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PHASE PORTRAITS OF TWO CLASSES
OF LIENARD EQUATIONS

JIE LTI! AND JAUME LLIBRE?

ABSTRACT. In this paper we classify the phase portraits in the
Poincaré disc of the Liénard equation & + f(z)% + g(x) = 0, with
either f(z) = 0 and g(z) is a quadratic or cubic polynomial, or
f(z) is a quadratic or cubic polynomial and g(x) = 0.

1. INTRODUCTION AND MAIN RESULTS

Consider the well-known Liénard equation
&+ f(x)t + g(x) =0,

where ¢ is the restoring force and f denotes the friction coefficient
being f and g continuous functions and g(0) = 0, see for more details
the reference [3]. Here the dot denotes derivative with respect to the
time ¢.

Much attention has been paid to the Liénard equation with f(z) # 0
and g(z) # 0, thus when this paper is being written in MathSciNet
appears 903 papers when you look in Anywhere for “Liénard equation”
and “Liénard system”. Thus two recent papers on Liénard equations
are [4, 7].

In this paper we consider the Liénard equation with either f(z) =0
and g(x) = Y bext, or f(x) = > apz”® and g(z) = 0, where m,n > 2
=0 k=0

are integers and ay, by are real with a,,b,, # 0. Then the particular
Liénard equations that we will study are #+g(x) = 0 and £+ f(z)% = 0.

These Liénard equations can be written as the following two differ-
ential systems of first order

(1) x:ya y:_g(x)a

2010 Mathematics Subject Classification. 34C05.
Key words and phrases. Liénard system; first integral; phase portrait; Poincaré
disc.
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2 JIE LI AND JAUME LLIBRE
(2) i=y, y=—f(2)y.
Clearly the differential system (1) has the first integral

2 m
be 111

Using the time-rescaling ds = ydt, the differential system (2) can be
written as

(3) =1, Yy =—f(x),
where the prime denotes derivative with respect to the new time s. Its
first integral is

-~ a
Hy = Hy(a,y) =y + Y ="
k=0

(a) (S1): b2 >0 (b) (S2): by >0 (c) (83): b2>0

(d) (S1): by <0 () (S2): by <0 (f) (S3): by < 0

FI1GURE 1. The phase portraits of the differential system
(1) with m = 2 in the Poincaré disc in the three cases
(Sk) for k = 1,2, 3.

In the next two theorems we classify the phase portraits in the
Poincaré disc of the differential system (1) when m = 2 and m = 3.

Theorem 1. For m = 2 the phase portraits of the Liénard system (1)
in the Poincaré disc are given in Figure 1.
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Theorem 2. For m = 3 the phase portraits of the Liénard system (1)

in the Poincaré disc are given in Figure 2

_

/*'“ A// \\»;// m 54
@@/\Q) \\//

b) (C2): by > 0

(03) b3 >0 (d) (C4) by > 0

(@) (C1): b3 >0

///
\

(e) (05). by > 0

(f) (ci);r by < 0 ( (cz) by <0 ( ) (C3): bs < 0

(i) (C5): by <0

(i) (C4): by <0

FI1GURE 2. The phase portraits of the differential system
(1) with m = 3 in the Poincaré disc in the five cases (Ck)

for k=1,...,5.

In the two theorems we classify the phase portraits in the Poincaré
disc of the differential system (2) with n = 2 and n = 3.
Theorem 3. For n = 2 the phase portraits of the Liénard system (2)

in the Poincaré disc are given in Figure 3

Theorem 4. For n = 3 the phase portraits of the Liénard system (2)

i the Poincaré disc are given in Figure 4
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(a) (Q1): a2 >0 (b) (Q2): az >0 (¢) (Q3): az >0

(d) (Q1): a2 <0 (e) (Q2): a2 <0 (f) (Q3): a2 <0

F1GURE 3. The phase portraits of the differential system
(2) with » = 2 in the Poincaré disc in the three cases
(Qk) for k =1,2,3.

2. PROOF OF THE MAIN RESULTS

Proof of Theorem 1. 1t is clear that system (1) has the finite equilibria
(0, 0) for each real root x( of the polynomial g(z).

Here we use the notations of Chapter 5 of [1] for studying the Poincaré
compactification of the polynomial differential systems in the local
charts U; and Us,. First in the local chart U; the differential system (1)
becomes

0= —u?v™ ! — G (v), U= —uv™,

and in the local chart U, it is

i =v"" +ud,,(u,v), 0 =v®,,(u,v),
where
Gm(v) = Z biv™ " D, (u,v) = Z biuv™
=0 =0

Since b, # 0 it follows that there are no infinite equilibrium points
in the local chart U;. Moreover the origin of the local chart Us is an
equilibrium point. Note that @ = b,u™" and v = 0 on the u-axis.
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\

(b) (G2): ag >0

P

Ao /\

M e H
\i\\\\//
U

(e) (GB):az>0 (f) (G1):a3<0 (g) (G2):az3<0 (h) (G3):a3<0

/ﬂ

(1) (G4) a3 <0  (j) (G5): a3 <0

FIGURE 4. The phase portraits of the differential system
(2) with n = 3 in the Poincaré disc in the five cases (Gk)
fork=1,---,5.

Then there are four possibilities:

(P1) b,, >0, m=20+1,

(P2) b,, >0, m =2,

(P3) b,, <0, m=2(+1, and

(P4) b, <0, m=2(.

We get the orbits on the u-axis in the (u,v)-coordinates, as shown in

Figure 5. We shall study the local phase portraits at the origin of the
local chart Us,.

We first consider a general quadratic polynomial

g(iE) = b2$2 + bl.ZZ? + bo, bg # 0.
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v| v|
N, & >
< >

[ u 0

Y

u 0

(a) (P1) (b) (P2) (c) (P3) (d) (P4)

FIGURE 5. The orbits on the u-axis in the local chart
U, for the differential system (1).

Then ,
b b
Hy = Hi(z,y) = % + §2$3 + Elxz + box.
By the Poincaré transformation z = u/v,y = 1/v, we change the first
integral to the following

3v + 2byu? + 3byuv + 6byuv?
6v3 ’

ﬁl = I-:Tl(u, U) =

Let H, = h varying h € R. Then

Ulz,y) = 603 (Hy(u,v) — h) = 3v+ 2byu® 4 3byuv + 6bguv? — 6ho® = 0.

From U(0,0) = 0 and 0U/0v|(9) = 3, by the Implicit Function Theo-

rem [2, Theorem 1.3.1] we obtain the solution of U(z,y) = 0 as follows
2

2 2 2
v(u) = — gbgu?’ + §b1b2u5 — 5(41)0173 + 3b2by)u” + ﬁ(%’boblbg + 963 by

— 8bah)u? + o(u?).

Thus we have the invariant curves Hy(u,v) = h at the origin of the
local chart Us. Drawing the orbits living on these invariant curves for
different values of h we obtain Figure 6.

| M
0 mu 0 u

(a) by >0 (b) by <0

FIGURE 6. The local phase portraits at the origin of the
local chart U, for the differential system (1) when m = 2.
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Next we shall study the local phase portraits at the finite equilibrium
points when g(z) is a polynomial of degree 2. Consequently it can be
written as one of the following three forms

(S1) :g(x) = ba(x — 1) (T —13), 11 <19
(S2) :g(x) = ba(x —10)*,
(S3) :g(x) = by(2® — 2az + a* + b?).

For convenience we use the notations

2 b b
%, U(z) = box + =22 + —a°.

o(y) = 5 3

Assume by > 0. Let r be a general real zero of g. Then there are three
possibilities: the zero r is either an inflection point, or a minimum,
or a maximum of the function ¢ (z). We shall study the local phase
portraits at the equilibrium point (r,0) for the differential system (1).

(1) // :
o e t//(ﬂk

/ X
(a) b >0
w(r)+e

S 2K
<LF X /\x

F1GURE 7. The local phase portraits at an inflection
point in the subfigures (a) and (b), at a minimum in
the subfigure (c¢), and at a maximum in the subfigure (d).
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When the zero r is an inflection point of 1, i.e. ¥/ (2)|p=r = V" (x)|1s=r =
0, we see that by = by = 0. Further we have that
bQTg

H1 = Hl(T, 0) = 1/)(7“) = T

Consider the orbits contained in the curves H; = byr3/3. We only
concentrate to the half plane y > 0 because of the symmetry. First we
do the change of variables x = u + r and y = v, and get

b 2
(4) Hi(u,v) = §2u3 + % = 0.

Solving the equation when v > 0 we get

R EEE L

as u < 0. Further we see

—3b2U

Py = = =52

It follows that f’(u) = 0 at u = 0 and f'(u) < 0 as u < 0. Thus we
see that the orbit I'y living on the curve y = /2by/3(r — )3/? goes to
the equilibrium point (r,0) tangent to the z-axis. For e1,e5 > 0, we
consider the orbits living on the curves H; = bory/3 + &1 and H; =
bard /3 — £5. Solving the former equation we consider the point (z,0)
on the z-axis and get x = x, > r. For the latter equation we similarly
get * = x_ < r. Starting the points (z4,0) we respectively get the
orbits I'y and I'_ because & = y > 0 and y = —¢/(z) < 0. By the
symmetry we obtain the local phase portrait of Figure 7(a).

When by < 0 from the equation (4) we get

v= ) =\ 22

as u > 0. Further we see

—3b2U
) —
It follows that f'(u) = 0 at w = 0 and f'(u) > 0 as u > 0. As it is

discussed in the case by > 0 we obtain the local phase portrait Figure
7(b) because & =y > 0 and y = —¢'(z) > 0.

When the zero r is a minimal point of ¢ we consider the invariant
curves Hy = 1(r) + € for € > 0. Solving the solutions on the z-axis
we get two zeros x4 satisfying that x_ < r < x,. Since . =y > 0
and y = —¢/(z) > 0 in the interval (z_,r) but y < 0 in the interval
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(r,xy) we get the periodic orbit Iy starting (z,,0) or (z_,0) by the
symmetry. Thus we obtain a continuum of periodic orbits near the
equilibrium point (r,0), see Figure 7(c).

When the zero r is a maximal point of ¢ we consider the orbits living
on the curve Hy(z,y) = ¢(r). First we solve the equations ¢(y) = ¢
and ¢(z) = 9(r) — e for e > 0, and get y = v/2¢ and = = x4 satisfying
that x_ < r < x4 in the half plane y > 0. On the other hand we do
the change of variables x = w4+ 7 and y = v, and get

by by v?
Eu + boru? +§u +5:O.

In the neighbourhood of the point (r,0) we have
v = £/ —by — 2byru + o(|ul),

since " (1) = by +2byr < 0. Thus we obtain the orbits I'_ (respectively
I',) starting at (z_,v/2¢) (respectively (z,1/2¢)) tangent to the line
y = —v/—by — 2byr(z — r) (respectively y = /—by — 2byr(z — r)), be-
cause £ =y > 0and y = —¢/(x) < Oasz < r, and & = y > 0 and
y=—¢'(x) >0 as x> r. We obtain Figure 7(d) near the equilibrium
point (r,0) by the symmetry.

(.y(r)) / / /
//\\ // (ry. (1)) (0,0)
(15, 9(ry)) / /

( ) (S1): by > 0 (b) (S2): by > 0 (¢) (S3): by > 0

(r,¥11)) \\ \
\ /\ (5, w(13)) 00)
(n W)) \ \ \

(d) (S1): by < 0 (¢) (S2): by <0 (f) (S3): by <0

FIGURE 8. The graph of ¢ in (Sk) for & = 1,2, 3.

Assume (S1) with by > 0, then

o @xg_ 52(7"1—1—7”2)

3 5 22 + boriTo.
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(a) by >0 (b) b2 <0

F1GURE 9. The local phase portraits at the equilibrium
points Fj; and Fis for the differential system (1) with

g(x) = ba(x — r1)(z — 19).

Clearly the differential system (1) has exactly two equilibrium points
E11(r1,0) and Eja(re,0). Moreover, 1 reaches the maximal value at
x = ry and reaches the minimal value at x = ry, see Figure 8(a). Thus
by subfigures (c¢) and (d) in Figure 7 we get the local phase portrait of
Ey; and E)s, as shown in Figure 9(a). Assume by < 0. Then 1 reaches
the minimal value at * = r; and reaches the maximal value at x = 9,
see Figure 8(d). It follows that the local phase portrait of Fy; and Eio
is shown in Figure 9(b). Combining the orbits at infinity in Figure
5(b)(d) and Figure 6 we obtain the phase portraits of the differential
system (1) with a general quadratic polynomial g(x) in (S1), see Figure
1(a)(d).
Assume (S2) then

_ bow(a® — 3rox 4 3r9)

o) = .

The differential system (1) has exactly one equilibrium point Es (rg, 0).
Because 1 is the inflection point of ¢ displayed in Figure 8(b)(e) we see
the local phase portraits near Fs; as subfigures (a) and (b) of Figure
7. Combining the orbits at infinity we obtain the phase portraits of
the differential system (1) with a general quadratic polynomial g(z) in
(S2), see Figure 1(b)(e).

Assume (S3) with by > 0. Clearly there is no equilibrium points
for the differential system (1). On the other hand we see that & =
y > 0and y = —¢/(z) < 0. By the orbits at infinity we obtain the
phase portrait of the differential system (1) with a general quadratic
polynomial g(z) in (S3), see Figure 1(c). Similarly when by < 0 we
obtain the phase portrait of the differential system (1) with a general
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quadratic polynomial g(x) in (S3), see Figure 1(f). This completes the
proof of the theorem. O

Proof of Theorem 2. From the subfigures (a) and (c) in Figure 5 we get
the orbits on the u-axis in the (u,v)-coordinates. On the other hand
the origin of the local chart U, is an equilibrium point. So we shall
study the local phase portraits at the origin of the local chart Us.

Consider a generic cubic polynomial
g(x) = bga® + box® + byx + by, bz # 0.

Then the differential system (1) has a first integral H, = Hy(z,y) =
¢(y) +(y) = h, where

oy) = 5 Y(z) = + + + by

By the Poincaré transformation x = u/v and y = 1/v it becomes

12bguv® 4+ 6byu’v? + 4byuv + 3bsu* + 602

= h.
1204

[_.All = I:;Tl(u,v) =

Varying h € R we have the orbits living on the curves H, = h near the
origin of the local chart Us. Let

V(u,v) = 12@4(ﬁ1 — h) =12bgun® + 6byuv? + 4bouv + 3bgu* + 607
—12h* = 0.

By the Newton-Puiseux algorithm [5, 8] we solve V' (u,v) = 0 as follows

—b3U2 B @ug 4 (9b1b3 + 26§)u4 i 3b0b3 + 2b1b2 u5
V2 3 18v/—20, 6
| (403 + 3243 — 648bybyD] — 2430703 — 108bib3bs) g, (),
648v/2(—b3)3/2

v(u) ==+

Because & = y and §y = —/(x) we obtain the directions of those orbits,
see Figure 10. When b3 > 0 the local phase portrait at the origin of U,
is formed by two hyperbolic sectors separated by the line of the infinity.

Next we shall study the local phase portraits at the finite equilibrium
points when g(x) is a polynomial of degree 3. First it can be written
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Vv

F1GURE 10. The local phase portrait of the origin of the
local chart U, for the differential system (1) when by < 0.

as one of the following five polynomials

(C1)
(C2)
(C3)
(C4)
(C5):9

g(x) =bs(x —r)(x —r)(x —13), 11 <T3<T3
g(x) = b3($—T1)2(JZ‘ —1y), 11 <T9

3(55 - Tl)(f - 7”2)2, Ty <72

Correspondingly we have the first integrals H;(x,y) = Hi(x, —y). Then
the phase portraits of the differential system (1) are symmetric with
respect to the z-axis.

Assume (C1) then

V() = bsx(3x3 —4(ry + 79 + 13)2% + 6(r17r0 + rirs + ror3)T — 121 7r913)
B 12 '

Clearly the differential system (1) has exactly three equilibrium points
E11(7”1, 0), Ezl(’l”g, O) and Egl(’l”g, O) When b3 > (0 note that 77/1 reaches
a minimal value at r; or r3, and reaches a maximal value at ry, see
Figure 11(a). As it is surveyed for subfigures (c¢) and (d) in Figure 7, we
obtain the local phase portrait at Ey1(rq,0), E9(re,0) and Es3;(r3,0),
see Figure 12(a). Considering any h > 1)(ry) we have two zeros on the
zr-axis and get a periodic orbit. When b3 < 0 we have that 1 reaches
a maximal value at r; or r3, and reaches a minimal value at ry, see
Figure 11(f). We similarly obtain the local phase portrait at Eyq, E1o
and E\3, see Figure 12(b).

Assume (C2) then there are two equilibrium points FEs;(r1,0) and
Ey(r2,0). On the other hand

 byw(3a® — 4(2ry 4 o) a® + 611 (11 + 2r9)a — 12r(1y)

e - .
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ol N

(CRZG) MR (Y)] (r,y(r)) (. w(r)) (5 y11))
(a) (C1): b3>0 (b) (C2): b3>0 (c) (C3): b3>0 (d) (C4): b3 >0
(. w(r))

() (15,w(r)) (r,w(r)) DAY
\ / /\ /\ /\ N w(r))
\/ / (n.w(1)) \ '\
.y (7)) A

(e) (C5): b3 >0 ( ) (Cl) b3 <0 (CZ) by <0 (C3) by <0
R0) (1)

/.
/m\/ \

(i) (C4)Z b3 <0 (J (C5) b3 <0

FIGURE 11. The graph of ¢ in (Ck) for k =1,--- 5.

(a) by >0 (b) b3 <0

F1GURE 12. The local phase portraits at the equilibrium
points Fy;,1 = 1,2, 3, for the differential system (1) in (C1).

and its graph is shown in subfigures (b) and (g) of Figure 11. As it is
done for subfigures (a), (b), (¢) and (d) of Figure 7, we obtain the local
phase portraits at Fy; and Fys, see Figure 13.

Assume (C3) then

b3 (32 — 4(ry 4 2rp)a® 4 6ry(2r1 + ra)x — 12r179)

U(w) = - ,
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FIGURE 13. The local phase portraits at the equilibrium
points Ei;,1 = 1,2, for the differential system (1) in (C2).

FI1GURE 14. The local phase portraits at the equilibrium
points Ey;, 7 = 1,2, 3 for the differential system (1) in (C3).

and its graph is shown in subfigures (c) and (h) of Figure 11. Similar
to case (C2) we obtain the local phase portraits near Eo; and Ea, see
Figure 14.

Assume (C4) then

_ y? bs(r1 — 33)4
la) = 5 +

The differential system (1) has exactly one equilibrium point Ey; (rq, 0).
Note that 1) reaches a minimal value at x = r;, which is displayed in the
subfigure (d) of Figure 11. Then there is a continuum of periodic orbits
near F4 when by > 0, see Figure 15(a). When b3 < 0 because v reaches
a maximal value at = r; shown in Figure 11(i) we see the trend of
orbits near F4;. On the other hand we have H; = ¢(y) + ¢ (x) = 0 by
taking x = r; and y = 0. Thus solving the equation H; = 0 we have

y= @) =\ 20— )
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K
S A

(a)b3>0 b)b3<0

F1GURE 15. The local phase portraits at the equilibrium
point Ey; for the differential system (1) in (C4).

which is a parabolic curve at F,;. Then we obtain the local phase
portrait at Ej;, see Figure 15(b).

Assume (C5) then

bsx (323 — 4(2a + r1)2? + 6(a® + b* + 2ary)x — 12(a® + b*)ry)

U(w) = -

whose graph is shown in subfigure (e) of Figure 11 when b3 > 0 and in
subfigure (j) of Figure 11 when b3 < 0. The differential system (1) has
exactly one equilibrium point Ejs;(rq,0). Similar to the subfigure (c) of
Figure 7 we get a continuum of periodic orbits near E5; when b3 > 0.
When b3 < 0 we obtain the local phase portrait near E5; as done in
Figure 7(d).

In summary when m = 3 we obtain the phase portraits of the Liénard
system (1) in the Poincaré disc by combining the orbits at infinity in
Figure 10, see Figure 2 U

Proof of Theorem 3. The differential system (2) has the straight line
y = 0 filled up with finite equilibrium points. As it was mentioned in
(3), we see that system (2) is orbitally equivalent to system (3). We
shall study the orbits at infinity for the differential system (2) using
the Poincaré compactification.

First in the local chart U; the differential system (2) becomes
U= —u*v" — uF,(v), 0= —uv",
and in the local chart U, it becomes

U =0v" +u¥,(u,v), 0 = oW, (u,v),
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where
n n
F.(v) = Z a;v"", U, (u,v) = Z a;u'v" "
i=0 =0

It follows that the u-axis are filled up with equilibrium points in the
local chart U; and the origin of the local chart U, is an equilibrium
point.

On the other hand for the differential system (2) with a general

quadratic polynomial f(z) = asz? + ayx + ag, az # 0, we obtain a first
integral

a a
Hy = Hy(z,y) =y + 32563 + Ele + apz.

By the Poincaré transformation x = 1/v,y = wu/v the first integral
becomes

_ 6agv® + 3a1v + 2ay + 6uv?
N 6v3 ’

and by the Poincaré transformation x = u/v,y = 1/v it becomes

-[_—72 = ﬁ2<u7 /U)

6v2 + 2au® + 3a1u’v + 6aguv?
6v3 ’

Considering H, = h, where h € R, we see that
W(u,v) = 6v3(ﬁ2 — h) = 6agv® + 3a,v + 2a; — 6hv° + 6uv® = 0.

Since as # 0 we have W(u,0) = as # 0, which follows that at each
one of these equilibrium points on the w-axis there are two hyperbolic
sectors separated by the u-axis.

Let Hy = h varying h € R. Then
Ur(z,y) = 60°(Hy(u, v) —h) = 60 +2a0u° +3a,u?v+6aguv® —6ho® = 0.

H, = ﬁg(u,v) =

By the Newton-Puiseux algorithm [5, 8] we solve two explicit solutions
of Uy (z,y) = 0 as follows

R T R D (aO\/ —92 V3aly _a2)u5/2

v(u) =—

\/§ 4 2\/§ 32&2

h

+<%—%) * 4+ o(u?) for z > 0,

a agy/a 3a3\/a
v(u) :Q(_u)s/z _ M < 0y/@2 4 V3 1\/_2)(_u)5/2

\/§ 4 2\/§ 32as
h

+ (a04a1 — a%)u‘3 + o(u?) for z < 0.
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Thus we obtain the invariant curves Hy(u,v) = h at the origin of the
local chart U,. Drawing these invariant curves for different values of h
we obtain the local phase portraits at the origin of the local chart U,
as Figure 6.

In what follows we discuss the orbits living on the invariant curves
H, = h for the differential system (3). Similarly we consider a general
quadratic polynomial in the three cases

(QL): f(z) = ag(x —ry)(x —12), 11 <79
(Q2) : f(x) = as(z —10)?,
(Q3) : f(z) = as(2? — 2az + a® + b).

In the case that a; > 2 in (Q1) we see Hy = Hs(z,y) = y + 1(x),
where a
Y1(x) = sz (227 = 3(r1 + r2)x + 671772) -

Then we have the graph of 1, which is displayed in Figure 8(a). On
the other hand we obtain the invariant curves y = —(z) + h. Note
that 2’ = 1 and ¢/ = —¢|(x) = —as(x — r)(x — r2). Choosing h =
P1(r1),¢1(ry) and 1 (ry), where 1 < r, < 19, we get three invariant
curves, which also are three orbits, see Figure 16. Bringing back to the
differential system (2) we obtain the phase portrait, see subfigure (a)
in Figure 3.

In a similar way we have subfigure (d) of Figure 3 for the case that
az < 0 in (Q1) and obtain the phase portraits for the differential
system (2) in (Q2) and (Q3), see the remain subfigures (b), (c), (e)
and (f) in Figure 3. O

(a) az >0 (b) a2 <0

FIGURE 16. The local phase portraits for the differential
system (3) in (Q1).
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Proof of Theorem 4. We have known that all points on the u-axis are
equilibrium point in the local chart U; and the origin of the local chart
U, is also an equilibrium point. Now we study the local phase portraits
at each these equilibrium points.

Consider a generic cubic polynomial f(x) = aszx® + ax? + ajx +
ag,az # 0. Then the differential system (3) has a first integral Hy =
Hy(z,y) =y +¢i(y) = h, where

CL3£U4 CLQ.Z'?’ CL1.I'2

wl(fL') = 1 + 3 + D) +CLO$.

By the Poincaré transformation x = 1/v and y = u/v, the first integral
becomes

N 12a0v® + 6a,v* + 4ayv + 3az + 12uv?
H} = Hj(u,v) = 90t ,

and by the Poincaré transformation x = u/v and y = 1/v it becomes

12aguv® 4+ 6a;uv? + dasuv + 3asu* + 1203
1204 '
As it is done in the case that f is a quadratic polynomial, we have that

there are two hyperbolic sectors at each one of these equilibrium point
on the w-axis because ag # 0.

ﬁ;‘ = H‘g‘(u,v) =

In order to clarify how the orbits connect to the origin of the local
chart Uy, we vary h € R to get the orbits living on the curves Hj = h.
Let

Vi(u,v) = 120*(H; — h)
= 12aquv® + 6a;u*v? + dasu’v + 3asu® + 1203 — 12hv* = 0.

From the equation we obtain a explicit solution in a form of rational
series

1/3 3 2 3
v(u)=— (133_u4/3+ \/‘E‘/lg SIE B I 729a0a3+162a1a52/c;3—16a2 W3
V4 9ay 6 2187+/4a)
_ 5832apaaj + 2187aja3 — 648aiajas + 64a; — 6561a§hu8/3
39366/2a5
+ o(u®/?).
Since & = y and § = —](x) we obtain the directions of those orbits,

see Figure 10.
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For the local phase portraits at those equilibrium point we can easily
obtain the phase portraits in the following five cases

(G1): f(x) =as(x —rm)(x —ra)(x —73), 11 <719 <T3
(G2) : f(x) = ag(x —r)*(x —1y), 11 <72

(G3): f(x) = as(x —r)(x —1r0)?, 11 <719

(G4) : f(z) = as(x —)°,

(G5) : f(7) = az(x — rp)(2* — 20z + o® + B?).

The invariant curves y = —1(x) + h are the orbits of the differential
system (3) as displayed in Figure 11. Going back to the differential
system (2), we obtain the phase portraits of Figure 4. O
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