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GLOBAL ATTRACTOR IN THE POSITIVE QUADRANT OF
THE LOTKA-VOLTERRA SYSTEMS IN R?

JAUME LLIBRE! AND Y. PAULINA MARTINEZ?

ABSTRACT. We characterize when the unique equilibrium point of the posi-
tive quadrant of a 2—dimensional Lotka—Volterra system is a global attractor
in that quadrant. Additionally we classify the phase portraits of these class
of Lokta-Volterra system.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

A Lotka—Volterra system is given by a quadratic vector field X = (P;(z1, z2),
Py(z1,72)) in R? where x; is a factor of the polynomial P; for i = 1,2. The
Lotka—Volterra systems, were initially proposed in R? by Alfred J. Lotka in 1925
[16] and by Vito Volterra in 1926 [22] independently, as a model for studying
the interactions between species, or the interactions in a predator-prey model.
Later on in 1936 Kolmogorov [14] extended these type of systems to the also
called Kolmogorov systems where they are considered in arbitrary dimension
and with arbitrary degree.

Many natural phenomena can be modeled by the Lotka—Volterra systems
such as the time evolution of conflicting species in biology, see for example
[11, 17, 18, 19], in ecology [2, 12], chemical reactions [8], hydrodynamics [3],
economics [21], the evolution of electrons, ions and neutral species in plasma
physics [15], etc.

We want to emphasize that the study of the existence of a global attractor
in a Lotka—Volterra system is very important in the applications to biology and
ecology. The existence of a global attractor e; € ]Ri (or in R” in general)
guarantees the no extinction of the species for initial conditions in the interior
of Ri.

Hou [9] did important contributions to the study of global attractors in R’}

for the Lotka-Volterra systems. He in [10] stablishes a criterium with conditions
for the existence of a unique global attractor.

In this work we characterize the Lotka—Volterra systems in R? with one
equilibrium point in the interior of the positive quadrant which is a global
attractor in this quadrant, i.e. a system of the form

(1) X =X(aw+arX+aY), Y=Y(B+pBX+pY),

2010 Mathematics Subject Classification. Primary 37C10, Secondary 34C05.
Key words and phrases. Lotka—Volterra, global attractor, phase portraits, Poincaré disc.
1


10.1142/S021812742350147X

GLOBAL ATTRACTOR OF LOTKA-VOLTERRA SYSTEMS IN R? 2

with a finite equilibrium (X, Yy) with X > 0 and Yy > 0. Here the dot denotes
derivative with respect to the time t.

From works of [6], [7] and [13] it follows that a condition in order that the
Lotka—Volterra system (1) has a global attractor is that

B2

%<1and—<1.
o1 B1

Note that without loss of generality if system (1) has an equilibrium point
(Xo,Yp) in the positive quadrant we can consider that (Xo, Xo) = (1,1). In-
deed, considering the change of variables (X,Y) — (X/Xo,Y/Yy) the Lotka—
Volterra system (1) becomes another Lotka—Volterra system having the equi-
librium (1, 1).

In what follows we consider an arbitrary Lotka—Volterra system with the
equilibrium (1, 1), which can be written as

i =xz(a(z—1) +agly — 1)),

g =ybi(z—1) +ba(y — 1))

(2)

This system depends on four parameters ai, az, by and bs. We assume that
system (2) does not have a common factor between & and y. We note that
changing the sign of the time if necessary we can assume a; < 0.

We recall that a limit cycle for a planar differential system is a periodic orbit
which is isolated in the set of all periodic orbits of the system.

Bautin in [1] proved that any 2-dimensional Lotka—Volterra system cannot
have limit cycles, see also Coppel [4].

The objective of this work is to classify the Lotka—Volterra systems (2) for
which the equilibrium (1, 1) is a global attractor in the positive quadrant.

Roughly speaking we say that the Poincaré disc D? is the closed unit disc
centered at the origin of R?, where its interior is identified with R? and its
boundary S! is identified with the infinity R?, in the sense that we can go to
or come from the infinity in the plane R? in as many directions as points has
the circle S'. A polynomial differential system in R?, i.e. in the interior of D?
can be extended to its boundary S! in a unique analytic way, this extension
was done by first time by Poincaré in [20], and now it is called the Poincaré
compactification of a polynomial differential system. For more details on the
Poincaré compactification see for instance Chapter 5 of [5].

Let p(X) be the compactified vector field in the Poincaré disc D? of a poly-
nomial vector field X. A separatriz of p(X) is an orbit which is either an
equilibrium point, or a trajectory which lies in the boundary of a hyperbolic
sector of a finite or an infinite equilibrium point, or a limit cycle, or any orbit
contained in S' (the boundary of D?, i.e. the infinity of the plane), for more
details see [5].
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We denote the open positive quadrant by 602 = {(z,y) : x>0,y >0} ND? of
the Poincaré disc, and by Q = {(z,y) : z > 0,y > 0} N D? the closed positive
quadrant.

Here we shall use the notion of quadrant-topologically equivalent. This def-
inition says that two Lotka—Volterra systems (2) are quadrant-topologically
equivalent if there exists a homeomorphism A : Q — @ sending orbits to orbits
and the boundaries {x = 0} ND?, {y = 0} ND? and S' ND? to {z = 0} ND?,
{y = 0} N D? and S' N D? respectively, and which preserves or reverses the
orientation of all orbits. Our main result is the following.

Theorem 1. The following statements hold

(a) The phase portrait in the quadrant Q of the Poincaré disc of a 2—dimen-
sional Lotka—Volterra system (2) having a global attractor in the interior
Q is quadrant-topologically equivalent to one of the quadrants of Figure
1.

(b) In Tables 1 and 2 we provide the values of the parameters of system (2)
having a global attractor in the quadrant Q.

This work is organized as follows. In section 2 we study the local dynamics
of the finite and infinite equilibria in @ when system (2) has at (1,1) a local
attractor. In section 3 we prove Theorem 1.

2. PHASE PORTRAITS OF SYSTEM (2)

First note that system (2) has always the invariant straight lines z = 0 and
y = 0. This implies that the quadrant @ is invariant by the flow of system (2),
because the infinity S'NQ is always invariant by the Poincaré compactification.

System (2) has at most four finite equilibria in the quadrant @ and at least
two. The origin e; = (0,0) and ey = (1,1) are always finite equilibria on @,
and under some conditions on the parameters we can have the finite equilibria
e3 = (0, (bl + b2)/b2) and eq = ((a1 + ag)/al,O).

The linear part of system (2) is

a1(2x — 1) +az(y — 1) azT
(3) < ' by i bl(x—l)—ibz(Qy—l) )

Therefore the eigenvalues for each finite equilibria are

e — )\% = —(a1 + ag), )\% = —(bl + bg),

(4) ey — )\%72 = (a1 + by £ \/a% + 4asby + b2(b2 — 2&1)) /2,
e3 — A= —ay +agbi/by, A3 =0by+ by,
eq4 — )\le = a1 + ag, /\421 = agbl/al — bg.
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FiGUrE 1. The distinct quadrant-topologically equivalent phase
portraits of system (2) with a global attractor in the interior of
the positive quadrant of the Poincaré disc. The thick lines are
separatrices, and the thin lines are orbits, one orbit for each

canonical region.

For the study of the infinite equilibria we use the Poincaré compactification
(see details in Chapter 5 of [5]) and we get that the associated system in the

local chart Uj is

(5) Zi = -2 (a1 — b1 +agz — bQZl),

/
2o = zo(—a1 — agz1 + a1z2 + azz2).
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b1<—b2 b1=—b2 —b2<b1<0 b1=0 b1>0
@2 z 22 1(1) N/F X x X L.A.
az < —aq a1 !
as > by
a1 > by 1(d) N/F X X X L.A.
a1 < 0 as = b2
by > 0 a1 < by X X X X L.A
ag = bg
4L > by 1(d) N/F X x X L.A.
as < by
a1 < by X X X X LA
az < by L.A X X X L.A
a1 > bl
>
4= —a, | B2 b1 1(a) F X X X X
a; < by | 1(1) N/F X X X X
S -
R by | 1(a) F |1(i) N/F L.A. X X
a; <b | 1(1) N/F | 1(i) N/F L.A. X X

TABLE 1. The classification of the Lotka—Volterra systems (2) having
at (1,1) a global attractor in the positive quadrant with by > 0. As
example 1(a) provides the values of the parameters of system (2) for
which the phase portraits on @) is quadrant—topologically equivalent
to Figure 1(a), N/F means that the attractor can be a node or a
focus, N or F means that the attractor only can be a node or a focus,
respectively; L.A. denotes that (1,1) is just a local attractor but it is
not a global attractor; x shows when for the relations of the parameters
in the table the equilibrium (1, 1) is not an attractor.

Then at infinity, i.e. at zo = 0, we have the equilibria (0,0) and p; = ((b1 —
ai)/(az — b2),0). Furthermore the linear part at zo = 0 is

(6) < —ai + bl + Z(bg - a2)21 (a1 +as — bl - bg)zl ) .

0 —a1 — agzy
The associated system in the local chart Us is

(7)
Zi =21 (a2+(a1—bl)(21—z2)+bg(—1+22)—a2z2), Zé = 22(—b2—b121+b122+b222),

where the origin is an equilibrium and its eigenvalues are

(8) as — by and — bo.

We are interested in the existence of a global attractor at (1, 1) in the positive
quadrant, then we need that this equilibrium will be a local attractor, this will
be satisfied, using the Routh-Hurwitz criterion, when the two coefficients of the
characteristic polynomial at (1,1) p(A) = A2 — (a1 + b2)A + (a1by — asgby) are
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b1 <0 b1 =0 0< by < —by by = —by by > —bs
a; <0
by = X X 1(e) 1(e) 1(e)
az <0 : (1)
a; < b 1 X X X X
a <0 az < —a1 a; > by 1(d) x x x x
by =0
ap < by 1(f) X X X X
a2>0 az 2 —a1 a1 > by 1(n) X X X x
@ > —a ap > by | 1(b) N/F| 1(k) N 1(k) N X x
<0 P T <b [IR) N/F| 1(k) N 1(k) N x x
w o oo a>b| ION [ 1N o) N [N | Im)N
2 >0 2= a; <bi | 1(n)N 1(n) N 1(n) N 1(m) N 1(m) N
a2 = < a; > b | 1(f) N/F | 1(n) N/F 1(n) N/F 1(m) N /F | 1(m) N /F
0= a2 <~ o [T(w) N/F [ 1(0) N/F | 1(n) N/F | 1(m) N /F | 1(m) N /F
az <by| 1l(g) N 1(g) N 1(g) N/F 1(e)N/F | 1(e) N/F
a; < by az="by| 1l(g) N 1(g) N 1(g) N/F 1(e) N/F | 1(e) N/F
as>by| 1(n) N 1(n) N 1(n) N/F 1(m) N/F | 1(m) N/F
a1 <0 as < by X X X X X
by <0 a; = by as = by X X X X X
az <0 az>by| 1ln) N X X X X
as < by X X b X X
a > b as = by X X X X X
as>by | 1(f) N X X X X
o o  le=b x x 1o NF | l(a) N/F | 1(a) N/F
. o a2 as > by X X IG) N/F | 1(h) N/F | 1(h) N/F
2 < a3 >0 1) N/F|  x x X X

TABLE 2. The classification of the Lotka—Volterra systems (2) having
at (1,1) a global attractor in the positive quadrant with by < 0.

positive, i.e.
9) T=—a; —by >0and 6 = arby — ash; > 0.

Hence in what follows we assume that the two inequalities of (9) hold. Note
that the equilibrium (1,1) is a stable node if 72 — 45 > 0, and a stable focus if
72— 46 < 0.

We separate the study of the local phase portraits at the finite and infinite
equilibria according to the sign of ay.

2.1. Case a; = 0. From (9) be < 0 and agb; < 0. Note that e4 does not exist
for a1 = 0.

Subcase: b; < 0 and as > 0. We study the local phase portraits of all
equilibria in @ in order to stablish the conditions to have a global attractor at
(1,1). In this sense we analize the finite equilibria. The origin (0,0) under these
conditions is a hyperbolic saddle, this follows from (4) and Theorem 2.15 of [5],
with local stable manifold on the z-axis (we denote as S}, this type of saddle
where the stable manifold is the horizontal axis). The equilibrium e3 belongs
to @ and it is a hyperbolic saddle with their stable separatrices in the y-axis
(we denote this type of saddle as S,).
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Now we are going to analize the local phase portrait at the infinite equilibria.
In U; the origin becomes a semi-hyperbolic equilibrium with eigenvalues 0 and
b1 < 0. Applying Theorem 2.19 of [5] we obtain that it is a saddle-node with
central manifold in the zs-axis, and since as > 0 the flow is stable in the z;-
axis, Figure 2(c) shows the local phase portrait at the origin of system (5).
This implies than in the quadrant (), the origin of U; consists in one hyperbolic
sector. The infinite equilibria p; has the coordinate z; negative, so it is not in

Q.

FIGURE 2. Some types of local phase portrait at (0,0) in the
plane (21, z2) being a (0,0) semi-hyperbolic saddle-node.

The origin of U, has the eigenvalues given in (8) both positives implying that
it is a hyperbolic repeller (i.e. either an unstable node or an unstable focus).
With these informations we obtain the local phase portrait of all the equilibria
of system (2) for a; =0, ag > 0 and b; < 0, see Figure 3.

L

BN

FI1GURE 3. Local phase portrait at the equilibria in @ of system
(2) for ag =0, a2 >0, b <0and by <0

Subcase: b; > 0 and a < 0. In the finite region we can see from (4) that
the origin has eigenvalues )\% = —a9 > 0 and )\5 = —by — by, then we have three
possibilities: if by < —by the origin will be a hyperbolic repeller, if b; > —bs
the origin will be a hyperbolic saddle S, with the local stable manifold on the



GLOBAL ATTRACTOR OF LOTKA-VOLTERRA SYSTEMS IN R? 8

y-axis, and if by = —by the origin is a semi-hyperbolic equilibrium, its analysis
using Theorem 2.19 of [5] gives that its local phase portrait is a saddle-node as
the one shown in Figure 2(c). Note that in the quadrant @) we have the same
dynamics for by > —bo and by = —bo.

The equilibrium eg is in @ if and only if by < —be, furthermore from (4) its
eigenvalues )\if = agby /by > 0 and /\g = b1 + b2 < 0 imply that it is a hyperbolic
saddle of type S,.

On the infinite region we have that the origin of U; (as for the previous
subcase b; < 0 and az > 0) is a semi-hyperbolic equilibrium and by Theorem
2.19 in [5] the origin of U; is a saddle-node, but since in this case by > 0 it is
as the one of Figure 2(d). The infinite equilibria p; is in @ only if ag > bo,
and from (6) we conclude that it is a hyperbolic saddle with its local stable
separatrices in the zj-axis (its eigenvalues are —b; < 0 and a2b; /(b2 — az) > 0).

To complete the local analysis we have from (8) that the origin of U, has one
eigenvalue positive, and the other eigenvalue depends on the sign of as —bs, then
it is a hyperbolic unstable node if as > b, a hyperbolic saddle with its stable
separatrices in the zj-axis if as < bg, and if ay = bs it is a semi-hyperbolic
infinite equilibrium, according to Theorem 2.19 its local phase portrait is a
saddle-node as the one of Figure 2(c). On the quadrant @ the origin of Us has
the same dynamics for as < by and ag = bo.

From the previous analysis we have that the local phase portrait of the equi-
libria in @ is as one of Figure 4.

C o N[ w hN X

(a) (b) () (d)

FIGURE 4. Local phase portraits at the equilibria in @ of system
(2)fora1:0,b2<0,a2<0andb1>0. (a)0<b1<—b2
and as < bo, (b) 0 < by < —by and ay > by, (C) by > —by and
as < bo, (d) b1 > —by and as > bo.

2.2. Case aj; < 0. Then from (9) it holds that a; < —be and ba < agbi/ay.

In order to do a clear analysis we separate the study of this case in three
sub-cases according the sign of bs.

Subcase by > 0. Then the origin of system (2) is a hyperbolic attractor if
—be < by < 0, so we cannot have a global attractor at (1,1). A similar situation
happens for the finite equilibria eg for —bs < b1, because then system (2) has
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a hyperbolic saddle on () and one of its a stable separatrices is in the region
x>0,y >0. So we assume by < —bo.

First we study the finite equilibria. From (3) the origin is a hyperbolic repeller
for by < —by and as < —ay; it is a hyperbolic saddle of type Sy, for by < —bs
and ao > —ayq; it is a hyperbolic saddle of type S, for by > 0. For the remaining

cases a; = —ag or by = —bo the origin is a semi-hyperbolic equilibrium, applying
Theorem 2.19 of [5] it is a saddle-node. More precisely it is as the one of Figure
2(c) if ag = —a; and as the one of Figure 2(e) if by = —by, i.e. it has one

hyperbolic sector on the region Q. Note that (ag + a2)? + (by + b2)? # 0 from
condition (9). The finite equilibria ez only is in @ if —by < b1, but we already
stablish that under this condition ez is a hyperbolic saddle that has a stable
separatrix in the region x > 0, y > 0, then (1,1) cannot be a global attractor.
The other finite equilibrium ey is in @ if ag < 0, or 0 < ay < —a; (note that
as cannot be zero due to the second condition of (9)). When ey is in Q it is
always a hyperbolic saddle .Sp,.

Now the origin of U; has one eigenvalue —a; positive and the other, from
(6) is —aj + by, then it is a hyperbolic unstable node if a; < b1, a saddle Sy, if
a1 > b1, and for a; = by the origin becomes semi-hyperbolic. Then we study its
local phase portraits through Theorem 2.19 of [5], and it is a saddle-node, more
precisely, (9) implies that as > b when a; < 0 and by > 0, and consequently
it is as the one of Figure 2(c). Thus, if a; = by the origin of U; in @ consist
of one hyperbolic sector. The other infinite equilibria located in U; is p1, with
eigenvalues a; —by and (a1b2—agb1)/(az—bs), it is in @ only for two combination
of parameters, first for a; < b1 and ag > by being a hyperbolic saddle Sj, and
second for a; > b; and ao < bs being a hyperbolic saddle of type S,. This
implies that a stable separatrix becomes from the finite region, then we cannot
have a global attractor at (1,1) when a; > by and ag < bs.

The origin of U has one negative eigenvalue —by and the other, from (8),
is ag — bo, then we have three possible local phase portraits for the origin of
U,. Tt is a hyperbolic unstable node if as < be, it is a hyperbolic saddle S,
if ag > bo, and for as = by it becomes in a semi-hyperbolic equilibrium, by
Theorem 2.19 of [5], it is a saddle-node, more precisely, from (9) it holds that
for a1 < 0, by > 0 and as = by we have a; — b; > 0, then its local phase portrait
is as the one of Figure 2(b). Note that in the region @ of the Poincaré disc the
origin of Uy consists in one hyperbolic sector.

Note that if a; < 0 and ba > 0 we have that the finite equilibria (1,1) is
a local hyperbolic attractor if a; < —by and be < agby/aq (from (9)), but we
can have another attracting sector or a stable separatrix that prevents that
(1,1) be a global attractor, this happens for by > 0, for —by < b; < 0, and for
ay < by and aj > by. Table 3 summarizes the cases when (1, 1) is or not a local
attractor, and shows the cases when it is just a local attractor but not a global
attractor.

We summarize in Figure 5 the local phase portraits of the equilibria of system
(2) in the quadrant @ for a; < 0 and be > 0 when ez = (1, 1) is a local attractor.
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b1 < —by b — —b
a1 < by a1 = by ai > by 1= 2
as > by || Fig. 5(a) | Fig. 5(b) | Fig. 5(b)
as < —ajp | ag = b2 Fig. 5(b) X
as < by * L.A.
az = —ay Fig. 5(c) | Fig. 5(d) | Fig. 5(d) X
az > —ay Fig. 5(c) | Fig. 5(d) | Fig. 5(d) | Fig. 5(c)

TABLE 3. About the finite equilibria (1, 1) for a; < 0 and by > 0.
x: (1,1) is not an attractor or the relations are not well defined.
L.A: (1,1) is a local attractor but is not a global attractor.
Fig. 5: (1,1) is a local attractor as shows Figure 5 and can be a
global attractor.

N hS b b

(a) (b) (c) ()

FIGURE 5. Local phase portraits at the equilibria of system (2)
for a1 < 0 and by > 0 with by < agbl/al. (a) if by < —ba, as > by
and a1 < by, (b) if by < —bo, a1 > by and as > bsy; or if a; > by
and as = bo, (C) by < —bsg, a1 < by and as > —aq; or if by = —by
and ag > —aj. (d) by < —by, a1 > by and ay > —ajy.

Subcase by < 0. In this case the condition on the parameters (9) is reduced
to be < agby/a;. We start the study of the local phase portraits of the finite
equilibria. Studying the eigenvalues of (4) we have that the origin is a hyperbolic
repeller if by < by and as < —ay; it is a hyperbolic saddle of type Sy if aa > 0
and —ao < a1; and it is a hyperbolic saddle of type S, if by > —by and —as > aq.
When one eigenvalue is zero (both eigenvalues cannot be zero from condition
(9)) we have a semi-hyperbolic saddle-node, its local phase portrait is obtained
applying Theorem 2.19 of [5] and it is as the one of Figure 2(c) if a1 = —ag,
or as the one of Figure 2(b) if by = —by. Note that the saddle-node in both
cases has one hyperbolic sector on (). The finite equilibria eg belongs to @ if
by < —bg, and it is a hyperbolic saddle of type S;, (this not contradicts that
ez can be a global attractor in 602) Finally the equilibrium e4 belongs to @ if
as < —aq, then ey is a hyperbolic saddle of type S}, i.e its stable separatrices
are locally on the z-axis.
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’ H b1 <0 ‘0§b1<—b2‘b12—bg‘
B Fig. 6(a) if a; > by ]
@2 =0 | G ifa <by | D% 60) X
. Fig. 6(0) if al Z bl . .
0<as<—a Fig. 6(d) if a; < by Fig. 6(d) | Fig. 6(e)

TABLE 4. About the finite equilibria (1,1) for a; < 0, b2 < 0
and ao > 0 with by < agbl/al.

b1 <0 0<by < —by| by >—by

0 < by L2 < by | Fig. 6(g) Fig. 6(g) Fig. 6(f)

VS P Py > by | Fig. 6(d) | Fig. 6(d) | Fig. 6(e)
b @2 < by X X X
M= >, | Fig. 6(c) X X
ag < by X X b'e
a1 > b as > by Fig. 6(C) X X

TABLE 5. About the finite equilibria (1,1) for a3 < 0, bs < 0
and ag < 0 with by < agby/a;.

At infinity we study the origin of both local charts and p; when it is in Q.
Since we are considering ba < 0 it follows from (8) that the origin of U; has one
positive eigenvalue, then it is a hyperbolic unstable node if as — bs is positive;
it is a hyperbolic saddle of type Sy if aa < be; and for as = by it becomes a
semi-hyperbolic equilibrium, doing the analysis through the theorem previously
mentioned for semi-hyperbolic equilibria it is a saddle-node as the one of Figure
2(a) if a1 —b1 > 0, or it is a saddle-node as the one of Figure 2(c) if a1 —b; < 0.
Note that in @) there is a hyperbolic sector for a; — by > 0, and a repelling
parabolic sector for a1 — by < 0.

The origin of the local chart U; has the same local phase portrait that for
the case a; < 0 and by > 0. This means that it is a hyperbolic unstable node
if a1 < by, it is a hyperbolic saddle S}, if a; > b1, and for a1 = by it is a saddle-
node as the one of Figure 2(c) with one hyperbolic sector in (). The remaining
infinite equilibria p; is in @ for as < 0, by > a1 and bs < a9, or for ag > 0 and
b1 > a1, in both cases it is a hyperbolic saddle Sj,.

In Tables 4 and 5 are summarized the conditions for the existence of the
local phase portraits in the quadrant () shown in Figure 6 for system (2) with
a; < 0 and by < 0 being (1,1) a local attractor. Note that Figure 6(a) coincides
exactly with Figure 3.

Subcase by = 0. Then system (2) takes the form
(10) & =x(a(z—1)+axy—1)), §=bylz-1),

and it has the finite equilibria eq, eo and e4. If by = 0 and a; < 0, then es is a
local hyperbolic attractor if agb; < 0 according to (9).
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CO N SN v N

(a) (b) (c) ()

. b BN
N\ ~, J
(e) () (8)

FIGURE 6. Local phase portraits of the equilibria in @ of system
(2) for a; < 0 and by < 0 being (1, 1) a local hyperbolic attractor.

If as < 0 and by > 0 the origin is a hyperbolic saddle S,, and e4 is in () and
it is a hyperbolic saddle Sy,. If as > 0 and b; < 0 we need to consider two sub-
cases: For a; < —ag the origin is a hyperbolic repeller and e, is a hyperbolic
saddle Sp. If a1 > —ag the local phase portrait at the origin is a hyperbolic
saddle Sy, if a; > —ag, or is a saddle-node as the one of Figure 2(c) if a; = —as.
Note that in both cases the origin has one hyperbolic sector in @, with its local
stable separatrices on the z-axis. When a1 > —as9 the finite equilibria e4 does
not belong to Q.

At infinity using the Poincaré compactification we have that the origin of U
for by > 0 is a hyperbolic repeller, and for b; < 0 its local phase portrait changes
with the sign of the eigenvalue —a; + by, if a; < b1 it is a hyperbolic repeller,
for a; > b it is a hyperbolic saddle Sy, and for a; = b; it is a semi-hyperbolic
equilibrium, since az > 0 it is a saddle-node as the one of Figure 2(c). Then
the local phase portrait at the origin of Uy in @) when b; < 0 coincides with the
phase portrait when a; > b; and a; = b;.

The infinite equilibrium p; of Uy is in @ only if b1 < 0,a2 > 0 and a1 < by,
then it is hyperbolic saddle Sp,.

Finally the origin of U, has the eigenvalues (see (8)) 0 and ag, then it is
semi-hyperbolic. By Theorem 2.19 of [5] it is a saddle-node, even more, for
az < 0 and b; > 0 is as the one of Figure 2(e), and for az > 0 and b; < 0 it is
as the one of Figure 2(d).

These previous analysis allow to give all the local phase portraits of the
equilibria in (. The local phase portraits at the equilibria of system (10) in @
are as the ones of Figure (5)(a) if ag > 0,b1 < 0, a1 < —ag and by > ay; are as
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the ones of Figure (5)(b) if ag > 0,67 < 0, a; < —ag and by < aj; are as the
ones of Figure (5)(c) if ag > 0,b; < 0, a; > —ag and by > aj; are as the ones of
Figure (5)(d) if ag > 0,b; < 0, a; > —ag and b; < ay; and are as the ones of
Figure (6)(f) if ag < 0,61 > 0.

3. GLOBAL PHASE PORTRAITS

Now we shall provide the global phase portraits which are not quadrant—
topologically equivalent of system (2) having at (1,1) a global attractor in the

open quadrant (). It is important to remember that a Lotka-Volterra system
(2) cannot have a limit cycle as it was establish in section 1.

We have fifteen local phase portraits in Figures 4, 5 and 6 which are different
between them (we recall that Figure 3 coincides with Figure 6(a)). However
Figure 4(c) and Figure 5(d) have the same equilibria on each boundary and they
have the same local phase portraits but with reverse orientation, then accord-
ing with our definition of quadrant-topologically equivalent they are equivalent.
Therefore we analyse the global phase portrait of Figure 4(c) and of the remain-
ing thirteen figures.

We started with Figure 4(c) its boundary contains only three equilibria, each
one generating one hyperbolic sector in . So the boundary is a graphic formed
by these three equilibria, the z-axis, the y-axis and S! N1 Q. When the local
phase portrait of system (2) is quadrant—topologically equivalent to 4(c) the
parameters satisfy 72 — 49 < 0, i.e. the finite equilibrium (1,1) is always a
stable focus. Then, by the Poincaré-Bendixon Theorem (see Corollary 1.30 of

[5]) the a-limit of all the orbits in Q different from the equilibrium (1,1) is the
graphic of the boundary of @), and their w-limit is the equilibrium (1,1). We
conclude that the global phase portrait associated to Figure 4(c) (and 5(d)) is
quadrant-topologically equivalent to Figure 1(a).

We continue with the analysis when we have three finite equilibria and two
infinite equilibria in Q. The finite equilibria are as usual the origin and (1,1),
and the third one can be either on z = 0, or on y = 0, and it is a saddle
with its stable separatrices on one of the axis. If the third equilibrium is on
x = 0 we are in the cases when the parameters are such that the local phase
portraits are as the one of Figure 3 (or equivalent Figure 6(a)), or as the one of
Figure 4(a). In both cases, and again by the Poincaré-Bendixon Theorem, the
unstable separatrix of the third equilibrium located on = 0 must go to (1,1).
Since does not exist more separatrices we can complete the global phase portrait
considering the continuity of the solutions. The global phase portrait of system
(2) with parameters having the local phase portraits showed in Figure 3 and
Figure 6(a) is quadrant—topologically equivalent to Figure 1(b); and the global
phase portrait of system (2) with parameters having the local phase portrait
showed in Figure 4(a) is quadrant-topologically equivalent to Figure 1(c). For
Figures 1(b) and 1(c) and the following ones the attractor (1,1) can be a stable
node when 72 — 46 > 0, or a stable focus for 72 — 46 < 0 (both behaviours can
occur).
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In a similar way if the third finite equilibria is located on y = 0 (local phase

portrait as Figure 5(b) and Figure 6(f)), then its unstable separatrix in
must go to the attractor (1,1). From the Poincaré-Bendixson Theorem we
complete the global phase portrait. Then the global phase portrait associated
to parameters that generate the local phase portraits at the equilibria showed
in Figures 5(b) and Figure 6(f) are quadrant-topologically equivalent to Figure
1(d) and Figure 1(e) respectively.

In the next we do the analysis considering the cases when we still have only
two infinite equilibria, but now we have four finite equilibria as occurs when the
parameters a; > 0, bo < 0 and ag, by satisfied the conditions for Figures 6(c)
and 6(g). The differences between these two figures are that the local phase
portraits of the origin of U; and U, are interchanged, in both cases we have one
repelling parabolic sector at the origin of U; or at the origin of Us and the other
consists in one hyperbolic sector, then the orbits coming from the infinity in this
repelling sector must go to the attractor (1,1). On the other hand, the unstable
separatrix of ez and of e4 located in  must go to the attractor (1,1). By the
Poincaré-Bendixson Theorem the global phase portraits for system (2) when
its parameters are satisfying Figures 6(c) and 6(g) are quadrant-topologically
equivalent to Figures 1(f) and 1(g) respectively. This concludes the study of
the global phase portraits having two infinite equilibria, the origin of U; and
the origin of Us,.

We focus now in the study of the global phase portraits for the cases when
there exist three infinite equilibria, and we separate the study in three cases
according to the number of finite equilibria. First, we analyse when system (2)
only has the attractor (1,1) and the origin as finite equilibria. This happens
when the parameters satisfy the conditions for local phase portraits showed in
Figures (4)(d) and Figure 5(c). In each case the local phase portrait of the
infinite equilibrium p; consists in two hyperbolic sectors in Q) with two stable
separatrices at infinity and the unstable separatrix go to the finite region and
must go to the attractor (1,1). By the Poincaré—Bendixson Theorem we can
conclude that all orbits being born at the repeller located at the infinity must
go to the attractor (1,1). The previous analysis implies that the global phase
portraits of system (2) when the parameters satisfy the conditions of Figures
(4)(d) and 5(c) are quadrant-topologically equivalent to Figure 1(h) and 1(i)
respectively.

Second, for the cases with three finite equilibria in @, i.e. when besides
the origin and the attractor (1,1) also exist a third equilibrium which can be
located on x = 0 or y = 0. As before, the infinite equilibrium p; is a saddle with
its unstable separatrix going to (1,1). The finite equilibrium es or e4 consists
in two hyperbolic sectors in @, with stable separatrices on some axis. Then
the unstable separatrix located in COQ must go to the attractor (1,1). Since
we already have determined the a— and w- limits of all the separatrices we
obtain that the global phase portrait when the parameters satisfy Figure 4(b)
is quadrant-topologically equivalent to Figure 1(j). If the parameters satisfy
Figure 6(b) the global phase portrait is quadrant—topologically equivalent to
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Figure 1(k). If they satisfy Figure 5(a) the global phase portrait is quadrant—
topologically equivalent to Figure 1(1). If they satisfy Figure 6(e) then the
global phase portrait is quadrant—topologically equivalent to Figure 1(m).

Finally we consider the case when the parameters are such that system (2)
have three infinite equilibria and four finite equilibria in @ (see Figure 6(d)). In

this case the finite equilibria e3 and e4 have one unstable separatrix in é, and
due to the fact that the only attractor is the finite equilibrium (1,1), each one
of these unstable separatrices must go to this attractor. In the same way the
unstable separatrix of the infinite equilibria in U; NV} must go to (1, 1) and we
established all the connections of the separatrices in (), then we can complete
the global phase portrait of system (2) when there exist the major quantity of
possible equilibria in @ and it is quadrant-topologically equivalent to Figure

1(n).
In Tables 1 and 2 are summarized the relations of the parameters when (1, 1)

is a global attractor of system (2) in the ch and shows the quadrant-topologically
equivalent global phase portraits.

This completes the proof of Theorem 1.

ACKNOWLEDGEMENTS

The first author is partially supported by Agencia Estatal de Investigacion
grant PID2019-104658GB-100. Both authors are supported by the H2020 Eu-
ropean Research Council grant MSCA-RISE-2017-777911.

REFERENCES

[1] N. N. Bautin. On periodic solutions of a system of differential equations (russian). Akad.
Nauk SSSR. Prikl. Mat. Meh., 18:128, 1954.

[2] G. Bunin. Ecological communities with Lotka-Volterra dynamics. Phys. Rev. E, 95, 04
2017.

[3] F. H. Busse. Transition to turbulence via the statistical limit cycle route. In H. Haken,
editor, Chaos and Order in Nature, pages 36-44, Berlin, Heidelberg, 1981. Springer Berlin
Heidelberg.

[4] W. A. Coppel. A survey of quadratic systems. J. Differential Equations, 2:293-304, 1966.

[5] F. Dumortier, J. Llibre, and J. C. Artés. Qualitative theory of planar differential systems.
Universitext. Springer-Verlag, Berlin, 2006.

[6] K. Gopalsamy. Stability and Oscillations in Delay Differential Equations of Population
Dynamics. Springer Netherlands, 01 1992.

[7] K. Gopalsamy and R. Ahlip. Time delays in n-species competition - i: Global stability in
constant environments. Bull. Aust. Math. Soc., 27:294-297, 06 1983.

[8] R. Hering. Oscillations in Lotka—Volterra systems of chemical reactions. J. Math. Chem.,
5:197-202, 1990.

[9] Z. Hou. Global attractor in autonomous competitive Lotka—Volterra systems. Proc. Amer.
Math. Soc., 127:3633-3642, 01 1999.

[10] Z. Hou. Global attractor in competitive Lotka-Volterra systems. Math. Nachr.,
282(7):995-1008, 2009.

[11] T. B. Issa and W. Shen. Persistence, coexistence and extinction in two species chemotaxis
models on bounded heterogeneous environments. J. Dynam. Differential Equations, 31(4),
2019.



GLOBAL ATTRACTOR OF LOTKA-VOLTERRA SYSTEMS IN R? 16

[12] P. J Wangersky. Lotka-volterra population models. Ann. Rev. Ecol. Syst., 9:189-218, 07

1978.

[13] M. Kaykobad. Positive solutions of positive linear systems. Linear Algebra Appl., 64:133
— 140, 1985.

[14] A. Kolmogorov. Sulla teoria di volterra della lotta per l'esistenza. Giorn. Ist. Ital. Attuari,
7:74-80, 1936.

[15] G. Laval and R. Pellat. Plasma physics (les houches). Proc. Summer School of Theoretical
Physics, page 261, 1975.

[16] A. J. Lotka. Elements of physical biology. Science Progress in the Twentieth Century
(1919-1933), 21(82):341-343, 1926.

[17] R. M. May. Stability and complezity in model ecosystems. Princeton University Press
Princeton, N.J, 1973.

[18] F. Montes de Oca and M. L. Zeeman. Balancing survival and extinction in nonautonomous
competitive Lotka-Volterra systems. J. Math. Anal. Appl., 192(2):360-370, 1995.

[19] M. Parker and A. Kamenev. Extinction in Lotka-Volterra model. Phys. Rev. E (3),
80:021129, 08 2009.

[20] H. Poincaré. Sur les courbes définies par une équation différentielle. Oeuvres Complétes,
1:Theorem XVII, 1928.

[21] S. Solomon and P. Richmond. Stable power laws in variable economies; Lotka-Volterra
implies pareto-zipf. Eur. Phys. J. B, 27(2):257-261, May 2002.

[22] V. Volterra. Variazioni e fluttuazioni del numero d’individui in specie animali conviventi.
Memoire della R. Accademia Nazionale dei Lincei,, CCCCXXIII(II):558-560, 1926.

! DEPARTAMENT DE MATEMATIQUES, FACULTAT DE CIENCIES UNIVERSITAT AUTONOMA
DE BARCELONA, 08193 BELLATERRA, BARCELONA, CATALONIA, SPAIN

Email address: jllibre®@mat.uab.cat
2 DEPARTAMENTO DE MATEMATICA, FACULTAD DE CIENCIAS, UNIVERSIDAD DEL Bio-Bio,
CONCEPCION, CHILE

Email address: ymartinez@ubiobio.cl



