys + 1o )Tz
(t1y2 + t2)(—t1y2 + t3) (K193 + Kayo + K3) (K13 + Kayo + K5) \ —t1ya + t3
(K1y§ + Kays + K3>Tl
K1y3 + Kyyo + K5 ’
with
Pi(y1)= v (s% + sg) (s1(s4 — S6) — S283 — S385) — 2y2 (s% + 8%) (5286 + 5455) — 815556 — 515586 + 518458

+815458 — $35385 — S2535% — S28358 — S35385, and

2
5

Pg(yg) = y% (Klz’l“gtltg + K127“2t1t3 =+ KlKngt% — K1K4T1t%) + yg (KlKngtth — K1K27“1t1t3 + K1K27“2t1t2

+ K1 Koratits + 2K1 Karit? — Ky Kyritits + KiKaritits + Ky Kyratts + K1 Kyrotqts — 2K, Ksrqt3)
+y3 (= K1 Koritots + 2K, Karityty — 2K1 Karitits + K1 Karatity + K1 Karatts + Ky Kyrqtots
—2K 1 Ksritito + 2K1 Ksritits + Ky Ksrotito + K1 Ksratits + Ko Kyrotits + Ko Kyratits
—KyKsrit? + KsKyrit3) + yo(—2K1 Ksritats + 2K Ksritots — KoKsritits + KoKsritats
+KoKsratity + Ko Ksrotits + K3 Kyritity — KayKyritits + K3 Kyratits + K3 Kyratit3)

+ Ko K5ritats — KsKyritots + K3 Ksrot1ts + K3 Ksratits.

We denoted by (C',) and (Cg,) the graphics of f2 and o, respectively.

According with the sign of (fz)/(yg) which depends on m; and with the sign of 01 = (s154—5253)(s156+
$385), we obtain that and all the possible topologically distinct graphics (C’ﬁ) of the function fo(ys) are
given in what follows.

For s5 # —so the function fg(yg) can have two vertical asymptotes and all the distinct topologically
equivalent graphics of the function f2(y2) are given in Figure 20 as follows.

If 61 > 0 the graphics (C',) are given in (a), or (b), or (c), or (d), or (e), or (f) of Figure 20.
If 6; < 0 the graphic (C},) is shown in Figure 20(g).
If 61 = 0 the graphic (C},) is shown in Figure 20(h).

For s5 = —sg the graphic (C];Q) has only one vertical asymptote, then the graphics (sz) depends only
on the sign of ;.

If 6; < 0, the graphic is given in Figure 20(h).
If 6; > 0, the graphic is given in (i), or(j), or(k) of Figure 20.

According with the derivative (52)'(3/2) and the parameters rq, ro, and due to the fact that the sign
of the discriminants A; and A, of the equations K142 + Koy + K3 = 0, and K1y2 + Kuys + K5 = 0,
respectively, are negative, where Ay = Ay = —L?(by,62 — by261 — 71)?, and knowing the different kind
of the roots z; with i € {1,...,4} of the polynomial Ps(y2), we get all the possible topologically distinct
graphics (Cj,) of the function g2(y2) which are given in Figures 4, 13, 14, 15, 16 and 17 if A; = 0 as
we proved in the first case of statements (/) and (/7). For A; < 0 the topologically distinct possible
graphics of ga(y2) are given in what follows.

If either 75 is an even integer or ro = (2p)/(2g+1) with p, ¢ € Z, and P»(y2) has four simple real roots,
then the graphic of ga(y2) is given in (a), or (b), or (¢), or (d), or (e), or (f) of Figure 21.
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Ficure 20. The graphic of the function fg(yg).

If Py(y2) has two complex and two simple real roots, then the graphic of ga(y2) is given in (g), or (h),
or (i), or (j) of Figure 21.
If P2(y2) has four complex roots, then the graphic of ga(y2) is shown in (k), or (I) of Figure 21.

If P>(y2) has one double and two complex roots, then the graphic of ga(y2) is given in (a), or (b), or
(c) of Figure 22.
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If P5(y2) has two double real roots, then the graphic of ga(y2) is shown in (d), or (e), or (f), or (g) of
Figure 22.

If Py(y2) has one triple and one simple real root, or one double and two simple real roots, then the
graphic of g2(y2) is given in (h) of Figure 22.

If ro is an odd integer or 7o = (2p+ 1)/(2q + 1) with p,q € Z we have the same graphics as the case
when ry is an even integer where xy = —(t2/t1) represent an inflexion point of the function §a(y2).

if ro is irrational or ro = p/(2¢q) with p,q € Z the sign of the derivative (gg)/(yg) depends only on
the sign of P(y2), then the possible graphics of the function ga(y2) are the same as the ones of the case
where 75 is an odd integer on its definition domain.

For 75 < 0 and by a similar way we find the same graphics as in the case ro > 0.

The graphics of fo (y2) are given in Figure 10 and the graphics of §2(y2) are given in Figures 4, 13, 14,
15, 16, 17, 21 and 22.

For the function §a(y2) we remark that its graphics can have at most five local extremes in (a), or (b),
or (), or (d), or (e) or (f) of Figure 21, we know also that the function fy(y2) is positive and its graphics
can have at most two extremes in (a), or (b), or (¢), or (d), or (f), or (i), or (j) or (k) of Figure 10.
Therefore we guarantee that the maximum number of intersection points between the graphics of fg(yg)
and g2(y2) can be precisely between (a), or (b), or (¢), or (d), or (e) or (f) of Figure 21 and (a), or (b),
or (c), or (d), or (f), or (i), or (j) or (k) of Figure 10. Due to the fact that there are no intersection
points at infinity because of the common horizontal asymptote fg(yg) = ga(y2) = 1. Then the maximum
number of solutions of system (21) is at most seven see for example Figure 23, this provides at most three
limit cycles of the discontinuous piecewise differential system (3)—(6).

Now we construct an example with exactly seven intersections points between the two functions fa(ys)
and §Q(y2) by taking {Kl, KQ, Kg, K4, [(57 tl, tz, t3, r,7r2,81, 82,83, 54, S5, S¢, ml} — {0576282, —3.2, 41,
0.1,0.02,—5,5.4,93,1,2,1.2,4, 1,100, 5, 2, —3.8.}, see Figure 23.

Case 3. If AbCA # 0 and a = 0 with A = 4b(A + b) + C? > 0, then k = 3 and j = 2 in system (21),
the first integral of the quadratic center (6) is HPEQ)(x, y) given in (13). Then the solutions y- satisfying
F(y2) = 0 are equivalent to the solutions ys of the equation f5(y2) = g3(y2) with

f3(y2) = fi(y2) and gs(y2) = fi(y2),

where

1
my = 551(0+,/4bA+b )+ C2) —boy +1, mg—b’yg—f'yl(C’+«/4b(A+b)+C2>

1 80(’)/10'1 80[6’}’20’1
= = 2 e id
mg = 5 (C+VI{ATD) +C’)(462+w2 1) g ML

1 1
ny = 551(0 V(AT b) + C2 +C’2)—b62+1 o = bys — 271<C—\/4b(A+b)+02),

1 80(’710’1 80[6’}’20’1
— 2 e s
ng= 5 (C—VI(A+H)+C?) (462 1) Gy ML
1 C
rn= —(1+ r 1-— ,
' 2b< ,/4b(A+b) +C2> 2T 2b< VAb(A 1 D) +02>
8aryaoy 1
L1 = A(W"—(SZ) +1, L2:A727 L3:A(52+1, r = Z.

) The graphics of the function g3(y2) are shown in Figures 4, 13, 14, 15, 16 and 17. For the function
f3(y2) all its graphics are given in Figure 4.
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FIGURE 21. The graphic of the function g2 (y2).

It is obvious that the graphics of f3(y2) can have at most four local extrem in Figure 13 and due to the
fact that the function gs(y2) is positive and its graphics can have at most one extremes in (a) or (b) of
Figure 4, we guarantee that the maximum number of intersection points between the graphics of fg(y2>
and g3(y2) take place between Figure 13 and (a) or (b) of Figure 4. In this case we know that the two
functions have the common horizontal asymptote f3 (y2) = g3(y2) = 1. Hence the maximum number of
intersection points between these two functions is at most seven see for example Figure 24. Due to the
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FIGURE 22. The graphics of the function g2 (y2).

symmetry of solutions of system (21) we conclude that the maximum number of limit cycles is at most
three.

In Figure 24 we build an example that shows exactly seven points of intersection between the two func-
tions f3(y2) and g3(y2) by choosing {my,ma, ms, 71,72, n1,n2,n3, L1, Lo, L3, 7} — {7,-1,2,2,6,—0.53,
—0.17,—1.71,4,—3.25, —0.15, 2}.

Case 4. If b= C = 0 then k = 4 and j = 2 in system (21), (14) is the first integral of the quadratic
center (6). Then the solutions of F(y2) = 0 are the solutions of the equation f4(y2) = ga(y2), where

2 T

; mo Y5 +m1 Y2 + ma

Ja(y2) = < 22 )
mo Y3 +n1 Y2 + ne

and

Ga(yn) = b1 Thavat2a (tanh— (S12552) tanh = (=512 |
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FiGURE 23. The seven intersection poitns between the functions fg(yg) drawn in con-
tinuous line and ¢a(y2) drown in dashed line.

FIGURE 24. The seven intersection poitns between the functions f3(y2) drawn in con-
tinuous line and ¢3(y2) drawn in dashed line.

mo = a®v? — a®y2 + aAy1ye, m1 = 2627181 — 2027202 + a Ay 62 + aAyedy + 2ay; + Ave,
mo — (125% — a26% + aA5162 + 2a51 + A52 + ].,

16aaor(a(yi —12) (1 +72) + Anye) Ay

ny = —a(71(2a51 + A52 + 2) + '72(1451 — 2&52)) — 4ﬂ2 n w2 s
1 1
No = (],25% — (12(5% + W(GZLGQQG%(Q(’Yl — ’)/2)(’}/1 + ’)/2) + A’Yl’YQ)) + W(8a01((a51

+1)(2a71 + A’)/Q) + CL(SQ(A’)/l — 2(1/)/2))) + aAdi109 + 2a01 + Ady + 1,
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2 2
re AT A k= 16a8%vy1v4a? + A2 N dayiw?v'4a? + AQ’ Ky — _16aa’ylol\/4a2 + A27
432 + w? 46% + w? 462 + w?
S1 = aAvy —2a%ys, So = —2a%0s + aAd, + A, S5 = ayi1V4a? + A2,
16aayy01 S8aaAyi0,

Si = adVida? + A2 +/4a? + A2, S5 = — 2428, +

8aay1v4da? + A?
T e
We see that the discriminants of the numerator and the denominator of f4(y2) are equal, and it is
A = (4a? + A?) (ay162 — ay202 — 2)?. Since A > 0 we obtain that all the possible topologically different
graphics (C’f~4) of the function f4(y2) are given in Figures 4, 13, 14, 15, 16 and 17 as we proved in the
first case of statements (I) and (II).

+ ads, + A,

T AB% + w? 432 + w?

Se = + adi1v4a® + A% + V4a? + A2.

Now we study the function g4(y2) where its derivative is

Py (y2)

(§4)/(1/2) = 9a(y2)

with
Pi(y2) = —2AS3S4y3 — 2AS53Sey3 + 245752 S3y3 — 4ASES2Ssyo + 2AS579555y3 + 4AS7S4S5y2

—2A815286 + 2A81528,y2 + 2A8152S6y2 + 2A51 528 — 2A81 5,52 + 2A81 5,52
+2A4528385 — 2A8553y2 AS352 Sys + 24555552 — 24855552 — 24535518 — 4AS25, 5512
—2A8357S5 + k2Stys + 2ka ST Say3 — 2k2 ST S5y3 + k2STS5y5 — 4k2S7S2S5y5 — 2k2STS3y5
—2kS7S3S4y3 + 2k ST S3S6y3 — k2 STSTY3 + k2 STSFY3 — kaSTSFY3 — 2k25155 S5y,
—2kS) S5 52y3 + 4k Sy S25356y2 + 2Kk 51 5552y — 2k2S1 5252y + 2KkpS1 525513
+4k2S15354S5y3 + 2k S157S5y2 — kaS353y5 + 2k2S353S6y2 + k25355 — koS358 + k2 S3ys
+2k253S4y3 — 2kaS3S6ys + kaS3S7y2 — 4koS3S,S6y3 — kaS3S2y3 + koS3S2y3 + ka2 S358
—2k2 85528612 — 2k2955452ys + 2k2555453y — ko S2S2,

and

Ps(y2) = (y2(S1 — S3) + S2 — S4)(y2(S1 + S3) + S2 + S4)(y2(Ss — S1) + S5 — Se)(—y2(S1 + S3) + S5 + S6).

According with the sign of (§4)/(y2) and the kind of roots of the quartic polynomial P;(y2) and with

S5 + 56 and = 51— 5 we give all
S, + S5 Y22 > g

51— Ss
the possible topologically different graphics of the function §4(y2) in what follows.

their position with respect to the two vertical asymptotes yo1 =

If P;(y2) has four simple real roots the graphics of g4(y2) are given in (a), or (b), or (¢), or (d), or (e),
or (f), or (g), or (h), or (i) of Figure 25.

If P;(y2) has two simple real roots and two complex roots the graphics of g4(y2) are given in (j), or
(k), or (1) of Figure 25, or in (a) of Figure 26.

If P;(y2) has four complex roots the unique graphic of g4(y2) is shown in (b) of Figure 26.

If P;(y2) has one triple and one simple real root the unique graphic of g4(y2) is shown in (c) of Figure
26.

If Py (y2) has one double real root and two complex roots the unique graphic of §4(y2) is shown in (d)
of Figure 26.
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If P;(y2) has one double and two simple real roots the graphics of g4(y2) are shown in (e), or (f), or

(g) of Figure 26.

If Py (y2) has one real root of order four or two double real roots the unique graphic of g4(y2) is shown

in (h) of Figure 26.

9y a4y aly) | | ey,
A . A - V. v
(a) (b) (c) (d)
J 9u(y: j i au(y, j i VA j i 9uly,
Y Y Y ! 12
(e) () (2) (h)
/ o) | gy, e, | ey,
= /\ 3 yz 3 v. 3 v:
() @ (k) M

FIGURE 25. The graphics of the function g4(y2).

Since the graphics of f4(y2) can have at most four local extremes in Figure 13 and by knowing that
the function g4(y2) is positive and its graphics can have at most four local extremes in (a), or (b), or (¢),
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FIGURE 26. The graphics of the function g4(ys).

or (d), or (e), or (f), or (g), or (f) of Figure 25, therefore we conclude that the maximum number of
intersection points between the graphics of f4(y2) and g4(y2) can be precisely between Figure 13 and (a),
or (b), or (¢), or (d), or (e), or (f), or (g), or (h) of Figure 25. It results that the maximum number of
intersection points between the functions fy(y2) and G4(y2) is at most seven see for example Figure 27.
Due to symmetry of solutions (y1,y2) of (21), we know that the maximum number of limit cycles of the
discontinous piecewise differential system (3)—(6) is at most three.

_ In figure 27 we build an example that shows exactly seven intersection points between the functions
fa(y2) and ga(y2) by considering {mg, m1, ma,n1,n2,7, k1, ka2, A, S1, S2, 53, S4, S5, 56} — {1, —1.23283,
0.265293, —1.65,6.63,4,5,—4.5,4,4,—-0.5,0.5,1,0.5,9.4}

Case 5. f A=a=0,C #0and b# 0, then k =5 and j = 2 in system (21), (6) has the first integral
Héz)(x,y) given in (15), studying the solutions of F(y2) = 0 is equivalent to study the solutions of the
equation f5(y2) = gs(y2) where

fs(y2) = f2(y2) and gs(y2) = fi(y2),
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FIGURE 27. The seven intersection poitns between the functions f4(y2) drawn in con-
tinuous line and ¢4 (y2) drawn in dashed line.

where

1 1
myp = 551 (C+ V4b2 + 02) —bos + 1, mg = 5’)/1 (C+ \/m) — b9,

dayioy

1 S8aby,01

M= im (C+ Va2 +C?) + 30 (C+ Vi +C?) — P bés + 1,
1 C 1 C

"= 27)(1 i +C2)’ 2= 27)(1 VT +02>’
1 1

ny = 5(51 (C —V 4b2 + 02) — b52 —+ 17 ng = 5’)/1 (C — \/41)2 —+ CQ> — b")/g,
dayi01 1 8abys01

TL3: m(C*\/4b2+02)+§51(07\/4b2+c2)7mfb62+1,

8ayz201

4ﬁ2 + UJ2 :

We know that the graphics of fs(yg) are shown in Figure 10, and the graphics of gs(y2) are shown in
Figures 4, 13, 14, 15, 16 and 17.

lo= =2, 1 =

As in the previous case we ensure that the graphics (Cy4,) shown in Figure 13 are the ones that
guarentee the maximum number of intersections points between the graphics of the functions gs(y2) and
f5(y2) which has the horizontal asymptote f5(y2) = 0. Then we guarantee that the maximum number of
intersection points between the graphics (Cy,) and (Cy,) takes place between Figure 10 and Figure 13.
Thus the maximum number of the intersection points of these graphics is at most seven, which provide
at most three limit cycles of the discontinuous piecewise differential system (3)—(6).

_ In what follows we build an example provides the seven intersection points between the tow functions
f5(y2) and g5(y2) when we consider {my, ma, ms, n1,ne,n3, r1,r2,lo, 01} — {5,-1.3,3,-0.5,—0.1703,
—1.1,-2,-4,2.19,—0.18}, these points are shown in Figure 28.
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FIGURE 28. The seven intersection poitns between graphics of the functions f5(y2)
drawn in continuous line and g5(y2) drawn in dashed line.

Case 6. fb=a=0,C #0and A # 0, then ¥k =6 and j = 2 in system (21), the first integral of (6)
is HéQ)(ac, y) given in (16). The equation F(y) = 0 is equivalent to the equation fg(y2) = g6 (y2) where

fo(y2) = fo(y2) and go(ye) = fi(v2),

where
o = _%(A% +72C), 11 = 4AC(Am +7:C),
my = Ady+1, my= Ay, my = M+A(52+1, r1 = 2C?,
482 + w2
8ay1Coyq 9
ni= Cé+1, no =vC, ngzm—l—Cél—l-l, ro = 2A%.

The graphics of fﬁ(yQ) are given in Figure 10 and the graphics of gs(y2) are given in Figures 4, 13, 14,
15, 16 and 17. Then the maximum number of solutions of system (21) is at most seven which provides
at most three limit cycles of the discontinuous piecewise differential system (3)—(6).

Since the maximum number of limit cycles of all these six cases is at most three, we will build only an
example with three limit cycles of the discontinuous piecewise differential system (3)—(6) of type b+d =0
with A=a=0,C #0and b # 0.

In the half-plane ¥ we consider the quadratic center

&= —0.0273949..2% + £(0.0133241..y + 3.85736..) + (—0.00150606.y — 0.845815..)y + 3.3482..,
(26) = —0.273949..2% + 2(0.133241..y + 18.5736..) + (—0.0150606..y — 3.7726..)y + 25.7332..,
with its corresponding first integral
HéQ)(x, y) = —0.0000384239..6%)0(11_10@(.Z‘ —0.307716..y — 34.9503..)(z — 0.178658..y + 27.1508..)2.
In the half-plane X~ we consider the linear differential center
1 29 19 6 1 11
(27) :z'c:gx—ﬁoy—kjo, y=5x—gy+€,

with the first integral
6 1 \° 48 /11 19
H =4(Za—-= Z(=z-= 2,
(2,9) <5x 5y> + 4 (59: 201/)+y

In this case system (21) has the three solutions (y1,y2) = (0.592968...,7.2691..), (ys3,y4) = (1.31716...,
6.54491...) and (ys, ys) = (2.34295...,5.51911...) which provide the three limit cycles for the discontinuous
piecewise differential system (26)—(27), see Figure 2(b).
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Case 7. If a =0 # C and A = 4b(A +b) + C? = 0, then k = 7 and j = 2 in system (21), (17) is the
first integral of the quadratic center (6). Then the solutions of F(y) = 0 are the same as the solutions
of the equation f7(y2) = g7(y2) where

fr(y2) = fi(y) and Gr(y2) = G1(32),

where
8ao
my = M(ylc — 2bys) — 2665 + Cby + 2, ma = 2bys — 11C, mg = —2b65 + Cy + 2,
(4b2 +C’2) Yo 02
— _ 4 2 2 _ 12 4 2 2 — 1 _ 24 4 2 2
n1 74b(4ﬁ2+w2)(52(ﬂ +UJ)+86¥’720’1),712 4b(b+C),7’L3 4b(b +C),
4p?
n= b=
16aCo
ko = —m(b’h% —by202 — 71), k1 = 4C(by162 — byada — 71).

Since r; = 1, the graphics of the function f7(y2) are given in (k), (i), (), (k) and (1) of Figure 14 and
in Figures 4, 15, 16 and 17. All the graphics of the function g7(y2) are shown in Figure 18.

Therefore the graphics of the two functions fr(y2) and gr(y2) intersect at most in five points see for
example Figure 29. Consequently, the maximum number of limit cycles of the discontinuous piecewise
differential system (3)—(6) is at most two.

Now we construct an example with exactly five intersection points between f7(y2) and g7 (y2) by taking
{m1, ma, ms,r1, 72,01, N2, 03, ko, k1} — {—0.5,7.2,-2,1,-2,0.12,-9.5,—-0.3,1.2,0}. These points are
shown in Figure 29.

0.10
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PR o]

——————— ~
\ [
o1 0.2

0.00 -

-0.05

F1GURE 29. The five intersection poitns between the functions f7(y2) drawn in contin-
uous line and ¢7(y2) drawn in dashed line.

Case 8. f A=b=0and a =0 # C, then £k = 8 and j = 2 in system (21), the first integral of (6)
is HEEQ)(x, y) given in (18), and the solutions of F(yz) = 0 are the same as the solutions of the equation
fs(y2) = gs(y2) where

_ 3 . 1
fs(y2) = M? fo(y2) and gs(y2) = fi(y2), with M = EEC
and
lo = —M2(16OéCO'1) ((4,82 + wz) (’71 + ’72052) + 404’}/220(71) s

L= MAC ((46% +w?) (m1 +72C82) + 4ar3Cor)),

8ay101

1 Cé+1, Lo v1C, Ls C<462+w2

+51>+1, r=2.
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The graphics of fs(y2) are given in Figure 10. Since gs(y2) is a sub-case of fi(y2) with the particular
parameters given previously, then its graphics are shown in Figures 4(a) and 4(b). Clearly that the
maximum number of intersection points of their corresponding graphics is at most three see for example
Figure 30. Then the upper bound of the number of limit cycles in this case is at most one.

In what follows we consider {lo, {1, L1, Lo, L3, 7, M} — {—0.2,—-1.75,1,—5.6, —0.4,2,1.53} for building

an example with exactly three intersection points between the two functions fg(yg) and gs(y2) see Figure
30.

FIGURE 30. The three intersection poitns between the functions fs(y2) drawn in con-
tinuous line and ¢s(y2) drawn in dashed line.

Now we will prove that the result of case 8 is reached by giving an example of system (3)—(6) of type
b+d=0with A=b=0and a=0#C.

In the half-plane X+ we consider the quadratic center

1
P= (—242? + z(1537 — 2490y) — 20(5y(90y — 151) + 241)) ,
(28)
3320
I= 5o (xy + (322 — 1921) + 12000y — 7300y + 10),

this system has the first integral
H§2)(x, y) = e—(1/100)(8z+30y+1)2+((1/5)z+20y—10(l, + 100y — 60)2.
In the half-plane ¥~ we consider the linear differential center
(29) = (1/2)x — 1.57968..y + 2, y=2z—(1/2)y+1/2,
with the first integral
H(z,y) = 2((1/2) — (1/2)y) + 2 + (0.789842..y — 2)y.

In this case system (21) has the unique solution (y;,y2) = (0.894524..,1.63763..) which provides the
unique limit cycle for the discontinuous piecewise differential system (28)—(29), see Figure 2(b). This
example completes the proof of statement (I7). O

Proof of statement (I11) of Theorem 8. In this statement F'(yz) = 0 is the following cubic equation in
the variable yo
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F(y9) = (2 (y2 (452 + wQ) — 4a01) (640420% (a (’yf - 371’@) + 3by3ys + 'ygd) — 4oy

1
(452 + w2) (712(76a01 — 6bda + 6by2y2 — 3) — 6v172(—2ade + avyay2 + 2bd7)
93 (6ad) — 643z + 2yadys — 3) + 233y ) + (487 +2)” (a(31 (81 — 82) (0,
+02) — 6720102 + 43 (7? - 3%73)) + 3b(61(27102 + 7201) +777243) + 3m1d1

+3’}/252 + 3’)/2d5§ + ’Ygdy%) )) .
Therefore this equation has at most three real solutions. Eventually the planar discontinuous piecewise
differential system (3)—(6) has at most one limit cycle.

To confirm we present in what follows a discontinuous piecewise differential systems with exactly one
limit cycle. In the half-plane ¥~ we consider the quadratic center

b= —( — 262(174 + 19)y + 20(2(841z + 1963) — 3198) + 24185y2),
(30) 34100
i= 1o (65001:2 +202(665 — 841y) + y(11397y — 19630) + 9000),
its first integral is
H (2,y) = —398(174a + 19)y? + 60(x(841z + 1963) — 3198)y + (a(x(130 + 399) + 540) — 2869)
241855,

In the half-plane ¥ * we consider the linear differential center
(31) T =x40.618871.y — 1, y=—2.01981..x —y+ 1.3,
with the first integral
H(z,y) = 16.3185..2% + 2(16.1584..y — 21.006..) + 5(y — 3.23169..)y.

In this case system (21) has the unique solution (y1,y2) = (0.567633..,2.66406..) which provides the
unique limit cycle for the discontinuous piecewise differential system (30)—(31), see Figure 3(a). This
example completes the proof of statement (I17). |

Proof of statement (IV') of Theorem 3. In this statement the solutions of F'(y2) = 0 are equivalent to the
solutions of an equation of degree nine and due to the big expression of this equation we omit it. This
equation has at most nine real solutions which provide at most four limit cycles for the discontinuous
piecewise differential system (3)—(6).

In what follows we give a discontinuous piecewise differential system of the class (3)—(6) of type (IV)
with four limit cycles. In the half-plane ¥~ we consider the quadratic center

i = x(525.153.. — 2.477..y) — 0.0005176..22 + y(5365.y — 850504.) + 66467 .,
j= (0.0686512.. — 0.0004798..5) + y(104.576.. — 0.024..y) — 1.924.. - 10~822 — 13667.3..,

with its first integral

HY (z,y) = (0.990099(1.23 + 22(3.62455 - 105 — 33461.5y) + 2(y(3.73225 - 103y — 8.09237
1019) 4-4.38777 - 10'2) 4 y((4.51686 - 10'* — 1.38763 - 10'2y)y — 4.90232 - 10'°)
+1.77406 - 10'¥)2) /((1.2% + 2(2.41637 - 105 — 22307.7y) + y(1.24408 - 103y — 1010
-2.69973) + 1.46548 - 1012)3).

In the half-plane ¥* we consider the linear differential center
(33) & = —8x — (25601/40)y + 50, ¢ = (1/10)x + 8y + 20,
with the first integral

(32)

H(z,y) = 4(z + 80y)? + 800(2z — 5y) + y°.
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In this case system (21) has the four solutions (y1,y2) = (0.00817805..,0.148066..), (ys,y4) = (0.0177713..,
0.138473..), (ys,76) = (0.0292114..,0.127033..) and (yr,ys) = (0.0443241..,0.11192..) which provide the
four limit cycles for the discontinuous piecewise differential system (32)—(33), see Figure 3(b). This
example completes the proof of statement (IV). O
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