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LIMIT CYCLES IN PIECEWISE POLYNOMIAL HAMILTONIAN
SYSTEMS ALLOWING NONLINEAR SWITCHING BOUNDARIES

TAO LIL* AND JAUME LLIBRE?

ABSTRACT. This paper aims to study the limit cycles of planar piecewise polynomial
Hamiltonian systems of degree n with the switching boundary y = 2™, where m and n are
positive integers. We answer the extension of the 16th Hilbert problem for such systems,
providing an upper bound for the maximum number of limit cycles in function of m and n.
We also are devoted to giving a lower bound via perturbing piecewise linear Hamiltonian
systems having at the origin a global center. For this a complete classification on the
center conditions is established. In pursuit of a better lower bound, we require that this
global center is nonlinear induced by the piecewise linearity, instead of the normal linear
differential center considered in most of the existing articles. This renders that the traveling
time of the unperturbed periodic orbits in each smooth zone is not calculable explicitly.
Thus it is difficult to use the known Melnikov functions and averaged functions for studying
the limit cycles. To overcome this difficulty, we develop an arbitrary order Melnikov-like
function, which does not depend on the travelling time, for general d-dimensional piecewise
smooth integrable systems allowing nonlinear switching boundaries. Finally, employing
the new Melnikov-like function to the considered perturbation problem, we obtain a lower
bound and an upper bound for the maximum number of limit cycles bifurcating from the
unperturbed periodic orbits up to any order.

1. INTRODUCTION

Numerous phenomena in the fields of mechanics [37, 39], neurosciences [42], electronics
[6,12] and epidemiology [40] show that non-smoothness or even discontinuity is one of the
main theme of the real world. This inspires many researchers to study the dynamics of
piecewise smooth differential systems, which consist of distinct smooth ordinary differential
equations defined in different domains separated by some smooth manifolds, called switching
boundaries [6]. For these systems, once they are discontinuous, the definition of solutions and
basic theories have been established by A.F. Filippov in [16]. Because of switching boundaries,
piecewise smooth differential systems possess a wealth of novel dynamics that do not exist in
smooth differential systems, such as sliding motion [16], discontinuity-induced bifurcation [6],
and an abrupt transition from strongly stable periodic motion to full scale chaotic motion
under perturbations [6,7].

Another interesting dynamical phenomenon is that piecewise smooth Hamiltonian systems
can have limit cycles, more precisely, crossing limit cycles [24], as revealed in [26,45] and
others. This means that it is reasonable to extend the famous 16th Hilbert problem to
piecewise polynomial Hamiltonian systems (PWPHSs), i.e. ask for the maximum number of
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crossing limit cycles that PWPHSs of a given degree may have. This extended problem heavily
depends on the shape of switching boundaries, which have a significant impact on the number
of crossing limit cycles as shown in [10,27,46] and others. When the switching boundary is
a straight line, [45] gives lower bounds and upper bounds for the maximum number of the
small amplitude crossing limit cycles appearing in the Hopf bifurcations of PWPHSs, and [26]
obtains a sharp upper bound for the maximum number of the large amplitude crossing limit
cycles bifurcating from the periodic orbits of the harmonic oscillator under the first order
piecewise polynomial Hamiltonian perturbations. When the switching boundary is no longer
a straight line, except for piecewise linear Hamiltonian systems, see [3,4,13] for conic or
irreducible curves as switching boundaries, it seems that there exist no results for general
degree. Generally speaking, nonlinear switching boundaries lead to more complex dynamics
and greatly increase the difficulty. At present, as far as we know, the extended 16th Hilbert
problem for PWPHSs is far from being solved, no matter what the shape of the switching
boundary is.

In this paper we represent a step forward in solving the extended 16th Hilbert problem for
PWPHSs. In particular, we consider the PWPHSs

(i) = { (*ayH_F(%y),axH_’_(:E,y)) ) y>a™,

(1) (_ayH_(xvy)vamH_ (%y)) , y<z™,

where H*(z,y) and H™ (z,y) are real polynomials of degree n+1, m,n € Nt and N denotes
the set of positive integers. We will prove the following theorem.

Theorem 1. Let H(m,n) be the mazimum number of crossing limit cycles that the PWPHS
(1) may have for given m € Nt and n € N*. Then

[mn+m,
(mn +m—1)%
< J e
H(m,n) < Y [ % ,
p=1
where [ - | denotes the integer part function. In particular, H(1,2) < 1.

On the other hand, we are also interested in providing a lower bound of H(m,n). To this
end, we study the bifurcation of periodic orbits in the perturbation problem

i=1 =1

(2) (d,4)= - -
(ayHO_(‘T:y)ZayHi_(xvy)5i7aZH()_(zvy)+ZaxHi_(x7y)€i) ’ y<xm7

i=1 i=1
where
Hgt(cc, y) = alix + agcy + a§x2 + af:cy + aé‘yQ,
Hli(x, y) for i =1,2,--- are real polynomials of degree n + 1, and we assume that the origin

is a global center of the unperturbed system, i.e. € = 0. Here and in the sequel the shorthand
notation =+ is used to represent both the + and — functions and equations. Besides in this
paper we only consider the non-degenerate case of the unperturbed system in the following
sense that the Jacobian matrix of each subsystem has no zero eigenvalues. The next theorem
gives a complete classification on the center conditions.
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Theorem 2. For the non- degenemte system (2) with ¢ = 0 the origin is a global center if
and only if the parameters a and a;, j =1,2,3,4,5, satisfy I for m =1, one of II-IX for
m=2, X form=2k+1,k €N+, and one of XI and XII for m = 2k + 2, kEN*, where

II:

III:

IV:

VI

VII:

VIII:

IX:

XI:

XII:

AT < 0,A7 < 0,af a5 =a;] +a; =0,af (a +af +aF) <0< aj(ag +a; +

az), (ad +af +a)(ag +a; +a5) >0;
AT <0,A” <0,a] =a] =0,a5a] >0>aya;, (a3 +af)(a; +a3)>0,af (af +
ag) > 0,a5 (a; +a3)>0,af =a; =0;
AT <0,A” <0,af =a] =0,(agaf)?—2afaf AT > 0> (aya;)?—2a; a5 A~, (ag +
aj)(ay +az) > 0,9(a;)? - 32a5 (a3 +a3) < 0,aia; # 0,a; (a; +az) = aj (ay +
ag),az (ay +ag) = a5 (a3 +a3);
AT >0,A” <0,af =a] =0,afaf <0,a5a; <0, (ag +af)(ay +az) > 0,a; (af +
ai) > 0,a; (ay +az) >0,af =a; =0;
AT >0,A” <0,af =a] =0,(agaf)?—2afaf AT > 0> (aya;)?—2a5 a5 A~, (af +
aj)(ay +az) > 0,9(a;)? - 32a5 (a3 +a3) < 0,aia; # 0,a; (a; +a3) = aj (ay +
ai),af(az +a3) = a5 (af +ai);
At >0, A" < O,air =a; = 0,&;—0—&; = (J,a2+a§r < 0,a5a5 < 0,a5+(a5 +az) >
0,a5 (a3 +a3) > 0,af =a; =0;
AT < 0,A” < 0,af =a; =0,a;, +a; =0,ajaf >0 > ayaz,a; (af +aj) >
0,a5 (a3 +ag) > 0,af =a; =0;
AT > 0,A" < 0,af =a; =0,a; +a; =0,afad < 0,a5a; <0,a5(af +af) >
O,CL;(CL;—O—(I;{) >0,aj{ =ay =0;
At > 0,A” < 0,af =a] = 0,af +a3 = 0,a; +a; = 0,a5a3 < 0,a;a; <
0,afa; >0,af =a; =0;

+

. - + = — 0ot — o — + - + 4 o =t
AT < 0,A7 < 0,0 =a; =0,a3 =a; =0, ajag >0, (ag,a),ad) € =3, 4,

(ag,ay,a5) € Eyy;
At < 0,A” < 0,af = a] = 0,afa; > 0 > aja3,afa; > 0,(a;,a3,a5) €
Eopyoraf =ay =0;
AT < 0,A7 < 0,af =a] =0,af =a; =0,ada; > 0,(2k + 3)%(af)? — 32(k +

+ o+ +,- t0m —g=at ata- — a=at-
1)agag <0,a5a; #0,a5 a5 =ayza;3,a; a3 = ag as ;

where A* = (aF)? — 4aiaf,

HQik_H —{(a3 ,a4 ,a; ) eR3: (2k + 2)2(a4 ) —16(2k + 1)a3 a5 < 0}

U{(aF,as,aT) € R®: (2k +2)*(aT)? — 16(2k + 1)aFaE > 0,afaT > 0},
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and
E;k+2 :{(agva?jvag) €R3:a; :O}U{(a27a37a5) ER?:

2k A4k+2
—ka 2k+2 —ka, k42
. . k+1Day [ — 22 2%k +Na [ ———2 <05.
ay | a3 +(k+1)ay <(4k+2)a5> + 2k +2)a; <(4k+2)a5>

In addition, for m # 2k, k € NT, the global center is Y-equidistant, i.e. the distances from
the two intersections of each crossing periodic orbit and the switching boundary to the global
center are equal, while for m = 2 (resp. m = 2k + 2, k € N*1), it is Y-equidistant if and only
if one of II, IV and VI-IX (resp. XI) holds.

A majority of articles such as [1,2,8,9,18,28,36] on the bifurcation of periodic orbits prefer
to consider that the unperturbed periodic orbits are formed by the normal linear center
T = —y,y = x. However, some prior knowledge tells that more crossing limit cycles may
bifurcate from irregular periodic orbits. Therefore, in order to pursue a better lower bound of
H(m,n), we allow the unperturbed periodic orbits to be formed by a global piecewise linear
center at the origin. The cost of the extension from the normal linear center to piecewise
linear centers is that we have to face some new difficulties. One of them is that the travelling
time of the unperturbed periodic orbits in each smooth zone is not calculable, particularly for
nonlinear switching boundaries. After carefully checking almost all of the existing Melnikov
functions and averaged functions, e.g. [11,14,15,19,25,28,29,41,44] and [1,2, 11,14, 15,19,
22,25,28-32, 34,41, 43,44], we notice that they, particularly the higher order ones, heavily
depend on the travelling time in each smooth zone, and thus they are only well-suited for
the case where the explicit expression of the travelling time can be computed. This is why
the investigation for the perturbations of the linear center & = —y,y = x is very popular.
Therefore, the existing Melnikov functions and averaged functions are not applicable for our
purpose. To overcome this difficulty, in Section 2 we develop an arbitrary order Melnikov-like
function for general d-dimensional piecewise smooth integrable systems allowing nonlinear
switching boundaries. The new function avoids computing the travelling time. Eventually
employing it to the perturbation problem (2) we obtain the following theorem.

Theorem 3. The mazimum number of crossing limit cycles of system (2) bifurcating from
the periodic orbits of any X-equidistant global center obtained in Theorem 2 is at most k(mn+
Tm —4) — 4m + 3 up to order k, taking into account the multiplicities. Moreover, at least
¢(1,n),{(2,n) + 1 and ((m,n) + 2 crossing limit cycles can bifurcate for m =1, m = 2 and
m > 3 respectively, where

[ 27 T 47

n+ n + _ m >n-+1 and odd m,

L 2 | 2 |

I 27T 3]

n;r n;r 1, m >n-+ 1 and even m,
Cmm) =0 F o] Tnad] [n-me8][n-m+3

_ -1, m<n+1and odd m,

2 | 2 | 2 2

[n+2] [n+3] —m+2|[n-—m+3

n—2|— n42— _[n 7;14‘ }{” ZH' ]_17 m <n+1 and even m.

Actually the second part of Theorem 3 provides a lower bound of H(m, n). Besides, since a
planar PWPHS with a linear switching boundary always can be transformed into the form of
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system (1) with m = 1, preserving the degree of the system, it directly follows from Theorem 1
and Theorem 3 that

Corollary 4. The mazimum number of crossing limit cycles that piecewise linear (resp.
quadratic) Hamiltonian systems with a linear switching boundary may have is O (resp. 1).

It is worth mentioning that the nonexistence of crossing limit cycles in piecewise linear
Hamiltonian systems with a linear switching boundary also can be obtained from [35, Theorem
1, Theorem 4] with the help of Poincaré map and the theory of Chebyshev systems.

The paper is organized as follows. In order to prove the main theorems, we develop
two preliminary results in Section 2. One of them aims at establishing an arbitrary order
Melnikov-like function for general piecewise smooth integrable systems allowing nonlinear
switching boundaries. The other gives a formula for computing the higher order derivatives
of implicit functions. Using the two results we prove Theorems 1, 2 and 3 in Sections 3, 4 and
5 respectively. We summarize the contributions of this article and introduce some directions
for future research in Section 6.

2. PRELIMINARIES

The goals of this section are twofold, including establishing an arbitrary order Melnikov-
like function for general piecewise smooth integrable systems that allow nonlinear switching
boundaries in Section 2.1, and deriving a formula for computing the higher order derivatives
of implicit functions in Section 2.2.

We start by reviewing some basics notions on piecewise smooth differential systems. Con-
sider

Ft(z,¢), ze Xt
(3) z=9 __ _
F(z,¢), zeX,
where z = (21,20, - ,24)" € RY d > 2, ¢ € R is a parameter, F* : R? x R — R? and

F~ :R? x R — R are C™ with respect to the variables and the parameter, ¥+ and ¥~ are
characterized as
Yt ={zcR?: ¢(z) > 0}, Y~ ={zcR: ¢(z) <0}
with the C* function ¢(z) : R? — R having the zero as a regular value, i.e. the gradient
0.¢(z) does not vanish for all z satisfying ¢(z) = 0. In this setting the switching boundary
Y ={zcR: ¢(z) =0}

is a C* manifold. If F*(z,e) = F~(z,¢) for all z € ¥, we usually regard (3) as a continu-
ous system by defining the vector field on ¥ as FT(z,e). Otherwise we adopt the Filippov
convention to define its solutions, see [16,24] for details.

In addition to the standard periodic orbits totally located in 1 or X7, system (3) possesses
two new types of periodic orbits, one of which is called crossing periodic orbit, a periodic orbit
that intersects % only at the crossing set

Y ={z€X:(F(z,:¢),0,0(2))(F (z,¢),0,0(z)) > 0},
where (-,-) denotes the inner product. The other is called sliding periodic orbit, a periodic
orbit that has a segment on the sliding set

Y ={z€X:(F'(z,¢),0,0(2))(F (z,¢),0,0(z)) <0}
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According to [20], the points satisfying (F*(z,¢), 9,¢(z)) = 0 (resp. (F~(z,¢),0,6(z)) = 0)
are called tangency points of subsystem (3)4 (resp. (3)_).

Furthermore, a crossing (resp. sliding) periodic orbit is said to be a crossing limit cycle
(vesp. sliding limit cycle) if it is isolated in the set of all crossing (resp. sliding) periodic
orbits of the system. In this paper we are only interested in the crossing case.

The following notation will be used repeatedly. For a sufficiently smooth function g :
R™ — R", we follow [33] to define a symmetric L-multilinear mapping 0Zg(x), which acts on
a ‘product’ of L n-dimensional vectors, as

Lot (- S (6
9, 8(x) @uj = Z Dz op, M ULics
j=1 dryeip=1 1 'z

where L is a positive integer, x = (z1, 72, -, 2,) " € R" and u; = (uj1, ujo, -, ujn) ' € R™

b S . .
Moreover, denote u® = () =1 u€ R for a positive integer b and an n-dimensional vector u.

The Fad di Bruno’s formula [23,33] will be used to compute the higher order derivatives of
the composite functions involved in this paper. For the convenience of the readers, we state
it here.

Theorem 5. Let g(x) : R" — R™ and f(y) : R — R™ be two functions with a sufficient
number of derivatives. Then
)

where S; is the set of all l-tuples of non-negative integers (by, b, - -, by) satisfying by + 2by +
<o lby=1,and L=5by +by+---+b.

d'g(f(y) ! L L (dEy)
dyl ;l by i Ox8EW) O ( dy

i=1

2.1. Melnikov analysis for piecewise smooth integrable systems. Assume that the
piecewise smooth differential system (3) satisfies the following.

(H1) The function ¢(z) can be written in the form

A(z) =20 —V(21, - Zg—1s Zq41s "+ 2d)-

(H2) For € € R, subsystem (3) (resp. (3)_) has d — 1 C™ first integrals I (z,¢) (resp.
I7(z,¢)),1=1,2,--- ,d — 1, such that for each z € X1 (resp. ¥7), the associated

d — 1 gradients
0,1} (z,¢),- - ,8ZI;71(Z,6) (resp. 0,17 (2z,€), -, 0,1, (2,¢))

are linearly independent.

(H3) For ¢ = 0, there is an open set U C RY~! such that system (3) has a family of
unimodal crossing periodic orbits A = {T'y : h € U} parameterized by h, i.e. each
crossing periodic orbit exactly has two different intersections with X, denoted by
zo(h) and z(h). Moreover, both zg(h) and z(h) are one-to-one functions.

(H4) The d gradients 0,4(z), 0,11 (2,0),- -, 0,1 |(z,0) (vesp. 0,¢(z),d,1; (z,0),- -,
0,1, (z,0)) are linearly independent at z = z(h).

For any given h, € U, we next establish a criterion for determining the persistence of the
crossing periodic orbit I',, as e varies in a sufficiently small neighborhood of 0.
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By (H2)—-(H3) and the C*° dependency of solutions of an ordinary differential system on
initial values and parameters, there exists a neighborhood V' C U of h, such that for all
h € V and |¢| sufficiently small, the orbit of subsystem (3)4 (resp. (3)_) with the initial
value zg(h) € ¥ evolves in X1 (resp. ¥7) until it reaches ¥ again at a point z*(h, &) (resp.
z~ (h,€)) after a positive or negative travelling time.

Lemma 6. The functions z*(h, ¢), defined for h € V and |¢| sufficiently small, are C™ with
respect to €, and we can write them as

(4) 2 (h, ) = z(h) + i Zi(!h) ek,
k=1

where zf(h) :V = R? for k > 1 are recurrently defined by

2i"(h) = (3,15 ((h)) " (I} (zo(h) — I (z(h))) .

2 () = (3u15 (2()) " (T (zo()) — T (u(h) — T (W),
I (z) are the k-th (k > 0) order partial derivatives of

T (z,6) = ((2), [E(z,€), - , IE | (2,2))

with respect to € evaluated at ¢ =0, and

()

k—1 l

1 1
+ _ L1+ + b;
Ji(h) =kt ZZ D)l ; Tzt - gyt 02 T () Olzi ()

=1 1 =

k
1 Ly+ + ()b
B G ) Qe 0

Sk o i=

Sy is the set of all l-tuples of non-negative integers (b, ba, -+, by) satisfying by+2bo+---+1by =1,
oc={(0,0,---,0,1)} and L =01 +ba+-- -+ b;.

Proof. The C* smoothness of z* (h, €) with respect to ¢ directly follows from the C° depen-
dency of solutions on parameters, because each subsystem of (3) is assumed to be C'*° with
respect to €.

In order to obtain (4), it is enough to prove that
aazi(h) 6)‘5:0 = Zit(h)v

6
©) fozi(h, 6)|s:0 = zf(h), k>2

due to z*(h,0) = z(h).
Let
ii(za E) = (O: Ift(zv E): e alzltfl(za 6))T
and if(z) be the k-th (k > 0) order partial derivative with respect to € evaluated at e = 0. To

alleviate the notation, we will drop the superscript + in the rest. Considering the functions
I(zo(h),e) and I(z(h,¢),¢), for k > 1 we get

(™) OM(zo(b).2)| _ =Tu(zo(n))

e=
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and

O 1(z(h,e),e)|__,

= ot Z% A(z(h, 2))e )

=0 =0

> k

:lel< “(kk!l)!aéli(z(h’ff))@f_lei>
1=0 -

k!

g k
(8) :Zmalk l(Z(h€)|=O

k
:Ik(z(h))+zl|(kk' ) 8Ik l( (h’s))’s=0
=1

E

l
k! 1 i bi
=Tu(a(k) + lz =) ; baliiaiis -y Oa Tt (2() @1 (022, o))"
=1 1 1=
We used Theorem 5 in the last equality of (8).
Since z(h,¢) € ¥ and zg(h) € ¥ are connected by the same orbit,
1I(zo(h),e) = I(z(h,¢),e),
so that

¥ (zo(h) 5)‘ = 0M(z(h,e),¢))| k> 1.

e=0"’
This together with (7) and (8) conclude that

L (z0(h)) =L (2(h)) + 9, Io(Z(h)) dez(h, ey,

Ti(20(h)) =Ix(z(h )+Z 'Zbl'bg‘Q'b2~ ~bl!l!bla I;—i(z(h))

(02z(h, 5)‘e=0)bi

QN

=1

(azz(h E) |s:0)bi

QN

L
=1y, (z(h)) + Z 0! Z bl'b2'2'b2 NI 0y Ti—1(2(h))

=1

k
1 b’L
+ k! Z bylbo!2b2 . by Vklbk 2 0o (= @ :o)
Sk\o i=1
+ 0,10(z(h)) OFz(h,e)|__, . k> 2.

It follows from (H4) that 8ZIO(Z( )) is invertible. Solving the above equations and using
I (zo(h)) = Ix(zo(h)) for & > 1, we finally get (6). This completes the proof of Lemma 6. [

Define a k-th order Melnikov-like function My (h) : V — RI~! by
() My (h) = 7z (B) — 7z, (B), k=1,

where 7 : R? — R4~ is the projection onto the coordinates (zy, - - - yZg—1,%g+1," - »%d). The
following theorem states that the first non-vanishing Melnikov-like function can be applied to
control the persistence of the unperturbed crossing periodic orbit I'y,, .
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Theorem 7. Let the piecewise smooth differential system (3) satisfy (H1)—(H4). Then the k-
th order Melnikov-like function My, (h) defined in (9) is C*° in V. In addition, assuming that
ko is the first positive integer such that My, (h) Z 0 in V, we have the following statements.

(i) If hy € V is not a zero of My, (h), then there exist no crossing periodic orbits near
Th, for |e] > 0 sufficiently small.

(if) Ifh, € V is a simple zero of My, (h), i.e. My,(h.) =0 and the Jacobian matriz of
My, (h) at hy has no zero eigenvalues, then there exists a unique crossing periodic
orbit near Ty, for |e| > 0 sufficiently small.

Proof. For |e| > 0 sufficiently small, system (3) has a crossing periodic orbit near I'y,, if and
only if the function z*(h,e) — z~ (h,¢) has a zero in h near h,. With the help of (H1), this
is equivalent to that

D(h,e) = 7z" (h,e) — 7z (h,¢)
has a zero in h near h, for |¢| > 0 sufficiently small.

By (4) and (9) we obtain

> z? h i z, (h
D(h,g):ﬂl; /k(! )Ek_ﬂkzl k(! ) i
:imiﬁ <h>;!7rzk (h) 4

Under the assumption that My(h) = 0 for k = 1,2,- - -, kg — 1, D(h, ¢) has the same zeros
with

B, = Ml 57 M),

k=ko-+1

If h, is not a zero of My, (h), then D(h,e) # 0 for ||h —h,|| and || > 0 sufficiently small.
This means that there exist no crossing periodic orbits near I'y,, for || > 0 sufficiently small,
i.e. statement (i) holds.

If h, is a simple zero of My, (h), then D(h,,0) = 0 and the Jacobian matrix of D(h,¢)
with respect to h evaluated at (h,e) = (h,,0) has no zero eigenvalues. Employing the Implicit
Function Theorem, we conclude that there exists a unique function h = h(e), defined in a
small neighborhood of 0 € R, such that h(0) = h, and D(h(s),e) = 0. Consequently, we
obtain a unique crossing periodic orbit near I'y, for || > 0 sufficiently small, i.e. statement

(ii) holds. O

2.2. Higher order derivatives of implicit functions. As we all know, the Implicit Func-
tion Theorem is a powerful tool for mathematical analysis. But it seems that there is no a
formula for computing the higher order derivatives of implicit functions. We fill this gap in
the following theorem.

Theorem 8. For a C" (r > 1) function F(z,y) : R? — R we assume that F(0,0) = 0 and
0yF(0,0) # 0. Then there exits a unique function f(x), defined in a small neighborhood I of
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0 € R, such that f(0) =0 and F(x, f(z)) =0 for all x € I. In addition, f(x) is C" and the
I-th order derivative fO(0) at x = 0 is recurrently given by

F(0) = - 0,F(0,0)/0,F(0,0),

F(0) = - 1 Z NP (0))22 (F®(0))bs - - (FO(0)) by 511 (0.0)
.  OF00) Si\e bilby!2102 - - - byl i=0 Qxbr—1gyl—bi+i
bl |
i!(lnli)!(f(l)(o))l>v 2<i<m,

where Sy is the set of all I-tuples of non-negative integers (by,ba,- - -, by) satisfying by + 2by +
sl =1, 0 ={(0,0,---,0,1)} and L="by +ba+---+ ;.

Proof. The existence, uniqueness and smoothness of f(z) is the conclusion of the classical
Implicit Function Theorem. The contribution of this theorem is to provide a formula for
computing the higher order derivatives of f(z) at x = 0.

Regarding F(z, f(z)) as the composition of F' and (id, f) and taking the I-th order deriv-
ative at * = 0, by Theorem 5 and the meaning of the notation (-) we get

M :8xF(0, 0) =+ 8yF(0, O)f(l) (0),

dx I
d'F(z, f(x)]| ! OLF(0,0) A~ [ dix o)
O dd om0 *%: by 1bo12102 b1 O(x, y) L @ (dgci z=07f (0)>

(11) b 5
=Y o 2 | gt i (O
—b11b12102 - plith £\ Datr—igyLbitiil(by — i)
1 1=

(S20)=(F () - (1 (0))“), 2<i<r

Besides, from F(z, f(z)) = 0 for all € I, it follows that

dF(, f(z) =0 1<i<r
da =0 ’ -

This together with (11) yield the formula (10). O

Applying Theorem 8 to the real polynomial
m—1 m 2m—1
Gry)=z+y+ay a™ Ty +B8Y am Ty gy Y 2Py,
i=0 i=0 i=0
where m > 2, we obtain

Lemma 9. There exists a unique function g(x) defined in a small neighborhood I of 0 € R
such that g(0) = 0 and G(z,g(x)) = 0 for all x € I. In addition, the following statements
hold.

(i) For m = 2k we can write g(x) near x =0 in the form

(12) g(x) = -z —BY aa'
=2
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with
1 B 25° 2y
“Tiva Tt YTt (ta?
for m = 2, while form >4, co =c3=---=¢p_1=0,
m —8a 4832 —4y  for m =4,
o=l e T2t BT %252 —my for m > 4.

(ii) For m =2k + 1 we can write g(x) near x = 0 in the form

(13) g(x) = -z —« Z dyx!
=2
with
d2:1, dg:O(7 d4:20z272ﬁ,
ds = 40 — 6083, d¢ = 9a* — 19028 + 46% — 3y

for m = 3, while for m > 5,

(m+1)
2

(m+1)°
4

dpyp—1 =1, dopm—2 = — B, d3m—3 = B —m.

Proof. The existence, uniqueness and smoothness of g(x) is a direct conclusion of the Implicit
Function Theorem. Next we discuss the Taylor expansion of g(x) near z = 0.

For m = 2k (resp. 2k + 1), if 8 =0 (resp. a = 0), then y = —x solves G(z,y) = 0, which
implies g(x) = —z because G(x,y) = 0 determines a unique function passing through (0, 0).
This together with the first derivative ¢tV (0) = —1 mean that we can write g(x) near 2 = 0
in the form of (12) (resp. (13)) for m = 2k (resp. 2k + 1).

Taking F = G and f = g, we use formula (10) to compute the desired coefficients in (12)
and (13). The computations of cg,cs, ¢4, ds,ds,ds,ds,ds for m = 2 and m = 3 are direct
and we neglect them. The key to obtaining the remaining coefficients is to determine which
I-tuples (b1, ba,--- ,b;) in S; \ o contribute to the computation of gV (0). Note that

oLG(0,0)
WZO for L%{m—l,m,?m—l},

and ¢ (0) depends on ¢ (0) with i < I— 1. Then, according to formula (10), for given [ > 2
only the I-tuples (by,be, - ,b—1,0) satisfying L =01y +ba+ -+ bj—1 € {m —1,m,2m — 1}
and b; = 0 for i < [ — 1 that makes g‘?(0) = 0 contribute to the computation of g()(0).
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Collecting these [-tuples into a set gl, we obtain

Sy == ~m_2:@’
Sm-1={(m=1,0,---,0)},
S, ={(m,0,---,0),(m —2,1,0,---,0)},
Spa1 ={(m —1,1,0,---,0),(m —2,0,1,0,--- ,0)},
Spsz ={(2,0,++,0,1,,0,0)},
Som—2 ={(m —2,0,--+,0,1,,,0,+-,0)},
Som—1={(m—1,0,--+,0,1,,,0,--,0)},
Sam ={(m = 2,0, ,0,1pm42,0,--+,0)},
Sam_o ={(m —2,0,--+,0,13,0,--,0),(m —2,0,---,0,2,,,0,--- ,0),
(m—1,0,-+,0,12_1,0,--+,0),(2m — 2,0,--- ,0,1,,,,0,--- ,0)}

for m = 2k > 4, and

§2:"— m2—§m+1:®,

{(m —1,0,---,0)},

={(m,0,---,0)},

Som—2 —{(m—l 0,--+,0,11,0,---,0)},

Som-1 ={(2m = 1,0,---,0)},

Sam_z ={(m—1,0,-+-,0,Lom_2,0,+-,0), (2m — 2,0, -+ ,0,1,,_1,0,--- ,0)}

for m = 2k +1 > 5. Here the subscript j of 1; and 2; denotes that 1 is the j-th com-
ponent of the corresponding I-tuple. Finally, using the formula (10) and the facts that
c = —gW(0)/(1!p) and d; = —g(0)/(I!a), we get the coefficients ca, - -+ , ¢y Com—2, Cam—2
in (12) and dm_17 dgm_g, dgm_g in (13) O

3. PROOF OF THEOREM 1

We start the proof of Theorem 1 by discussing the maximum number of isolated tangency
points that each subsystem of (1) may have. By the definition a tangency point (z,z™) of
subsystem (1), satisfies

(14) O H ' (2, 2™) + ma™ 0, H (z,2™) = 0.

The left-hand side is a polynomial of degree mn +m — 1 because H ™ (z,y) is a polynomial of
degree n 4+ 1. Thus equation (14) has at most mn + m — 1 isolated solutions, which implies
that subsystem (1) has at most mn + m — 1 isolated tangency points. Similarly, subsystem
(1) also has at most mn + m — 1 isolated tangency points.

On the other hand, let " be a crossing limit cycle of system (1) intersecting y = =™ with 2p
different points. Note that the number of intersections of a crossing periodic orbit and y = ™
must be even, because a crossing limit cycle is defined as a periodic orbit that intersects with
the switching boundary only at crossing sets. Then the maximum number of intersections of
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I" and y = 2™ does not exceed the maximum number of isolated tangency points that each
subsystem may have plus one, i.e.

(15) 1<p<|
Denote the 2p intersections by (u1,uf"), (uz,u3"), -, (uzp,us,) in the order of intersection

and, without loss of generality, assume that (u1, u}*) and (usg, uj") are connected by the orbit of
subsystem (1)4. Then they satisfy the system that is composed of the following 2p equations

(16)  HF(uop—1,upy) = H (uap,uy),  H ™ (uap, usy) = H (uzkir, ubip)s
k=1,2,---,p, where we are assuming that ug,1 = u; for convenience.
Let H"(z,y) and H™ (z,y) be characterized by
n+1 n+1
Hf(z,y)= Y ala’y),  H (zy)= Y a2y,
itj=1 itj=1

respectively. We can write (16) as

n+1 n+1
+ i+mj i+mj\ __ - i+mj i+mj\ _
E , a;, <u2k 1~ Ugg ) =0, E : a; ; (u2k “2k+1) =0,
i+j=1 i+j=1

k=1,2,--- ,p. Due to ugp_1 # ugi and usgg # ugk+q for all k =1,2,---  p, the system can
be reduced to

n+1 i+mj—1 n+1 i+mj—1
7,+m_7 1-1 — 1 i+mj—1—1 _
(17) Z a; j E Uyt =0, E a; j E UopUop 1 =0,
it+j=1 i+j=1 =0
k=1,2,---,p, after cancelling factors usgy_1 — ugr and usgg — ugks1 respectively. Clearly,

the left-hand side of each equation of (17) is a polynomial of degree mn + m — 1. Therefore,
by Bézout Theorem [38] (17) has at most (mn + m — 1) isolated real solutions. Using the
symmetry of solutions of (16), we get that system (1) has at most

(mn +m —1)%
2p
crossing limit cycles that intersect with y = ™ at 2p different points.

Finally, combined with (15), we conclude

[] e
R e

In particular, if m = 1 and n = 2, we have p = 1 from (15), and that system (17) reads
2 itj—1
itj—1—1
PIRGAD DRITSENEDY HZW =0,
i+j=1 1=0 i+5=3
(18) /

i+j—1
1+371 l _
2 1 + § 1]§ ’LL27.L - 7

=0 i+75=3
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where we used ugpt1 = u1. When Zi+j:3 aj,'j itje3 @ = = 0, Bézout Theorem says that
(18) has at most 2 isolated real solutions. When Zz+]:3 :fj > itj=s i 7 0, then (18) has
the same solutions with

2 i+j—1
D el Do W e Y Z =0,
i+j=1 1=0 i+j=3

(19) 2 i+j—1 1+j—1
Z a;tj Z a;j Z ul2ull+]717l_ Z ,J Z @;,; Z uluzﬂ o =0.
i+7=3 i+j=1 =0 i+j=3 i+j=1

By Bézout Theorem again (18) or equivalently (19) has at most 2 isolated real solutions.
Using the symmetry of solutions of (18), we get that system (1) with m = 1,n = 2 has at
most one crossing limit cycles, i.e. H(1,2) < 1. The proof of Theorem 1 is completed.

4. PROOF OF THEOREM 2

Consider the non-degenerate piecewise linear Hamiltonian system

z y = - - m
(*ayHo (xyy)vamHO (%y)) ) y<zx

i.e. system (2) with e = 0. Let

Bt _ 2a1 a5 - aQiaff 2a2 a3 - afajf

A* ’ A*
be the unique equilibria of subsystem (20)4, where Ai are defined in Theorem 2. Define
ot — 2a1 a5 aQiaff 2a2 a3 aitaf
m A+ A*

for determining the positional relationship of E* and the switching boundary y = 2™. Clearly,
OF >0 (resp. =0, < 0) imply that E* are located below (resp. in, above) y = ™. We set

Ch={(z,y) eR? :y = 2™,z > 0}, C,={(x,y) eR? :y = 2™, 2 < 0}.

The proof of Theorem 2 is composed of the proofs of Propositions 10, 11, 12 and 13.

Proposition 10. Theorem 2 holds for m = 1.

Proof. Suppose that the origin is a global center of the non-degenerate system (20) with
m = 1. Then E* and E~ must be centers, i.e.

(21) AT <0, A~ <.

Otherwise there is at least one invariant straight line that transversally intersects the switching
boundary y = z, which yields a contradiction. From the uniqueness of singularities of system
(20) it follows that ET lies in y < x and E~ lies in y > z, i.e.

ef >0>6r.

The globality of the center implies that C;” and C; are crossing sets with opposite directions.
By the definition of crossing sets this implies

(22) af—i—a; =0, a; +a; =0, (a;f—l—aj{—l—a;)(a;—l—ai—l—ag) > 0.
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Under (21) and (22) we can simplify ©f > 0> O] as
(23) af(af +af +af) <0<aj(a; +a; +a3).

Consequently, collecting (21), (22) and (23) together, we obtain that the condition I is nec-
essary in order that the origin is a global center of the non-degenerate system (20) with
m = 1.

On the other hand, the condition I ensures that all orbits of system (20) with m = 1
starting from C;” rotate around the origin. Thus, using the forward or backward orbit of
subsystem (20); (resp. (20)_) with the initial value (z,z) € C;7, we can define a transition
mapping z] () (resp. x7 (z)) from z > 0 to = < 0 such that (2] (z),z] (z)) € C; (resp.
(x7 (z), 27 (z)) € C;) and the zeros of ] (2)—z (z) in x > 0 are in one-to-one correspondence
with the crossing periodic orbits of system (20) with m = 1. By the Hamiltonian property,

o (r) and 2] (z) satisfy

Hg'(x,a:) = Hg’ (mf'(x),xf(m)) and Hy (x,xz) = Hy (xl_(x),xl_(a:)) ,

respectively. Solving the two equations, we get that z} (z) = 2] (z) = —x for all z > 0 when
the condition I holds. As a result, the origin is a 3-equidistant global center, and then the
sufficiency is obtained. O

Proposition 11. Theorem 2 holds for m = 2.

Proof. We first prove the necessity. In fact, to make the origin become a global center of the
non-degenerate system (20) with m = 2, ET must lie in y < 2 and E~ must lie in y > 22,
ie.

(24) 05 >0> 05,

from the uniqueness of singularities of system (20). Besides there must be no invariant straight
lines with an infinite length segment that separates y > x2 or y < 22 into two unbounded

zones. Thus E~ is a center, and EV is either a center or a saddle in y < 22 with the stable
manifold and unstable manifold that are not parallel to the y-axis. This yields either

(25) A <0, AT <0,
or
(26) AT <0, AT>0, O #£0, af #£0.

Since C5 and C; must be crossing sets with opposite directions, it follows from the defini-
tion of crossing sets that one of the following four conditions hold

27 af =a; =0, (a3 +af)(ay +az) >0,
9(af)? - 32a7 (a3 +a3) <0, 9(ay)? - 32a5 (a5 +az) < 0;
o T S N
ai(ay +az) >0, 9(ay)? — 32a5 (a5 +a3) <0;
) af=ai=0. a0, ay=0,
az (a3 +ai) >0, 9(af)? — 32af (af +aF) < 0;

(30) af =a7 =0, af +a3 =0, a; +a; =0, af =0, a;y =0, afa; >0.
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Using the forward or backward orbit of subsystem (20); (resp. (20)_) with the initial
value (x,22) € Cf, we can define a transition mapping x3 (z) (resp. x5 (x)) from x > 0 to
z < 0 such that

(2 (2),23 (2)?) € Cy (resp. (23 (2), 25 (x)?) €C5),
and the zeros of 3 (z) — z; (x) in = > 0 are in one-to-one correspondence with the crossing

periodic orbits of system (20) with m = 2. The Hamiltonian property says that x3 (z) and
x5 (x) obey

(31) H (x,xQ) = HS’ (x;(x),x;(x)z) , Hy (x,xz) =Hy (952_ (x),x;(x)z) .

If (27) holds, then (31) can be reduced to

+ 2 + 3
r+zf(z) + . - zlad (x)? 7+ 9 i (2)3 =0
2 a2+ + a;)r 2 a2+ + agr 2 ’
i=0 i=0
_ 2 _ 3
- Ay i (02— @5 — (23— _
ctzy (0)+—=———=) aluy (@) +—"—= ) a'z(2)°" =0
Gy + ag o ay +ag Pt

Applying Lemma 9(ii) to solve xJ (z) and x; (z) around = = 0 we get that 23 (z) — x5 (z) = 0
for all x > 0 if and only if either

(32) af =a; =0
or
+ - + -
a a a a
33 atar £0, 4 _ 4 , 5 — 5 .
(33) 474 0L§r—i-a3+ ay +asg a;r—i—a?{ ay +asg

After simplification, we obtain the condition IT from (24), (25), (27) and (32), the condition IIT
from (24), (25), (27) and (33), the condition IV from (24), (26), (27) and (32), the condition
V from (24), (26), (27) and (33).

If (28) holds, then (31) can be reduced to

3
Z lad (x)*7 =0,
=0

_ 2 _ 3
T+, (z) + # rlry (2)* 7+ % riry (2)3 =0.
a, +as ;= ap taz ;5
Clearly, z3 (z) = —z is the solution of the first equation. Applying Lemma 9(ii) to solve
x5 (x) around = = 0 we get that 25 (z) — 25 (x) = 0 for all z > 0 if and only if
(34) a; =0.

Since it follows from ©F > 0,af = 0,a3 + ai = 0,a; = 0 that A* > 0, condition VI is
obtained from (24), (26), (28) and (34).
If (29) holds, then (31) can be reduced to
+ 2 a+ 3
5 it (0031
2 'z, (x =0,
dra 2

3
ZwaQ_ ()3 =0.
i=0
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Similarly, =5 () = —x is the solution of the second equation, and applying Lemma 9(ii) to
solve z3 (z) around = = 0 we get that =3 (z) — x5 (z) = 0 for all z > 0 if and only if
(35) aj =0.

Thus we get the condition VII from (24), (25), (29) and (35), and the condition VIII from
(24), (26), (29) and (35).

If (30) holds, then (31) can be reduced to
3 . . 3 . .
Zar:’nc;(ac)?’*Z =0, Z rlry (z)* " = 0.
i=0 i=0

So 23 (z) = x5 (v) = —x. Moreover, it follows from ©F > 0,a] = 0,af +af = 0,af =0
that AT > 0. Thus condition IX is obtained from (24), (26) and (30).

In summary, the above analysis yields the necessity for the origin being a global center of
the non-degenerate system (20) with m = 2.

If one of the conditions II-IX holds, tracing back to the proof process of the necessity, it
is not difficult to verify that (24), (25) or (26), and one of (27)-(30) ensure that all orbits
of system (20) starting from C; rotate around the origin. Thus the displacement mapping
x5 (z)—z5 (x) for z > 0 as shown below (30) is still valid to capture the crossing periodic orbits
of system (20), where xJ (z) and z; (z) obey (31). Then we can solve that z3 (z) = z; ()
for all z > 0 under given conditions. As a result, the sufficiency also holds. In particular, we
find that o] () = 25 (¥) = — if one of the conditions II, IV, VI-IX holds, while 2 (z) =
x5 () # —x if one of the conditions IIT and V holds, which conclude that the global center
is Y-equidistant if and only if one of the conditions II, IV, VI-IX holds. O

Proposition 12. Theorem 2 holds for m =2k + 1, k € N*.

Proof. To make the origin be a global center of the non-degenerate system (20) with m =
2k + 1, k € NT, we similarly obtain that ET is a center in y < 22**! and E~ is a center in

y > 22kt as in the proof of the previous propositions. Hence
(36) AT <0, AT<0, ©3.,,>0>0,.,.

Again, C;k 41 and Cyy , are crossing sets with opposite directions. This is equivalent to
(37) af =ay =0, afay >0, (af,a5,af.af) €55, (05.05,05,05) € Sy,
where E;tk 41 are the parameter sets such that the equations

(38) 2aF + (2k + Dagfa® 1 + (2k 4 2)aFa® + (4k + 2)aFz** =0

have no solutions in R\ {0}.

Using the forward or backward orbit of subsystem (20); (resp. (20)_) with the initial
value (z, z%#%1) € C, ., we can define a transition mapping 3, () (resp. 5, ,(z)) from
2z >0 to x < 0 such that

+ 2k+1 - — — 2k+1 —
(231 41(2), 23041 (2)*7) € Coppy (resp. (gpp1(2), gpq (@))€ Copyy)

and the zeros of x;ﬁ_l(:p) — Tg;,,1(z) in > 0 are in one-to-one correspondence with the
crossing periodic orbits of system (20) with m = 2k + 1. By the Hamiltonian property,
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x;‘k+1(x) and xg_kJrl(ﬂU) satisfy
Hy (2,2 = HY (23, (2), 23, (2)2),
Hy (2,224 = Hy ($;k+1(x)’x2—k+1(m)2k+l)7

respectively. Due to agag > 0 in (37), the two equations can be reduced to

)2k—i

T+ m2k+1 (z) + x;rk+1(x

2k+1 i 4k+1—i _
x2k+1 E , ! 1’2k+1 =0,

ot 2k
722

+

a3 2o

+ k+1 +4k+1
742

+

a3 o

)2k
T+ Tgy 4 () +2 E o
3 =0
_ okt _ 4kt

a . . a . .
4 7,,— 2k+1—1 5 i, 4k+1—17
+—= Z T oy () + = Z T4 () =0.
asg = az =

Using Lemma 9(ii) to solve 23, () and x5, () around x = 0 we obtain that z3, ,,(z) —
Top4q(x) =0 for all z > 0 if and only if either

+ _ - _
(39) ag =ay =0,
or
+ - + - + -
taT 40 Ay _ Gy ay _ Gy as _ Qs
6126627é ’ F — = F - = F - =
as as as as as as

However, we find that the latter contradicts (36) and (37).

Therefore, collecting (36), (37) and (39) together and solving the two equations in (38), we
get that the condition X is necessary for the origin being a global center of the non-degenerate
system (20) with m = 2k + 1,k € N*.

On the contrary, if the condition X holds, by tracing the above process (36) and (37) ensure
that all orbits of system (20) starting from C;C 41 Totate around the origin, and (39) ensures
that the displacement mapping 3, ,,(z) — x5, () defined below (38) vanishes in z > 0.
Indeed, x;kﬂ(ac) = 2y, (z) = —x for all x > 0. Consequently, the origin is a Y-equidistant
global center, provided the condition X. O

Proposition 13. Theorem 2 holds for m = 2k + 2, k € N*.

Proof. Suppose the origin is a global center of the non-degenerate system (20) with m = 2k+2,
k € NT. We similarly obtain

(40) AT <0,  ©5.,<0,

as in the proof of Proposition 11. Moreover, using the forward or backward orbit of subsystem
(20)4 (resp. (20)_) with the initial value (z,2%**%) € Cj, ,, we can define a transition
mapping 3, , ,(x) (resp. x5, ,,(x)) from > 0 to # < 0 such that

2k+2 - - - 2k+2 -
(x2+k+2(x)7x;rk+2(x) * ) € Coprn (reSP- (x2k+2(x)7x2k+2(‘r) * ) € C2k+2)’
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and the zeros of x3, ,() — 23, ,,(x) in > 0 are in one-to-one correspondence with the
crossing periodic orbits of system (20) with m = 2k + 2. By the Hamiltonian property,
x;kﬁ(:p) and x;k”(x) obey

+ 2k+2\ _ g+ (.t + 2k+-2
(41) Hg (f’m ) = Hy (I2k+2($)7152k+2($) )7

- 2k+2 — (= - 2k+2
H, (1371’ * ) = H, (332k+2(17)7x2k+2($) * )

We claim that aj # 0. In fact, if aj = 0, then E¥ is a saddle by the non-degeneracy,
and it cannot lie in the switching boundary y = 222 in order to the origin be a center.
Moreover,

(42) af =a; =0,

2k+-2

because both vector fields are not transversal to y = « at the origin. So aj # 0, and

then the first equation of (41) can be simplified to

2k+1 ot 22 ot A3
2k+1— 2k+2— 5 4k+3—
(43) Z Tl o ()T Z wlargy o (x) M 5 Z a'agy o (x) T =0
=0 CL2 =0 s =0

Due to A~ < 0, the second equation of (41) can be simplified to

_ 2k+1
2k+1—
T+ Ty o(2) + Z N €
(44) o 22 o A3
+ -+ Z 3313327%2(x)%-m_Z +-= Z xlx;k+2(x)4k+3_z =0.
a3 oo 43 oo

By Lemma 9(i) we know that 2~ (z) around z = 0 can be written in the form
Ty a (@) = —2 = TLa?H? 4 O ),
3
Replacing 23, , () in the equation (43) with x5, , (), we find that x5, , () is not a solution
of (43) because it follows from the non-degeneracy of system that aj # 0 if aj = 0. This

contradicts the fact that z7(x) — 27 (x) = 0 for all x > 0 under the assumption that the
origin is a global center. The proof of the claim is completed.

Therefore, under the conditions aj # 0, (40) and (42), the fact that Cy, 4o and Cyy , are
crossing sets with opposite directions is equivalent to
(45) afay >0, (af,af,af o) €25, (05,0505, 05) € Sy,
where Ezik 4o are the parameter sets such that the equations
(46) 2aF + (2k 4 2)agx®* + (2k + 3)aF 2! 4 (4k 4+ 4)aF T2 =0
have no solutions in R\ {0}.

Besides, due to aj # 0, the simplified equation (43) of (41); can be replaced by

a+ 2k+1
+ 2 i+ 2%+1—i
T+ x5 () + - E r'wy o (T)
a3 “
=0
ot 2k+2 1 4k+3

7 2k+2—1 7 4k+37i _
+— Z :erkH(w) Z z'rg o (x) =0.
ag

(47)
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Applying Lemma 9(i) to solve x*(z) and ™ (z) around x = 0 from (47) and (44) respectively,
we get that 27 (z) — 2~ (z) = 0 for all z > 0 if and only if either

(48) af =a; =0
or
+ - + - + -
a a a a a a
+.,— 2 _ Qo 4 _ Oy 5 _ 9
(49) agay # 0, P P P
3 3 3 3 3 3

Note that AT = —4afaf (resp. AT = (a] /a3)?>A~) when (48) (resp. (49)) holds, and
a3 af > 0 from the nonexistence of solutions of (46) in R\ {0} and A~ < 0 from (40). Thus

(50) At <0,

i.e. ET is a center. According to the uniqueness of singularities of system (20), ET must lie
in y < 2?**2, 50 that

(51) 03540 > 0.

By (42) we can reduce 03, > 0 > O, , obtained in (40) and (51) to
(52) agai >0>a;a;z,

when (48) holds, and

(53) ag =a; =0,

when (49) holds.

Finally, solving the two equations in (46) by standard analysis, we obtain the condition
XTI from (40), (42), (45), (48), (50) and (52), the condition XII from (40), (42), (45), (49),
(50) and (53). This gives the necessity in order that the origin is a global center of the
non-degenerate system (20) with m = 2k +2,k € NT.

On the contrary, if one of the conditions XI and XII holds, tracing back to the proof
process of the necessity, we see that (40), (42), (45), (50) and (52) or (53) ensure that all
orbits of system (20) starting from C; 4o Totate around the origin, and (48) or (49) ensure

that the displacement mapping 3, ,,(z) — 23, ,,(z) defined below (40) vanishes in z > 0,
where 3, () and x5, () obey (47) and (44) respectively. This implies the sufficiency. In
particular, from (47) and (44) it follows that z3, , ,(z) = 23, ,(x) = —x if (48) holds, while
if (49) holds, 3, ,(z) = 3, ,(x) # —x. Thus the global center is Y-equidistant if and only
if the condition XI holds. O

5. PROOF OF THEOREM 3

In this section we apply the new arbitrary order Melnikov-like method developed in Section
2.1 to prove Theorem 3. To this end, we first derive the expression of the k-th Melnikov-like
function associated to the perturbed piecewise polynomial Hamiltonian system (2).

Lemma 14. Assume that the origin is a Y-equidistant global center obtained in Theorem 2
for the non-degenerate system (2) with e = 0. Then restricting the k-th order Melnikov-like
function defined in (9) to system (2) we get

(54) My(h) = M;F (k) — M, (h), h € R,



LIMIT CYCLES IN PIECEWISE POLYNOMIAL HAMILTONIAN SYSTEMS 21

where M, ,;t(h) for k > 1 are recurrently defined by
H (=h,y(=h)) — H (h,9(h))

M (h) =

*(h) ’
k!
M (h) =—~ | Hif (—h, (=) = Hif (h, (k)
p=(h)
k—1 1 l
L +
+ ZZ SZ b1lba121b2 - . by lilh: oy Hi—i (=hs ¥ (=h)) Q
=1 S i=
) b;
+ i! d"P(=h) N 1t b
(Mi (h)’; bilbg!21b2 - . b, lilbe  dxl QIMJ' ()™
i J=
1

k
bkl 8(Lﬂv,y)Hoi(*hy Y(—h)) @

=1

+ Z b1!bo!2102 . .
Sk\o

. bi
L il d"Y(=h) N 2o
(Mi (h), ; bilba!2W2 - - b lilbi  dal QMJ' (h)™

k

+ O HE(—hy (=) 3 L V) Ny ), ko
viro Y - bilba!2102 - b lklbe  dol J ’ =2
Si\o ¥

and Y(x) = 2™

(pi(h) — d’(/)(—h)

dx

Oy HE (—h,(—h)) — 0. HE (~h,p(~h)) #0,  Vh e RT.

Proof. Now we have d = 2, z = (z,9)", ¢ = 2, ¢(z) = y — ¥(z), I (z,6) = Hi(z,y) +
S, Hf (z,y)e" to get hypotheses (H1) and (H2). Note that each orbit except for the
origin is a crossing periodic orbit and ¢*(h) # 0 for all h € R* from the assumption of
lemma. Thus hypotheses (H3) and (H4) also hold by taking U = R*, zy(h) = (h,¢(h))T
and z(h) = (—h,¢(—h))T. Furthermore, identifying the notations in Lemma 6 with IT (z) =

(y — w(x),HOi(:r,y))T, I,f(z) = (O,k!Hf(m,y))T for k > 1, we get

(- — _
(0,1 (a(h)) " = — <3yHo( h, (=) _w(l_h)>

e (h) \ —0:Hy (—h,¢(=h)) iz
and
i (o () = (0. KEE (hp() ' T (a(h) = (0. KHE (<h o(=h)
Hence, after standard calculations for zi (k) in (5), we obtain this lemma from (9). O

Remark that ¢ (h) = ¢~ (h) when the origin is a linear center of system (2) with ¢ = 0. In
this case, we can obtain a particular k-th order Melnikov-like function that has less isolated
zeros. To a certain extent, this provides evidence for the assertion that more crossing limit
cycles may bifurcate from the periodic orbits of global piecewise linear centers in comparison
with linear centers.

Next we study the number of isolated zeros of the k-th order Melnikov-like function My (h)
in RT for k > 1.

Lemma 15. The k-th order Melnikov-like function My (h) for k > 1 given in (54) has at
most k(mn + Tm — 4) — 4m + 3 isolated zeros in RT, taking into account their multiplicities.
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Proof. We first prove that M;" (k) for k > 1 can be written in the form of a rational polynomial
of degree

(55) deg M (h) = (k:mn + (3k — 2)m — 2(k — 1), (2k — 1)(2m — 1))

Here the first and second components are degrees of the numerator and denominator of a
rational polynomial respectively. This representation of the degree of rational polynomials
will be repeatedly used in the rest. In fact, it is not difficult to see that M, (h) is defined as
the multiplication and addition of a series of rational polynomials, because ¥(z), H; (z,y)
and H; (x,y) for i > 0 are polynomials. Thus M, (h) always can be written in the form of a
rational polynomial, and we only need to prove that its degree satisfies (55). Obviously, (55)
holds for k = 1, because Hy (x,y), H; (x,y) and () are polynomials of degrees 2,1+ 1 and
m respectively.

Now assuming that (55) holds for k = 1,2,--- ko — 1, ko > 2, it remains to prove that
(55) also holds for k = ky by the mathematical induction. Recalling the meaningful of the
notation (), we get

deg (- @M+ (h)% = (0,0)

Codal

if L > m, and

dl,L @ M+ )b7

(m—L)+ ij(jmn +(3j —2)m—2(j — 1)),ij(2j —1)(2m—1)

:(m — L+ imn+ (3i — 2LYym — 2(i — L), (2i — L)(2m — 1))

if L <m. Thus

il dEp(=h) A o,
deg; bilbg1202 - b1l dxl O M (0

(56) j=1
:(m — 1+ imn+ (3i — 2)m — 2(i — 1), (2i — 1)(2m — 1))

fori=1,2,--- ,kog— 1, and

1 de @
+(_ — ; K
deg ayHO ( hﬂ/J( h)) E : bylbg!2102 . .. by, !kO!bkn M (h
(57) Sk \7 °

:(m Fm— 2+ komn + (3ko — 4)m — 2(ko — 2), (2ko — 2)(2m — 1)).

It follows from (56) that
dega(;c 'L/)Hk()—l( h7 d)(_h’))

! ‘
+ ! | =
@ M (), ; bilba!21P2 - . . b, lilbi de QM ¥ =00

i=1
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if L >n+1, and

b;
l . I %
L + & d*¢(=h) + ()b
deg 8($,y)H;;,l(—h,w(—h)) @ (MZ (h), Z bilbgl212 ... plGlbe oL @Mj (h)
i=1 S5 j=1

l l
=<m(n +1—L)+ ) bi(m—1+imn+ (3i — 2)m — 2(i — 1)), > _ bi(2i — 1)(2m — 1))

:(m(n +1) = L+ Imn+ (3 — 2Lym — 2(1 — L), (20 — L)(2m — 1))

if L <n+ 1. This concludes

1
degg by !by!21b2
1

-yl a(Lwﬁy)Hljo—l(_hvw(_h)) @

i=1

) b;
N il AEP(=h) N 30,
Si Jj=

:(m(n+ 1) — 1+ lmn + (31 — 2)m — 2(1 — 1), (2 — 1)(2m — 1)).

Thus
ko—1 1 . . l
deg l:zl ;l bilb12102 - - by 111 a@»y)Hku—l(_h’d’(_h))g
(58)

. b;
N il dEY(=h) N o,
(Mi (h)’; bt b et QM (W)

j=1

z(m(n +1) — 1+ (ko — Dymn + (3ko — 5)m — 2(ko — 2), (2ko — 3)(2m — 1)).

Again by (56) we have

degd; ;) H (=h, (=)

b;
ko 4 dL _ [
+ & Y(=h) i | —
Q (Mi (h)’z bylbg!21b2 ... plilbi gl QMJ (2) =(0,0)
=1 S j=1
if L > 2, and
) b;
degOL  HF(—h,(—h 8 M (h & (h) éMﬂh)”J
eg (z,y)**0 (7 71/)(7 ))Q % ( )JSZ b1!b2!2!b2 . bZ|Z|bZ dxL et j
1= i J=

:(2m — 2+ komn + (3ko — 4)m — 2(ko — 2), (2ko — 2)(2m — 1))
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if L=2. So
1 x

L +(_ _
deg Z bl!b2!2!b2 L. bkolkolbk() a(z,y)H() ( hﬂb( h)) @

Sk[]\o' =1

b;

! dlp(=h)
+ ¢ +(1\bs
M; (h)’sz bylby!2102 - plilbi  dxL QMJ’ ()
i JI=
:(2m — 2+ komn + (3ko — 4)m — 2(ko — 2), (2ko — 2)(2m — 1)).

Note that H;f (h,¢(h)), H;: (—h,1¥(—h)) and @ (h) are polynomials of degrees m(n + 1),
m(n—+1) and 2m— 1, respectively. Consequently, combining (57), (58), (59) and the definition
of M,;;(h), we get (55) for k = k.

In a similar way doing almost the same analysis we can prove that M, (h) for k > 1 also
can be written in the form of a rational polynomial of degree

deg M (h) = (kmn + (3k — 2)m — 2(k — 1), (2k — 1)(2m — 1)).

In summary, according to the definition (54), My (h) for k > 1 can be written in the form of
a rational polynomial of degree

deg My (h) = (kmn F(3k — 2)m — 2(k — 1) + (2k — 1)(2m — 1), 2(2k — 1)(2m — 1)).

On the other hand, observe that the denominators of M, (k) and M, (h) in the form of
rational polynomials are polynomials in ¢ (h) and ¢~ (h), respectively. Thus the denominator
of My(h) in the form of rational polynomials is a polynomial in o (h) and ¢~ (h). Since
ot (h) # 0 and ¢~ (h) # 0 for all h € R*, the maximum number of isolated zeros of My (h)
in R* is determined by the numerator, and is no more than kmn + (3k — 2)m — 2(k — 1) +
(2k —1)(2m — 1) = k(mn 4+ 7m — 4) — 4m + 3, taking into account their multiplicities. This
completes the proof. |

Lemma 16. The first order Melnkov-like function My (h) given in (54) has at least ((1,n),
¢(2,m) + 1 and ¢(m,n) + 2 simple zeros in R for m =1, m = 2 and m > 3, respectively,
where {(m,n) is defined in Theorem 3.

Proof. Take
x? + o form=1,
1
ZxQ + 92 for m =2,
Hi(z.y)=43, 1 3
0 S 4 —ay 4+ —y? for m > 3 odd,
8 2 8
1 1
y+1x2+1y2 for m > 4 even,
and
_ 1, 1, N _ - y
Hg (:Jc,y):§x +§y ) Hi (z,y) = Hy (z,y) = Z bijx'y’ .
i+j=1

We easily verify that the conditions I, II, X and XI of Theorem 2 hold for m = 1, m = 2,
m > 3 odd and m > 4 even, respectively. Thus the origin is a Y-equidistant global center of
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the unperturbed system in the above settings. By Lemma 14 we compute the corresponding
first order Melnikov-like function

Mi(h) = Mai(h)Maz(h),

where
—(h) — T (h
Muy(hy = £ = ()
et (h)e~(h)
L fi =1
i orm =1,
—2h% 4+ 1
TR 22 for m = 2,
(4n3 + &) (22 4+ 1)
- Mhzm—Q_LHhm—1+l
N T e o for m > 3 odd,
(3fh2m=t 4 mELhm 4 Th) (mh?m=2 + 1)
thm—Q _ hm—2 1
2 ml t 3 for m > 4 even,
(%h2m—1 + mhm—1 4 §h) (thm—Q + 1)
and
n+1
Mug(h) = Y (1) = 1)b; ;T
i+j=1

Thus the simple zeros of My (h) in R* are the ones of Mj;(h) and Mia(h) in RY.

Clearly M;;(h) exactly has zero and one simple zero in R for m = 1 and m = 2,
respectively. For m > 3 odd or even, we let lel(h) be the numerator of Mi;(h). Then the
zeros of My1(h) in R* are totally determined by the zeros of M (h) because the denominator
is always positive in R*. Observe that Mi1(h) — 1/4 or 1/2 as h — 0, My;(1) < 0 and
lel(h) — +00 as h — 400, which implies that lel(h) or equivalently Mi;(h) has exactly
two zeros in RT. Moreover, we compute that the zero of dMyy(h)/dh in R is

<m+1> " for m > 3 odd,
m
ho N
<m2>m for m > 4 even.
m—1

Substituting kg into Mll(h) we get that
—-(1 2
m—(m)?

Mu(ho): am 0
for m > 3 odd, and

—~ m [(m—2 e m— 2 e 1

wmwwg<m_J m(m_J T3
mm — 2 m—-2 1
Em—limm—1+§
_fm3+3m71

2(m—1)

<0

for m > 4 even. Thus the two zeros of Mll(h) or equivalently M;;(h) are simple.
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Regarding M(h) all its monomials of even degree vanish, and there are up to ¢(m,n)+1
distinct monomials of odd degree. This implies that M12(h) has at most {(m, n) isolated zeros
in RT by Descartes Theorem [5,17]. Since the coefficients of all monomials can be chosen
arbitrarily, the maximum number is reachable. In particular, we can adjust the ((m,n)
isolated zeros of Mi2(h) such that they are simple and different from the zeros of Mi1(h).
In conclusion, in the above settings, M1 (h) has ((1,n), {(2,n) + 1 and {(m,n) + 2 simple
zeros in RT for m = 1, m = 2 and m > 3. This proves this lemma. |

Having these preliminary lemmas we now can prove Theorem 3.

Proof of Theorem 3. As we have seen in the proof of Theorem 7, the maximum number of
crossing limit cycles of system (2) that bifurcate from the periodic orbits of any X-equidistant
global center obtained in Theorem 2 is totally controlled by the corresponding displacement
function D(h, e), more precisely,

_ My(h)

D(h,e) = o o),

when the first k£ —1 Melnikov-like functions vanish. From Lemma 15 we know that My (h) has
at most k(mn+7m —4) —4m+ 3 isolated zeros in RT, taking into account their multiplicities.
By [21, Theorem 3.1] this concludes that D(h, ) or equivalently D(h, ) has at most k(mn +
7m — 4) — 4m + 3 isolated zeros in R, taking into account their multiplicities, i.e. the upper
bound in Theorem 3 is obtained. By Theorem 7 (ii) the lower bound is a direct conclusion of
Lemma 16, because of the finiteness of the simple zeros of M (h) in RT. O

6. CONCLUSIONS AND FUTURE DIRECTIONS

In this paper we studied the crossing limit cycles of planar piecewise polynomial Hamilton-
ian systems. Unlike most articles that only consider the switching boundary to be a straight
line, we allow nonlinear switching boundaries in the form y = 2™, m € NT. Generally s-
peaking, nonlinear switching boundaries lead to more complex dynamics, such as increasing
the number of crossing limit cycles. Firstly, we provided an upper bound for the maximum
number H(m, n) of crossing limit cycles that such piecewise polynomial Hamiltonian system-
s of a given degree n may have, see Theorem 1. This upper bound counts the maximum
number of all possible multi-crossing limit cycles, not just two-crossing limit cycles. Thus we
answered the extended 16th Hilbert problem for planar piecewise polynomial Hamiltonian
systems with the switching boundary y = x™. Secondly, applying the new Melnikov-like
function developed in Theorem 7 to the piecewise polynomial Hamiltonian perturbations of
the piecewise linear Hamiltonian systems with the origin as a global center, we gave a lower
bound of H(m,n) in Theorem 3. It is worth mentioning that we did not restrict that the
global center of the unperturbed system is linear as in the papers published until now. On the
contrary, in order to pursue a better lower bound of H(m,n), we allow the global center to
be piecewise linear. For this we established a complete classification on the center conditions
in Theorem 2. Notice that there is a gap between the upper bound and the lower bound that
we have obtained, except for a few small m and n as we saw in Corollary 4. Therefore, a
future research topic is to narrow this gap until a sharp upper bound is provided.

In Theorem 3 we also presented an upper bound for the maximum number of crossing
limit cycles which can be obtained with the Melnikov-like function of order k developed in
this paper for the considered perturbation problem. This upper bound is a function of m,n
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and k. Because we have proved in Theorem 1 that the maximum number of crossing limit
cycles of the general planar piecewise polynomial Hamiltonian systems with the switching
boundary y = 2™ is bounded, there must be a value k, of k such that the number of crossing
limit cycles of the perturbation problem bifurcating from the unperturbed periodic orbits no
longer increases as k > k.. This gives rise to another research topic, namely to determine
how the order k depends on m and n.
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