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ARTICLE INFO ABSTRACT

MSC: In this work we classify the polynomial Liénard differential equations % + f(x)x + x = 0, having a rational first
34C05 integral. Such classification was asked by Poincaré in 1891 for any general polynomial differential systems in
34D30 the plane R?. As far as we know it is the first time that the complete classification is given for a relevant class
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1. Introduction and statement of the main results

We consider a polynomial differential system that we can write as

dx . d_y_,_
S == P(x,y), 2 == O(x, y), @

where P(x,y) and QO(x, y) are real polynomials in the variables x and
y, and ¢ is the independent variable. The degree of the polynomial
differential system (1) is the maximum degree of the polynomials P and
Q. The polynomial differential system (1) has associated the polynomial
vector field X = P(x, y)d/dx + O(x, y)d/dy.

Let U be an open subset of R2. A first integral is defined as a C!
non-locally constant function H : U — R such that it is constant on the
solutions (x(z), y(r)) of the polynomial differential system (1) contained
in U, that is, satisfies X H = P(x, y)0H /dx+ Q(x,y)0H /dy =0in U. We
say that H is a rational first integral when the function H is rational.

Let F(x,y) be a real polynomial in the variables x and y. The
algebraic curve F(x, y) = 0 is an invariant algebraic curve of a polynomial
differential system (1) if for some polynomial K = K(x, y) the equation

xF=pof +Q6—F =KF, 2)
ox dy

is satisfied. The curve F = 0 is formed by trajectories of the vector

field X because on the points of the algebraic curve F = 0 the gradient

(0F /0x,0F /dy) of the curve F(x, y) = 0 is orthogonal to the vector field

X = (P,Q). Consequently on the points of F = 0 the vector field X

is tangent to the curve F = 0. Therefore the algebraic curve F = 0 is

* Corresponding author.

invariant under the flow defined by &, i.e. F = 0 is formed by orbits
of the differential system, see for instance [1].

One of the oldest problems in qualitative theory of differential
systems on the plane is provide necessary and sufficient conditions in
order that a polynomial differential system has a rational first integral.
This problem goes back to the beginning of the qualitative theory
and was stated by Poincaré in 1891, see [2]. In fact is a problem of
global nature because the rational first integral is defined in all the
plane except on the curves where the denominator of the rational
first integral vanishes. This question involves the whole classes of
polynomial differential systems and for this reason is being so hard.

One of the most studied polynomial differential equations are the
Liénard differential equations given by

X4+ f(X)x+x=0, 3

where f(x) is a polynomial. This differential equation was considered
by Liénard [3] during the development of radio and vacuum tube
technology. Later on this equation and its generalizations was intensely
studied as can be used to model oscillating circuits, see for instance [4]
and the references therein.

The second order differential equations (3) can be write as the

planar differential systems
x=y  y=-f®y-x 4

where f(x) is a polynomial in x of degree m > 0, and consequently the
degree of the polynomial differential system (4) is m + 1.
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The objective of this work is to classify the polynomial Liénard
differential systems (4) having a rational first integral.
Our main results are the following two theorems.

Theorem 1. The linear Liénard differential systems x = y, y = —ay — x
has a rational first integral if and only if a = +2k/Vk* — 1 where k €
Z\ {-1,0,1}.

Theorem 2. The polynomial Liénard differential systems (4) of degree > 1
has no invariant algebraic curves. Therefore they do not have rational first
integrals.

We prove Theorems 1 and 2 in the next section.

We note that Theorems 1 and 2 characterize all the Liénard differ-
ential equations (3) which have rational first integrals. As far as we
know it is the first time that all rational first integrals of a relevant
class of polynomial differential equations of arbitrary degree has been
classified. We remark that Theorems 1 and 2 solved the problem stated
by Poincaré about the characterization of the rational first integrals for
the class of polynomial Liénard differential equations.

In fact, in Theorem 2 of the paper [5] it was stated that the
polynomial Liénard differential systems (4) of degree > 1 have no
rational first integrals, but the proof provided there was not correct
because it uses a result of Hayashi [6] which is incorrect as it was
proved in [7,8]. More precisely, the result stated by Hayashi in [6] is:

Theorem 3. The generalized Liénard polynomial differential system

V=~ u(X)y — g,(x), %)

where m = deg f,,, n = degg,, f,, #0 and deg f + 1 > n has an invariant
algebraic curve if and only if there is an invariant curve y — P(x) = 0
satisfying g,(x) = —(f,,(x) + P'(x))P(x), where P(x) or P(x) + F(x) is a
polynomial of degree at most one, such that F(x) = fox f(s)ds.

x=y,

In fact the correct statement of Theorem 3 is the following theorem
proved in [8].

Theorem 4. The generalized Liénard polynomial differential system (5)

with f,, #0 and m+ 1 > n has the invariant algebraic curve y — P(x) = 0

if g,(x) = —=(f,,(x) + P’ (x))P(x), being P(x) or P(x)+ F(x) a polynomial
X

of degree at most one, where F(x) = f(s)ds.
0

In summary, the claim that Theorem 3 characterize all the invariant
algebraic curves of the generalized Liénard polynomial differential
system is false.

On the other hand Theorem 2 applied to the van der Pol differential
equation, x = y, y = —u(x?> — 1)y — x, shows that the limit cycle of
this equation is not algebraic. This result already was proved by Odani
in [9] studying the generalized Liénard system x = y, y = —g(x) — f(x)y
using complete different arguments. In fact Odani proved the following
result.

Theorem 5. If the generalized polynomial system x =y, y = —g(x)— f(x)y
satisfies deg f > degg and fg(f/g) # 0, then it has no invariant algebraic
curves.

In fact the result obtained here is an extension of Theorem 5 for
all the classical polynomial Liénard differential equations, i.e. when
g(x) = x and without the extra condition fg(f/g)’ # 0 of Theorem 5.

We note that Theorem 2 cannot be extended to any generalized
Liénard system x = y, y = —g(x) — f(x)y with f and g polynomials
as the following system shows. The differential system x = y, y =
—(4x+x3)/4-3xy/2 has the rational first integral H = (4+x>+2y)?/(4x>+
x* 4+ 4x%y + 4y2).

We remark that the limit cycles of the polynomial Liénard differen-
tial equations (3) have been intensively studied by several authors, see
for instance [10-14]. However many open questions about these limit
cycles remain still open.
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2. Proofs of Theorems 1 and 2

Proof of Theorem 1. The linear Liénard differential system of degree
1 is system (4) with f(x) = a, that is,

x=y, y=-ay—-x. (6)
It is easy to verify that system (6) has the first integral

a

(a2—2— a? —4a>x2+2(a—m)xy+2y2 >_ ﬁ

H = (axy+x2+y2) ( P
Note that H is a rational first integral if and only if a = +2k/Vk2 — 1
with k € Z\ {-1,0,1}. O

Proof of Theorem 2. We assume that F(x,y) = 0 is an invariant
algebraic curve of degree n of the polynomial differential system (4) of
degree m + 1. We expand F(x, y) in its homogeneous parts as F(x,y) =
Z;’=o F;(x,y), where F; are homogeneous polynomials of degree j in
(x,y). Of course F,(x,y) #0.

We also write the polynomial f(x) of degree m as f(x) = Z;."zo a;x’,
with a,, # 0. Moreover it is easy to see from (2) that the cofactor
K of the invariant algebraic curve F(x,y) = 0 is a polynomial in x
of degree at most the degree of the polynomial f(x). So we write
K@) = X7 kx'.

Substituting F(x,y), f(x) and K(x) in Eq. (2) we obtain that the
highest homogeneous part of that equation has degree m + n and is

JF,
X" <amy 0y" + kmF,,> =0 7

km
Solving this differential equation we get F,(x,y) = y 9 C,(x), where
C,(x) is an arbitrary function in the variable x. Since F,(x,y) must
be a homogeneous polynomial of degree n we have k,, = —a,,k with
k€ {0,1,...,n} and F,(x,y) = c,x""*y* for some constant ¢, # 0 that we
can take equals 1 because this does not change the invariant algebraic
curve F(x,y)=0.
Now the homogeneous part of Eq. (2) of degree m+n—1 is

o0F,_
P L oy () + gkt kYT =0 (@)
m

Solving this differential equation we obtain

1 k-
Fu1(6,9) = Y€y () = —— (@ ik + ke )y 2" og y,

m
where C,_;(x) is an arbitrary function of x. Since F,_,(x,y) must be a
homogeneous polynomial of degree n— 1 we must have k,,_; = —a,,_k
and F,_,(x,y) = ¢;x*y"~*~1 where ¢, is a constant.

Case 1: m > n > 1. We shall prove by induction the following expres-
sions for the invariant algebraic curve F(x,y) = 0 and the cofactor
K(x)

Foy) =y " o x™ it o 0 + K,

K(x)= —k(amxm + amflx"‘_l vt am7"+kxm—n+k)’

where F; is a constant.

We have seen that the induction assumptions hold for the homoge-
neous parts of Eq. (2) of degrees m+n and m+n—1, now we assume that
they hold for the homogeneous parts of Eq. (2) of degree m+n— (¢ —1)
with # = {2, ...,n—k+1} and we shall prove them for the homogeneous
part of Eq. (2) of degree m+n—¢.

Substituting
F(x,y) = yk (xn—k + Clxn—k—l 4o Cm_(f_l)xn—k—m+f—l ) ,
K(x) = —k(a,x" + ap_1 X" 4 a,_1x77h,

in (2) we get that its highest homogeneous part has degree m +n — ¢

and is

mOFu
dy

1 -k —
yx - kmen—f + a_(am—fk + km_f)ykxm+n k=€ _ 0.
m
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The solution of this differential equation is
1 k-
Fup6,9) = Y5 Conp () = —— (@ + ki)Y x"™ " log y,
m

where C,_,(x) is an arbitrary function of x. Since F,_,(x, y) must be a
homogeneous polynomial of degree n—¢ we must have k,,_, = —a,,_,k
and F,_,(x,y) = ¢, y*x"*=*. Hence the induction is proved until

F(x,p) =y " 4o x"* 1o pe, 1),
K(x) = =k(@,X™ + @y X"V e g XD,
Substituting these last expressions for F(x,y) and K(x) in Eq. (2) its
highest homogeneous part has degree m and is

amk meO - (am—n+kk - km—n+k)ykxm_k =0.

Therefore

F. = (am—n+kk — km—n+k)ykx_k
0= B
a,k

but as F, must be a constant we must to impose k,,_,.; = —a,_ni1k
and we get F, =0.

This implies that F(x,y) = y*(x" % + ¢;x" %1 + ...c,_,_;x) with
0 < k < nIfk # 0 then y = 0 is an invariant straight line, but
this is not possible for the Liénard system (3) because jy| y=0 # O. If
k = 0 then the invariant solution is function of x, i.e., F(x,y) = F(x)
and Eq. (2) becomes F'(x)y = 0 which implies that F(x) is constant,
again a contradiction with the hypothesis that F(x,y) = F(x) = 0 be an
invariant algebraic curve. In summary, in case 1 the polynomial Liénard
differential systems (4) have no invariant algebraic curves.

Case 2: m < n. This case can be solved in a similar way to case 1. We
divide it into two subcases.

Subcase 2.1: n — k < m. Then the induction process is exactly the same
than in case 1, and consequently the polynomial Liénard differential
systems (4) have no invariant algebraic curves.

Subcase 2.2: m < n — k. In this case we also will see that there are no
invariant algebraic curves. The highest homogeneous part of Eq. (2)
of degree n + m is given in (7) which implies F,(x,y) = x"*yk with
k < n — m where we have to impose k,, = —a,k. The next highest
homogeneous part of Eq. (2) given in (8) determines F,_;(x, y) which
takes the value F,_,(x) = ¢,x"~*~!y* imposing k,,_,; = —a,,_, k. The next
highest homogeneous parts of Eq. (2) give the same results than in Case
1,i.e. F,_; = ¢;x"*yk for i = 1,...,m — 1. The next homogeneous part
of Eq. (2) is of degree m and is the differential equation

oF,_
a,kx*F,_, - amxzy% — kxR e

— (agk + kg)x" K y* 4 (n — k)x"TF1yk+l = 0,

whose solution is

2
F,_,.(x,) :ai <x"—m—k—1yk<% —ky+ ny) — (apk + ky)x log y>
m

n—k—m _k
+ cpx yo.

Therefore we have take k, = —apk and consequently the cofactor K(x)
becomes K(x) = —k f(x). Now we consider the term of F,_,, given by

7= L(n — Rkl e
This term substituted into Eq. (2), that is, X7 = (07 /ox)y + (oT /dy)
(—x — f(x)y) which gives always the isolate term

_L(n —k) xnfmfkyk.

am
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a term of degree n—m. Therefore affect the homogeneous part of degree
n—m of Eq. (2) which is

- L('l —k)(m+ 1+ k —n)x""m 2k k2 _ L(k — Dy a2k k2

m am

1 —m—1— 1 —mt1—
_ _3A(amfi’ci’ k, i’l) xn m—1 kyk+1 _ TB(amfi’ Ci k, n) xn m+1 kyk+1

am am

1 o oF,_
— —(n=k)x"" Yk kX" F,_y, — ayx"y—2 2 0,

m ady
where A and B are functions of the parameters k, n, a,,_; and ¢; for
i = 1,...,m. The resolution of this equation determines F,_,,, which

contains the logarithmic term

— = X g y,

2

m

which implies n — k = 0 which is a contradiction because the unique
possibility is k = n and then F, = ", F,_; =0fori=1,...,m—1 and
F,_,, = ny""'/(a,,x""") which is not a homogeneous polynomial except
if m=1.But for m=1F,_,_| = ny""2(nx — x — 2a,,_,y))/(2a>x) which
is not a polynomial. []
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