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Abstract. We consider a four-prototype Rossler system introduced by Otto Rosler
among others as prototypes of the simplest autonomous differential equations (in the
sense of minimal dimension, minimal number of parameters, minimal number of non-
linear terms) having chaotic behavior. We contribute towards the understanding of its
chaotic behavior by studying its integrability from different points of view. We show
that it is neither Darboux integrable, nor C'-integrable.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The question whether a differential system admits a first integral (see section 2 for
its precise definition) is of fundamental nature, first because the first integrals provide
conservation laws for the system that enables to lower its dimension (once restricted to
a precise value of it), and second because knowing a sufficient number of them allows
to determine its orbits (solving it), at least in an explicit functional form because to
compute the intersection of the different constant hypersurfaces defined by the first
integrals is in general difficult to do. The distinction between integrable and noninte-
grable systems has the qualitative implication of regular motion versus chaotic motion
and is an intrinsic property of the system, is not a matter of whether a system can be
integrated or not. However, the study of the existence or non-existence of first integrals
is in general a difficult problem.

In this paper we deal with the four-prototype Rossler system given by the following
non-linear differential system

(1) t=—y—2z, y=uz, Zi=ay(l—y)—pz,

where «, 8 € R. This system was proposed and studied by Otto Rossler among others
as prototypes of the simplest autonomous differential equations having chaotic behav-
ior. More precisely, in the Rossler prototypes the chaos is minimal mainly due to
three reasons: their nonlinearity terms are minimal because they consist in a unique
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quadratic term. In Rossler systems a chaotic attractor is generated with only one qua-
dratic monomial, in contrast with the Lorenz system in which it is generated by two
quadratic monomials. As in Lorenz system the phase-space of the Rossler systems
has the minimal dimension three. For these three reasons the Rossler prototypes are
paradigmatic problems to start with if one wants to understand the born/die of chaos
in dynamical systems. Therefore, these models have been intensively studied by several
authors (in the moment that this paper has been written there were more than 170
articles in MathSciNet related with these Rossler’s prototypes) mainly with numerical
studies on the presence of attractors, but not much studies are done regarding analyti-
cal proofs for the presence/absence of chaos. This is the main motivation for this paper
and we focus on the study of their regular behaviour by studying their integrability.

More precisely, there are chaotic systems as for instance the Lorenz system, that
for some values of the parameters exhibit chaos and for other values of the parameters
have first integrals (see [8]), or it is completely integrable (see [5]). The objective of this
paper is to see if the Rossler system here studied also present or not a similar behaviour
as the Lorenz system which can exhibit chaos and integrability for different values of
the parameters. The result will be that this Rossler system is more chaotic than the
Lorenz system in the sense that it is neiher Darboux integrable, nor C! integrable for
any values of the parameters, except for the trivial value a = 0, but for this value the
Rossler system becomes a linear differential system.

The differential system (1) was introduced in [15] (see also [16]) where it is proved that
this system is chaotic with the presence of an strange attractor when the parameters take
the values close to o = = 1/2. Moreover in [4, 13] the authors proved the existence
of periodic orbits and study their stability and instability. Similar results concerning
the existence/non-existence of first integrals for other Rossler systems are [6, 9]. More
precisely, in these two last papers the Rossler system studied was & = —y—2z, ¥y = z+ay
and Z = b—cz+x2z, in [6] the authors studied the formal and the analytic integrability of
that system, while in [9] the authors studied its Darboux integrability. The definitions
and basic results on the Darboux theory of integrability are the same in the paper [11]
than in the present paper, but the proofs for studying the existence or non-existence of
Darboux first integrals are completely different in both papers.

Note that when o = 0 system (1) is linear and has the independent first integrals
Hy =2z Hy=2+vy*+2yz
when g = 0, and the independent first integrals

B 1 (1
H, = (x— 1+Zﬁ2> cos ( O§Z> — (y+ Tz j/BQ) sin ( O§Z>,
Hy = (y+ 1132 j52> cos (logz) + (x ~ 1 f—z@) sin <IO§Z),

when 3 # 0.

Since in both cases H; and H are functionally independent system (1) when oo = 0 is
completely integrable (see section 2 for the precise definitions). More precisely, with a
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(complex) linear combination of H; and H, we can build two independent Darbouxian
first integrals. So, from now on we will restrict our study when « # 0. Since in this
case, as pointed out before it has been showed in [16] that the differential system (1)
defines a dynamical continuous system with presence of chaos, the existence or not of
first integrals as well as invariant algebraic surfaces is of great importance to contribute
towards its non-chaotic behavior. The main theorem of this paper is the following one.

See the definitions of invariant algebraic surface, exponential factors and Darboux
first integrals in section 2.

Theorem 1. The following statements hold for system (1) with o # 0:

(i) It has no invariant algebraic surfaces.
(il) The unique exponential factors are of the form F = e®0T1=T2 yith o, cvy, g €
C.

(iii) It has no Darboux first integrals.

Note that (see section 2) the non-existence of Darboux first integrals prevent the
existence of either polynomial first integrals, or rational first integrals.

So the rest of the paper is as follows: we have section 2 where the notions needed for
proving Theorem 1 are provided. In section 3 we give the proof of Theorem 1. Finally
in section 4 we provide some comments about the C! first integrability of system (1).

2. PRELIMINARY RESULTS

Let U C R3 be an open subset. We say that the C! non-constant function H: U — R
is a C'-first integral of system (1) if H(z(t),y(t), z(t)) is constant for all values of ¢ for
which the solution (z(t),y(t),2(t)) is defined on U. When H is a polynomial we say
that H is a polynomial first integral, when it is a rational function we say that it is
a rational first integral, and when it is a Darboux function (see below) we say that it
is a Darbouz first integral. We will say that system (1) is completely integrable if it
admits two functionally independent first integrals. Since each level surface of a first
integral is invariant under the flow induced by the system, it is clear that if this system
is completely integrable then the intersection of its two first integrals determines an
invariant curve, which is formed by the orbits of the system.

Let h: C* — C be a nonconstant polynomial. We say that h(z,y,z) = 0 is an
invariant algebraic surface of system (1) if it satisfies

oh oh oh
2 — — — 1—y)—pBz)— = Kh
(2) W+ 2)5; +og, + (vl —y) = F2)F
for some polynomial K € Clz,y, 2] called the cofactor of the invariant algebraic surface
h = 0. Note that K has degree at most one and that an invariant algebraic surface
with zero cofactor determines a polynomial first integral. For more information on the
invariant algebraic surfaces see [2, 11, 12].



On the other hand we say that a nonconstant function F' = e9/" where g, h € C[z, v, 2]
are coprime polynomials it is an ezponential factor of system (1) if it satisfies

oF oF OF
—(y+2)g-+ Yoy T (ay(1—y) = Bz)5— =
for some polynomial L € C[z,y, z| of the degree at most one, called the cofactor of the
exponential factor F. For a geometric and algebraic meaning of the exponential factor
we refer the reader to [1]. It is well-known that A = 0 (whenever it is non-constant)
is an invariant algebraic surface of the system (for a proof see for instance [1]). In the
case in which h is constant then €Y can be an exponential factor which comes from

the multiplicity of the infinity. For more information on exponential factors see again
(2, 10, 11, 12].

A first integral of the form

G = f{r - fr*[explgr/ha])" - - [explys/hs]]*

where f; = 0 are invariant algebraic surfaces, explg;/h;] are exponential factors, and
the constants Ay, -« Ag, p1,---pus € C is called a Darboux first integral. For more
information on Darboux first integrals see again [2].

LF

3. PROOF OF THEOREM 1

3.1. Proof of statement (i). We change the variable z by the new variable u taking
u = z — fx. Then the differential system (1) becomes

(3) i=—fr—y—u  y=z,  u=(a+pfy—ay’.
Since the differential system (3) is of degree two if it has an invariant surface F' =
F(z,y,u) =0 it must satisfy
oF oF

oOF
4) —(Br+y+ U)% + xa—y + (o + By — @92)% = (ko + k1 + koy + ksu) F

Assume that the polynomial F' has degree n. We denote by F} the homogeneous part
of the polynomial F of degree k. From (4) we obtain that F,, must satisfy

oF,
—Ozy2 9u = (k/‘léU + k2y + kgu)Fn

Solving this partial differential equation we have that

—(kjz+2koy+kzu)u

F, = f(m,y)e 20

Since F,, must be a homogeneous polynomial of degree n it follows that ky = ko = k3 =
0. Then

n
F, = E a;x" 7y’
=0



From (4) the homogeneous terms of degree n satisfy

n

n n
Z(n — Pax" Iy Zjajx”_jyj_l + ko Z a;z" Iyl
=0 =0

=0

Solving this partial differential equations we get that
u2 " ) 1 o
F, 1= ~5a ;(n — J)a;z" 7y T + O(u),

where O(u) is a polynomial in the variable u of degree at most one. Since F,,_; must
be a homogeneous polynomial of degree n — 1 we have that ay = a; = 0.

Now we shall prove by induction over k£ that assuming ag = a; = ... = ag,_1 = 0 and
F g = (_1)ku2k i a'xn—j—kyj—Qk: kHI(n _] _ E) + O(u2k—1)
n—k — k J )
a* [T, 20 j=2k =0

then asy = agxy1 = 0 and

( 1>k+1 b2 . j—k—1, j—2k—2 : 2k+1
m CLj.Tn_J_ - y]_ - H(Tl — ] — E) -+ O(U + )
l=1 Jj=2k+2 =0

ankfl -

Now from (4) the homogeneous terms of degree n — k satisfy

a]Tn—k—l 8Fn—k 8Fn—k
5 —ayt———— = E,_
)~ = oy ) T 0k )y 3
By induction assumption we note that

oF,_ oF,
(B + y) ax’“ tx ay’“ (a +ﬁ) Et kB = O(u®),
and that
OF, 1 (=1)fu*! - . —j—k—1, j—2k T . 2k
= (n—j—k)aa" ="y (n—j—10)+ Ou™).
I Il

From (5) we must solve the differeential equation

aFn—k—l (_1)ku2k+1 n
—« 2 — o j—k—1 j 2k . g + O
v T2 ];k H —j (u?).

Its solutions is solution is

( 1)k+1 2k+2 T

k
n—j—k—1, j—2k—2 : 2%h+1
Fo k1= Y HkH 2 Zajx IRy H(n—] —0) + O(u”*).

Since F,,_r_1 must be a homogeneous polynomial of degree n — k — 1, it follows that
asgr = aspr1 = 0. So the induction process is proved. Hence we obtain that ag = a1 =

. = a, = 0, consequently F,, = 0, a contradiction with the fact that there is an
invariant surface F' = 0 of degree n.
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3.2. Proof of statement (ii). In view of statement (i) of Theorem 1, any exponential
factor of system (1) is of the form €9 with g € C[z,y, z]. If g is constant then statement
(ii) holds. Assume that g is not constant. Clearly F' = e ™17tV with o, oy, an € C
is an exponential factor with cofactor —ay(y + 2) + asx. Taking into account that
computing the cofactor of an exponential factor is a logarithmic derivation and so an
additive morphism, and that e®™®1#+2¥ jg an exponential factor, any other exponential
factor F; = €Y with g a polynomial in C[z,y, 2] different from F can be taken with
cofactor of the form K = Sy + 12z with fy, 51 € C and so it satisfies
dg

) 4 )5t + ol + (ay(l —y) - B2) 5L = o+ B

We will see that there are no exponential factors of such form Fj.

We consider two different cases.

Case 1:  # —a. In this case system (1) has two finite singular points which are
a+f a+ ﬁ)
a '

(07

p=(0,0,0) and p;= (0,

Evaluating (6) on p; we get that 5y = 0 and evaluating (6) on ps we get that £, = 0.
Therefore it follows from (6) that g is either a constant or a polynomial first integral.
Since none of the two are possible, we reach to a contradiction.

Case 2: B = —a. In this case the unique finite singular point of system (1) is the origin.
Evaluating (6) on z = y = 2z = 0 we get that Sy = 0. On the other hand, evaluating it
on x =0,y = —z we obtain

which yields that 8; = 0. Therefore it follows from (6) that g is either a constant or a
polynomial first integral. Since none of the two are possible, we reach to a contradiction,
and the proof of statement (ii) of Theorem 1 is complete.

3.3. Proof of statement (iii). Using the definition of Darboux first integral provided
in section 2 it follows from statements (i) and (ii) that the unique Darboux first integrals
can be of the form

G = ety with cofactor  — ay(y + 2) + aoz.

Since such a cofactor must be zero we get that s = a3 = 0, but then G is a constant
which is not possible. In short there are no Darboux first integrals and the proof of the
theorem is completed.

4. COMMENTS ABOUT THE C'!'-INTEGRABILITY OF SYSTEM (1)

In this section we study the non-existence of the global C! first integrals using the
fact that the birth of convenient isolated periodic orbits can be regarded as an obstacle
to C'-integrability, see below for details.



The main result concerning the C''-integrability of system (1).

Theorem 2. The following hold for the differential system (1).

(a) Assume a(a + 203) > 0. Consider the new parameters (a,b) defined as follows
a =c¢ea and f = —e(b+ a/(1 + £2b?)). Then there exists g > 0 such that
for all e € (0,e9) there exists a periodic solution . of system (1) tending to
{z=-1/2}n{2*+ (y+2)* = —(a+2b)/(2a)} as € — 0 which is asymptotically
stable when a + b < 0 and unstable when a +b > 0. Moreover, system (1)
has no C first integrals H(z,y,z) defined in a neighborhood of the periodic
orbit 7. satisfying that VH(z,y, z) and (—y — z,x,ay(1 — y) — 5z) are linearly
independent on the points of ..

(b) Assume o > 23%. Consider the new parameters (a,e) defined as follows o =
e(2a — 1 + a*c?) and B = (1 — a). Then there exists g > 0 such that for all
e € (0,e0) and a > 1/2 there exists a periodic solution 7. of (1) tending to
{z=-1/2}n{2?+ (y+2)> = 1/(2(2a — 1))} as e — 0 which is asymptotically
stable when 1/2 < a < 1 and unstable when a > 1. Moreover, system (1)
has no C' first integrals H(x,y,z) defined in a neighborhood of the periodic
orbit v satisfying that VH(z,y,2) and (—y — z,z,ay(1 —y) — Bz) are linearly
independent on the points of ..

The part of Theorem 2 regarding the existence and stability of periodic orbits is taken
verbatim from the two main results in [4] and the conclusion of the theorem follows then
from the well-known result (which goes back to Poincaré, see [14] and whose proof can
be found in [7]) which states that if system (1) has a periodic orbit 4 having only one
multiplier equal to one, then it has no C* first integrals H(X) defined in a neighborhood
of v such that VH(X) and f(X) are linearly independent on the points X € ~.

ACKNOWLEDGEMENTS
The first author is supported by the Agencia Estatal de Investigacion grant PID2019-
104658GB-100 and the H2020 European Research Council grant MSCA-RISE-2017-

777911. The second author is partially supported by FCT/Portugal through CAMGSD,
IST-ID, projects UIDB/04459/2020 and UIDP /04459/2020.

DECLARATION SECTION

Not applicable.

CONFLICT OF INTEREST

Not applicable.

DATA AVAILABILITY

Not applicable.



1

[10]
[11]
[12]
[13]
[14]
[15]

[16]

REFERENCES

C. CHRISTOPHER, J. LLIBRE AND J.V. PEREIRA, Multiplicity of invariant algebraic curves in
polynomial vector fields, Pacific J. Math. 229 (2007), 63-117.

F. DUMORTIER, J. LLIBRE AND J.C. ARTES, Qualitative theory of planar differential systems,
UniversiText, Springer-Verlag, New York, 2006.

S. D. FurTA, On non—integrability of general systems of differential equations, Z. angew Math.
Phys. 47 (1996), 112-131.

I. GARCIA, J. LLIBRE AND S. MAzA, Periodic orbits and their stability in the Rossler prototype-4
system, Physics Letters A, 376 (2012), 2234-2237.

J. LLIBRE AND C. VALLS, Formal and analytic integrability of the Lorenz system, J. Phys. A:
Math. Gen. 38 (2005) 2681-2686.

J. LLIBRE AND C. VALLS, Formal and analytic integrability of the Rdssler system, Internat. J.
Bifur. Chaos Appl. Sci. Engrg. 17 (2007), 3289-3293.

J. LLIBRE AND C. VALLS, On the C' non-integrability of differential systems via periodic orbits,
European J. Appl. Math. 22 (2011), 381-391.

J. LLIBRE AND X. ZHANG, Invariant algebraic surfaces of the Lorenz systems, J. Mathematical
Physics 43 (2002), 1622-1645.

J. LLIBRE AND X. ZHANG, Darboux integrability for the Réssler system, Internat. J. Bifur. Chaos
Appl. Sci. Engrg. 12 (2002), 421-428.

J. LLIBRE AND X. ZHANG, Darbouz theory of integrability for polynomial vector fields in R™
taking into account the multiplicity at infinity, Bull. Sci. math. 133 (2009), 765-778.

J. LLIBRE AND X. ZHANG, Darbouz theory of integrability in C™ taking into account the multi-
plicity, J. Differential Equations 246 (2009), 541-551.

J. LLIBRE AND X. ZHANG, Rational first integrals in the Darboux theory of integrability in C™,
Bull. Sci. math. 134 (2010), 189-195.

J. MENDOzZA, Ciclos limite en un sistema 4 prototipo Rdssler, Scientia 23 vol. XXIII (2021),
193-198.

H. POINCARE, Sur l’intégration des équations differentielles du premier order et du premier degrée
I e II, Rend. Circ. Mat. Palermo 5 (1891), 161-191; 11 (1897), 193-239.

O.E. ROSSLER, Continuous chaos—four prototype equations, Ann. New York Acad. Sci. 316
(1979), 376.

J. C. SPROTT, FElegant Chaos. Algebraically Simple Chaotic Flows, World Scientific, 2010.



